
Chin. Ann. Math.

30B(2), 2009, 139–144
DOI: 10.1007/s11401-008-0099-5

Chinese Annals of
Mathematics, Series B
c© The Editorial Office of CAM and

Springer-Verlag Berlin Heidelberg 2009

Ideals in the Roe Algebras of Discrete Metric
Spaces with Coefficients in B(H)∗∗∗

Yingjie HU∗ Qin WANG∗∗

Abstract The notion of an ideal family of weighted subspaces of a discrete metric space
X with bounded geometry is introduced. It is shown that, if X has Yu’s property A, the
ideal structure of the Roe algebra of X with coefficients in B(H) is completely characterized
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1 Introduction

Let (X, d) be a discrete metric space with bounded geometry, i.e., for any R > 0 there exists

N > 0 such that any ball in X of radius R contains at most N elements. Let H be a separable

Hilbert space over the complex field C. Denote by B(H) the C∗-algebra of all bounded linear

operators on H and by K(H) the ideal of the compact operators on H . Throughout this paper,

by an ideal in a C∗-algebra we mean a closed two-sided ideal.

Denote HX := ℓ2(X) ⊗ H =
⊕

x∈X

H . Any operator T ∈ B(HX) admits a canonical form of

X × X matrix

T = [T (x, y)](x,y)∈X×X

with entries T (x, y) ∈ B(H). The support of T is defined as

Supp(T ) := {(x, y) ∈ X × X | T (x, y) 6= 0}.

The propagation of T is defined to be

Prg(T ) := sup{d(x, y) | (x, y) ∈ Supp(T )}.

Denote by FP(X,B(H)) the collection of all finite propagation operators in B(HX). It is a

∗-subalgebra of B(HX).
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Definition 1.1 The operator norm closure C∗(X,B(H)) of FP(X,B(H)) is a C∗-subalgebra

of B(HX), called the Roe algebra of X with coefficients in B(H).

Recall that the original “Roe algebra” C∗(X) := C∗(X,K(H)) and the “uniform Roe alge-

bra” C∗
u(X) := C∗(X, C) are defined in a similar way by using finite propagation operators with

coefficients in K(H) and C respectively (see [7, 8]). These C∗-algebras have great importance

in geometry, topology and analysis. In the context of integral equations and operator theory,

finite propagation operators and operators in these “Roe algebras” are called band operators

and band-dominated operators, respectively, the investigation to which has a long and inter-

esting history (see [6]). In applications, ideals of these Roe algebras play an important role. In

[1–4], the ideal structure of the Roe algebra C∗(X) and the uniform Roe algebra C∗
u(X) are

studied. The purpose of the present paper is to generalize the main idea and techniques in [2, 4]

for C∗(X) and C∗
u(X) to the case of C∗(X,B(H)). We introduce the notion of an ideal family

of weighted subspaces of a discrete metric space X with bounded geometry and show that, if X

has Yu’s property A, any ideal in C∗(X,B(H)) can be constructed from a unique ideal family

of weighted subspaces of X .

Definition 1.2 Let (X, d) be a discrete metric space with bounded geometry. An ideal family

of weighted subspaces of X is a collection L of functions

l : X → Z
+ ∪ {∞} := {0, 1, 2, · · · ,∞}

satisfying the following conditions:

(1) For any function k : X → Z
+ ∪ {∞}, if k ≤ l for some l ∈ L, then k ∈ L,

(2) For any functions k, l ∈ L, we have k + l ∈ L, where (k + l)(x) := k(x) + l(x) for all

x ∈ X,

(3) For any R > 0 and l ∈ L, we have R ∗ l ∈ L, where for all x ∈ X,

(R ∗ l)(x) :=
∑

y∈X:d(y,x)≤R

l(y).

Note that if L1 and L2 are ideal families of weighted subspaces of X , then L1∧L2 := L1∩L2

and L1 ∨L2 := {l1 + l2 | l1 ∈ L1, l2 ∈ L2} are also ideal families of weighted subspaces of X , so

that the collection of all ideal families of weighted subspaces of X forms a lattice with respect

to inclusion.

Recall that the rank of an operator A ∈ B(H) is defined to be the dimension of the range

of A. In particular, rank(A) = ∞ if A is not compact.

Definition 1.3 An operator T = [T (x, y)] ∈ B(ℓ2(X) ⊗ H) is said to be dominated by a

function l : X → Z+ ∪ {∞}, and denoted by T � l, if rank(T (x, y)) ≤ min{l(x), l(y)} for all

x, y ∈ X.

Let L be an ideal family of weighted subspaces of X . Set

FP(L; X) =
⋃

l∈L

{T ∈ FP(X,B(H)) | T � l}.

For any S ∈ FP(X,B(H)) and T ∈ FP(L; X) with T � l ∈ L, it is easy to verify that

ST � R ∗ l ∈ L and TS � R ∗ l ∈ L, where R = max{Prg(S), Prg(T )}, so that FP(L; X) is an

(algebraic) ideal of FP(X,B(H)).

Definition 1.4 Define C∗(L; X) to be the operator norm closure of FP(L; X) in C∗(X,

B(H)).
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Thus, C∗(L; X) is an ideal of the Roe algebra C∗(X,B(H)).

Recall that a discrete metric space X is said to have Yu’s property A (see [9]), if for any

R > 0 and ε > 0, there exists a family of nonempty finite subsets Ax of X × N indexed by

x ∈ X , such that (1) if d(x, y) < R, then
#(Ax−Ay)+#(Ay−Ax)

#(Ax∩Ay) < ε, (2) there exists S > 0, such

that Ax ⊆ Ball(x, S)×N for all x ∈ X . The class of metric spaces with property A includes all

finitely generated exact groups and discrete metric spaces with finite asymptotic dimension.

The main result of this paper is the following characterization of ideal structure.

Theorem 1.1 Let X be a discrete metric space with bounded geometry and Yu’s property

A. Then for any ideal I of the Roe algebra C∗(X,B(H)), there exists a unique ideal family L

of weighted subspaces of X such that I = C∗(L; X).

Thus, the lattice of ideals of the Roe algebra C∗(X,B(H)) is isomorphic to the lattice of

ideal families of weighted subspaces of X .

2 Proof of Main Result

The main tool to prove Theorem 1.1 is a technique of controlled truncations (see [2, 4]). For

any operator A ∈ B(H), by polar decomposition, there is a unique partial isometry V ∈ B(H)

such that A = V |A| and ker(A) = ker(V ), where |A| = (A∗A)
1

2 . Let

|A| =

∫

xdEx

be the spectral resolution of |A|. For any ε > 0, the ε-truncation Aε of A is defined by

Aε := V |A|ε :=







V

∫

[ε,‖A‖]

xdEx, if ε ≤ ‖A‖,

0, if ε > ‖A‖.

Note that Aε is either of finite rank or noncompact and A = lim
ε→0

Aε.

Throughout this section, let (X, d) be a discrete metric space with bounded geometry. Let

r, s : X × X → X be the two projections defined by

r(x, y) = x, s(x, y) = y, ∀ (x, y) ∈ X × X.

A subset E ⊆ X × X is called an entourage if there is R > 0 such that d(x, y) ≤ R for all

(x, y) ∈ E. Denote by E the collection of all entourages in X × X . An entourage F is called a

partial translation if both r and s are injective on F .

Definition 2.1 Let T = [T (x, y)] ∈ B(ℓ2(X) ⊗ H), E ∈ E and ε > 0.

(a) The ε-truncation of T is the operator Tε = [Tε(x, y)], where Tε(x, y) = (T (x, y))ε is

the ε-truncation of the entry T (x, y) ∈ B(H) for all (x, y) ∈ X × X.

(b) The E-truncation of T is defined to be the operator TE = [TE(x, y)], where TE(x, y) =

T (x, y) if (x, y) ∈ E and 0 otherwise.

(c) The (E, ε)-truncation of T is defined to be T(E,ε) = (TE)ε = (Tε)E .

Let C∗(X,B(H)) be the Roe algebra of X with coefficients in B(H).

Lemma 2.1 For any T ∈ C∗(X,B(H)), E ∈ E and ε > 0, the truncations TE, Tε and

T(E,ε) belong to 〈T 〉, the principal ideal in C∗(X,B(H)) generated by T .
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Proof The proof is similar to the proofs of [2, Theorem 3.5] and [4, Theorem 3.2] and

therefore is omitted.

Note that the truncations TE , Tε and T(E,ε) are finite propagation operators and Tε(x, y) is

either of finite rank or noncompact for (x, y) ∈ X × X . For any T = [T (x, y)] ∈ C∗(X,B(H))

and ε > 0, define a function

λ(T, ε) : X → Z
+ ∪ {∞}

by

λ(T, ε)(x) = rank(Tε(x, x)), ∀x ∈ X.

Now, for an ideal I of the Roe algebra C∗(X,B(H)), define

Λ(I) := {λ(T, ε) | T ∈ I, ε > 0}.

Lemma 2.2 Let l ∈ Λ(I) for an ideal I of C∗(X,B(H)). For any operator Q=
⊕

x∈X

Q(x, x)

in B(ℓ2(X) ⊗ H) (i.e. Q(x, y) = 0 for x 6= y) such that Q(x, x) is an orthogonal projection on

H with

rank(Q(x, x)) ≤ l(x)

for all x ∈ X, we have Q ∈ I.

Proof Since l ∈ Λ(I), there exist T = [T (x, y)] ∈ I and ε > 0 such that l(x) =

rank(Tε(x, x)). Denote by ∆ the diagonal of X ×X . Then it follows from Lemma 2.1 that the

(∆, ε)-truncation T(∆,ε) =
⊕

x∈X

Tε(x, x) belongs to I. For each x ∈ X , there exists a generalized

inverse Tε(x, x)† such that P (x, x) := Tε(x, x)(Tε(x, x)†) is the orthogonal projection of H on

the range of Tε(x, x). It follows that P :=
⊕

x∈X

P (x, x) belongs to I. Now, we have

rank(Q(x, x)) ≤ l(x) ≤ rank(Tε(x, x)) = rankP (x, x).

Take a partial isometry W (x, x) ∈ B(H) such that W (x, x)∗W (x, x) = Q(x, x) and

W (x, x)W (x, x)∗ ≤ P (x, x) for each x ∈ X , and let W =
⊕

x∈X

W (x, x). Then we have

Q = W ∗WW ∗W = W ∗(WW ∗P )W ∈ I as desired.

Lemma 2.3 Λ(I) is an ideal family of weighted subspaces of X for any ideal I of C∗(X,

B(H)).

Proof Let R > 0 and l ∈ Λ(I). By Lemma 2.2 there is a projection Q =
⊕

x∈X

Q(x, x) such

that rank(Q(x, x)) = l(x) for each x ∈ X . Let X ′ := {x ∈ X | l(x) < ∞}. Since X has bounded

geometry, X ′ ⊆ X is countable, say, X ′ = {x1, x2, · · · , xn, · · · }. Let {e(1), e(2), · · · , e(j), · · · }

be an orthonormal basis of the Hilbert space H . For each integer n > 0 and xn ∈ X ′, define

P (xn, xn) to be the orthogonal projection of H onto the subspace spanned by

e
(

n−1
∑

j=1

rank(Q(xj , xj)) + 1
)

, e
(

n−1
∑

j=1

rank(Q(xj , xj)) + 2
)

, · · · , e
(

n
∑

j=1

rank(Q(xj , xj))
)

.

Then rank(P (xn, xn)) = rank(Q(xn, xn)) and the projections {P (xn, xn)}n are mutually or-

thogonal. Denote by idH the identity operator on H . Define R :=
⊕

x∈X

R(x, x) by

R(x, x) =

{

P (xn, xn), if x = xn ∈ X ′,

idH , if x ∈ X − X ′.
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Then R ∈ I by Lemma 2.2. Define another operator W = [W (x, y)] on ℓ2(X) ⊗ H by

W (x, y) =

{

idH , if d(x, y) ≤ R,

0, if d(x, y) > R.

Then W ∈ FP(X,B(H)) so that WRW ∗ ∈ I. It is easy to verify that

R ∗ l = λ(WRW ∗, 1) ∈ Λ(I),

i.e., Λ(I) satisfies condition (3) in Definition 1.2. Conditions (1) and (2) can be verified similarly.

So Λ(I) is an ideal family of weighted subspaces of X .

Lemma 2.4 For any ideal I of C∗(X,B(H)), we have C∗(Λ(I); X) ⊆ I.

Proof It suffices to show that FP(Λ(I); X) ⊆ I. Suppose T ∈ FP(X,B(H)) is such that

T � l for some l ∈ Λ(I). Since X has bounded geometry, Supp(T ) can be decomposed into the

union of finitely many disjoint partial translations, that is,

Supp(T ) = F1 ⊔ F2 ⊔ · · · ⊔ Fm.

Let Tj = TFj
be the Fj -truncation of T for j = 1, 2, · · · , m. For each j, define an operator

Q =
⊕

x∈X

Qj(x, x) such that, for each x ∈ X , Qj(x, x) is the orthogonal projection of H onto

the range of Tj(x, y) if (x, y) ∈ Fj for some unique y ∈ X , and Qj(x, x) = 0 otherwise. Then

Tj = QjTj and

rank(Qj(x, x)) = rank(Tj(x, y)) ≤ l(x).

By Lemma 2.2, we have Qj ∈ I for all j = 1, 2, · · · , m so that

T =
m

∑

j=1

Tj =
m

∑

j=1

QjTj ∈ I.

Hence, we have FP(Λ(I); X) ⊆ I and C∗(Λ(I); X) ⊆ I.

Lemma 2.5 If X has Yu’s property A, then for any ideal I of C∗(X,B(H)), we have

I ∩ FP(X,B(H)) is dense in I.

Proof This follows from an approximation argument by using Schur multipliers of positive

definite kernels with finite propagation. The proof is similar to the proof of Lemma 4.3 in [3]

and therefore is omitted.

Lemma 2.6 Suppose that X has Yu’s property A. Then for any ideal I of C∗(X,B(H)),

we have I ⊆ C∗(Λ(I); X).

Proof By Lemma 2.5, it suffices to show that I∩FP(X,B(H)) ⊆ C∗(Λ(I); X). Suppose T ∈

I ∩FP(X,B(H)). Since X has bounded geometry, there exist finitely many partial translations

{Fj}
m
j=1 such that T = lim

ε→0

m
∑

j=1

T(Fj ,ε). Hence, to complete the proof, it suffices to show that

T(F,ε) ∈ FP(Λ(I); X) for any partial translation F and ε > 0. Note that T(F,ε) ∈ I by Lemma

2.1. Define an operator S = [S(x, y)] ∈ B(ℓ2(X) ⊗ H) such that

S(x, y) =

{

idH , if (y, x) ∈ E,

0, otherwise.
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Then T(F,ε)S ∈ I and its support lies in the diagonal of X × X . Hence, we have

T(F,ε) � λ(T(F,ε)S, ε) ∈ Λ(I),

that is, T(F,ε) ∈ FP(Λ(I); X) as desired. This completes the proof.

Lemma 2.7 For any ideal family L of weighted subspaces of X, we have L = Λ(C∗(L; X)).

Proof For any l ∈ L, take an operator Q =
⊕

x∈X

Q(x, x) ∈ B(ℓ2(X) ⊗ H) such that

Q(x, x) is an orthogonal projection in B(H) with rank(Q(x, x)) = l(x) for all x ∈ X . Then,

by the definition of C∗(L; X), Q ∈ C∗(L; X) since Q � l. On the other hand, l = λ(Q, 1) ∈

Λ(C∗(L; X)). Hence, L ⊆ Λ(C∗(L; X)).

Conversely, suppose l ∈ Λ(C∗(L; X)). By Lemma 2.2, there exists an operator Q =
⊕

x∈X

Q(x, x) ∈ C∗(L; X) such that Q(x, x) are orthogonal projections on H with rank(Q(x, x))

= l(x). Thus, there exist T ∈ FP(L; X) and k ∈ L such that

T � k and ‖Q − T ‖ < 1.

It follows that

l(x) = rank(Q(x, x)) ≤ rank(T (x, x)) ≤ k(x)

for all x ∈ X , namely, l ≤ k ∈ L. Hence, l ∈ L and Λ(C∗(L; X)) ⊆ L. The proof is complete.

Proof of Theorem 1.1 The existence is given by Lemmas 2.4 and 2.6. The uniqueness is

given by Lemma 2.7.
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