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Abstract The concept of locally strong compactness on domains is generalized to general
topological spaces. It is proved that for each distributive hypercontinuous lattice L, the
space Spec L of nonunit prime elements endowed with the hull-kernel topology is locally
strongly compact, and for each locally strongly compact space X, the complete lattice of all
open sets O(X) is distributive hypercontinuous. For the case of distributive hyperalgebraic
lattices, the similar result is given. For a sober space X, it is shown that there is an order
reversing isomorphism between the set of upper-open filters of the lattice O(X) of open
subsets of X and the set of strongly compact saturated subsets of X, which is analogous
to the well-known Hofmann-Mislove Theorem.
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1 Introduction

The representation of lattices by topologies, especially by the hull-kernel topologies, goes
back to Stone’s famous work on the topological representation of Boolean algebras and dis-
tributive lattices (see [6, 8]). In [4], Hofmann and Lawson proved that for every distributive
continuous lattice L, the space Spec L of nonunit prime elements endowed with the hull-kernel
topology is always a locally compact sober space and conversely that the lattice of open sets of
a locally compact sober space is a continuous lattice. Furthermore, the correspondence between
distributive continuous lattices and locally compact sober spaces is functorial and thus a dual
equivalence between them is established.

In this paper, the concept of locally strongly compactness, which was posed by Heckmann
in [3] for the purpose of defining multi-continuous domains, is generalized to general topological
spaces. It is proved that for a distributive hypercontinuous lattice L, the space Spec L with
the hull-kernel topology is locally strongly compact, and conversely that the lattice of open
sets of a locally strongly compact space is hypercontinuous. Also in the paper, the concept of
strongly locally compact sober spaces is introduced, which is proved to be a correspondence
to distributive hyperalgebraic lattices. A result analogous to the well-known Hofmann-Mislove
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Theorem is obtained, that is, there is an order reversing isomorphism between the set of upper-
open filters of the lattice O(X) of open subsets of X and the set of strongly compact saturated
subsets of X.

In this paper, spaces are assumed to be Ty. For a set X, let X(<%) = {F C X : F is finite}.
A domain D is a partially ordered set such that every directed set E of D has a least upper

bound VEin D. Let Te={yeD:x<ytand T A= |J Ta; | xand | A are defined dually.
acA
The topology generated by the collection of sets D\ | = (as a subbase) is called the upper

topology and denoted by v(D); the lower topology w(D) on D is defined dually. The topology
0(D) = v(D) V w(D) is called the interval topology on D. A subset U of a domain D is called
Scott open, provided that U =1 U and ENU # ) for all directed set E C D with VE € U.
The topology formed by all the Scott open sets of D is called the Scott topology on D, written
as o(D). The topology A(D) = o(D) V w(D) is called the Lawson topology on D. For a poset
(X, <) and a topology 7 on X, define 7! ={U € 7: U =t U} and 7t ={U c7:U=|U}. It
is easy to check that (L) = v(L) and §(L)} = w(L) for a complete lattice L.

For a domain D, we define a binary relation on D, called the way below relation, by z < y
if and only if for each directed set E C D with y < VE, there exists e € E such that x <e. A
domain D is called a continuous domain, if the set {a € D : a < x} is directed and its supremum
isx for all x € D. A complete lattice L is called a continuous lattice if it is a continuous domain.
A complete lattice L is called an algebraic lattice if e = vV{be L: b < b <z} for all z € L.

An element p of a lattice L is called prime if a A b < p always implies a < p or b < p. The
set of all nonunit prime elements of L is denoted by SpecL. Let Ay, (a) = SpecL\ T a. For a
complete lattice L, it is easy to check that the family of all sets Ay forms a topology on SpecL,
called the hull-kernel topology on SpecL. In this paper, SpecL is always endowed with this
topology, i.e., O(SpecL) = {Ar (a) :a € L}.

Definition 1.1 (see [1]) For a complete lattice L, define a relation < on L by x < y <
y € inty) T o Let i(x) = {u € L:u < x}. L is called hypercontinuous if x = Vi(x) for all
z € L.

It is easy to get the following

Proposition 1.1 For a complete lattice L, the following conditions are equivalent:
(1) L is hypercontinuous,

(2) L satisfies the following two conditions:

(i) < satisfies (INT), i.e., x <y=3z€ L, x <z =<y,

(i) @ #y=i(z) #i(y).

Theorem 1.1 (see [1]) Let L be a complete lattice. Then the following conditions are
equivalent:

(1) L is hypercontinuous,

(2) L is continuous and K==,

(3) L is continuous and o(L) = v(L),

(4) L is continuous and AN(L) = (L),

(5) L is continuous and (L,0(L)) is Hausdorf}.

For a poset P, let D(P) ={F : E C P and E is direct}, UpP = {A C P: A=] A} and
FinP = {1 A: A € P(<¥)}. Define a mapping min : FinP — 2¥ by min(F) = {z € F :
x is a minimal element of F'}. For a family of sets M, the poset (M, D) always means that
the order on M is the inverse inclusion order of sets. M is called down-directed if VA, B € M,
3C € M such that C C AN B, ie., (M,D) is directed. When FinP is regarded as a poset,
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we always mean the poset (FinP, D).
In [7], Rudin got the following well-known result.

Lemma 1.1 (Rudin’s Lemma) Let P be a poset and E € Up P. Suppose that G C FinP
is down-directed (i.e., G € D(FinP)), 0 € G and NG C E. Then 3K C U{min(G) : G € G}
such that

(i) VG e g, KNmin(G) # 0,

(ii) K € D(P),

(i) N{t1k:ke K} CE,

(iv) VG,He€ G, GCH=KnNmin(G) CT (K Nmin(H)).

Rudin’s lemma has many important applications (see [1-3]). The following result is one of
them.

Corollary 1.1 (see [3]) Let D be a domain. Suppose that G C FinD is down-directed (i.e.,
G e D(FInP)) and U € o(D). If NG C U, then 31 G € G such that 1 G C U.

2 Topological Representations for Distributive
Hypercontinuous Lattices

In this section, we give an intrinsic characterization of hypercontinuous lattice and investi-
gate the topological representations for distributive hypercontinuous lattices.

For a topological space (X, 7), we define a binary relation <, as follows: z <, y < z €
cl-{y}. Then <, is a partial order on X since (X,7) is Typ. Let 1, 2 = {y € X : y <; 2}
and 1 A= J 1+ a; |, v and |, A are defined dually. For the sake of no confusion, we let

acA
1{Uy={Ver:UCV}and |{U}={Wer:WCU}forUer.
For a poset (P,<) and a topology 7 on P, the triple (P, <,7) is called a pospace if the
relation < is closed in the product space (P, 7) X (P, ).
Let L be a hypercontinuous lattice and =,y € L with 2 £ y. Then there exists u € L such
that < 2 and u £ y, which implies (z,y) € intyy) T u x (L\ T u) € X x X\ <. Thus
(L, <,0(L)) is a pospace.

Theorem 2.1 For a complete lattice L, the following conditions are equivalent:

(1) L is hypercontinuous,

(2) For each U € v(L), x € U, there exists y € U such that v € int,) Ty €Ty C U,

(3) Ifz,y € L with x £ vy, then there exist F € L\<%) and u € L satisfying the following
conditions:

(i) =gl F,udly,

(ii) For each z € L, either z €| F or z €7 u.

Proof (1) = (2) Let U € v(L) and © € U. Since {y € L : y < z} is directed and
V{y € L:y < a} = x € U, there exists y <  such that y € U. Then z € int,,) Ty STy C U.

(2) = (3) Let v,y € L withz € y. Thenz € L\ | y € v(L). By (2), there exists u € L\ | y
such that = € int,) Tu €T u C L\ | y. Choose I' € L(<¥) such that € L\ | F C int,z) T
u CT u. Then F and u satisfy the conditions (i) and (ii).

(3) = (1) Foreachxz € L,let y ={a € L :a < z}. Then y < z. If x £ y, then there
exist F € L(<*) and u € L satisfying the conditions (i) and (ii) in (3). Then u < z and u £ ¥,
which is a contradiction. Therefore z =y ={a € L : a < x}.

The condition (3) in the above theorem is called the intrinsic characterization of hypercon-
tinuous lattices, which is first obtained in [9] (see also [10]).
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Definition 2.1 (see [3]) Let (X, 7) be a topological space and S C X. S is called strongly
compact provided for all U € T with S C U, there is F € X(<“) such that S C1, F C U.

Definition 2.2 A topological space (X, T) is called locally strongly compact if for each U € T,
x € U, there exists F' € X (<9 such that x € int, . FCT.FCU.

Remark 2.1 The concept of locally strong compactness was first posed on domains by
Heckmann for the purpose of defining multi-continuous domains. A domain D is called multi-
continuous if the topological space (D, o (D)) is locally strongly compact (see [3]), i.e., for every
U € o(D), = € U, there exists F € D(<¥) such that z € intopy T F CT F C U. It can
be checked that multi-continuous domains are exactly quasicontinuous domains defined in [2].
Here we carry the concept of locally strong compactness to general topological spaces.

Lemma 2.1 Let (X, 7) be a topological space and U,V € 7. If U C1, F CV for some
F e X< then U < V. The converse is true if (X,7) is locally strongly compact.

Proof Let F = {x1,22, - ,aptand H = {W € 7 : W ¢ X \ cl{z;} forall i =
1,2,---,n} =7\ | {X\c{z1}, X \ el {z2}, -, X \ el {zn}}. Then H € v(r) and V €
H C7 {U}. By the definition of <, we have U < V. Conversely, if (X, 7) is locally strongly
compact, then for each v € V, there exists F, € X (<9) guch that z € int, 1 F, C1, F, CV.

Hence V. = J int 7, F,. Notice that U < V implies U <« V. Therefore there exists
veV
{v1,v9,-++ ,v,} CV such that

vc it 1, R €1 B SV,
i=1

=1

Let = J F,,. Then U C1, F CV.
i=1
Lemma 2.2 For a topological space (X, 1), the following conditions are equivalent:
(1) (X,7) is locally strongly compact,
(2) For everyU € 1, x € U, there exists V € T such that x € V < U,
(3) (1,9) is a hypercontinuous lattice,
(4

) For every U € 7, x € U, there exists H € v(r) such that U € H and () V is a
Ver
neighborhood of x in (X, T).

Proof (1) = (2) Let U € 7 and € U. Then there exists F € X(<%) such that
rzeint; T, F Cl, F CU. By Lemma 2.1, we have int, T, FF < U.

(2) & (3) Trivial.

3) = (1) Let U € 7, 2 € U. Then U € X \ cl.{z}. By Theorem 2.1, there exist
V.V, Vo, -+ [V, € 7 satisfying the following two conditions:

(i) VZX\c {z}and U €V, foralli =1,2,--- ,n,

(i) VW € 7, either V.CW or W C V] for some i € {1,2,--- ,n}.

For each i € {1,2,---,n}, choose x; € U\ V; and let F = {x1,292, - ,2,}. Then 1, F CU
since U is open. Now we show that V' C1, F. Suppose that V ¢1, F. Then Jv € V\ 1, F.
Let Wy = X \ cl{v}. Then F CWy. By FZV; (i =1,2,---,n), we know Wy ¢ V; for all
ie€{l,2,---,n}. By (ii), we have V' C Wy, which contradicts v € V. Since V € X \ cl.{z} &
xr €V, it follows that x € V Cint |, F C1, F CU.

(3) = (4) Let U € 7 and « € U. Then there exists W € 7 such that x € W < U. By the

definition of <, there exists H € v(7) such that U € H C1 {W}. Thenxz ¢ W C [\ V.
Ver
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(4) = (2) Forevery U € 7,z € U, let H € v(r) satisfy the condition (4). Then there exists
Versuchthatz e VC () V. ThenU € H CT {V}. Hence x € V < U.
Ver
Corollary 2.1 (see [2]) For a domain D, D is quasicontinuous if and only if the lattice
(D) of all Scott open sets of D is hypercontinuous.

Lemma 2.3 For a distributive hypercontinuous lattice L, the topological space SpecL is a
locally strongly compact sober space.

Proof Since L is a distributive hypercontinuous lattice, Spec L is order generating. Hence
SpecL is sober. Now we prove that (O(SpecL), C) is hypercontinuous. Let Ar(a) and Ar(b)
be two open sets in the hull-kernel topology with Ap(a) ZAL(b). Then a £ b since SpecL is
order generating. By the hypercontinuity of L, there exist w € L and F' = {x1, 29, - ,2,} C L
such that

(i) agl F,belu,

(ii) For all x € L, either x €| F or z €7 w.

Since Spec L is order generating, Ar(u) and {Ap(x1), Ap(x2), -+, Ap(zy)} satisfy the following
two conditions:

(1) Ap(u) Zap(b) and Ar(a) €AL(z;) for alli =1,2,--- ,n,

(ii)" For each Ar(c) € O(SpecL), either Ar(u) CAL(c) or Ap(e) CAL(z;) for some i € {1,2,

-,n}.
By Theorem 2.1, (O(SpecL), C) is a hypercontinuous lattice. Therefore, by Lemma 2.2, Spec L
is locally strongly compact.

Theorem 2.2 (Topological Representations for Distributive Hypercontinuous Lattices)

(1) For a distributive hypercontinuous lattice L, the topological space SpecL is a locally
strongly compact space and L is order isomorphic to O(SpecL).

(2) For a locally strongly compact space X, O(X) is a distributive hypercontinuous lattice
and X is homeomorphic to SpecO(X) if, in addition, X is a sober space.

Let SOB be the category of all sober spaces and all continuous maps, and FRMj be
the category of all complete lattices in which the prime elements are order generating and
the maps between them preserve arbitrary sups and finite infs. It is well-known that the
categories SOB and FRM, are dual equivalent through the functors O and Spec (see [1, V-5]
for details). Let LSCSOB denote the full subcategory of SOB whose objects are the locally
strongly compact sober spaces, and DHCL the full subcategory of FRM whose objects are
distributive hypercontinuous lattices. Then the categories LSCSOB and DHCL are dual
equivalent. Unfortunately, the morphisms preserving arbitrary sups and finite infs seem to be
of no particular significance for hypercontinuous lattices. So it is worthwhile finding appropriate
morphisms for hypercontinuous lattices.

3 Topological Representations for Distributive
Hyperalgebraic Lattices

In this section, we apply the developments of the preceding section to hyperalgebraic lattices,
i.e., algebraic hypercontinuous lattices.

Definition 3.1 A topological space (X, T) is called strongly locally compact if it has a base
consisting of fintary open upper sets, i.e., for all U € 7, x € U, there exists F € X(<%) such
that x € int, 1, FF =1, F CU.
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Definition 3.2 A complete lattice L is called hyperalgebraic provided x = V{y € L : y <
y <z} foralxzelL.

Lemma 3.1 For a complete lattice L, the following conditions are equivalent:

(1) L is hyperalgebraic,

(2) L is both hypercontinuous and algebraic,

(3) ForallU € v(L), x € U, there exists y € U such that x € int,y Ty =1y C U,

(4) For all z,y € L with x £ y, there exist F € L\<%) and u € L satisfying the following
two conditions:

(i) el F,ydlu, | FNlu=0,

(ii) For every z € L, either z €| F or z €] u.

Proof (1)=-(2) Trivial.

(2)= (3) Let U € v(L), z € U. By Theorem 1.1, {fuce L:u<u<z}={ueL:u<<u<
x} is a sup-semilattice of L. So by V{iu € L:u <u <z} =x € U € v(L) = (L), there exists
ye{ue L:u=<u<x} withy € U. Therefore x € int,,ry Ty =1y C U.

(3)=(4) Let x,y € L withz € y. Thenz € L\ | y € v(L). By (3), there exists u € L\ | y
with « € int,z) T u =T w C L\ | y. By the definition of the upper topology, there exists a
family {F; € L(<“) 4 € I} such that U (L\ | F;) = L\ ﬂ | Fy = inty) T u =T u. Hence

N |l F=L\Tuecw(l). By Corollary 1.1 (applying to the dual of L), there exists a finite

i€l

Iy C Isuchthat () | B =L\ 1 u e w(L). LetF:{ A o) :oe I F} Then F € L(<%)
iclo i€lp icly

andz e L\ | F=L\ () | Fi =1 v C L\ | y. Hence F and u satisfy the conditions (i) and
icly
(ii).

(4)= (1) ForzeLlety=V{yeL:y<y<uz}. ffz Ly, thenz e L\ |yecv(l) By
(4), there exist F' € L(<¥) and u € L such that the conditions (i) and (ii) are satisfied. That is,
xe€L\| F=]uCL\]|y. Hence T u € v(L). It follows that u < u, which is in contradiction
with Tu CL\ Jyandy=V{ye L:y<y<z}. Sox=y=V{y € L:y <y <z} Therefore
L is hyperalgebraic.

The condition (4) in the above theorem is called the intrinsic characterization of hyperalge-
braic lattices, which is first obtained in [11].

Lemma 3.2 Let (X,7) be a topological space and U € v. If U = int, 1, F, =1, F for
some F € X(<9) then U < U. The converse is true if (X, ) is strongly locally compact.

Proof Let U € 7. If U = int, |, F, =1, F for some F € X(<“) then U < U by Lemma
2.1. Conversely, if (X, 7) is strongly locally compact, then for all u € U, there exists F,, € X (<)
such that x € int, 7, Fy, =1, F, CU. Hence U = | int 1 F, = U 71, Fu. Notice that

uclU uclU

k
U < U implies U < U. Therefore there exists {u1,uz, -+ ,up} C U such that U C | int, 1,

i=1
k k
F.=U 1+ Fu. Let F= F,,. Then F € X(<*) and U = int, 1, F, =1, F
i=1 i=1
Lemma 3.3 For a topological space (X, 1), the following two conditions are equivalent:
(1) (X,7) is strongly locally compact,
(2) (1,CQ) is a hyperalgebraic lattice.

Proof (1) = (2) Let U € 7. For x € U, by the strongly local compactness of (X, 1),
there exists F' € X(<%) such that = € int; 1, F =1, F C U. Let V = int, 7, F. Then by
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Lemma 3.2, we have z € V <V C U. Whence U = U{V € 7: V <V C U}. Thus (7,Q) is
hyperalgebraic.

(2) = (1) Let U € 7 and x € U. Then by (2), there exists V € 7 such that x € V <V C U.
Hence there exists {Vi,Va,---,V,} € 7(<9) with z € V € 7\ | {Vi,Va,---,V,,} €1 {V}. For
eachi € {1,2,--- ,n}, choose x; € V\V;. Let F = {x1,z2, -+ ,x,}. Then x €, F. If not, then
F C X\ cl {x}; hence X \ cl.{z} € 7\ | {V4,Va,---,V,,} C1 {V}, which is in contradiction
with x € V. So x €], F. Now we show that V =1, F. Clearly, T, F C V since V is open. On
the other hand, if there is a y € V\ 1, F, then {x1,29, -+ ,z,} C X \ cl.{y}. It follows that
X\ Ayt e\ | {W,Va,---,V,} C1 {V}, which is in contradiction with y € V. Therefore
V =1, F. Hence z € int,; 1, F =1, F C U. Thus (X, 7) is strongly locally compact.

Lemma 3.4 For a distributive hyperalgebraic lattice L, the topological space SpecL is a
strongly locally compact sober space.

Proof By Lemma 3.1, L is distributive, hypercontinuous and algebraic, so SpecL is or-
der generating. Hence SpecL is sober. Now we prove that (O(SpecL), C) is hyperalgebraic.
Let Ap(a) and Ar(b) be two open sets in the hull-kernel topology with Ar(a) € ApL(b).
Then a £ b since SpecL is order generating. Since L is hyperalgebraic, there exist F' =
{x1,22, - ,2,} C L and u € L such that

(i) agl P, bl u, | FNlu=0,

(ii) For all z € L, either z €| F or z €7 u.

Since Spec L is order generating, Ay (u) and {Ar(x1), Ap(z2),- -+, Ap(z,)} satisfy the following
two conditions:

(1) Ap(u) £ Ap(b), Ap(a) € Ap(z;) for all i =1,2,--+ ,n, and | {Ap(z1), Ap(z2), -+,
Ap(wa)}n 1 {AL (W)} = 0,

(i)’ For each Ap(c) € O(SpeclL), either Ar(u) C Ap(c) or Ap(e) € Ap(z;) for some
ie{l,2,--- ,n}.

By Lemma 3.1, (O(SpecL), C) is hyperalgebraic. Therefore, by Lemma 3.3, Spec L is strongly
locally compact.

By Lemmas 3.3 and 3.4, we get the following

Theorem 3.1 (Topological Representations for Distributive Hyperalgebraic Lattices)

(1) For a distributive hyperalgebraic lattice L, the topological space SpecL is a strongly
locally compact space and L is order isomorphic to O(SpecL).

(2) For a strongly locally compact space X, O(X) is a hyperalgebraic lattice and X is
homeomorphic to SpecO(X) if, in addition, X is a sober space.

For a topological space (X, 7), let L = (7,<C). We call 7 C L an upper-open filter in L if F
is upper-open, i.e., F € v(L), and a filter in L. The set of upper-open filters in L is denoted
by Filtv(L). A subset A C X is called saturated if A=nN{U € 7: A CU}. It is easy to check
that A is saturated & A =7, A. The set of strongly compact saturated subsets of X is written
as S(X).

We will end this paper by showing that Filtv(L) is order-isomorphic to S(X), i.e., there is
a result analogous to the well-known Hofmann-Mislove Theorem.

The following important lemma is due to Keimel and Paseka [5].

Lemma 3.5 Let X be a sober space and F a Scott-open filter in O(X). Then every open
set U containing K = NF is already a member of F.

Lemma 3.6 Let (X, 1) be a sober space. If F is an upper-open filter in O(X), then K = NF
is strongly compact; if, in addition, all the member of F are nonempty, then K = NF is
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nonempty, too.

Proof Let U € 7 and K =NF. If K C U, then U € F by Lemma 3.5. As F is upper-
open, there exist V;,Va, -+ ,V;, € Tsuch that U € 7\ | {V1, V4, -+, V,} C F. Thus there exists
x; € U\V; foreachi e {1,2,--- ,n}. Let F = {x1,29, -+ ,x,}. Then 1, F C U since U is open.
Now we show that K C1, F. If not, then there exists k € K\ 1, F. Hence FF C X\ cl. {k} € 7.
Since z; € X \ cl-{k} and z; ¢ V;, it follows that X \ cl.{k} € V; for each i € {1,2,--- ,n}.
Thus X \ cl {k} € 7\ | {V1,Va,---,V,} C F. It implies K = NF C X \ cl.{k}, which is a
contradiction. Therefore K C1, FF C U. Thus K = NF is strongly compact. If K = (), then
() € F again by Lemma 3.5.

Lemma 3.7 Let (X,7) be a topological space and S a strongly compact set in X. Then
US)={U e€7:SCU} is an upper-open filter in 7.

Proof Obviously, U(S) is a filter in 7. Let U € U(S). Then by the strong compactness
of S, there exists F = {z1,--- ,2,} C X such that S C1, F C U. Let V; = X \ cl.{a;}
and H={V er:V LV, foralli =1,2,--- ,n} =7\ | {Vi,Va,---,V,} € v(r). Then
U € H CU(S). Therefore, U(S) is upper-open in 7.

By Lemmas 3.6 and 3.7, we get the following

Theorem 3.2 Let (X,7) be a sober space and L = (1,C). Then (S(X),D) is order-
isomorphic to (Filtv(L), C), the isomorphisms being

S(X) — Filto(L), S+—uU(S) and Filtv(L) — S(X), Fr— NF.

Corollary 3.1 Let X be a sober space and (S;)icr a filtered family of nonempty strongly

compact saturated subsets of X. Then () S; is nonempty, strongly compact and saturated.
i€l
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