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Abstract The authors study a diffusive prey-predator model subject to the homogeneous
Neumann boundary condition and give some qualitative descriptions of solutions to this
reaction-diffusion system and its corresponding steady-state problem. The local and global
stability of the positive constant steady-state are discussed, and then some results for non-
existence of positive non-constant steady-states are derived.
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1 Introduction

In this paper, we study the following diffusive prey-predator system:

%_dlAu:u(a—u—bv), in Q x (0, 00),
ov v .
E_d2AU:U(C_m+u)7 anX(0,00), (11)

dyu = 0yv =0, on 09 x (0,00),
U(I,O) = UJO(I) = 07 5—6 07 v(x,()) = UO(I) > Oa 5—6 07 on ﬁa

where u(x,t) and v(z,t) respectively represent the species densities of the prey and predator.
d; (i = 1,2) is the diffusion coefficient corresponding to w and v. Here, Q C R" is a bounded
domain with smooth boundary 92, and v is the outward unit normal vector on 952 and 9, = %.
The admissible initial data ug(z) and vo(x) are continuous functions on 2 and all the parameters
appearing in model (1.1) are assumed to be positive constants. The homogeneous Neumann
boundary condition means that (1.1) is self-contained and has no population flux across the
boundary 0f). For the more detailed biological implication for the model, one may further refer

to [1-3, 5, 8, 11, 14, 15, 17], etc.

Manuscript received January 22, 2007. Revised November 1, 2008. Published online February 18, 2009.
*Department of Mathematics, College of Science, China Three Gorges University, Yichang 443002, Hubei,
China. E-mail: qybie@126.com pengrui_seu@163.com
**Project supported by the National Natural Science Foundation of China (Nos. 10801090, 10726016).



208 Q. Y. Bie and R. Peng

System (1.1) is based on the following prey-predator model

ou v .
E—dlAu—u(al—blu—m), in  x (0, 00),

v Cov .

E—dgAv—v(ag— mg—l—u)’ in Q x (0, 00), (1.2)
dyu = 0yv =0, on 09 x (0,00),

U(I,O) = UJO(I) = Oa 5—6 07 v(x,O) = UO(I) > 07 5—6 07 on ﬁa

where a1, as, b1, ¢1, co are positive constants, and my, mo are non-negative constants.

When my = mg = 0, in [2, 3], the authors studied model (1.2). They paid more attention
to the steady-state problem of (1.2) in heterogeneous environment, and observed some quite
interesting phenomena of pattern formation.

If my > 0, my = 0, the functional response is of Holling-Tanner type. In [11, 12], the authors
analyzed the global stability of the unique positive constant steady-state and established some
results for the existence and non-existence of positive non-constant steady-states.

In this paper, we investigate the case m; = 0, my > 0. Under the scaling

u— biu, v+— —v
1C2

)

we obtain the form of system (1.1), where a = a1, b = ¢, ¢ = as, m = byma.
First of all, we note that (1.1) has three trivial non-negative constant steady states, namely,
Ey = (0,0), By = (a,0) and E; = (0,cm). A simple analysis shows that model (1.1) has the
only positive constant steady-state solution if and only if be < --. We denote this steady state
by (u*,v*), where
a — bem cla+m)

u* = and v* =

1+bc 1+bc
Another aspect of our goal is to investigate the corresponding steady-state problem of the

reaction-diffusion system (1.1), which may display the dynamical behavior of solutions to (1.1)

as time goes to infinity. This steady-state problem satisfies

—d1Au=u(a —u—bv), inQ,

dyu =0, on 012, 1.3)
. 1.3

—dgAU—U(c—m+u), in €,

d,v =0, on 0f).

It is clear that only non-negative solutions of (1.3) are of realistic interest. For this system,
we will establish some a priori estimates for positive solutions. Based on these, using two
different mathematical techniques, we will discuss the non-existence of positive non-constant
solutions as the diffusion coefficient d; or ds is sufficiently large. Some of our mathematical
techniques are different from those in [11, 12]. For example, to obtain the improved global
stability of (u*,v*), we shall use the iteration argument. Moreover, in the course of the proofs
of the main results, the details of our analysis are more involved.

The remaining content in our paper is organized as follows. In Section 2, we mainly analyze

the local and global stability of (u*,v*) for (1.1). Then, in Section 3, we give a priori estimates
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of upper and lower bounds for positive solutions of (1.3), and finally in Section 4 we derive

some non-existence results of positive non-constant solutions of (1.3).

2 Some Properties of Solutions to (1.1) and Stability of (u*,v*)

In this section, we are mainly concerned with some simple properties of solutions to (1.1) and
the global stability of (u*,v*) for system (1.1). Throughout this section, let (u(x,t),v(x,t)) be
the unique solution of (1.1). It is easily seen that (u(x,t),v(x,t)) exists globally and is positive,
namely, u(z,t),v(z,t) >0 for all z € Q and ¢ > 0.

2.1 Some simple properties of the solutions to (1.1)

Lemma 2.1 For 0 < € < 1, there exists a to > 1, such that the non-negative solution
(u(z,t),v(z,t)) of (1.1) satisfies

u(z,t) <a+e, cm—e<ov(zr,t)<cla+m)+e (2.1)
for alzeQ andt>ty.

Proof For 0 < ¢ < 1, from system (1.1), it follows that there exists a ¢ty > 1, such that
u(z,t) < a+e and v(z,t) > cm — ¢ for all z € Q and t > tg, by the comparison principle for

the parabolic equation. Hence, v(z,t) is a lower solution of the following problem:

0z em+cla+e)—z .

= doAz = Q x (t

5 2 Az o P z, in QX (tp,0),

0,z =0, on 99 x (tg, o0), (2.2)
z(z,to) = v(x,to) > 0, on Q.

Let v(t) be the unique positive solution of the problem

em+cla+e)—w .
Wy = w, 1m (th OO),
m+ (a+¢)

w(to) = maxv(z,tg) > 0.
Q

Then v(t) is an upper solution of (2.2). As tlim v(t) = e(a+m)+ce, taking larger ¢ if necessary,

from the comparison principle, we can get
v(z,t) <v(t) +e<cla+m)+ (c+1)e forallz € Q, t > tg.
The proof is complete.

Theorem 2.1 Let (u(x,t),v(x,t)) be the solution to (1.1).
(i) Assumebc> 2. Then

(u(z,t),v(z,t)) — (0,cm), wuniformly on Q as t — oo. (2.3)

(ii) Assume bc < 2. Then, for 0 < e < 1, there exists a to > 1, such that the solution
(u(z,t),v(x,t)) of (1.1) satisfies

u(z,t) < K +¢, v(x,t)<cm+K)+e (2.4)
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for all x € Q and t > ty, where K = a — bem.
(iii) Assume bc < min{%,1}. Then, for 0 < e < 1, there exists a to > 1, such that

u(z,t) >L—¢, wv(x,t)>c(m+L)—c¢ (2.5)
for all z € Q and t > to, where L = a — be(m + K).

Proof The idea for our proof comes from [9]. We only prove (2.3) and the first inequality
of (2.4). The rest of our conclusions can be established in a similar manner as that of Lemma
2.1.

For 0 < ¢ < 1, by Lemma 2.1 there exists a to > 1, such that v(z,t) > em — ¢ for all x € Q

and ¢ > to. Hence, u(z,t) is a lower solution of the following problem

% —d1Az = (a—bem+be — z)z, in Q X (tg,00),
9,z =0, on 99 x (to, o0), (26)

2(x, to) = u(x,to) > 0, on Q.
If bc > £, from (2.6), the simple comparison argument shows that
0 < u(x,t) <& uniformly on Q as t — oo.
As a result, using the second equation in (1.1), one easily knows that
v(z,t) — em uniformly on Q as t — oc.

The proof of (2.3) is complete.

If be < =, let u(t) be the unique positive solution of the problem

w = (@ — bem + be — w)w, in (tg, ),

w(ty) = maxu(z,tg) > 0.
Q

Then w(t) is an upper solution of (2.6). As tlim u(t) = (a — bem) + be, taking larger tq if
necessary, we can get from the comparison principle that

u(z,t) <u(t) +e < (a—bem)+ (b+ 1)e,
for all z € Q and t > ty. Thus, the proof is complete.

Remark 2.1 Theorem 2.1 shows that for any small € > 0, the rectangle [0, K +¢) x (em —
e,cla +m) + ¢) is a global attractor of system (1.1) in R%. If be < min{-%,1} holds, the
solution of system (1.1) has the persistence property. Furthermore, from Theorem 2.3, under

this condition, the solution (u*,v*) of system (1.1) is globally asymptotically stable in R%.

2.2 Local stability of (u*,v*) to system (1.1)

From Theorem 2.1(i), we see that if bc > £, then (0, cm) is the unique non-negative solution

of (1.3). Then, from now on, without special statement, we always assume that bc < =, which
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guarantees the existence of (u*,v*). In this subsection, we will analyze the local stability of
(u*,v*) to (1.1). To this end, we first introduce some notations.
In the following, we always let 0 = pg < p1 < po < --- be the eigenvalues of the operator

—A on Q with the homogeneous Neumann boundary condition. Set

— 0 0
X = {(u,v) € [ Q) 8—1: = 8_3 =0on 69},
and consider the decomposition X = @@ X, where X is the eigenspace corresponding to p;.
Jj=0

Theorem 2.2 The positive constant solution (u*,v*) to system (1.1) is uniformly asymp-

totically stable, provided that bc < = (in the sense of [4]).

Proof The proof is similar to that of [16, Theorem 2.1]. The linearization of (1.1) at

5 () =2 ()« (Rzuvzi),

where f;(21,22) = O(2] + 23), i = 1,2, and

(u*,v*) is

QA a—bem  —bla— bem)
L= 1+ bc 1+ bc
2 doA — ¢
For each j, j =0,1,2,---, X is invariant under the operator £, and ¢ is an eigenvalue of £ on

X if and only if £ is an eigenvalue of the matrix

v — a—bem  —b(a —bem)
Aj; = 1H; 1+ be 1+ bc ,
c? —datj — ¢
da(a — bem)
_ 2 2
det A; = dldguj + (dlc + W)M‘j + c(a — bem),
a — bem a — bem

A = —(dy 4 do)py — e — L2 < 2T oM
T2 (i +da)pj —c 14+bc — ¢ 1+4+bc’

where det A; and tr A; are respectively the determinant and trace of A;. It is easy to check

that det A; > 0 and tr A; < 0. Therefore, the two eigenvalues f;and §; have negative real

parts. Note that §0i < 0. For any j > 1, the following hold:
(i) If (tr A;)* —4det A; <0, then

a —bem

1 1
R i:—tA-<—(— .
e =grdisgl—em T

)<0;

(ii) If (tr A;)* —4det A; > 0, then

1 a — bem
A-<—(— —7)
tr A; c T he <0,

2 det Aj det Aj
tI‘Aj - \/(tI‘AJ‘)Q - 4detAJ N tI‘Aj

Re&; = %{trAj ~ a2 —adena; ) <

Re ¢ <-4

TN v

for some positive § which is independent of j.
This shows that there exists a positive constant §, which is independent of j, such that
Re §ji < —0, Vj. Consequently, the spectrum of £ lies in {Re{ < —4} (since the spectrum of

L consists of eigenvalues), and we conclude the proof.
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2.3 Global stability of (u*,v*) to system (1.1)
This subsection is devoted to the global stability of (u*,v*) for system (1.1).
Proposition 2.1 Assume that
bc<min{%,%[2m2+2ma+(2m+a)\/m]}. (2.7)
Then (u*,v*) is globally asymptotically stable.

Proof In order to give the proof, we need to construct a Lyapunov function. First, we
define

E(u)(t) = /Q {u(:v,t) —u" —u*In @}dx,
E()(t) = /Q {v(x,t) —v* —0v*In U(Z;t) }d:z:.

We note that F(u)(t) and E(v)(t) are non-negative, F(u)(t) = 0 and E(v)(t) = 0 if and only if

(u(z,t),v(z,t)) = (u*,v*). Furthermore, easy computations yield

* 2
:/Q{—d1u |uV2u| +(u—u*)(u*+bv*—u—bv)}dx

= /Q { —d wVuf? — (u—u*)? = blu—u*)(v— v*)}dx.

w2
Similarly,
dE(v) v* B v*|Vo? . v
i =, (=D Jute = [ {-amT oo ) e
B v*|Vol? . v* v
_/Q{_dQ 02 _'—(v_v)(m—i—u*_m—i—u)}da7
v*|Vol? 1 9 v*
_ —d o ok % — o) lde.
/Q{ T2 m—i—u(v V) +(m+u)(m+u*)(u w)v—v )} .

Now define

E(t) = E(u)(t) + AE(v) (1),

where the constant A satisfies A > 0 and will be determined later. Set & = u —u*, n =v — v*.
We have

dE(t)  dE(u)(t) n /\dE(v)(t)
dt dt dt
u*|Vul2 v*|Vol? A5 Ac
= Q{—dl - € b — A - S gy
Ac A
< s - - —— % tda. .
_/Q{ ¢ +(m+u b)§77 m—l—u77 }dx (28)
If the inequality
2
( Ac —b) _ M (2.9)
m+u m—+u



Qualitative Analysis on a Reaction-Diffusion Prey-Predator Model 213

holds, from (2.8), it is easy to see that
Ac

m—+u

)\772

~€+ (== —v)en -

takes negative values unless © = u* and v = v*.

m+u

Next, we will show that under some conditions, it is possible to choose a suitable A > 0 such
that (2.9) holds. To this end, we rewrite (2.9) as

c? 2 2(bc + 2)
(m+ u)? m+u
We find that (2.10) holds if and only if A € (A7, A™), where

AT = A (u) = mc—tu(bc+2— 2T he),
A=A () = 2 e+ 2+ 20T F Be).
C

In order to find a fixed constant A > 0 such that A € (A7, AT) holds, it suffices to require
A~ (a) < A*(0), that is

m+a
2

A+ 6% <0. (2.10)

(be+2—2vVT+be) < = (be+2+2VT + be),
C

which is equivalent to
a*(be)? — 16m(m + a)be — 16m(m + a) < 0. (2.11)

This holds if (2.7) is satisfied.
Furthermore, we can choose a small ¢ > 0, such that A~ (a + ) < A"(0), and thus there
exists a fixed constant A > 0 satisfying A~ (a +¢) < A < A*(0). Hence

A (w) <A (a+e) <A< AT(0) < AT (u), Yue[0,a+e]

As a consequence, for any u € [0, a+ ¢], it follows that dEd—gt) < 0. Using Lemma 2.1, we can

find a large T > 0, such that u(x,t) < a+¢ for all t > T and = € . Therefore, dggt) <0 for

all ¢ > T, and the equality holds if and only if (u,v) = (u*,v*). Hence, the standard arguments

together with Theorem 2.1(ii) and Theorem 2.2 deduce that (u*,v*) attracts all solutions of
(1.1). The proof is complete.

In the following, we employ comparison argument and iteration technique to improve the

above result.

Proposition 2.2 Assume that be < min{;% 1}. Then (u*,v*) for system (1.1) is globally
asymptotically stable in Ri.

Proof The proof is similar to that of Theorem 2.1. Let (u,v) be any solution of (1.1). By
(2.5), for any 0 < € < 1, there exists a to > 1, such that u(z,t) > L —¢, v(z,t) > ¢(m+ L) —¢

for all z € Q and t > to. Hence, u(z,t) is a lower solution of the following problem:

% —diAz=(a—z—=be(m+ L)+be)z, inQx (tyg,o0),
0,z =0, on 99 x (tp, 00), (2.12)

z(x,to) = u(x,to) >0, on Q.
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Let u(t) be the solution of the problem

wy = (@ —w —be(m+ L) 4+ be)w, in (tg,00),

w(ty) = maxu(x,ty) > 0.
)

Then u(t) is an upper solution of (2.12). As tlim u(t) = a —bc(m + L) + be, we deduce that for

— 00

0<e<1l,z€Qandt>tg,
u(z,t) <a—be(m+L)+¢e:=K; +e.
Hence, applying the equation for v(z,t) as above, we have
v(z,t) < c(m+ Kip) +e.
As a result, for any 0 < ¢ < 1, there exists a ¢ty > 0, such that
u(z,t) > L—¢ and v(x,t) <c(m+ Kj)+e

for all z € Q and t > to. Hence, u(x,t) is an upper solution of the following problem:

%—dlAz: (a—z—be(m+ K1) —be)z, in Q x (to,0),
Oyz =0, on 99 x (tg, 00), (2.13)
z(x,to) = u(z, to) > 0, on Q.

Let u(t) be the solution of the problem

wy = (@ —w —be(m + Ky) — be)w, in (tg, 00),

w(ty) = minu(x,ty) > 0.
)

Then u(t) is a lower solution of (2.13). As tlim u(t) = a—bc(m+Ky)—be, we get, for 0 < e < 1,
z € Qand t>to,

u(z,t) >a—be(m+ Ky) —e:=L; — ¢,
and in turn

v(x,t) > e(m+ Ly) —e.

It is clear to see that L < L1 < K; < K. Repeating the above arguments, inductively, for
i > 1, we see that there exists an increasing sequence {L;} and a decreasing sequence {K;}

satisfying
Li=a—-be(m+ K;), K1 =a—be(m+ L;),
L<li<---<Li<Llipg<--- <K<K, <-- <Ky <K.

Hence, we have
lim (L;, K;) = (L, K).

t—o0
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Moreover, (L, K) satisfies
L=a—be(m+K), K=a—be(m+L),

since be < 1. Furthermore, L — K = be(L — K), so

I—Rg-azbom .
1+bc
This shows that © — u* uniformly on © as t — co. Owing to the comparison principle, we get

v — v* uniformly on Q as t — oo, which ends the proof.
From Propositions 2.1 and 2.2, we have the following result.

Theorem 2.3 Assume that

1 [2m? + 2ma + (2m + a) m(m—l—a)]}. (2.14)

be < 2 and be < max{l,—2
a

m
Then (u*,v*) for system (1.1) is globally asymptotically stable in R%.

Remark 2.2 From Theorem 2.3, a meticulous computation gives that (u*,v*) for system
(1.1) is globally asymptotically stable, if one of the cases holds:

(1) &£ <1andbc<Z,

(2) 1< £ <16+ 122 and be < min{<Z, £[2m? + 2ma + (2m + a)/m(m + a) ]},

(3) £ >16+12v2 and be < 1.

3 A priori Estimates for Positive Solutions to (1.3)

From now on, our aim is to investigate the steady-state problem (1.3). In this section, we
will deduce a priori estimates of positive upper and lower bounds for positive solutions of (1.3).

In order to obtain the desired bounds, we need to use the following Harnack inequality due to
[6].

Lemma 3.1 (Harnack Inequality) Let w € C%(Q)NCY(Q) be a positive solution to Aw(z)
+c(x)w(z) = 0 in Q subject to the homogeneous Neumann boundary condition, where c(x) €
C(Q). Then there exists a positive constant C* = C*(||c||o0, ), such that

maxw < C* minw.
Q Q

Theorem 3.1 Assume that bc # =, and let d be an arbitrary fived positive number. Then
there exists a positive constant C' only depending on a, b, ¢, m, d and ), such that if dy > d,

any positive solution (u,v) of (1.3) satisfies
C <u(x)<a, em<uv(x)<cla+m).

Proof Simple comparison argument shows u(z) < a and em < v(z) < ¢(m + a). Now, it

suffices to verify the lower bounds of u(z). We shall prove by contradiction.



216 Q. Y. Bie and R. Peng
Suppose that Theorem 3.1 is not true. Then there exists a sequence {d; ;}32, with d; ; > d

and the positive solution (u;,v;) of (1.3) corresponding to dy = dy ;, such that

minu;(x) — 0, asi— oo. (3.1)
Q

By the Harnack inequality, we know that there is a positive constant C' independent of 7,

such that maxu,(x) < C'minwu;(z). Consequently,
Q Q

u;(x) — 0 uniformly on Q as i — oo. (3.2)

Let w; = ”u“— and (w;,v;) satisfy the following elliptic model:

”00

—dLiAwi = wi(a — WU; — b’l}i), in Q,

dyw; =0, on 0, (33)
) 3.3
Ch .
—dgAvizvi(c— m—|—ui)’ in Q,
dyv; = 0, on 0.

Moreover, integrating over ) by parts, we have

v;
(0 — u; — bu)dz = 0, (e — dz = 0. 3.4
/Qw(a u v; )da /Qv(c m—l—ui)x (3.4)

The embedding theory and the standard regularity theory of elliptic equations guarantee

that there is a subsequence of (w;,v;) also denoted by itself, and two non-negative functions
w,v € C?(Q), such that (w;,v;) — (w,v) in [C?(Q)]? as i — oco. Since ||w;il|oc = 1, we have
lw]|eo = 1. Since (w;,v;) satisfies (3.4), so does (w,v). It follows from the second integral
identity of (3.4) that v = c¢m. In view of bec # %, the first integral identity of (3.4) yields

fQ wdx = 0, which implies a contradiction. The proof is complete.

4 Non-existence of Positive Non-constant Solutions to (1.3)

In this section, based on the a priori estimates in Section 3 for positive solutions to (1.3), we
present some results for non-existence of positive non-constant solutions of (1.1) as the diffusion
coeflicient dy or ds is sufficiently large.

Note that uq is the smallest positive eigenvalue of the operator —A in ) subject to the

homogeneous Neumann boundary condition. Now, using the energy estimates, we can claim

Theorem 4.1 (i) There exists a positive constant dy = d (a, b, c,m, ), such that (1.3) has
no non-constant positive solutions, provided that pyd; > Jl ;
(ii) There exists a positive constant dy = dy(a,b,c,m,), such that (1.3) has no non-

constant positive solutions, provided that pids > 672 and pidy > a.

Proof Let (u,v) be any positive solution of (1.3) and denote

_ 1/
g=-— [ gdx.
1 Jo



Qualitative Analysis on a Reaction-Diffusion Prey-Predator Model 217

v—v

Then, multiplying the corresponding equation in (1.3) by u—u and respectively, integrating

over (), we obtain
dq / |Vu|*dz = / (au — u? — buv)(u — @)dx
Q Q
= / [a(u — 1) — (u? —T*) — (buv — bww)](u — @)dx
Q

:/Q[a—(u+ﬂ)—bﬁ](u—ﬂ)2dx—b/u(u—ﬂ)(v—v)dx

Q

<[a+ C(e,a,b, c,m,Q)]/(u—E)2dx—|—a/(v —0)%dw,
Q Q

m|Vul|? o|Vo|? / v v _
dy | 2 _qp <4 do = _ 4
2/Qc(a—l—m)2 = 2/9 v Q(C m—|—u+m+ﬂ)(v v)dz
1
= [ — (’U—U)de‘f'/

o mtu a (m+u)(m +7u)

1
< - _ 72 —2d
_/Q( m+u+€)(v v) dx—l—C(s,a,b,c,m,Q)/Q(u 7)*dx

(u—1)(v—"7)dz

Consequently, there exists a 0 < € < 1, which depends only on a, b, ¢, m and €2, such that

/{d1|V(u _ D) + da V(v — )2 }Hda < Cla, b, c,m, Q) / (u — 7)2dz. (4.1)
Q Q

Thanks to the well-known Poincaré inequality

" /Q (g —7)%dz < /Q V(g —7)[2de,

from (4.1), we have
7 / {di(u —1)? + da(v — 7)*}dz < C(a,b,c,m, Q) / (u —)*dz.
Q Q

It is clear that there exists a Jl depending only on a, b, ¢, m and €2, such that when d; > Jl,
u = u =const., in turn, v = U =const., which asserts our result (1).
As above, we have

w1 | {di(u—a)? +da(v —7)*}da < (a +¢) / (u —w)*dx + C(e,a,b,c,m, Q) / (v —v)%dw.
Q Q Q

The remaining arguments are rather similar as above. The proof is complete.

Next, we will improve the result (ii) in Theorem 4.1 in some cases by applying the implicit

function theorem. Our idea comes from [11]. For our purpose, we first have to state a lemma.

Lemma 4.1 Fiz dy, a, b, ¢, m, and assume that bc < = holds. Let (u;,v;) be the positive
solution of (1.3) with dy = da; and da; — 00 as i — 0o. Then (u;,v;) — (u*,v*) in [C?(Q))?

as i — 00.

Proof By Theorem 3.1, the embedding theory and the standard regularity theory of elliptic

equations, there is a subsequence of (u;, v;) also labeled by itself, such that (u;,v;) — (u,v) in
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[C%(Q)]? as i — oco. Moreover, v = §, where § is a positive constant and § < ¢(a +m), u > 0
on Q, and (u, §) solves
—d1Au=u(a —u—bd), in Q,
O,u =0, on 0,

/Q (c— miu)dx:().

Hence, together with [11, Lemma 3.2], from the first equation in (4.2), a simple analysis

(4.2)

shows that u must be a positive constant, and so we see (u,v) = (u*,v*) through the second

equation in (4.2). This ends our proof.
Now, on the base of the above lemma, we can obtain the following result.

Theorem 4.2 Assume that bc < = and let € be an arbitrary positive number. Then,
there exists a large positive constant Dy = Da(e,a,b,c,m,Q), such that (1.3) has no positive

non-constant solution when dy > ¢ and do > Ds.

Proof By Theorem 4.1(ii), for a fixed large constant D; depending only on a, b, ¢, m and
Q, there exists a Do = Dsy(a, b, ¢, m, ), such that (1.3) has no positive non-constant solution if
dy > Dy, do > Ds. Therefore, in the following, it suffices to consider the case of d; € [e, D1].
We make the decomposition

v=w+E, where/wdx:O,{ER*.
Q

We observe that finding the positive solution of (1.3) is equivalent to solving the following

problem:
diAu+ u(a —u) — bu(w + &) =0, in ,
8uu:O7 on 89,
w+E\ .

Aw+pP{(w+§)(c—m+u)}—0, in €, (4.3)
o,w =0, on 0,

w+ € B —
/Q(w—i-f)(c—m—ﬂ)dx—o, >0, u>0, onf,

where p = dy' and Pz = 2 — Ii_ll\ fQ zdx, i.e., P is the projective operator from L?(Q) to
L3(Q) = {g € L*(Q) | [,9dz = 0}. Clearly, (u,w,&) = (u*,0,0*) is a solution of (4.3) for
p>0.

From the above analysis, to verify our assertion, by the finite covering argument, it is enough
to prove that for any fixed élvl € [e, D1], there exists a small positive constant dg, such that if
p € (0,80), dy € (dy — 8o, dy + &), then (u*,0,v*) is the unique solution of (4.3). Define

F(dlapvuuwug) = (f17f27f3)(p7u7w7§)7
fildy, pyu,w, &) = diAu + u(a — u) — bu(w + £),

foldr, .., ) = A+ pP{ (w1 &) (e~ LTEN

m—+u
fa(di, p,u,w,§) :/Q(w—i-é)(c— w+€)dx

m+u
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Then
F:RT xRY x W22 x (L3(Q) N W22(Q)) x RT — L?(Q) x L3(Q) x R,

where

W22(Q) = {g € W>2(Q) | d,g = 0 on 9Q}.

Clearly, (4.3) is equivalent to solving F(di, p,u,w,&) = 0. Moreover, (4.3) has a unique

solution (u,w, &) = (u*,0,v*) when p = 0. By simple computations, we have
® = Do) F(dr,0,u*,0,0%) : W22 x (L3(Q) N W22(Q)) x RY — L*(Q) x L3(Q) x R,

where
~ a—bem — b(a—bem)

(I)(y7 Z, T) = AZ
{c2y —c(z+7)}dx
Q

In order to use the implicit function theorem, we have to verify that ® is both invertible
and surjective. In fact, assume that ®(y,z,7) = (0,0,0), then z = 0. Thus, 7 € R implies
that y must be a constant through the first equation in y. Thus, the integral equation in
®(y,2z,7) = (0,0,0) yields 7 = cy. On the other hand, note that a — bem > 0 due to bc < %.
Then, by the first equation in y again, it is easily verified that y = 7 = 0 and so ® is invertible.
Similarly, we also easily see that ® is a surjection.

By the implicit function theorem, there exist positive constants pg and dg, such that for each
p €10, p0] and d; € (671 — 80, dy +dp), (u*,0,v*) is the unique solution of F(dy, p,u,w,&) = 0 in
Bs, (u*,0,v*), where Bs, (u*,0,v*) is the ball in W2:2(Q) x (L3(2) N W22(Q)) x R centered at
(u*,0,v*) with radius dyg. Taking smaller py and d¢ if necessary, we can deduce the conclusion

in Theorem 4.2 by use of Lemma 4.1.
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