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Abstract The authors study the continuity of barrier function B.(x) with respect to
the parameter. A sufficient condition which makes Bc(x) be continuous with respect to
c is obtained, and an example of discontinuity when the condition is not satisfied is also
constructed.

Keywords Lagrangian system, Average action, Barrier function, Minimal measure,
Uniquely ergodic
2000 MR Subject Classification 58E15, 53C05, 37J50

1 Introduction

In 1991 and 1993 respectively, Mather published two papers [1] and [2], which formed the
framework of Mather theory. Associated to the Lagrangian L — 7., where 7, is a closed 1-form
such that [n.] = ¢ € H'(M,R), he mainly considered the following sets:

Mather set Mc: the union of the supports of invariant minimal measure 9.,

Aubry set .;l/c: the union of the global c-static orbits,

Mané set ./\7;: the union of the global c-semi-static orbits.

We use M., A., and N, to denote the standard projection of Mvc, .;l/c, and J\N/'C from TM x T
to M x T, respectively. Mather proved the following:

(1) M,C A, CN..

(2) Aubry set has the Lipschitz graph property. The mapping 7 : ;Ic — M x T is injective.
Its inverse is Lipschitz, i.e., there exists a constant C, such that for each x,y € :4;, we have

dist(n = (z), 71 (y)) < Cdist(z,y).

(3) The mapping ¢ — N, is upper semi-continuous.

Generally speaking, the action variables of the orbits in the different Mané set are different.
Then we may find the orbits whose action variables change sufficiently large by finding the
orbits which connect different Mané sets associated to different c¢. In general case, we do not
know whether the connecting orbit exists, while Mather thought that if there is a c-equivalent
curve which connects cohomology classes ¢; and co, then there exists an orbit which connects
N, and NV, (see [2]).
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It is quite important to find c-equivalent property in the proof of the existence of the
connecting orbits. In addition, the c-equivalent property is determined by the topological
structure of Mané set. The continuity of barrier function with respect to ¢ plays a very important
role in studying the topological property of Mané sets. In this paper, we present a sufficient
condition which guarantees the continuity of the barrier function with respect to ¢. On the
other hand, we also give an example whose barrier function is discontinuous with respect to ¢
when it does not satisfy the given condition.

2 The Settings and Preliminary Results

Let M be a C*° compact manifold and T'M denote the tangent bundle of M. L : TM xR —
R is 1-period C” (r > 2) Lagrangian and satisfies the following hypotheses:

(1) Positive Definiteness For each m € M, 6 € T, the restriction of L to T'M,, x 0 is
strictly convex in the sense that its Hessian matrix is everywhere positive definite.

(2) Superlinear Growth Let || - || denote the norm associated to a Riemannian metric

on M. Then
L(v,0)

[[o]

— Fo0, as [v]| = +oo,

where v ranges over TM and 6 € T. This equals that, for every C, there exists Ca, such that
L(v,0) > Cq||v]| — Ca.

In other words, for every Ci > 0, there exists Cy > 0, such that ||v|| > C5 implies L(v, §) >
Chllv][-

Since M is compact, this condition is independent of the choice of the Riemannian metric.

(3) Completeness of the Euler-Lagrange Flow Every maximal trajectory of Euler-
Lagrange vector field E, corresponding to L is defined for all time R. For every Ep-invariant
probability measure p on T'M x T, the average action is defined by

Ap) = / Ldp,
and the rotation vector p(u) € Hy(M,R) is defined by the following equation:
(e, p(p)) = /Acdu, Vee H(M,R), [\]=c,

where the bracket side is the canonical pairing of H(M,R) and H;(M,R).
Define

Ac(p) = A(p) — (¢, p(p)),

he(m,m’) = min/o (L —ne)(dy(t), t)dt — a(c),

where « ranges over the set of absolutely continuous curves « : [0, 1] — M, such that

and 7, is a smooth closed 1-form whose de Rham cohomology is ¢ € H*(M,R).



Continuity of Barrier Function with Respect to Parameter 147
Let

—a(c) = min{A.(p) | u € M, M is the collection of ¢ -invariant probability measures},
n—1
hi(&,n) = min{ th(mi,mprl) tmo=¢&, my =m0, and m; € M for 0 <i < n},
i=0
het (€ m) = liminf b (§,m), V& n € M.
It is easy to see that
he(&m) < he(§,m) + he(m,n).
B.(€) £ hS°(€,€) is called the barrier function of the Lagrange system. It has the following
properties:
Barrier function B.(m) is a non-negative Lipschitz function on M and vanishes identically
on (M) N (M x 0), where M, = supp M, (see [2-5]).

3 Main Results and Their Proofs

Theorem 3.1 If the minimal probability measures M., is uniquely ergodic, then for each
m € M, m' € M, the functions h2°(m,m’) and B.(m) are continuous at co with respect to the

parameter c.
To prove this theorem, we need some lemmas.

Lemma 3.1 Let (---,m;,---), m;y € M be a c-minimal configuration, and w1,ws be two

w-limit points of the configuration. Then
dc(wl,wg) é hgo(wl,wg) + hgo(wg,wl) =0.
For details of the proof of the lemma, please refer to [2].

Corollary 3.1 For any two points x, y in Mather set M., we have d.(x,y) = 0, when
c-minimal probability measure set M. is uniquely ergodic.

This is a direct consequence of Lemma 3.1.

Lemma 3.2 (A priori Compactness) (see [4, 5]) Consider a compact set Q C H*(M,R).
For any given ¢ € Q and every c-minimal curve 7 : [a,b] — M of L+, there exists a constant
K such that, if b > a+ 1, then ||dy(t)|| < K, Vt € [a,]].

Lemma 3.3 If Q is a compact subset of H'(M,R), then for any ¢ € Q, h.(m,§) is a

Lipschitz continuous function with a uniform Lipschitz constant.
For details of the proof of the lemma, please refer to [5].

Similarly, it is easy to show that hZ(&,n) and h°(€,n) are both Lipschitz continuous, and
they have the same Lipschitz constant as h.(&,n) (see [2]).

Proof of Theorem 3.1 Choose 7., which is a smooth 1-form on T'M, such that [n.] = ¢ €
H'(M, R) and it is continuous with respect to c¢. Let ¢, — co, e, — ey, and vy : [0,00) — M
be a ¢,-minimal curve, such that v, (0) = m € M. w(vy,) stands for the w-limit set of v,,. Then

A (@), Me,) = int{dist(z,y) : 2 € w(va).y € My} — 0, asn — oo,
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where dist(z, y) denotes the distance between x and y induced by Riemann metric. Otherwise,
there exists a subsequence ny — oo and a constant § > 0, such that

dH(w(/ynk)wA/tco) > 67 Vn.

Suppose that i, is the limit measure of ~,, (t). Then supp pn, C w(yn,). Let uo be an
accumulate point of p,,, and further suppose that klim tn, = Mo, in the sense of the vague
— 00

topology. It follows that j is a cp-minimal measure and
d g (supp pro, Mey) > 6 > 0.
We then obtain a contradiction with the assumption that 9., is uniquely ergodic. Hence,
di(wy,, Me) — 0, asn — oo.

By Lemma 3.2, it follows that 4, (0) is contained in a compact set. Suppose that v is a point
of accumulation of 4;,(0). Obviously, the solution curve +, (t) which has the initial velocity of v
is a unidirectional co-minimal curve. Hence, we can choose a subsequence {c,, }7°; (¢n, — co
as k — 00) of {¢,,}2°; and a unidirectional ¢,, -minimal curve 7, (¢) such that 4,, (0) — v.
Let &, &,, be points of accumulation of ~,, (t) and ~,, (t), respectively, that is to say,

V>0, 3T >0, s.t. dist(y,(7T),&) <.
By the uniquely ergodic property of 91, we have
Vn >0, 3K, s.t. dist(&,,,§) <9d, Vk> K.

By the continuous dependence of solution on initial value, when k > K, we have

dist(yn, (t),70(t)) <m, Vi€ 0,7],

dist(9n, (), 40 (t)) <n, Vte[0,T].
Since « is continuous, when k > K, we also get

|a(en,) — aleo)l <.
As 1-form 7, is chosen to be continuous with respect to ¢, it follows that
e, = Neol <10
From Lemma 3.3, we obtain
132 (m,€) — S (m,&a,)| < LIE — ]l < L-6. (3.1)

In addition,
hgzk (ma fnk) = thnk (mv Trg (T)) + h?zk (Fynk (T)v gnk)

As &,, and £ are w-limit points of v, (t) and v, (t) respectively, by Lemma 3.1, we have

hgzk (gnk7§nk) = %dcnk (gnkafnk) =0
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and :

Thus, we obtain
Ihee, (i (1), &ni )l = 1he, (i (T, 6ni) — B, (Enics €ni)l < Ll (T) = &y [l < L -6, (3.2)

B (3u(T), €)] = W2 (30 (T),€) — B2 (€, )| < L+ |1yolT) — €] < L6, (3.3)
On the other side, we get
Z;k (xvlynk (T)) - hz:)(xaﬁyv(T))l
T T
=] [ €=, + alen ) @, (00 = [ (L =y + @) a0, 0
T T
< [ @00 - L 01+ [ e (@1000,8) = 1y, (s, (0,0
0 0
+ lafco) — afeny)| - T
T T
< [ 1000 = Ly .00+ [ (@90(0).8) = ey o 0 D]
0 0
T
b e, (@00 0) = ey (20, 0. D1t + a(en) = )| T
(3.4)

< ATw,
where A = {sup(L(z,v)) + sup(i.)(z,v) : & € M, ||v|| < K’} +2, and K’ is some real constant.
The last inequality above is ensured by Lemma 3.2, and n — 0 as k — oo
For each ¢ > 0, let 6 and n be small enough, such that AT'6 < § and L(§ +1n) < .

Combining (3.1)-(3.4) together, we have

|he, (m, €) = heg (m, §)| = [k (ms &ny) —
) = (m,ﬂ+miﬁm® cn( &)
(
)€

< |hcnk ( fnk
< lhe,,, (M, An, (T)) = hey (m, o (D)) + 7S (Y, (T), €ni)|

+ |hes (o (T =H+—

€
Z+4+4+Z

€.

Then we conclude that

he (m, &) = heg (m, )] — 0, as ¢n — co.

This completes the proof of the theorem.
Corollary 3.2 If the c-minimal probability measure set M., is uniquely ergodic, then the

barrier function B.(m) is continuous at co with respect to ¢

This is a direct consequence of Theorem 3.1.
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Theorem 3.2 For any given two points my,ma € M,,, it involves that d.,(mi,ma) =
0. Then the barrier function B.(m) is continuous al point cy with respect to ¢, without the

assumption that M. is uniquely ergodic.

The proof of this theorem is just the same as the proof of Theorem 3.1.

4 A Counterexample when Minimal Measures are not
Uniquely Ergodic

In this section, we present an example whose barrier function is discontinuous with respect
to c.
Consider the Lagrange system on T x R:

.. 1, . . . €
L(q1,g2; 41, 4o, t) = 5((1? +4d3) — 6)\(q1)(q2 -1- 5) — cos(2q1),

where A(-) is a smooth function satisfying the following condition:
Mo, =1, Mo, =0,

in which O; and Oy are two open neighborhoods of 0 and 7, respectively, and O; N Oy = ). If
€ = 0, the system

1., .
Lo = (47 + d3) = cos(2q1)

is an integrable system. For every ¢ = (0, c2) € H'(M,R), where % < ¢g < 2, the support sets
of the c-minimal invariant probability measures 2. are included in the following two invariant

hyperbolic cylinders:

Fl : {(Q1aq2;q.1742;t) | q1 = 0 (mod27r), (]'1 = O7 q2 = 02},
F2 : {(Q1aq2;q.1742;t) | qg = (IIlOd27'l')7 41 = O, qZ = CQ}.

By the structural stability of hyperbolic invariant manifold, there exists a §; > 0 such that if
le| < 01, then the Lagrange system L has two invariant cylinders

Il {(q1,q2:41.G2:t) | o = 0 (mod 2m), 41 =0, G2 = ca + €},
I2:{(q1,2: 41,42, 1) | @ = 7 (mod 2), ¢1 =0, G2 = ca}.
Lemma 4.1 There exists a 6 > 0 such that, when |g| < §, we have
M, cTlur?
for every ¢ = (0,c2) € H'(M,R), where 3 < ¢y < 2.

Proof SinceI'' and I'? are two hyperbolic invariant cylinders, there exist two neighborhoods
Q1 and Qs of T'! and I'?, respectively. The flow qStLO does not have invariant sets on € \ T'!
and Qy \ 2. For the same reason, the flow ¢! does not have any invariant sets on Q; \ I'! and
Q5 \ T2, when ¢ is small enough.

Let Q; = 7Q; and Qy = 75, where 7 : TT? x R — T2 is the projection map. Since Ly is
an integrable system for any x € T2\ (21 U Q) and ¢ = (0,¢2) € H*(M,R) (3 < ¢2 < 2), we
then deduce that

%Erg) Bf () — Bj (z) > 0.
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Consequently, we have A. N (T?\ (Q1 UQ2)) = 0. Since M, C A, we also get M. N (T?\ (2, U
Q,)) = 0 and M, C (Q; UQ,). Moreover, there are no other invariant sets except I'! and T2 in
0 U, So M, C (TL UT?), namely, the support sets of the c-minimal invariant measure 9,
of the Lagrange system L are included in the invariant cylinder Il UT'2. Thus we complete the
proof.

Suppose that the subsystems are L; and Ly respectively, when the Lagrange system L is
restricted on the invariant subsets I'! and I'2. Let

—a'(cg) = inf { /(L1 —ne)dp, €M, suppu C TL, [ne] = (0, 02)},
—a?(cz) = inf { / (Ly = ne)dps, 11 €9, supppe © T2, [.] = (0,¢2)}.

By Lemma 4.1, we have M, C T} UT2. Let M, = MLUM?2, where M} C Il M2 C I'2, and
M (i = 1,2) can be empty set. Then
a(c) = max{a’(ca), a?(c2)}.

However, it is easy to see that

1
al(cr) = 503 +e(ca—1)+1,

1
a?(co) = 503 + 1

Obviously, there hold

AN
o

1
%(ca), 3 <eo <1,
at(e2){ = a2(cy), e =1,

o
a?(er), 1<ex <2

V

The above relationships have three probabilities. For ¢ = (0, 1), Mather set ./\N/lc has two ergodic
components ./\A/l/i C Il and /\73 C I'2. In this situation, the system is not uniquely ergodic.

For ¢ = (0,c2), where £ < ¢3 < 1, we have M? = 0. So Mather set M, has only one ergodic
component /T/l% C T'2. Namely, it is uniquely ergodic.

For ¢ = (0,cy), where 1 < ¢y < 2, we have M2 = ). So Mather set M, has one ergodic
component M}z C '}, and it is uniquely ergodic, too.

We claim that, Vo € M} = wﬂi, the barrier function B.(x) is discontinuous at the point
¢ = (0,1) with respect to c.

We are going to show the claim in the following two parts.

Part 1 In this part, we verify that

dio,1)(®,y) = hig1)(@,y) + hoq)(y,2) >0, Vz € ML ye M%) c=(0,1).

Let 1 and Q3 be neighborhoods of 7'} € T? and 72 C T?, respectively, and d(Q1,2) =
a > 0. By Lemma 3.2, for every minimal curve «(t) which connects points z and y, its velocity

4(t) has a uniform upper bound K. Consequently, there exists at least time 7" = % that makes
y(t) stay in T2\ (21 Uy). In addition,

1
L2\ (0,u02) x [- K, K] xR > _(502 " 1)
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and T?\ (Q,UQy) is compact. Therefore, there exists a § > 0, such that (L4-a(c))|r2\ (o, u0,) > 9,
and

hi(z, y) = /On(L +a(e)(y(t),¥(t),t)dt >6-T >0, Vn.

Consequently,
het(x,y) = liminf Al (z,y) > 6 - T > 0.

For the same reason, we also have h2°(y,x) > 0. So we obtain
dio,1)(@,y) = h{p1) (@, y) + hgq)(y,2) > 25 - T > 0.

Part 2 For each z € M%O,l)’ we want to prove that B.(x) — d1)(z,y) as ¢ — (0,1-).

As M%OJ) is an ergodic component of Lagrange system L, we have dg1)(y1, y2) = 0 for
any yi,ys € M%OJ). Moreover, when % < ¢9 < 1, the c-minimal invariant measure set 2. is
uniquely ergodic with M, = M? C 72 C Q.

When ¢ — 1, for each c-minimal curve v, its w-limit set is close enough to M?2. Using the
same method as the proof of Theorem 3.1, we see that

Be(x) — do,1)(z,y), c— (0,1-).

On the other hand, one can get = € M%O,l) C Mo,1)- Consequently, B 1)(x) = 0.
To sum up, we have
0< c-»l(i(?ll—)BC(x) = d(0,1)(z,y) # Bo,1)(z) = 0.
Namely, we have proved that the barrier function B.(z) is discontinuous at ¢g = (0,1) with
respect to c.
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