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1 Introduction

1.1 In this paper, we consider the Cauchy problem for the quasilinear dissipative hyperbolic
evolution equation
EUpt + Up — Qi (Vu)azaju = f, (11)

with € €]0,1], f = f(t,2),t > 0, x € RY, and u subject to the initial conditions
w(0,2) = uo(x), u(0,2) = uy(x). (1.2)

In (1.1), as well as in the sequel, summation for ¢, j from 1 to N is understood. Our goal is
to prove an almost global existence result for strong solutions of (1.1), corresponding to initial
data ug, uy, and source term f, of arbitrary size, at least if the hyperbolicity parameter ¢ is
sufficiently small. More precisely, given T' > 0 and a set of data {ug, u1, f}, we show that there
is g9 €]0,1] such that if € €]0, 0], then problem (1.1)—(1.2) admits a solution u, defined in
all of [0, T]. The spaces in which the data are taken, and the solution is found, are specified,
respectively, in (2.14), (2.15), and (2.16) below.

The choice of gy depends, in general, not only on the data {f, ug, u1}, but also on T'. As
far as we can show, the latter dependence is explicit, in the sense that we can define a function
T — go(T), but for this function,

%Flr_r)lirégao(T) =0. (1.3)

Thus, at the moment, the question of the asymptotic behavior of u is open; this is why we

call our result an “almost global” existence one. Nevertheless, we would like to emphasize the
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fact that we do not put any restriction on the size of the data (except that, if the data depend
on ¢, they should be bounded as ¢ — 0). Indeed, if the data are sufficiently small, a direct
application of Matsumura’s technique of [7] shows that problem (1.1) is globally solvable; on
the other hand, if the data are large, blow up of solutions of nonlinear hyperbolic problems in

finite time may in general be expected.

1.2 The major interest of this result resides in our previous result of [9], which related the
global solvability of (1.1), for data {ug, u1, f} of arbitrary size, to that of the corresponding
parabolic quasilinear equation

up — a;;(Vu)0;0;u = g, (1.4)

with initial condition
u(0, -) = v, (1.5)
for data {vo, g} also of arbitrary size. More precisely, in [9] we were able to show that these two
problems are equivalent, in the sense that equation (1.4) is globally solvable for data {vg, g} of
arbitrary size, if and only if equation (1.1) is globally solvable for data {ug, u1, f} of arbitrary
size, and ¢ is sufficiently small. However, we were not able to provide a global solvability result
for either problem. In contrast, for the corresponding initial-boundary value problems in a
bounded domain of RY, with homogeneous Dirichlet boundary conditions, we were able not
only to prove the analogous equivalence result (see [10]), but also, independently, the global
solvability of (1.4) (see [10]). The result presented here, together with the equivalence result of
[9], allows us therefore to show that the parabolic initial value problem is also globally solvable,
for data {uvg, g} of arbitrary size; in fact, the solution of (1.4) can be obtained by a singular
convergence process as ¢ — 0, taking the same first initial value ug = wvp, an arbitrary u;
independent of ¢, and for f a suitable regularization of g. On the other hand, while in this
paper we focus on the hyperbolic equation (1.1), it will be clear that the proof we give carries
over in a straightforward manner to the parabolic equation (1.4). Thus, it is possible to present

a unified approach to the question of (almost) global existence for either problem.

1.3 This paper is organized as follows. In Section 2 we recall a local existence result for
solutions to (1.1), in a nested family (X,,)m>0 of function spaces, the case m = 0 corresponding
to that of so-called “minimal” regularity, and state our global existence result. In Section 3 we
report a basic energy estimate on the solutions of (1.1), together with a Schauder estimate for
classical solutions of the parabolic equation (1.4), which we prove in Section 4. In Section 5 we

consider more regular solutions (i.e., in X,,, m > 4) and, writing (1.1) in the form
up — a;j(Vu)0;0ju = f — ey, (1.6)

use the Schauder estimate of Section 3 to deduce time-independent bounds for 9;0;u, if € is
sufficiently small (so as to take advantage of the term euy at the right side of (1.6)). This
second set of estimates allows us to deduce that these more regular solutions of (1.1) can be
extended to all of [0,7]. In Section 6 we resort to an approximation argument to deduce a

corresponding almost global existence result for solutions of minimal regularity.

1.4 We conclude this introduction by mentioning that the possibility of resorting to classical

estimates for the parabolic equation (1.4) highlights once more the essentially parabolic nature
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of the dissipative equation (1.1), when ¢ is small. Another aspect of this feature is described
by the so-called diffusion phenomenon of hyperbolic waves, which can sometimes be proven for
equations similar to (1.1) and (1.4). For an example concerning the study of this phenomenon
for quasilinear equations in divergence form, we refer e.g. to [15]. Finally, we refer to [9] for a

more detailed discussion of our main motivations and possible applications of our results.

2 Preliminaries

2.1 Notations and function spaces

2.1.1 We adopt the following notations throughout this paper. Bounded intervals of R are
denoted by [a, b] if closed, ]a, b if open, [a,b] or ]a,b] otherwise. For unbounded intervals, we
occasionally adopt the notation R>, := [a,+00[, Rs, :=]a, +o0o[, and similarly (¢ € R). In
analogy, we abbreviate N>, := {n € N | n > m}, etc. If (t,z) — u(t,z) is a smooth function,
we denote its partial derivatives with respect to ¢ by wuy, us, etc., and with respect to the space
variables by d;u, 9;0;u, etc. We also set Vu := (d1u,---,0nyu) and Du := {u;, Vu}. More
generally, given a multi-index a = (ay,---,ay) € NV, we denote by |a| := a3 + -+ + ay its
length, and set 0%u := 9" - - - Oy u. Given a positive integer k, we denote by d%u and 9Fu the

set of all derivatives of u of order k, with respect to the space or the time variables.

2.1.2 For m € N, we denote by C/"(RY) the Banach space of all m-times continuously
differentiable functions on RY which are bounded, together with all their derivatives of order
up to m, with norm

flop s = max sup |9°u(@)] (2.1)

SMogeRN

Given also « €]0, 1, we consider the Holder spaces on RY

Cme) (RN = {f € CRN) | Ho (3" f) < o0}, (2.2)
where 1£(2) = Fw)l
o M@ =W

H,(f) = ”ZEEN eyl (2.3)

These are also Banach spaces, with norm

| flem.a) = |flom @~y + Ha (95" f). (2.4)

An analogous definition holds for the Banach spaces Cf™(Q), where Q :=]0,T[ xRN, T' > 0; in
addition, for « €]0, 1] we consider the Holder spaces on @

Q) == {f € C}(Q) | Ha(f) < o0}, (2.5)
CN(Q) = {f € CL(Q) | 92 € Cu(Q), Halfy), HalD2f) < o0}, (2.6)

where

ﬁa(f) — sup |f(t7 ‘T) — f(S,y)| ) (27)

(t2),(s.pyeq (|t — sl + |z —y[?)2
(t,w);ﬁ(s,y)
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These are again Banach spaces, with norms

| flio,01 == |flco@) + Half), (2.8)

|flizia) = [flei@) + 102 flcoq) + Halfi) + Ha(02f)- (2.9)

For the main properties of these spaces, we refer e.g. to Krylov, [4, §8.5] (where these spaces
are denoted by C2:%(Q) and C'F32+2(QQ)).

2.1.3 For 1 < p < +o0, we denote by | - [, the norm in the Lebesgue space LP := LP(RY),

=1 -|lo=1"]2 for the norm in L?. For m € N, we denote by H™ the usual

and abbreviate | - |
Sobolev space W™2(R¥) of those functions in L?, whose distributional derivatives of order up
to m are again in L?. We denote its norm by || - ||;n, identify H® = L?, and denote the scalar
products in H™ and L2, respectively, by (-, - ), and ( -, -). We recall that if £ € ]R>%, the
continuous embedding

HYRN) — o) (RN) (2.10)
holds, with r = [ — ¥ ] and 0 < o < ag := [§] +1— & (see e.g. [1]; [#] denotes the
integer part of x); we call C's the norm of the imbedding (2.10). Finally, we need the following

so-called “calculus inequality”, for a proof of which we refer e.g. to Racke, [13, Lemma 4.7].

Proposition 2.1 Let m € N>y, ¢ € C™(R), and v € H™ N L. Then, o(u) € L™,
Vo(u) € H™ 1, and the estimate

0%l < max o (fulso) (1 -+ [ul )]0 uly (2.11)

holds, for all « € NV, with 1 < |a| < m.

2.2 Assumptions

2.2.1 We set s := [£] + 2, and assume that the coefficients a;; of equation (1.1) satisfy
the following conditions.

(A1) Each a;; € C*t™ (RN R) for some m € N, with derivatives satisfying a general growth
assumption

0 as;(p)] < anlpl), 0<k <s+m, (2.12)

for suitable continuous, nondecreasing functions .
(A2) The matrix A(p) := [a;;(p)] is symmetric for all p € RY, and satisfies the uniformly

strong ellipticity condition
3y >0, Vp, g € RN, aii(p)d'e’ > wolql?. (2.13)
Without loss of generality, we can assume vy = 1. We also assume that
f€ Zoym(T) :={u € L*0,T; H*T™) | 9;7™u € L*(0,T; L*)}, (2.14)
up € HSTHm e g5, (2.15)

correspondingly, we look for solutions of (1.1) in the anisotropic Sobolev space

s+1+m
Xepm(T) = [ CI([0,T); H 7+, (2.16)

Jj=0



Almost Global Strong Solutions to Quasilinear Equations 95

Solutions of “minimal regularity” correspond to the case m = 0. In the sequel, we set d :=

{ug, u1, f}, and consider the corresponding data space
Doy 1= HTH 5 g5 5 Zoy 0 (T), (2.17)

endowed with the graph norm

s+m

T
Idl15,,. == luoll2 1 + a2 + > /0 107 FII3- jmdt. (2.18)
=0

2.2.2 Global solutions of (1.1) are obtained by the usual continuation method; that is, by
extending local solutions to maximal ones, defined on some interval [0,7.[C [0,7], and then
establishing time-independent a priori estimates on these maximal solutions. To this end, we

first note that, given 7 €]0, T, it is sufficient to estimate the norm of w in the subspace
Verm(r) := C([0, 7); HSTH™y 0 O ([0, 7]; HST™), (2.19)

with bounds independent of 7. This is because if we do have such time-independent estimates
on u and uy, then we can derive time-independent estimates of the higher order derivatives,
ie. of ¥u,2<j<s+1+m,in C([0,7]; H1=7+™) directly from equation (1.1), using the
algebra properties of the Sobolev spaces.

Thus, we take the product H*T1T™ x H5+t™ as the underlying phase space. For v € Hst1—™
7 €)0,T], u € Vsym/(7), t € [0,7] and € €]0, 1], we set

Qurm(Vv) = > (aij(V0)3:0%v,9;0%), (2.20)

la|<s+m

Novm(u(t)) = leus(®) |3y m + (u(t), eus(t))s4m + %IIU(t)IIirm

1 t
4 Quin(Vult) + 5 [ el + Quen(Vu)do,  (221)
0
lull o= max v/ N (D). (2.22)

and note that (2.13) implies that for all v € H*T1+™,
Qstm(Vv) = V0|2, (2.23)

2.2.3 Given the data ug, u; and f as in (2.14) and (2.15), we define uy € H*~1*™ and
ug € HS=2tm by

EUg 1= f(O) + Q5 (VUO)aiaqu — Uy, (224)
Eug 1= ft(O) + aij (VUo)aiajul + a;j (VUO) : V’U,laiaqu — U2; (225)

note that if (1.1) has a solution u € X1, (7), for some 7 €]0,T], then us = uyu(0) and ug =

ut(0). As we have stated above, our goal is to establish time-uniform bounds on Ny, (u(t));
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as it turns out, we are able to obtain such estimates, in terms of the following quantities:

1 T
Dy = lewallSm + (o, €un)sim + 5 uollSsm + £Qupm (Vo) + 5/ 112 mdt,  (2.26)
0

Dm2 = HEUQ”S,ler, (227)

Dmg = €||EU3H5_2+m, (228)
T

F2 = / U2+ 112t + [ Fit |2 pgm ). (2.20)

All these quantities depend only on the data ug, u1, f, and remain bounded as ¢ — 0. We will
denote by v;, j = 0,1,---, various functions of F,, and D,,1, Dn2, D3, which can always
be determined explicitly, with formulas that either involve these quantities directly, or through
previously defined functions ¥’s. In general, these functions depend on such universal constants

as those in the Sobolev imbeddings (2.10), or in the trace inequalities

1 1
[fllcqoriay < CollflZ20 w1 fill 220,700y + 1 F I 220,7507)) (2.30)

(see e.g. [6, Chapter 1, §3]). We denote such generic constants by C, with the understanding

that such C’s may vary from formula to formula, or even within the same formula.

2.3 Local existence and extension results

2.3.1 Local solutions to the hyperbolic problem (1.1)—(1.2) are provided by the following

result, which can be proven e.g. as in Kato [3].

Theorem 2.1 Let m > 0, and assume that the coefficients a;; satisfy conditions (Al) and
(A2), and the data ug, u1, f, are as in (2.14), (2.15). There exists Ty €]0, 1T}, independent of
m, such that for all € €]0,1], problem (1.1)—(1.2) has a unique solution u € Xsim(270). This
solution satisfies the estimate

max Nyym(u(t)) <4D2,. (2.31)

0<t<27

Remark 2.1 (1) As mentioned in Subsection 2.2.2 above, in the proof of Theorem 2.1 one
first establishes the existence of u € Vs (270), satisfying (2.31), and then deduces the time
regularity by differentiation of (1.1).

(2) The value of 79 depends only (in a usually decreasing fashion) on the value of Dg;; thus,
we explicitly point out that 7y can be determined independently of €. In addition, this means
that more regular solutions are defined on the same time interval [0, 279]. This non-trivial result
is explicitly discussed in [3], and follows from estimates similar to (3.2) below. More precisely,

we can prove

Theorem 2.2 Assume that (2.14) and (2.15) hold for some m > 1, and that problem (1.1)—
(1.2) has a corresponding solution u € Xsim(T), for some ¢ €]0,1] and 7 €]0,T]. Then, u

satisfies an estimate of the form

ully.sny < lldlip. i eUlully. ), (2.32)

where ¢ : R<yg — Ry s continuous and nondecreasing.
> >
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(3) An analogous local existence result holds for the parabolic problem (1.4), albeit in

somewhat different function spaces.

2.3.2 By a standard continuation argument, we can extend u to a maximal interval [0, T.[ C
[0,T], with T, :=sup 7,

T :={7€0,7]| (1.1) has a solution u € Xy (7)}; (2.33)

this set is not empty, since it contains 27y. Global existence consists in showing that T, = max 7,
since in this case u € Xsym(T:), and T. = T, because if it were T. < T, the local existence
theorem applied to (1.1) with initial values at t = T. would yield an extension of u beyond
[0,T.], contradicting T. being a supremum. In turn, to show that 7. = max7 it is sufficient
to show that the function t — Ny, (u(t)) and its time derivative admit an upper bound in
[0,7.[. In fact, it is sufficient to bound Nyjp, (u(t)), since then & Ny, (u(t)) can be bounded
by means of estimates like (3.3) below. Our goal is then to prove

Theorem 2.3 Let assumptions (A1), (A2), (2.14) and (2.15) hold, for some m > 0. There
exists ey, €10,1] such that for all £ €]0,¢&,,], problem (1.1)—(1.2) admits a unique solution u €
Xsim(T).

2.3.3 The uniqueness part in Theorem 2.3 is known, and can be proven as in Theorem 2.1,
since the argument is independent of the size of the interval where solutions are defined. As for
the existence, we proceed in two steps, first considering more regular solutions, corresponding
to m > 4, and then (in Section 6) resorting to an approximation argument to deal with the
remaining cases 0 < m < 3.

As we mentioned in Remark 2.1, the availability of a time-independent bound on
Notmo(u(t)) for a particular value m = mg implies that of time-independent bounds on
Noipm(u(t)) for all m > mg. In other words, global existence in Xsim,(T) implies global
existence in X1, (7). We take then mg = 4, and claim:

Theorem 2.4 Let assumptions (Al), (A2), (2.14) and (2.15) hold, for m = 4. There exists
a number Ry > 2, depending only on T and the data ug, w1 and f, through the quantities
Fy, Dy1, Do and Dys of Subsection 2.2.3, and a corresponding 4 €10,1], such that for all
e €]0,e4], and all t € [0, T¢[,

Nera(u(t)) < (RoDy1)?. (2.34)
Consequently, if € < eq, u can be extended to a solution of (1.1) in Xsia(T).

We prove Theorem 2.4 in Section 5.

3 A Priori Estimates

The proof of Theorem 2.4 is based on an energy estimate on strong solutions to the hyper-
bolic equation (1.1), and on a Schauder estimate on classical solutions to the parabolic equation
(1.4).
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3.1 The hyperbolic estimate
Theorem 3.1 Let m > 0, and set

o — s—1
a(r) = [ max ag(r), B(r):=a(r)1+r77). (3.1)
Assume that problem (1.1)—(1.2) has a solution w € Vsim(T), for some 7 €]0,T]. Then, for all
t€[0,7],

d 1
&Nﬁm(u) + i(al\utl\im + Qsym(Vu))

< (fi2eus + u)spm + 5(|VU|OO)|8£U|OO||vu|‘s+m(5||ut”s+m + [|ulls4m)
+eB(IVuloo) [Vt ol [ Vul 2, (3.2)

This result is proven in [9]. Formally, (3.2) is obtained by multiplying (1.1) by 2cus + u in
H**t™  and resorting to the so-called “calculus inequalities” (see [12]) to estimate the resulting
terms 9°(a;;(Vu))0;0;0% Pu, 1 < |B| < |a| < s +m.

Recalling (2.23), by the (weighted) Cauchy-Schwartz inequality we obtain from (3.2)

d 1

1
<13+ Gl + (Vo) 102l N VullZ o + 103 41m)
+eB(| V] o) [V | oo [ V|24 (3.3)

we will use this estimate, with m = 4, in Subsection 5.1.2 below.

3.2 The parabolic estimate

Theorem 3.2 Let the coefficients a;; satisfy (Al) and (A2), for some m > 0. Assume that

g € CLQ), that ug € CE)(RN) for some a €]0,1[, and that (1.4) admits a corresponding

solution u € CN(Q). Let 7 €]0,T), and set Q, :=]0,7[xRN. There exist Cp > 0 and

v €10, a], depending on the norms of g in CL(Q-) and ug in CEZ(RYN), but independent of u,
such that

lulcem(q,) < Cpllglew.aiq,) + [toloew@yy)- (3.4)

Estimates like (3.4) are generally considered as well-known; however, we have not been able
to find in the literature an explicit proof of (3.4) for quasilinear equations in the whole space
RY. Thus, for the reader’s convenience, we give a proof of Theorem 3.2 in Section 4, putting
together various results of O. A. Ladyzenskaya et al [5] and N. V. Krylov [4]. Note that (3.4)
reads almost exactly as the estimate reported in Krylov’s Theorem 8.9.2, which is established
for a linear Cauchy problem with coefficients in C[*:%/(Q), whose norm determines the constant
Cp (called N there). In the present situation, of course, since we are assuming that (1.4) has
a solution u € C2(Q), we can consider (1.4) as a linear equation, with known coefficients
a;j(t,x) = a;;(Vu(t,z)); however, the constant Cp would then depend on the Hélder norm
of Vu, which can generally be estimated only in terms of the Holder norm of Vg and the

coefficients @;; again. Since we intend to apply (3.4) to equation (1.6), where g = f — euy,
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our only concern in Theorem 3.2 is to confirm that the modulus of continuity of Vu can be
estimated “only” in terms of the norms of g in C(Q,) and of ug in CZ(RY). In particular, Cp
depends on 7 only through [g[c1(q,)-

3.3 Time-independent estimates

We will obtain time-independent estimates on Ngi4(u(t)) in two steps. At first, we use the
smallness of € to absorb the two terms with ¢||Vul[s+4 at the right side of (3.3) into the term
1||Vu|2, 4 at its left; then, we resort to the parabolic estimate of Theorem 3.2, to obtain an
estimate of the coefficient of the term with |lu||s4+4 at the right side of (3.3). This estimate
will be in terms of ¢ = f — cuy, and we use again the smallness of € to estimate the term
euy and its first order derivatives. This allows us to deduce from (3.3) a time-independent
estimate on Ny i4(u(t)), via Gronwall’s inequality. In conclusion, to prove Theorem 2.4 (and,
in fact, Theorem 2.3 as well), it would be sufficient to establish a time-independent estimate
on |Vu(t, - )|eo and |0%u(t, - )|oo. This is of course well-known (see e.g. [14, Chapter 5]).

4 Proof of Theorem 3.2

We follow O. A. Ladyzenskaya et al [5, Chapter VI] and N. V. Krylov [4, Chapter 8|.

4.1 Our first step is to estimate |u| and |Vu| in @, by the maximum principle. As we have
stated at the end of Section 3.2, we can consider the equation of (1.4) as linear, with known
coefficients a;;(t, z) = a;;(Vu(t, z)) which are bounded, because we are assuming that (1.4) has
a solution v € C>°(Q). Hence, we can apply [4, Corollary 8.1.5], which yields the explicit
estimate

sup |u| < 7sup|g| + sup luo| < Tlgleoq,) + [tolco@ny =: Co. (4.1)

T T

Next, we differentiate the equation of (1.4): setting dp := %, we see that, for 0 < k < N, each

function v* := O u satisfies the linear equation
o — a;;(Vu)d;0;0" — a;;(Vu) - Vor9;0;u = Okg. (4.2)

The coefficients of this equation are also bounded (including those of the lower order terms

v a;;(Vu) - (Vv)0;05u); hence, by the same corollary, as in (4.1),
Sup [Vu| < 7Sup Vgl +sup [Vuo| < Tlgleyq,) + luolep@y) =: Cr, (4.3)
T T R

and, since wu, satisfies the initial condition
ut(0) = uy == g(0, - ) + a;;(Vuo)9;0juo, (4.4)
recalling (2.12), we have

sup [u;| < 7sup |ge| + sup lur| < (T'+ Dlgleg@.) + ao(luolcr@yy)|uolcz@ny =: C2. (4.5)
R

T T

4.2 Our second step is to estimate H,(Vu). To this end, we resort to Lemma 3.1 of
Ladyzenskaya-Solonnikov-Ural’tseva [5, Chapter II, §3], which states that Vu will satisfy a
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Holder condition in ¢, uniformly in z, if it satisfies a Hélder condition in z, uniformly in ¢, and
u satisfies a Holder condition in ¢, uniformly in z. The latter is clearly implied by (4.5); to show
the former, we consider ¢ € [0, 7] as fixed, and u(¢, -) as a solution of the quasilinear elliptic
equation

—ai;(Vu)9i0ju = g —uy =: g, (4.6)
and invoke a classical result on the Holder continuity of the gradient of the solutions to such
equations. More precisely, for fixed ¢t € [0, 7] and arbitrary x, y € RY, with 2 # y, we wish to

estimate the ratio
_ |Vu(t, @) = Vu(t,y)|

hg(Vu(t); z,y) := , 4.7
S(Vult):,y) 2 (4.7

for suitable 5 €]0, ). If |x — y| > 1, (4.3) yields
ha(Vu(t);z,y) < |Vu(t,z) — Vu(t,y)| < 2C4 (4.8)

for all 5 €]0,1[. If instead 0 < |z — y| < 1, we consider concentric balls By, with center z and
radii respectively equal to k = 1, k = 2 and k = 3, and choose a cut-off function ¢ € C§°(RY),
such that 0 < ((y) < 1forally € RN, ¢(y) =1 on By, ((y) > 3 in By, and ((y) = 0 off B3. In

Bs, the function v := (u satisfies the quasilinear elliptic equation
_Eij (y, v, Vv)aiajv == CE + (aZJ(Vu)(?l(?JC)u + aZJ(Vu)(?lC(?Ju =: b, (49)
in which, for y € By, p € R and ¢ € RY, the coefficients

@i (y.p,a) = ai; ((C(y)~"a = p(C(y) T2 VE(y)) (4.10)

are of class C! in By x R x RY. Furthermore, the function y +— b(t,y) is in C°(Bz), and its
norm in this space can be estimated in terms of Cy and C, because of (4.1) and (4.3). Thus, we
can apply Theorem 13.6 of Gilbarg-Trudinger [2, Chapter 13, §4], with Q = By and ' = By,

to deduce the estimate
ha(Vo(t)iy,y') < C3d™?, y,y € By, y# v/, (4.11)

where d = dist(B1,0Bs) = 1, and both 8 €]0,1] and C5 depend on the fixed constants N, v,
diam(Bz) and, more essentially, on K (t) := [v(t, - )|c1(5,)- We can of course choose 3 < a.
Again by (4.1) and (4.3), K(¢) can be estimated in terms of Cy and Ci, uniformly in ¢ € [0, 7].
Since v = w in By, (4.11) implies that, for all y € By \ {z},

hs(Vu(t);z,y) < Cs, (4.12)

which yields the desired estimate of (4.7) when 0 < |z — y| < 1. In conclusion, from (4.8) and
(4.12) it follows that for all z, y € RV, with x # v,

hg(Vu(t); z,y) < max{2Cy, C3} =: Cy, (4.13)

where [ is determined in (4.11); as we have observed, Cy can be estimated in terms of Cy

and C7. Estimate (4.13) provides the Holder condition in x, uniformly in ¢, for Vu, which is

required in [5, Lemma 3.1], to obtain the estimate
[Vu(t,z) — Vu(s,x)]

i < Cs (4.14)
[t — s]=
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for suitable v < 3 < a. In (4.14), Cs is independent of z € RY, and can be estimated in terms
of Cy, Cy, Cy and Cy. From (4.13) and (4.14), we deduce that, for (¢,z), (s,y) € Q-, with
(t,x) # (s,y),
[Vu(t,z) = Vu(s,y)| _ [Vult,z) = Vut,y)| [Vult,y) = Vuls, y)|
(It =sl+ |z —yl)> ~ z —y| It — s|3

< Oy +C5 =: Cg, (415)
from which we conclude that

H.(Vu) < Cs. (4.16)

4.3 Clearly, (4.1), (4.3), (4.16) and (2.12) imply that the coeflicients a;; = a;;(Vu) satisfy

the estimate
|@ij]cro @,y < ao(Cr) + C =: Cr. (4.17)

We are then in a position to apply [4, Theorem 8.9.2] (with K = C7 of (4.17)), and deduce the
estimate

|U|C[2,71(Q7) < Cklg— U|C[0,71(QT)§ (4.18)

note that Cx can indeed be estimated in terms of the norm of g in C{t(Q,) and of ug in CZ(RY),

as claimed. By the interpolation inequality

H,(u) < n(H,(uy) + Hy(92u)) + O~ Zsuplul, 7> 0, (4.19)
QT

(see [4, Chapter 8, §8]), we obtain
|ulcoa1(Q,) < Sup Jul + H (u)
< n(H, (ur) + Hy(8u)) + Cysup
< nfuleremg,) + CrCo, (4.20)

having recalled (4.1). Taking n sufficiently small, and recalling that v < «, we deduce from
(4.18), (4.20) and (4.1) that

lulci21(q,) < Cr(lglcwq1g,) + Co) < Cr(lg9lcw.a1(q,) + [uol0,a))s (4.21)

from which (3.4) follows. This concludes the proof of Theorem 3.2.

5 Proof of Theorem 2.4

We proceed by contradiction; thus, we assume that for all 4 €]0, 1], there exists € €10, £4]
such that T, < T and
lim sup Ny 4(u(t)) = +oo. (5.1)

t—T-
It follows that for all Ry > 2, there is t. €]0,T.[ such that

Ny ya(u(te)) > (RoDar)?. (5.2)
Certainly, t. €]279,T.[, since on [0, 279] the local estimate (2.31) implies that for all ¢ € [0, 279],

Nepa(u(t)) < 4D3; < (RoDar). (5.3)
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In fact, since Nyy4(u(0)) < D3, by (5.1) there is a largest interval [0, 7.], t. < 7. < T, with
the property that for all ¢ € [0, 7],

Nora(u(t)) < ((Ro +1)Da1)* = Nega(u(r:)). (5.4)

That is: any specific choice of Ry and 4 determines an ¢ €]0,24], and a corresponding 7. €
10, T.[, such that (5.4) holds. Thus, 7. depends on Ry and e: we write 7. = p(Rp, €).

Our argument will run as follows. We first establish estimates on Nyi4(u(t)), which hold
for arbitrary Ry, small €, and ¢ € [0, 7.] = [0, p(Ro, €)]. These estimates involve eight quantities
1; of the type described in Subsection 2.2.3; that is, the ;s can all be determined, explicitly
and a priori, in terms of the data f, up and uy (and, of course, universal constants). It is
crucial to note that, while the 1;’s depend also on Ry, they are independent of 7.. We make
then a specific choice of Ry (in (5.49)), depending only on T and the data f, ug, ui, via
the quantities Dyy,- -+, Fy of Subsection 2.2.3. This choice of Ry completely determines the
quantities 11, - ,1g; in turn, these determine the choice of 4, by means of four restrictions:
the first is in (5.19) below; the second is 2e4 < 79 (recall that 7y can be determined independently
of € €]0,1]); the third is in (5.33), and the last in (5.44). With such Ry and 4, we consider
the corresponding € €10, 4], and 7. = p(Ro, €), such that (5.4) holds, and show that, for these
choices of Ry, € and 7., the corresponding solution of (1.1) satisfies estimate (5.3) in [0, 7.]. For

t = 7., this yields a contradiction to (5.4).

5.1 Higher order energy estimates

5.1.1 We will use the following estimates on [0, 7|, derived from (5.4) by means of Schwartz’

inequality:
Ju(t)]|24 < 4Nsya(u(t)) < 4((Ro + 1)Dar)?, (5.5)
IVu®)l24 < =Nopa(u(®)) < = ((Fo -+ 1)Dir)?, (56)
()24 < 5 Nosa(u(t)) < 5((Ro +1)Dir)?. (5.7)

Also, by Proposition 2.1 and (5.5), for 1 <m < s+ 3, omitting the variable ¢, we have
|ai (V) |oo + 1|V (aij (V) [l m—1 < a(|Vuloo) (1 + [Vl [ Vullm

alflulls) X+ flall ™) ullms
< B(2(Ro +1)Da1)2(Ro + 1)Day =: 1. (5.8)

IN

A crucial remark is that (5.5) also allows us to give estimates of lower order norms of u; which
are, in terms of boundedness as € — 0, better than (5.7). Indeed, multiplying (1.1) by 2u; in
H**2 yields

d
eqpluelliee + luelSee < I1f + @iy (Ve)0i05ulliy, (5.9)
Since H*T! is an algebra under pointwise multiplication, by (5.8) and (5.5) we deduce from
(5.9) the exponential inequality
d
ez luelliee + luelZee < 20 f 1342 + 2(las (Voo + 1V (ais (V) [s+1) [ullZsa
< 2| f1I345 + 2074((Ro + 1) Dan)? =: 43 (5.10)
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We can assume without loss of generality that 1o > ||u1/s42; then, (5.10) implies that, for all
t €10, 7],
[ue()[s+2 < ta. (5.11)

In the same way, but using (5.6) instead of (5.5), we also deduce that
1
[ue()[s+3 < —81/)2- (5.12)

5.1.2 We now go back to estimate (3.3), with m = 4 and t € [0,7.]. Since H*~1 — L%,
we obtain from (5.5) and (5.11)

[Vu(t)]oo + [07u(t)loo < 2Cs[[u(t)]|s+1 < C(Ro + 1) Day, (5.13)
[Vurloo < Cslluells < Csiha. (5.14)

Consequently, setting

1/)3 = 5(OD41(R0 + 1))CD41 (RO =+ 1), (515)
g =13 + B(CDy1(Ro + 1)) Cisiba, (5.16)
Yoo (Ou) := A(B(|Vul o) |01l ), (5.17)

we deduce from (3.3) that, for ¢ € [0, 7],

d 1 1
CNalw) + IVl < 5+ el Vul s+ 1@l s (518)

Thus, if we choose €4 €10, 1] so small that
484’(/14 S 1, (519)

recalling the first inequality of (5.5) we obtain from (5.18) that, for the corresponding ¢ < g4
and 7. = p(Ryp,¢),

d
&Ns+4(u) < 5| f11214 + Yoo (Ou) Nypa(u). (5.20)

By Gronwall’s inequality and the local estimate (2.31), we conclude then that for ¢ € 7o, 7],

Narau®) < (Nevalulr) +5 [ 1r12aat) oo [ siouian)

< 5D2 exp (/ %O(au)dH). (5.21)

7o

5.2 L°° estimates

5.2.1 To estimate 7o, (0u) in [y, 7], we resort to the parabolic estimates of Theorem 3.2,
considering u as solution of equation (1.6), with initial value at t = 79. Let Qg := |10, 7[ xRY.
By (3.4),

|VU|L00(QO) + |52u|Lm(QO) S |u|c[2,w](Q0) S CD(|f - Eutt|c[o,a](Q0) + |U(To)|c(2,a)(RN)), (5.22)



104 A. Milani

where the constant Cp depends on the norms of f — euy in CL(Qo) and of u(r) in CZ(RY),
but not explicitly on 7.. Our goal is to show that, if ¢ is sufficiently small, the right side of
(5.22), including Cp, can be estimated independently of ..

At first, by the imbedding (2.10) and the local estimate (2.31),

[u(10)](2,0) < Csllu(mo)[s+1 < C/ Nst1(u(ro)) < 4C Dy, (5.23)
a constant independent of 7.. Next,
|f—eunlcw.aqy < |f —ewtlor o) < IIf —etuellc(ro,rsps) + Lt —evseell o fro,rgsrra—1)- (5.24)

We estimate the terms with f by means of the trace inequality (2.30): recalling (2.29),

IANE (rorasrrey + WFelEiro,mayizremry < CS/ (A2 r + IlE + el 2-p)de < CFF. - (5.25)
g

5.2.2 We estimate the term with cuy; at the right side of (5.24) in the higher norm of H**1,
which we need for later purposes. We differentiate (1.1) with respect to ¢, and multiply the
resulting identity

EUtt + Ut = ft + (227 (Vu)azajut + a;J(V’UJ) . Vutaiaju (526)

::hl ::h2
in H*t! by 2uy, to obtain
d
Eal\wﬂiﬂ + Jual 31 < 3 FellZn + 1all3is + 1h2ll340)- (5.27)
By Proposition 2.1, as in (5.8)
[halls+1 < (Jai; (Vu)|oo + [V (ai; (V) ) 10:05utl[s+1 < B(IVuloo) [Vullstlluells+s; (5.28)

thus, by (5.5), (5.12) and (5.15), for ¢ € [0, 7],

1 1
hi(®)]|sr1 < Y3—=19 =1 —15. 2
N (5.20
Likewise, using (5.11), we have
[halls1 < llag;(Vu)llspa Vel s41[|0i0jull s11 < 9s; (5.30)

thus, from (5.27) and (5.25) we deduce

(CF}E + 242). (5.31)

o] w

d
5E||Utt|\§+1 + Jugel| 24 <

Integrating this exponential inequality over [0, 7], multiplying by cet, and recalling that

u+(0) = ua, by (2.27) we obtain
lewrelZ41 < D3pe™ % + 3e(CFF + 2¢3). (5.32)
Thus, if we choose €4 so small that, in addition to (5.19),

3e4(CFT + 2¢3) < D3y, (5.33)
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for the corresponding e < g4 and 7. = p(Rp, e) we deduce from (5.32) that for all ¢ € [0, 7],
llewse ()] s+1 < 2D2s. (5.34)

5.2.3 We proceed to estimate the term with cus at the right side of (5.24). Differentiating
(5.26) yields

Elprrr + Upee = for + aij(Vu)d;0juy + 2a;;(Vu) - Vuy0;05u + aj;(Vu) - Vuyd;05u
+a;;(Vu)(Vug, Vg )9;0;u

6
= fut > hi, (5.35)
k=3
from which, multiplying in H*~! by 2wy, we get

6
d
e sl + 2oy < 5 (1 Falloy + 3 Nhals)- (5.36)
k=3

Acting as in (5.28), we have
[hslls—1 < 2(|ai;j(Vu)|oo + IV (aij (V) [s—2) 10:05utls—1 < B(IVuloo)[[ullsluetl[s+15  (5.37)

from (5.32), we also deduce that
2 Lo 2+ 3 2 2
Juee (D)) 531 < §D22e <+ E(CFl + 245); (5.38)

thus, from (5.37) we conclude that

1. 1
[halls—1 < wﬁ(ge 2 + ﬁ) (5.39)

for a suitable function 1. It is not difficult to see that hs can be estimated in the same way,

and that hy and hg satisfy a simpler estimate, of the form
[halls—1 + llhsls—1 < 2¢7; (5.40)

thus, from (5.35)—(5.40), it follows that

d 1 1
e el 2y + a2y < 03 (2 + ef) (5.41)

for a suitable function vs. Integrating this exponential inequality over [0,t], 0 < ¢t < 7o,

multiplying by e, and recalling that us(0) = ug, we obtain that for all ¢ € [0, 7],
_ 1 1 _t
lewe()I3-1 < lleusllz_re™= +eyd + g¢§te 5 (5.42)

consequently, by (2.28), if 7o <t < 7.,

1 _0 1 _m
leuse(®)]13-1 < E—QDfse ¢ +eyd + ?ﬁgTe <. (5.43)
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. _T0 . . . .
The function € — E%e = is increasing on |0, %TQ[; hence, if we choose ¢4 < %TO (recall that 7o

can be determined independently of €) such that, in addition to (5.19) and (5.33),
1 5, _=n 9 1 5 _m 9
—Dize” @4 +eqpg + —YgTe =2 < Dy, (5.44)
€4 €4

then, for the corresponding £ < &4 and 7. = p(Rp, ), we deduce from (5.43) that

et (t)||s—1 < Dao. (5.45)

5.2.4 From (5.34) and (5.45), we conclude that if ¢4 < %7’0, and satisfies the three restric-
tions (5.19), (5.33) and (5.44), for the corresponding ¢ < g4 and 7. = p(Ry, €),

lewetllo(ire,r)sme+1) + llevetll o (fro,m)smre—1) < 3Da2, (5.46)

a constant independent of 7. and Ry. Putting (5.46), together with (5.25), into (5.24), and
recalling (5.23), we see that all terms at the right side of (5.22), including Cp, can be estimated
independently of 7.; that is, there is M > 0, independent of 7. and Ry, such that

|VU|L00(Q0) + |62U|L00(Q0) < M. (5.47)

In fact, M depends only on T, Fy, D4y and Dsy. Recalling then (5.17), we deduce from (5.21)

that, with a slight abuse of notation,
Nora(u(t)) < 5D exp(yao(M)T) (5.48)

for all ¢ € [70,7.]. At this point, keeping in mind that Ry is arbitrary and M is independent of
Ry, we choose
Ry := VEeTee (M) (>2), (5.49)

and deduce from (5.48), for ¢t = 7., that
Nya(u(re)) < RGDi,. (5.50)

Since (5.50) contradicts (5.4), this completes the proof of Theorem 2.4. Consequently, Theorem

2.3 is proven for m > 4, with &, = 4.

Remark 5.1 As we immediately realize, the proof of Theorem 2.4 carries over to the case

e = 0 (except, of course, for Subsections 5.2.2 and 5.2.3, instead of which we use Theorem 3.2

directly). By the results of Section 6 below, the same holds for the minimal regularity case

m = 0. This yields a global existence result for the parabolic initial value problem (1.4)—(1.5),
with

we L2(0,T; HY), g € L2(0,T; H*Y), s> gJ 42, (5.51)

if up € H**! and f € Z4(T), as per (2.15) and (2.14). In fact, we can easily prove that, in

addition to (5.51),
u € L2(0,T; H?), w; € L*0,T; H), (5.52)

or, in alternative, that (5.51) holds under the weaker conditions ug € H® and f € Z,_1(T).

Actually, with the methods of [11], one can prove that the solution of the parabolic equation
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enjoys the same regularity of that of the hyperbolic equation for ¢ away from 0; namely, that

for all 7 €]0,T7,
s+1

ue () C(lr, T); H*79). (5.53)
j=0

6 Minimal Regularity

In this section we prove Theorem 2.3 for the minimal regularity case m = 0, by means of an
approximation argument based on Theorem 2.4. As we have already remarked, the regularity
Theorem 2.2 implies then the validity of Theorem 2.3 for the intermediate cases m = 1,2,3 as
well.

6.1 We construct w as the limit, in Ys(7), of a recursive sequence (u/);>0 C Vs4a(T) of
more regular solutions to problem (1.1)—(1.2), corresponding to suitably chosen approximating
data (d7);>0 C Dstsa. The local existence Theorem 2.1 yields a local solution u’/ € Xsy4(7;),
for some 7; €10, 7] independent of ¢ €10, 1]; by the global existence Theorem 3.1, with m = 4,
each u/ can be extended to all of [0,7], with v/ € Xy 4(T) if ¢ does not exceed some value
g; €]0,1]. In general, the sequence (g;);>0 is infinitesimal; thus, we propose to show that we
can choose the data (d7);>0 so that the corresponding local solution u/ can be extended to
[0, T, with

(P1) w/ € Xoya(T), at least if ; < & < e;

(P2) the sequence (u’);>0 is bounded in Ys(T).

To this end, we need, in addition to the regularity result of Theorem 2.2, the following

stability result, which can be proven as in [8]:

Theorem 6.1 Let £ €]0,1], 0 <7 <7 < T, and u € Xs(7), u € Xs41(T) be solutions of
(1.1)~(1.2), corresponding respectively to data d € Dy and d € Dyy1. Then, the difference u—1u

satisfies an estimate of the form

lw = @llly, ) < |d = dllp, (fllull

ys(T)7 |||E|Hys+1(7'))7 (61)
where ® : Rsg x Ryg — R>q is continuous and nondecreasing with respect to its arguments.

6.2 Given the “original” data d = {uo, u1, f} € Ds, we fix arbitrary n €]0,1[ and choose
data d® = {u, ul, f°} € Dsy4 such that

ld = d°llp, <. (6.2)

By Theorem 2.4, there is g9 €]0,1] such that for all € €]0,¢¢], problem (1.1)—(1.2), with data
d°, has a global solution u° € X, 4(T). Correspondingly, we set

Mo = max{[|dp,, [[u’lly,,.cr), 1}, (6.3)

and proceed to construct a sequence (u’);>o of global solutions u/ to (1.1)—(1.2), such that for
all j >0 and € €]0, g,

w € Xopa(T) and ||| w]l|y, (1) < 2Mo. (6.4)
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Note that once each such solution u/ is constructed satisfying (6.4), then, by Theorem 2.2,

ey, sar) < 10 (s Ny 2y) < N, 0(20Mo) =2 wj; (6.5)

in general, w; — 400 as j — +o00. Fix now v €]0, 1] such that

g
— < 1 < M. 6.6
1_7_77< < Mo (6.6)

Proceeding recursively, at each step j > 1 we choose data d’, depending on the previous choices
dg, -+ ,d’~!, such that
a7 = & Hp, <7 (®(4Mo, wj—1)) ", (6.7)

where ® and w;_q are as in (6.1) and (6.5). We claim that for all £ €]0, o], the corresponding

local solution u? can be extended to all of [0,7] so as to satisfy (6.4).

6.3 We prove this claim by induction. For j = 0, the solution u° satisfies (6.4) by construc-
tion, since

Il

e lly, ¢y < MNully, oy < Mo. (6.8)

Thus, assume that, for 0 < j < r, we have solutions v/, corresponding to data d’, satisfying
respectively (6.4) and (6.7). Choose data d"*! satisfying (6.7) (j = r + 1); then, by (6.7), (6.6)
and (6.3), since ® > 1,

ld" o, < Y &+ = d|lp, + [|d°]|p,
j=0
<S4 4 o, < ﬁ + My < 2M,. (6.9)
j=0

Let 771 denote the life-span of the solution u"*!, as defined in Subsection 2.3.2; by Theorem
2.4, T = T if £ does not exceed some value €,41 €]0,1]. We want to show that 77T =T

also for e,11 < € < g¢; by the regularity Theorem 2.2, this would follow from the estimate
™ . < 2Mo, 0<t< T, (6.10)

which clearly implies (6.4) for j = r + 1 as well.

6.4 We prove (6.10) by contradiction; thus, we assume that either 771 < T, so that, as
in (5.1),

1imsuE)||\uT+1|HyS(t) = 400, (6.11)
t—T.

or T/*1 =T, but
ey, () > 2Mo. (6.12)

In the first case, there would be § €]0, 7771 such that

Il Ml o) = 4Mo. (6.13)
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By Theorem 6.1, withu=v/, 7=T,u=uT, 1=0<T,0<j <,

ey, < D M+ = [y, o)+l w® lly. o)
j=0
< N = @, (e M lly. 0y v .y ) + M .y - (6.14)
j=0

By (6.13) and the induction assumption (6.4) (0 < j < r), and then by (6.5)—(6.7) and (6.3),
we proceed from (6.14) with

la™ v, 0y < DN+ — & o, (AMo, wj) + [|[u” [y, cr)

j=0
=Y A+ 1 . em
=0
< 72—+ My < 2My, (6.15)
-7

which contradicts (6.13). The other possibility is (6.12); but then, since by (6.9),

"]

2.0 < g lsar + ug Hls < [ld7|p, < 2Mo, (6.16)
there still would be 6 €]0,T[ such that

2Mo < ||u" |y, 0y < 4Mo. (6.17)
But then, we can repeat exactly the same estimates, which show that, in fact,
™y, 0y < 2Mo, (6.18)

contradicting (6.17). In conclusion, (6.10) holds. It follows that (6.4) does hold, for all € €]0, (]
and 7 > 0.

6.5 Because of (6.4), the sequence (u’);>o is in a bounded set of Ys(T). Thus, there are
u € Ys(T) and a subsequence, still denoted by (u’);>0, such that

uw! — u  weakly in Y, (T). (6.19)

It is then straightforward to show (see e.g. [9]) that (u’);>o is a Cauchy sequence in Vo(T);
thus, by interpolation, (u?);>¢ is also a Cauchy sequence in Vi (T), 0 < k < s — 1. Since
s—1> %,
[0, 7] x RY. This allows us to deduce that u is the desired solution of equation (1.1), provided
that f/ — f in Zs(T). To show this, as well as that u takes on the correct data, it is sufficient

to note that, by (6.9), (6.6) and (6.2),

it follows that the convergence dfu/ — OFu, OFu? — 0%u, k = 0,1,2, is uniform in

> lldt = d|p, + |d° - dl|p,
=0

< 7+l = dlo, < 2 (6.20)

la™* —dllp,

IN
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since 7 is arbitrary, it follows that ¢/ — d in Dj, as desired. This yields a proof of Theorem 2.3

in the cases 0 < m < 3, with ¢, = €¢, as determined above.
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