Chin. Ann. Math. -
30B(2), 2009, 153172 Chinese Annals of

DOI: 10.1007/s11401-008-0095-9 Mathematics, Series B
(© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2009

Global Well-Posedness of the BCL
System with Viscosity™*

Junqi HU*

Abstract The BCL system, a kind of equations governing the motion of the free surface
of water waves in R3, is studied. Some results on the global existence, uniqueness and
regularity of solutions to such system with small initial data are obtained.

Keywords Pseudo-differential operator, Water waves, Global well-posedness
2000 MR Subject Classification 35G25, 35510

1 Introduction

We will consider a movement of the free-surface of water waves which is an inviscid fluid
and whose depth is finite. Generally speaking, the motion of water waves is described by the
Euler equations. The well-posedness of the Euler equations has been obtained by Sijue Wu
[16, 17] for infinite depth and D. Lannes [10] for finite depth. With assumptions of the long
waves approximation and shallow water, J. L. Bona et al. [2] derived a system from the water

waves equations equivalent to the Euler equations in 2-dimension

M + Vz + (nv)x - aszz + bnxxh

(1.1)
Vi+ne +VVe=Newe + dVast.

Here 7 is the deviation of the free-surface with respect to the vertical direction, V' is the velocity
of surface in the horizontal direction, and a, b, ¢, d (see [2, 3]) are constants, which depend on
the nature of the water. It has attracted much attentions of many mathematicians to study
equations (1.1) with special a, b, ¢, d respectively. For example, C. J. Amick [1] and M. E.
Schonbek [13] have showed the existence of the solutions to equations (1.1) in the case of
a=0b=c=0and d> 0. There are many studies (see [6, 12]) of (1.1) in the soliton theory.

J. L. Bona et al. [3] classified equations (1.1) with the values a, b, ¢ and d. It should be
pointed out that linearized equations of (1.1) are well-posed in Sobolev spaces only when ac > 0
and b,d > 0 (see [2]). With the restriction of b = d > 0, the global well-posedness of equations

(1.1) in the cases of a,¢ > 0 and a = 0, ¢ > 0 are respectively obtained, since there exists a
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Hamiltonian to (1.1). In [4], J. L. Bona, T. Colin and D. Lannes derived the following equations

n+V-V+V-(nV)=aAV -V + bAn,
(1.2)

Vi +Vn+ %V|V|2 = cAVn + dAV;
from the Euler equations in 3-dimension and gave the error estimate for the difference between
the solutions to equations (1.2) and the ones to Euler equations, and also pointed out that there
exists a conservation law to (1.2) in the case of a,¢ > 0 and b = d > 0.

The question one concerns is whether there exists global well-posedness of (1.2) for general
values a, b, ¢, d. Firstly, we will consider the Cauchy problem of equations (1.2) under the
condition b = d > 0, which is of some conservation law to (1.2). For general case, by adding

partial viscosity to the second equation in (1.2), we will consider the Cauchy problem

n+V-V+V-(nV)=aAV -V + bAn,,
‘/}+V77—MAV+%V|V|2:cAVn—i—dAV;, VteR,, VxeR2 (1.3)
77(0a I) = 770(95)7 V(Oa I) = VO(I)a

Throughout the present paper, we call (1.3) the BCL system with viscosity.
The space of continuous functions in ¢ € Ry valued in H™(R?) with bounded norms in
L>(Ry, HM(R?)) is denoted by Cy(R,, HM(R?)).

Our main results in the present article are as follows.

Theorem 1.1 Assume that a, b, ¢, d are positive, and b = d. If H(no, Vp) < 4 and
Inollzz < va (or H(no, Vo) < @, (Vollz2 < va), where H(n,V) is the Hamiltonian of (1.2)
defined by

1
V) =5 [ (0P + VP4 8lV P 4+ Val? + a9V ) dady,
R

then the Cauchy problem (1.2) with initial data (no, Vo) admits unique global solutions (n,V) €
C([0,00), (H(R?))?). Moreover, (n,V;) € C([0,00), (L*(R?))?).

Theorem 1.2 Assume that a, b, ¢, d, u are positive numbers, and q = 22+—+265, p= % with

0 > 0. Then there exist two sufficiently small positive numbers dy and e, such that there exists

a unique solution
(n,V) € L=®[Ry, WHP(R?) x WHP(R?) x WHP(R?)) N Cy(Ry, H'(R?) x H'(R?) x H'(R?))

to the Cauchy problem (1.3) with initial data (no, Vo) € (WH4(R?))3, if [|no|lwaa + || Vollwae < e
and 0 < § < dg.

In the case of a = 0, ¢ > 0, a similar theorem (see Remark 3.2) is also obtained.

In Section 2, the conservation law of equations (1.2) is given under the condition b = d >
0. Then local solutions to the Cauchy problem of equations (1.2) are obtained by Banach
contraction principle. In terms of the conservation law, the global solutions of equations (1.2)
are obtained. However, since the conservation law is not positive-definite and the embedding
H'(R?) C L*(R?) is not valid, the Ladyzhenskaya inequality is useful for us to bypass these

obstacles.



Global Well-Posedness of the BCL System with Viscosity 155

In Section 3, the Cauchy problem (1.3) is considered since the conservation law ceases to
hold in general case. In the preceding article (see [7]), we consider the interaction of the wave

. 2
operator e't!P! —tD|

, which is the effect of the dispersion and the heat operator e caused by
the viscosity. Such estimates of the interactions mentioned above are the key to the global
well-posedness of the nonlinear equations. Fortunately, the decay rate is not too bad to make
the iteration divergence. The global existence, uniqueness and regularity of the solutions to the
nonlinear equations with small initial data are given. Another key lemma is Lemma 3.2, which
claims that the L?-norm decays in the diffusion equations. Generally speaking, the L?-norm is
only bounded. On the other hand, the loss of derivatives which arises in high frequency occurs
in the nonlinear iteration. We attack the effect of the loss of derivatives in nonlinear iteration
by separating the estimates (see Theorem 3.1) into high frequency part and low frequency part.
Our scheme of nonlinear iteration is essentially standard. It also works for some kind of the

system in [14].
2 Global Well-Posedness of the BCL System with Conservation Law

2.1 Conservation law of the BCL system

In this section, we will consider the global well-posedness of the following system:
7+ V-V+V-(nV)=aAV -V + bAn,,

1 ) (2.1)
Vit Vi + 5VIVE = cAVy + dAV,.

In order to obtain the well-posedness of the equations, we must derive an energy estimate for
the equations. To this end, we firstly show that the BCL system has a conservation law. We

rewrite equations (2.1) as follows:
n=—I—bA)'V - (V +nV —aAV),
1
V= (I - dA)—lv(n + 5V - cAn).

Here (I —bA)~! is defined by

_ “1o(p) = é(x) oz
(=08 7000) = [ o e e

If we introduce a quantity H(n, V') as

1
H(n,V) =5 /]R?(|n|2 HIVI 4|V + | Vnl* + a|VV]*)dzdy, (2.2)

it is easy to verify that the variation gradient of H is just the right-hand side of (2.1), i.e.,

SH .
on | _ [n+5IVIP—chn
OH V4V — aAV

oV
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If we introduce an operator

0 (I —bA)"'V
== (—amwr TT)

where the notation T is the transpose operator of the vector, then system (2.1) is equivalent to

the following form:
oH

Ui on
0 =J . 2.3
(0= o (23)
%
In terms of the Hamiltonian theory in infinite dimension, if the operator J is skew-symmetric,

i.e., b=d > 0, then we have the following theorem.

Theorem 2.1 Assume that b =d > 0. Then H(n,V) defined in (2.2) is the Hamiltonian
action of the BCL system (2.1), and the operator J is skew-symmetric. System (2.1) is written

equivalently as the Hamiltonian form (2.3).

This theorem shows that H(n,V) is a Hamiltonian, that is = 0. In fact, by formal

.
computation, there holds

dH

— =2(b— d)/ 'V - Vadzdy.

dt R2
It is obvious that H(n, V) is the Hamiltonian of (2.1) when b = d is valid. Here we will give a

proof of conservation law.

Proof of Conservation Law By using (2.3), it implies that
dH (6H o+ 21 oH
At e Vo TSV

/ZéH V, O6H 6H Vv, OH
R2 6n1+b|D|25V sV; 1+ b|DJ? oy

-0V ) dxdy
) dzdy

o0H SH
— /R2/R2j_zl (E(xuy)KJ(x,y,w,Z)m(wjz)
oH

0H
+ — 5 (w, 2)Kj(z,y,w, Z)6V (z, ))dxdydwdz

/ / Z 6H () (K (z,y,w,2) + K;(w, z,x y))gH (w, z)dzdydwdz,
R2 R2 V

where the integral kernel is defined by the oscillatory integral

1 o ig;
Kj(z,y,w,z) = —/ ell{(@—w,y=2).8)) J dé1dés,
J( Yy ) (27T)2 R2 1 + b(|§1|2 + |§2|2) 51 52

where j = 1,2, ((x — w,y — 2),&) is the inner product of the vectors (x — w,y — z) and
& = (&1,&) € R2. If we notice that the amplitude function in the oscillatory integral is odd, it
implies that K;(z,y,w, z) = —K,(w, z,z,y) for j = 1,2. Hence

dH
— =0.
dt
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It indicates that H(n, V) is the conservation quantity for the BCL system.

It is easy to see that (2.2) is not positive-definite. It will lead to some restriction of the

initial data in order to get the global solutions.

2.2 Local solutions to equations (2.1)

Consider the local solutions to (2.1). Firstly, the equivalent form of (2.1) is given by Fourier

analysis. Taking Fourier transform of both sides of (2.1), we have

o L+al? L o (V)N
77t+Tb|§|2(1§)'V— 1+bjE) (2.4)
el (VP '
Yt Tl 7 = o ey

In order to diagnose equations (2.4), it is convenient to introduce an auxiliary function Z as

follows:
~ &t
Z ==V,
I3

By taking the inner-product of the vector £+ and the second equation in (2.4), there holds

&= (&, —&). (2.5)

87 =0. (2.6)

We introduce two other auxiliary functions W= defined by

18 (2.7)

wa [¢]

—

WE =i+

o

¢

_ 14 Ltcl¢)?
where w; = THOlET W2 = TR

second equation in (2.4), and adding to the first equation in (2.4), we obtain

Hence by taking the inner-product of + ‘:j—; é—l and the

AWE £i|D|/arwz (DYWE = —f£(n, V), (2.8)
where the nonlinear terms f*(n, V) are

V) = [ |D|

D
T 1+oDP = Daarapm VF) (2.9)

5, V)
In terms of Duhamel principal, the solutions to (2.6) and (2.8) are written as

Z(tv'rvy) = ZO(Iay)v

t
WE(t, z,y) = eTHPIVE@ (D)yyE —/ e T IPIWVE@z (D) ¢ V) (s, 2, y)ds.
0

Here the initial data Zy, W) are respectively of forms

Dt wi D
Zo= Vo, Wi=m+t,/— (D)= -V
0 D] 05 0 "o w2( )|D| 0,
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and the operator f’—;l is defined as the Calderon-Zygmund singular integral operator. By defi-
nitions (2.5) and (2.7) of Z and W+, the solutions (n, V') are given as follows:

Wt +w-
n(t7x7y):f7
1 [wsy D Dt
V==, /Z2D)—=—W"T-W")+ —2Z.
2\ o P )+ 1]

At last, by substituting the solutions Z, W= into the above expressions, we have

0,2, y) :A(t,D)nO(:v,y)—l—B(t,D)-Vo(x,y)—i—/o A(t—s,D)H+iD|2-(nV)ds
t D )
+/0 Blt—5.D) - g (Vs -
V(t,2,y) = B(t, Dyo(w,y) + F(t, D) - Vo, ) + / Bt s, D)WDW - (V)ds

D

1 1 t
D (D Vo(x,y)) —I—/O F(t—s,D)- mﬂVP)ds.

_l’_ _ .
[D|\|D|
Here the symbols of the operators A(t, D), B(t, D), F(t, D) are respectively defined by
AL, €) = L(eHIEIVETE (©) 4 o—itlelvamms (©))
) 2 )

1 Jw IS — . —
B(t, &) = = /w_;(g)_(e tlelVETDE (6) _ gitlel v/ (6)),

2 [3
lw €2 B
F(t,¢) = §w_;(§)w(e tE]wiws (§) +et|§|m(f)).

It should be pointed out that some of these operators are of smooth symbols of Hormander
pseudo-differential operator and some are of singular symbols of Calderon-Zygmund singular

integral operator.

Lemma 2.1 Assume that a, b, ¢, d are positive, and s is an arbitrary number. Then there
exists a positive constant C' = C(a,b,c,d, s), such that there hold, for t > 0,

|A(t, D)@ s w2y < Cll@l| s (m2)s
| B(t, D)o\l s r2) < Cl|9l 15 (r2),
|F(t, D)ol s g2y < CllD s (2)-

Moreover, these operators are strongly continuous operators in t with respect to H®(R?)-norm.

Proof The desired estimates are actually the L2- and LP-boundedness of the pseudo-
differential operators and the singular integral operators. We will give direct proofs by Plan-
cherel’s theorem. Firstly, noting that S(IR?) is dense in H*®(R?), we just need to prove the above
estimates in S(R?). It is clear that

A D)l = [ (14 1P A B(OPe
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If we notice that |A(t,£)| < 1, we obtain

A Dl < [ (1 +IEPYIREPAE < ol

For the operators B(t, D) and F (¢, D), the similar proof is available because of the boundedness
of the corresponding symbols B(t,£) and F(t,€). In order to show the strong continuities of
the operators, firstly assume that ¢ € S(R?) (S(R?) is Schwartz space), and t,, is a sequence
of non-negative numbers, ty is some non-negative number, such that ¢, — tg as n — oco. Note
that A(t,€), B(t,£), F(t,£) are continuous in ¢ and uniformly bounded in {. By Plancherel’s
theorem, there holds

(At D) = Alto. D)l = [ (1+16P) At €) = Al OP GO
In terms of Lebesgue dominated convergence, we obtain
[(A(tn, D) = A(to, D)@l s r2) = 0, tn — 0.
Remark 2.1 There exists a positive constant C, such that
D+ /D*
— == <C 5(R2)-
H |D| (|D| ¢)HHS(R2) < Cliellae @)

This remark easily follows from the proof of the preceding theorem.

Lemma 2.2 Assume that ¢,v» € H'(R?). Then there holds Ladyzhenskaya inequality

011742y < 18]l L2@2) | Dol 2 r2)-
Furthermore,
191172 mey < 0]l 22y 1 DSl L2 e2) 19| 22 | D || 2 oy -
Proof By the Sobolev inequality in R2, we have
9] Larzy < C(p, Q)| DY Lo (w2),

where % + % = %, C(p,q) = %ﬁ. Take p =1, ¢ = 2. Then there holds

1
Y]l L2 (r2) < §|\D¢|\L1(R2)-

If we substitute ¥ = ¢? into the above inequality, it implies the Ladyzhenskaya inequality by
the Cauchy-Schwarz inequality. Note

1601722y < ¢l a@)l19] Lare)-
Then the second inequality is an immediate conclusion of Ladyzhenskaya inequality.

In order to show the existence of local solutions to (2.1), we will construct a studied function
space firstly. For any given initial data o € H'(R?), Vo € (H'(R?))?, the function space is
defined by

Br ={(n(t,-),V(t,-)) € C([0, T], (H'(R?))?) :
In(t, )ar@ey < B, [[V(E )l @ey < R, ¢ €[0,T]},
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where R is a sufficiently large number to be determined later, and 7' is a sufficiently small

positive number depending on R. Of course, the standard metric p in By, defined by

P((ﬁth)a (7727‘/2)) = S[%I}](Hnl(tv ) - 772(t7 ')HHI(R2) + ”Vl(tv ) - VQ(tv ')||H1(R2))7
tel0,

is given. It is clear that (Bg,p) is a complete metric space. We denote the right-hand side
of (2.10) by the maps S(n,V) = (S1(n,V),S2(n,V)). Before using the Banach contraction

theorem, we need some lemmas.

Lemma 2.3 Assume that a, b, ¢, d are positive numbers, no € H'(R?) and Vy € (H'(R?))2.
If R is taken sufficiently large, such that R > 2C(||noll g1 w2y + ||[Voll a1 (r2)), and T is taken

sufficient small, such that T < ﬁ, then the map S is from Br to Br. Here the constant C

s a positive number only depending on a, b, ¢, d.
Proof Let (n(t, -),V(t, -)) € Br. By Lemma 2.1 and Remark 2.1, there holds
i D
H&WVWMMSCWmeﬁW%MWM+AHﬂmaymmﬁw
t
o,
0

t
scwmmwuwwmmm+/cwwwwmmw
0

_

H'(R2)
D

2(1+d/D]2)

(V1))

.
H1(R2)

t
+ACMWWﬂmWﬂﬂ

where we have used the L2-boundedness of the pseudo-differential operator of order —1. To

estimate the integrand, by using the inequalities in Lemma 2.2, we have

¢
151(n, V)l 2 w2y < C(limoll a2y + ||V0HH1(R2))+/ CIIV(DllL2@) [ DV (T) | 22y dT
0

t 1 1 1 1
+ /0 C”’Y(T)Hiz(]gz) HDU(T)sz(Rz) HV(T)Hiz(Rz) ||DV(T)||22(R2)dT

< O(HHOHHI(R?) + ||V0HH1(R2)) +2CTR?

for t € [0,7]. Hence we take R sufficiently large and T sufficiently small, so that R >

2C(|[noll 1 g2y + Vollmiw2)); T < 1&5. The same proof works for S5. Thus, the map S

is from Bpr to BpR.

The following lemma will show that the map S is a contraction from Bg to Bp if T is taken

much smaller.

Lemma 2.4 Assume that a, b, c, d are positive numbers, no € H'(R?) and Vy € (H*(R?))2.
If R is taken sufficiently large, such that R > 2C(||noll g1 w2y + ||[Voll a1 (r2)), and T is taken
sufficiently small, such that T < ﬁ,
the constant C' is a positive number only depending on a, b, ¢, d.

then the map S is a contraction from Bgr to Br. Here
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Proof Let (ni(t, ), Vi(t, -)), (n2(t, -),Va(t, -)) € Bg. By Lemma 2.1, Remark 2.1 and
Lemma 2.2, there holds

t
1S1(n1, Vi) = S1(n2, V)|l (m2y < /
0

((mVa)(7) = (V2) (7))

b
1+0|DJ? e

+ [ aeramm (V6 - (VB

.
H1(R2)

sAcww—mmxwmwwwmw—wMﬂmwwh

+/CW%+%%M—%WﬂmWﬂT
0

<A4CRTp((m, V1), (02, V2))

for t € [0,T]. The other estimates are similarly proved. Here the constant C is a positive

1

number only depending on a, b, ¢, d. If T"is taken much smaller so that T' < g=p,

the map S

is a contraction map.
In terms of Banach contraction theorem, it implies the existence of local solutions.

Theorem 2.2 Assume that a, b, ¢, d are positive numbers, no € H'(R?) and Vo € (H* (R?))?.
1 . . . Lo
IfT< 1602 (ol 11 g2y Vol g1 z2y) valid, then the Cauchy problem (2.1) with initial data (no, Vo)

admits a unique solution

(n,V) € C([0,T], (H'(R*))%).
Moreover, there also holds (n;,V;) € C([0,T], (L*(R?))3).

Proof The existence and uniqueness of the solution to the Cauchy problem are derived
from Lemmas 2.3 and 2.4. To show the strong continuities of solutions, we only make use of
the proof of Lemma 2.1 and the strong continuity of Bochner integral of (2.10). In order to
prove the regularities of (1, V;), we rewrite (2.1) as follows:

= (I —=bA)"H =V -V —-V-(nV)+aAV - V),
1
Vi = (I —dA)~! ( — V- 5VIVE+ cAVn).
By the property of the Bessel potential, i.e., (I —bA)~! is a bounded operator from H*(R?) to

H*T2(R?), and by Lemma 2.1, the desired regularities of solutions are obtained.

2.3 Global solutions to the BCL system

To show the global existence of solutions, we need the following theorem.

Theorem 2.3 Assume that a, b, ¢, d are positive, no € H'(R?) and Vo € (H*(R?))2.
Provided that T* > 0 is the mazimum of the existence interval of the Cauchy problem (2.1) with
initial data (no, Vo), that is, 0 < T < T*, the Cauchy problem (2.1) with initial data (no, Vo)
admits a unique solution (n,V) € C([0,T], (H (R?))?). If T* < oo, then

lim inf({ln(t, )l m@2) + [V )l e2)) = +oo.
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Proof We shall prove the above theorem by contradiction. Assume that

tim inf ([(t, )l 2y + IV )l aey) < +oo,

when T < oco. Then there exists a positive constant M, such that, for each 0 < t < T,

[t ')||H1(R2) + ||V (¢, ')HHI(RZ) < M.

By the definition of T*, we can take Ty = T — m < T*, such that the Cauchy problem

(2.1) with initial data (1o, Vo) admits a unique solution
(777 V) € C([Ou T0]7 (Hl(R2))3)

Now let (n(Tp), V(Tp)) be the new initial data. By Theorem 2.2, the Cauchy problem with initial
data (n(Tv), V(Tv)) admits a unique solution, such that the length of the existence interval of

Thus, it implies a contradiction to the definition of T*.

. . 1
solutions is greater than 557777

Theorem 2.4 Assume that a, b, ¢, d are positive, and b = d. If H(no,Vp) < 4 and
Inollzz < va (or H(no, Vo) < @, IVollLz < va), then the Cauchy problem (2.1) with initial
data (1o, Vo) admits a unique global solution (n,V) € C([0,00), (H(R?))3). Moreover, (n:,V;) €

C([0,00), (L*(R?))?).
Proof By Theorem 2.2, if T' > 0 is sufficiently small, the Cauchy problem (2.1) with initial
data (o, Vo) always admits a unique solution (n, V) € C([0,T], (H'(R?))3). Since the solution

is continuous in ¢, and ||no||2 < /@, there exists a positive number 0 < Ty < T, such that
In(t, )|lrz < Va is valid for ¢ € [0, Tp]. By Lemma 2.2, for ¢ € [0, Tp], there holds

| [ eV 9)Pdady]| < @)z V2O e
R

<A@z @) IV @) L2 @) IVV ()| L2 r2)
1 Va
< @)z (T IV Olse) + G IVVOlEa))
For the Hamiltonian H (n(t), V' (t)), if t € [0, To], there holds

1m0 2 (r2)

H(m(0), V() 2 5 (I ae) + Va0 + (1= 522 ) IVOiae

N =

+ (a= L) e ) IV VO ageoy )
It implies that H(n(t), V(t)) is positive-definite for ¢ € [0,Tp]. And by conservation law, there
holds
In(t, )lL2@2) < 2H (), V(1) < Va,
In(t, @)+ IVE )l @) < BVa
for t € [0, Tp], where 8 = max{4, %, %} By Theorem 2.3, the solutions can always be extended
till 7% = oo.

Remark 2.2 Assume that a, b, ¢, d are positive, and b = d. If H(no, Vo) < 4 and [|no|z2 <
Va (or H(ng, Vo) < 4, Vol 2 < v/a), then the Cauchy problem (2.1) with initial data (1o, Vo)
admits a unique global solution (n, V) € C*([0, 00), (C*(R?))3), if (1o, Vo) € (C°°(R?))3.
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3 Global Well-Posedness of the BCL System with Viscosity

3.1 The statement of the problem
Consider the following equations:

n+V-V+V.-(nV)=aAV -V + bAn,

1 5 (3.1)
Vi+ Vi — pAV + S|V = cAVy + dAV;,

Without the restriction of b = d, we want to give the global existence of the solutions to (3.1)
with initial data (1o, V) € Ry x R2. The linearized equations of (3.1) at (n,V) = (0,0)
1+ V-V =aAV -V + bAn, (32)
Vi 4+ Vi = cAVy + dAV + pAV, '

should be considered firstly. By using the similar procedure in [7], the nonlinear equations (3.1)

are transformed into

n(tvx) = A(ta D)nO(x) + B(ta D) : VO(:E)

! \Y
- /o At — S,D)il T (V) (s,x)ds

—/0 B(t—s,D)- mWP)(s,x)ds,
3.3
V(tvx):F(tvD)WO(x)_'—G(tvD)'VO( ) fDl tU(D)|l)D| VO( ) ( )

—/ F(t—s, D)% (nV)(s,x)ds

v 2
/ o (1+d|D|2)(|V| )(s,2)ds,

where the operators e!?(P?) | A(t, D), B(t, D), F(t,D) and G(t, D) are defined as in [7]. Next

we mainly consider the global well-posedness of equations (3.3)

3.2 The main estimates

For the later needs, some a priori estimates for the operators A(t, D), B(t, D), etc. without

proofs are listed as follows. For the details, one can refer to [7, Remark 3.4 and Theorem 3.9].

Theorem 3.1 Assume that a, b, ¢, d, i are positive numbers, M is an arbitrary number

and q = 221255, p= 2+—26 with 0 < & < +, p' is the conjugate exponent of p. Let x2(€&) € C5°(R?)

with x2(§) =1 for |§| < R, where R s sufficiently large, and s, N be non-negative integers.
Fort > 0, there hold

C
DA — s
I (t, D)l g~ (1+t)_”90”H ts
1D* At, D)(1 = xa(D)@llwns < Cem |l nsesrn,
ID* A(t, D)xa(D)gllwns < C(L+ )T 5 ||l yara,

55 _ 24s
[D*A(t, D)ellwno < C(141)200 = [[pf|yyra+orsa.
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There also holds
_ 5 _2+s
ID* A(t, D)@l < C(1+ )T 2 || o]l yysassna.

Here C = Cy(a,b,c,d, 1) and C = C(s, N, M,a,b,c,d, u,0) are positive constants only depend-
ingons, N, M, a, b, ¢, d, u, 6. If A(t, D) in this theorem is replaced by the operators eto (D),
B(t, D), F(t,D) and G(t, D), the same estimates are also valid.

Theorem 3.2 Assume that a, b, ¢, d, u are positive numbers, and q = 2212567 p= 2J§—§5 with

0<d< %, p’ is the conjugate exponent of p. If the initial data
(10, Vo) € (WHTHI(R?) x WHFH(R?) x WNF(R?)) 0 (HY (R?) x HY(R?) x HY (R?))
for every non-negative integer N, then the linearized problem of (1.3) admits a solution
(n,V) € LRy, WHP(R?) x WHP(R?) x WP (R?))
NCy(Ry, HY(R?) x HY(R?) x HY (R?)).

Moreover, there exists a positive constant C' = C(N, a,b,c,d, p, ), such that

ﬁ
ID*n(t, )z» < C(1 + 1) > (lImollws+s.a + Vollws+s.a),
2+s
ID*V(t, e < C(L+ )T 5 (nollwessa + [|Vollwess),
ID°n(t, Yz < CA+t) 2 (Inolla= + Vol ae),
ID*V(t, )2 < COL+1)"2(lnollas + | Volla)

for a non-negative integer s < N. There also hold

N

5 __2+s
1D n(t, )l < C(L+ )52 ([nollws+s.a + [[Vollwe+s.a),

ID*V(t, )| o < C(1+ )T

2

+s
= (lInollws+s.a + [Vollws+s.a).

3.3 The global well-posedness of nonlinear equations (3.1)

In the case of a > 0, ¢ > 0, we introduce a suitable function space as follows:

_ s
Y ={n(t, -) € S'(R?); (14620 |[n(t, )lre + 1+ )2 D(t, )|
+ (L + )0t e + @+ )"FEDy(t, )|z < B, Vt e Ry}

51429

Here v =1- 335 for the same 4 as the one in ¢ = 2;;265, p= 2;—625 such that (1+5) < v, and
B > 0 is chosen such that
50 1-6
9(7—1)—91 201 -0y — —— < —-1-7,

where 6 satisfies 21—q = # + %.
Lemma 3.1 Yy is nontrivial. If the distance p(n1,m2) is defined by

Y
p(m, ) = sup {(1+ ) 72055 || (m = m2) (¢, - )l|ze + (L+ 02D = n2) (¢, )|
teRy

+ (L) m = m2)(t, |22 + (L + )2 Dy = m2) (s )22},

then (Yg, p) is a complete metric space.
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The proof is obvious. With no confusion, we also denote the distance in Yg X Yg x Yg by p.

We denote the right-hand side of equations (3.3) by a map T'(n, V) = (T1(n, V), Ta(n, V). If
we assign S(no, Vo) = (S1(n0, Vo), S2(n0, Vo)) to the solution T'(0,0) in the linearized equations
(3.2) with initial data (1o, Vo), we have

Lemma 3.2 Assume that a, b, ¢, d, p are positive numbers, N is a non-negative integer,

and q = 22+T256’ p= % with 0 < § < i, p' is the conjugate exponent of p. If initial data

(0, Vo) € (WNF34 5 WN+3:a 5 V430,

then there holds

N

S (L + 0 E DS (0, Vo)l 2 < Clllmollwss.a + [ Vollwss.a).
=0

Here C = C(N,a,b,c,d,u,0) is a positive constant only depending on s, N, a, b, ¢, d, u, 0.

Proof If we observe these estimates for the linearized equations in Theorem 3.2, we have

1 1
151.(10, Vo)llz2 < 1151.(m0, Vo)lI £, 1151 (o, VoI,
< C(+ )T 2 (||nolws.a + [Vollws.a)?
5 1
2

(L 4+ 8) 5 2 (|fo wea + [|Vollws.a) ®
<O+t ([Imollws.a + [Vollws.a)-

The other proofs are all the same.

Lemma 3.3 Let a, b be positive numbers. Then there hold

/t ! 1 ds < ¢
o (L+t—s)(1+s)b = (1+¢t)minad)’

t
1 C
—Cl(l-'rt—s) d <
/Oe (1+ )b S—(1+t)b’

if max(a,b) > 1. Here C = C(a,b,C1) is only dependent on a, b, C;.

The proof is obvious. For the details, one can refer to [11].

The following interpolation formulae are also needed later.

Lemma 3.4 [t is true that ||f?||1« < Hf|\i(2179)|\f|\%27 is valid, where &= = 152 4 g. More

2q 2
generally, we have || fgllzs < || fIl=°IIF 1%+ 91l =" llgll%»-

Now we can prove that the map T is from Yz X Yg X Yg into Yg X Yg X Yg.

Theorem 3.3 If a,b,c,d,;u > 0, ¢ = 22+T256’ p = 2;—625 with § > 0, and (ny, V) € WH4 x

Whe x W4ha, then there exist two sufficiently small positive numbers 6o and E, such that the
map T is from Yg x Yg X Yg into Yg X Yg X Yg, if 0 < § < &y and ||no|lwa.q + ||Vollwaa < E2.
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Proof If (n,V) € Yg x Yg x Yg is valid and the initial data (o, V) satisfy the conditions
listed in the present theorem, then by the definition of the map 77 and Theorem 3.2, we have

Ty (0, V)| o < CE*(1 + t)=9

+ /Ot A(t — 5, D)x2(D) V)(s,2)|| ds

_vV
1+ b|D2

+/0 At —s,D)(1— X2(D))H+w ’ (nV)(s,x)HLpds

—|—/O B(t —s,D)x2(D) - mqvﬁ)(sv‘r)‘hpds
+ [ B = 5,010 = xa0) - 5 (Vs ) s

=CE2(1 412019 ' 4 1) + Ty + T3 + 1.

By Theorem 3.1, it follows that
t 56
I < C/ (14t —s)2am |V . (nV)(s,2)| Lads,
0

¢ 1
12 S O/ eicl(tis)
0

1+ b|D?

oV)(s.)|| , ds.

W2.p

5

t
Iy < C/ (14t —8)7055 [V V[2)(s,2)l|ads,
0

t
I, < O/ efcl(tfs)
0

1
1+ d|DJ2

(|V|2)(s,x)H , ds.

W2.p

To obtain the boundedness of Iy, I3, noting that 6 satisfying 2—1q = % +

hSEES

9% - VLo < V(s )17 1Vn(s, 2) | 12011V (s, 2) 1 20 1V (5, 2) | 12°
is valid by Lemma 3.4 as well as the inequalities for |V - Vn||z« and ||[V(|V]?)||Le, we have
t . _
I +15 < 20E? / (141t — 5) T ~1(1 4 5) (it D —00+A-20-00=52 g
0

Since it is clear that

50 1-0 )
9(m-1)-9—2(1—9)V—T—>—17 a55—>0,
it implies that
50 1-46
H(W—l) —9(1+ﬁ)—2(1—9)l/—T < -1,

if we take a sufficient small dy > 0, such that 0 < § < dy. Hence there holds
I + T3 < 2CE2(1 + t)20+9 L

by Lemma 3.3. Noting the LP-boundedness of pseudo-differential operator and the Sobolev



Global Well-Posedness of the BCL System with Viscosity 167

embedding theorem in R?, that is, ||u||z~ < C||lul|y1.» for large p, we have
t
L+l <C / I (Ve + 1Vl 2r)ds
0
t
- C/ e IV ol + |V I|z~)ds
0
t
: O/ ANV e (nllwe + [V [[wir)ds
0
t
< 2CE2/ e C1t=9) (1 4 5)2Gats Vs,
0
By Lemma 3.3, there also holds
I + Iy < 20E%(1 + t)7ceo L,

Hence it implies
Ty (, V)| e < 5CE2(1 + )29 L, (3.4)

By Theorem 3.2, it is clear that
I DTy, V)|z» < CEX(1+t)70w 2

+ /Ot DA(t — 5, D)ya(D) : (nV)(s,x)HLpds

_ vV
1+ b|D2

+/Ot DA(t — 5, D)(1 - x2(D)) V) (s.2)]| ds

T+ b[DP?
* |, 2Bt =51t s (VP ),
+ [ P8t - 5.0)0 - D) g VP

= CE2(1+ )70 2 415+ Ig + Iy + 1.

By the same reason for the above estimates of I; and I3, there holds

1—0

t
Is + 1, < 2CE2/ (141t — 5)T05 3 (1 4 5)0(zitsy ~D-0040) 200w =55 4 o
0
Here B > 0 is taken sufficiently small, such that

9(2(157%_1)_0(1+6)_2(1—9)V—¥<—1—5,

since it is valid that

56 1-4

for the same ¢ since 0 < 6 < 1. By Lemma 3.3, it implies

Is +I; <20E%*(1 + 1)~ 1P,
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since 2(f—ié) — % < —1-—pfor 0 <d < dg. Similar to I and Iy, there holds

t
Ig+1s < C/O eI (| (V) (s, ) lwrw + 1V (5, 2)[wrs )ds

t
< [ e OV (Il )lwns + [V (s,2) fwr)ds
0

t
< 2CE2/ e=CLt=9)(1 4 5)2a0t5 Vs
0

By Lemma 3.3, it implies
Ig +1s < 20E%(1 +t)~17F

Since it is valid that 2(1+6) — % < —1— g if g and Jg are taken sufficiently small, it implies
| DTy (n, V)|l r» < 5CE?(1+t)~175. (3.5)
By Lemma 3.2, we have

At —s,D) -(MV)(s, :E)HL2ds

t
v
< CE? v T2
[T1(n, V)|l < CE*(1+1) +/O 1+b/D]?
v

t
+ —
/0 2(1+d|DP?)

By Theorem 3.1, L?-boundedness of pseudo-differential operator and the Sobolev embedding

theorem in R2, there holds

(|V|2)(s,x)HL2ds.

B(t—s,D)-

t
1Ty, V)l < CEX(L4+8)™ +C / (14t — ) 0V)(s,2) | ods
0
t
+c/ (4t — 5) | (V]2) (52 2) | odls
0
t
<CE141)7 +C / (14t — 5)" % (s, @)l 2V (5, @)l ds
0
t
+c/ (4t — 8) |V (5,2) | 2|V (5, 2) [wards
0
t 1 58
<CE*(1+1t)7" + 2CE2/ (1+1t—s)"2(1+s) 208 " D7"qs,
0

Since v — —2, and (2(15—-%) —1)—v— —= as 0 — 0, by Lemma 3.3, it implies

[T (n, V)HL2 <3CE*(1+1t)7", (3.6)

if § is taken sufficiently small. Similarly, there holds

1 \Y
y < 2 —v—3 _ - .
IDZ3 (0. V)le < CEX 1+ 074 4 [ [DAG = 5. D)y - (V) (s s
\Y%
/ |pB—5.0) - s (Vs )|, as

<CRX(1+41) "} +c/ (14t — 5)"L| (0V)(s, 2)|| podls
0

+c/0 (L4t — ) (V)5 2) | ods
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<CE(1+1) 7} +c/ (14t — 8) M ln(s, @)l 2 |V (s, 2) | e ds
t
+ C/ (14t =57V (s,2) |2V (s, 2)| L~ds
0

t
<CE*(141)7""% 4 2CE2/ (1+t—s) 7" (1 4 )@ D745,
0

that is,
IDTy(n,V)||z2 < 3CE2(1+¢)~" " =. (3.7)
The other estimates for the map 75 are similarly obtained, and the constant C' in these estimates

only depends on a, b, ¢, d, u and 6. Together with (3.4), (3.5), (3.6) and (3.7), the proof is
complete, if we choose E so small that 16C E? < E holds.

Theorem 3.4 Assume that a,b,c,d > 0, ¢ = %, p= M with 6 > 0, and (no, Vo) €

Whe x Wha x Wh4, Then there exist two sufficiently small posztwe numbers dy and E, such
that the map T is a contraction map from Yg X Y X Y into Yg X Yg X Yg, if 0 < 6 < §y and
n0llwa.a + IVollwaa < E2.

Proof If (n1,V1), (2, V2) € Yg x Yg X Yg, then we have
Ty (01, Vi) — Ti(n2, Va)l|r
¢
Vv
< | A =5 D)—— . V—V,Hd
< [ Jae-s >1+b|D|2 (V) — (V) (s )| s

/ HB -5 D) 2(1 +vd|D| )(|V1|2 - |V2|2)(8,:v)HLpds

¢ / (14t — )T L[| (Vi — 12Va) (5, 2) || 2o + [|(IVA ]2 = [Va|?) (5, %) £o)ds

+C/ (Ve = mVa) (s, @) llee + (VA = Vi) (s, 2) | e )ds

< 8CE(1 + )29 p((n, Vi), (112, Va)),

where the constant C' is only dependent on a, b, ¢, d, u and §. The other estimates are similarly
obtained. The proof is complete, if E' is taken so small that 24C'E < 1 is valid.

Theorem 3.5 Assume that a,b,c,d,u >0, q = %, p= ﬂ with 6 > 0, and (no, Vo) €
Whe x Wha x Wh4, Then there exist two sufficiently small posztwe numbers dy and E, such
that there exists a unique solution (n,V) € Yg x Yg X Yg to equations (3.1) with initial data

(10, Vo), if 0 < § < 6o and ||nol|wae + |[Vo|lwaa < E?. Moreover, for every T € (0,00), there
hold

(n.V) eL“([O,T],Wl”’(Rz) x WHP(R?) x WHP(R?))
C([0,T], H'(R?) x H'(R?) x H'(R?)),
(m, Vi) € L°°([0, T), LP(R?) x LP(R?) x LP(R?))
C(]0,T], L*(R?) x L*(R?) x L*(R?)).
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Proof The existence of the unique solution (1,V) € Yg X Yg x Yg to the equations (3.1)

with initial data (1o, V) follows directly from Banach’s contraction principle. It is clear that
(n,V) € L=((0, 00), WHP(R?) x WHP(R?) x WHP(R?))

N L>=((0,00), H'(R?) x H'(R?) x H'(R?)),

since (n,V) € Yg x Yg x Yg is valid. From the proof of the continuity in ¢ of the solution to
the linearized equations (3.2) in Theorem 3.2 (see [7]), we know that the operators A(t, D),

B(t, D), etc. are continuous in ¢ with respect to the corresponding norms. If we observe
n(t,x) = A(t, D)no(x) + B(t, D) - V()

/A —s,D) ZDP (nV)(s,x)ds

Vv 2
—/0 B(t—s,D)- m(ﬂﬂ )(s, x)ds,

by the continuity of Bochner integral and the operators A(t, D), B(t, D), we have
n € C([0,T], H'(R?))
for every T € (0,00). If (3.1) is transformed into
ne =T —bA)"HaAV -V =V -V =V - (nV)),
by the property of Bessel potential (I —bA)~!, it implies that
ne € L([0,T], LP(R*)) n C([0, T], L*(R?))
for every T € (0, 00). The remainders are similarly obtained.

Remark 3.1 Assume that a,b,c,d,u >0, ¢ = %, p= 2;—525 with 6 > 0, and (no, V) €

H>(R?) x H*®(R?) x H°°(R?). Then there exist two sufficiently small positive numbers Jy and
E, such that there exists a unique solution (1, V) € CH(R,, C>®(R?) x C>(R?) x C*(R?)) to
equations (3.1) with initial data (no, Vo), if 0 < & < dp and ||nol|w.a + | Vo|lwae < E?.

Proof By Theorem 3.5, the existence of the solutions
(V) € L=(Ry, WP (R2) x WP (R2) x WHP(R)) 1 C(Ry, H'(R?) x H'(R?) x H(R?)

to equations (3.1) has been obtained. Since the proof for (n:, V;) is analogous to the one for
(n, V), we have to show that

(n,V) € LRy, WNHLP(R?) x WNHLP(R?) x WNHLP(R?))
N Cy(Ry, HNTI(R?) x HNTL(R?) x HVNTH(R?))

to equations (3.1), if (9o, Vo) € WNFTHa x WN+4a4 5 ZWN+44 for every non-negative integer N

satisfies ||nollw.a + ||Vollwae < E%. We only prove the case N = 1, since the case for N > 1
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could be proved by induction on N. For every fixed positive number 7' > 0, from (3.3) we have
Vin(t,z) = A(t, D)V"no(x) + B(t, D) - ViVy(x)
t
- [ ¢ -5 Z B+ (T2 a))(V (5.2 4+ 1) + (s, 2)) (VY (5,2
/ Bt e de' STV (s, 2V (s, ) 4V (5,2) (5, ).

_ u(z+he;)—u(x)
h

Here the difference quotient of u is defined by V?u , where e; is the unit vector

of the j-th axis. With the expression of V?n(s, x) and Gronwall’s inequality, we have

||V;L77(Sa : )HVVl*p < C(T)u
HV?V(Su : )HVVl*p < C(T)u

where C'(T) is a constant depending on T, and independent of j and h. By the weak convergence
of L?, we have (n(t, -),V(t, -)) € WP x W2P x W2P for every t € [0, 7).
By means of Bootstrap arguments and using the standard inequality, we can easily finish

the proof.

In the case of a = 0, ¢ > 0, we omit all the details of the proofs and list the main results,

since the method used in the case of a > 0, ¢ > 0 also works in this case.

Remark 3.2 Assume that a = 0, b,c,d, x> 0, and ¢ = 22125‘5, p = 2% with ¢ > 0, and

(n0, Vo) € WHa x W34 x W34, Then there exist two sufficiently small posmve numbers Jp and
E, such that there exists a unique solution (n, V') to equations (3.1) with initial data (ng, Vo),
if 0 <8 < 8 and ||no|lwaa + ||Vollws.« < E% Moreover, for every T € (0, 00), there hold

(n,V)e L=
nc
(e, Vi) € L™
N C([o

[0, T], W2P(R?) x WHP(R?) x WP(R?))
[0, T], H*(R?) x H'(R?) x H'(R?)),

[0, T], W'P(R?) x LP(R?) x LP(R?))
[0,T], H'(R?) x L*(R?) x L*(R?)).

Remark 3.3 Assume that a = 0, b,c,d,u > 0, and ¢ = 22+—+265, p = 2;—625 with § > 0,
and (o, Vo) € H*(R?) x H*®(R?) x H*(R?). Then there exist two sufficiently small positive
numbers dp and E, such that there exists a unique solution (n, V) € C1(Ry, C*°(R?) x C*°(R?) x
C>°(R?)) to equations (2.1) with initial data (1o, Vo), if 0 < § < dp and ||no|lwa.a + || Vo|lws.a <

E?. B
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