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1 Introduction

Variational inequalities provide a broad unifying setting for the study of optimization and
equilibrium problems which have their origin in various areas such as economics and engineering.
The theory of variational inequalities started around 40 years ago in two different areas: partial
differential systems with G. Stampacchia and his collaborators and mathematical programming
with R. Cottle.

Infinite-dimensional variational inequalities were developed for studying free boundary prob-
lems defined by non-linear partial differential equations arising mostly in unilateral mechanics.
They have numerous applications as it is well-known. Let us mention for instance the books by
Baiocchi and Capello [2] and Kinderleherer and Stampacchia [12] for the abstract theory and
by Glowinski, Lions and Trémolieére [9] for the numerical analysis. The reader is also referred to
the recent book by Giannessi [8] and the references therein. The well-known generalization by
Stampacchia of the Lax—Milgram lemma for coercive bilinear forms to convex sets, published
in Comptes Rendus de 1’Académie des Sciences in 1964 (see [20]), is the starting point of the
theory of infinite-variational inequalities. This famous result was extended some years later by
Lions and Stampacchia [15] to not necessarily coercive bilinear forms and has an important

application in the theory of elliptic and parabolic operators and in problems with unilateral
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constraints (Signorini’s problem for example). We would like to mention the abstract regular-
ity theorem for variational inequalities associated to nonlinear monotone operators obtained by
Brezis and Stampacchia [3] which applies to the case of a convex set defined via an obstacle
from above and an obstacle from below.

The theory of finite-dimensional variational inequalities is related to finite-dimensional op-
timization and in particular to nonlinear programming. It was developed independently by the
mathematical programming community first by Cottle [6] and later by several authors. The
reader could find a nice survey on finite-dimensional variational inequalities and the references
therein in the book by Facchinei and Pang [7]. We would like to mention particularly the work
by Robinson [18] in connection with generalised equations, who developed an original frame-
work to obtain qualitative and numerical results for variational inequalities in analogy with
classical Newton-type methods.

This note focuses on a specific part of a general talk given at the Shanghai Forum on Applied
and Industrial Mathematics in May 2006 and is related to a previous work of the same authors
(see [1]). It concerns the existence of a T-periodic solution u € C°([0, T]; R™) of the evolution

variational inequality:

%(f) + F(u(t)) — f(t) € =0p(u(t)), ae.tel0,T]. (1.1)

In this problem the solution u satifies

du o "

4 € LTO.T:RY), (1.2)
u is right-differentiable on [0,T), (1.3)
w(0) = u(T). (1.4)

We suppose that F' : R® — R”™ is a continuous map, ¢ : R — R is a convex function,
f € CY(]0, 400 ;R™) is such that % € L} (0,400;R™) and T > 0 is a prescribed period and
as it will be recalled later, Jy is the convex subdifferential of .

The paper is organized as follows. In Section 2, we recall some materials. A particular
attention is given to the Brouwer topological degree, since it will play a central role in the proof
of the results. In Section 3, we recall the existence and uniqueness result by Schowalter [21],
and we see how the problem of the existence of a periodic solution to the evolution problem
(1.1) is equivalent to the existence of a fixed point of the Poincaré operator associated to the
problem under consideration. Finally, Section 5 is devoted to the main theorem (Theorem 4.1)

which proves the existence of a periodic solution, using the method of guiding functions.

2 Brouwer Topological Degree and the Resolvent Operator J5

It is well-known that the degree theory is a powerful tool for the study of the existence of
a solution to a nonlinear equation f(z) = 0, where f is a continuous function defined on the
closure Q of a bounded subset © of R, with values in R” and such that 0 is outside the image
of the boundary 052 of Q.
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In the sequel, the scalar product on R™ is denoted as usual by (-, -) and || - | is the
associated norm. For r > 0, we note B, := {x € R" : ||z|| < r}, B, = {z € R" : ||lz|| < r} and
OB, :={z e R": ||z| =7} =B, \ B,.

If f : B, — R" is continuous and 0 ¢ f(9B,.), then the Brouwer topological degree of f with
respect to B, and 0 is well-defined (see, e.g., [16, 17]) and is denoted by deg(f,B,,0).

Let us now recall some properties of the topological degree that we will use later.

Proposition 2.1 (1) If0 & f(9B,) and deg(f,B,,0) # 0, then there exists x € B, such
that f(x) = 0.

(2) Let ¢:[0,1] x B, - R", (\,2) — ¢(\,z), be continuous such that, for each \ € [0,1],
one has 0 & p(X\,0B,.). Then the map A — deg(p(A, - ),B,,0) is constant on [0, 1].

(3) Let us denote by idgn the identity mapping on R™. We have

deg(idgn,B,,0) = 1.
(4) If0 & f(OB,) and o > 0, then
deg(af, Br, 0) = deg(f,B;,0)

and

deg(—af,B,,0) = (—=1)" deg(f,B,,0).

(5) If0 & f(OB,) and f is odd on B, (i.e., f(—x) = —f(z), Vo € B,.), then deg(f,B,,0) is
odd.

(6) Let f(z) = Ax — b, with A € R "™ being a nonsingular matriz and b € R™. Then
deg(f, A=1b + B,,0) = sgn(det A) = +1.

Let V € CY(R™;R) and suppose that there exists ro > 0 such that, for every r > r,
0 ¢ VV(9B,). Then deg(VV,B,,0) is constant for » > ry and one defines the index of V' at
infinity “ind(V, 00)” by

ind(V, o0) := deg(VV,B,,0), Vr>ro.

Let us now recall some basic properties on convex functions defined on R". Given a convex
function ¢ : R™ — R, it is well-known (see [19]) that
(a) ¢ is continuous,
(b) For all x € R™, the directional derivative of ¢ at € R™ in the direction £ € R", i.e.,
z +af) — o(x)

o' (x5 €) lim " ,

exists and is finite for every £ € R™ (see, e.g., [10, p. 164]),
(¢) For all z € R™, the convex subdifferential of ¢ at 2 is a nonempty compact and convex
subset of R™ and is defined by

dp(x) ={w e R" : p(v) — p(r) > (w,v —u), Yv € R"},
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and
w e dp(r) <= (w,§) < ¢'(x;€), VE€R™, (2.1)

Since the subdifferetial operator is a maximal monotone operator (see for instance Brezis
for the Hilbert setting and Rockafellar for the reflexive Banach setting), for each A > 0 the
resolvent operator J{ : R™ — R™ defined by

y— J{(y) = (I +299) "' (y)
is well-defined and is a contraction on R™, i.e.,
13X () = Il < lle —yll, Va,yeR", ¥A>0.
Hence JY is continuous on R™. For simplicity, we note P, instead of J{ when the parameter
A=1.
3 The Poincaré Operator

Let us first recall some general existence and uniqueness result (see, e.g., [21]).

Theorem 3.1 Let ¢ : R" — R be a conver function. Let F' : R® — R" be a continuous

operator such that, for some w € R, F + wl is monotone, i.e.,
<F((E)—F(y),$—y> Z _wa_yH2u vayERn'

Suppose that f: [0,400) — R™ satisfies

fe (0,400 BY), e 1ho(0, 100 ).
Let ug € R™ and 0 < T < +o0o be given. There ezists a unique u € C°([0,T]; R™) such that
% € L>®(0,T;R™), (3.1)
u 1s right-differentiable on [0,T), (3.2)
u(0) = ug, (3.3)
4y Fu(t) — £(t) € —B(ult), ace. te[0,T) (3.4)

dt
Remark 3.1 Suppose that F': R" — R"” is of the type

F(z) = Az + ¥'(x) + Fi(z), VzeR",

where A € R™*" is a real matrix, ¥ € C*(R";R) is convex and F} is Lipschitz continuous, i.e.,
[1F(z) = Fu()ll < klle —yll, Va,y e R"

for some constant k > 0. Then F' is continuous and F' + w/ is monotone provided that

w > sup (—Ax,x) + k.
[l[l=1

We note that if F'is k-Lipschitz, then F' + kI is monotone.
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Remark 3.2 Let u: [0,7] — R be the unique solution of (3.1)—(3.4). Then using (3.4) and
(2.1), we have

(GO +Fu) - F0,€) + ¢ (s 20, VECR, ac. te[0,T]

Let T' > 0 be given. Theorem 3.1 enables us to define the one parameter family {S(¢) : 0 <
t < T} of operators from R™ into R™ as follows:

Yy eR",  S(t)y = ult), (3.5)
u being the unique solution on [0,7] to the evolution problem (3.1)-(3.4). Note that
VyeR" S0)y=uy.

Lemma 3.1 (See [21]) Let T > 0 be given and let a,b € L*(0,T;R) with b(t) > 0, a.e.
t € [0,T]. Let the absolutely continuous function w : [0,T] — Ry satisfy

(1- a)((li—lf(t) < a(t)w(t) + b(t)w*(t), a.e. t€]0,T],

where 0 < o < 1. Then

w () < w' ¥ (0)edo @()ds | /0 ! a()dap(5)ds, Vit e [0,T).
Theorem 3.2 Suppose that the assumptions of Theorem 3.1 hold. Then

ISty — Szl < e'lly — 2|, Vy,z€R", t€[0,T].
Proof Let y,z € R" be given. We have

—<%S (H)y + F(S(t)y) - F(1), ()2 = S@)y) - p(S(1)2) + 9(S()y) 0, ae. t€[0,T],

<%S(t)z +F(S(t)2) — £(1),8(t)z — S(t)y> — o(St)y) + p(S(t)z) <0, ae. tel0,T).
It results that

(S (S(0)= — S(), S(1)z ~ S(1)y)
<Swl[S(t)z = SEII* — ([F + wI](S(t)2) — [F + wI](S(t)y), S(t)z — S(t)y), ae. t€[0,T].
Our hypothesis ensures that /' + wl is monotone. It results that
%HS@Z —Styl?* < 2w||S(t)z — S(t)yl?, ae. te[0,T]. (3.6)
Using Lemma 3.1 with w(-) := [|S(- )z — S(- )y, a(+) := 2w, b(-) = 0 and o = 0, we get
IS(t)z = SOyl < ll= = ylI*e**, Vit e[0,T].
The conclusion follows.

Let us now consider the Poincaré operator S(T') : R” — R"; y — S(T)y. Theorem 3.2

ensures that S(7') is Lipschitz continuous, i.e.,

IS(T)y = S(T)zll < ey — 2], Vy,z €R™
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Remark 3.3 (i) Note that if F' is continuous and monotone, then Theorem 3.2 holds with

w = 0. In this case, the Poincaré operator S(7T') is nonexpansive, i.e.,
1S(T)y = STzl <lly -z, Vy,zeR™
(ii) If F is continuous and strongly monotone, i.e., there exists & > 0 such that
(F(x) = F(y),z —y) 2 allz —y[?, Va,yeR",
then Theorem 3.2 holds with w = —a < 0 and the Poincaré operator S(T') is a contraction.

According to (3.5), the unique solution to the problem (3.1)—(3.4) satisfies, in addition, the
periodicity condition
u(0) = u(T)

if and only if y is a fixed point of S(T'), that is,
STy =y.

Thus the problem of the existence of a periodic solution to the evolution problem (3.1)—(3.2)
and (3.4) reduces to the existence of a fixed point for S(T').
4 Periodic Solutions

Definition 4.1 Let Q C R™ be a given subset of R™. We say that V € CY(R™;R) is a
guiding function for (1.2) on Q provided that

(F(z) — f(t),VV(z)) + ¢ (z; VV(x)) <0, VYzeQ, tel0,T]. (4.1)

Remark 4.1 (i) Suppose that there exists a guiding function V' € C*(R™;R) for (1.2) on
0B, (r > 0), i.e.,

(F(z) — f(t),VV(2)) + ¢'(z; VV(x)) <0, VYzeiB,, tel0,T].
Then for any 7 € [0,T], we have
deg(VV,B,,0) = (—1)" deg(idgn — P, (idgn — F + f(7)),B,,0). (4.2)
(ii) Suppose that there exists a guiding function V € C1(R™;R) for (1.2) on
Qr:={xeR":|z[| > R} =R"\Bg, R>0.
Then for » > R and any 7 € [0,7], we have
ind(V, o00) = (—1)" deg(idgn — P, (idgn — F + f(7)),B,,0).
Proposition 4.1 Suppose that there exists R > 0 such that
(F(x) — f(t),VV(x)) <0, VzeR" |z| >R, tel0,T)]. (4.3)
Then for r > R and any 7 € [0,T], we have

ind(V,00) = deg(f(r) — F,B,,0).
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Proof Let 7 > R be given and let h : [0,1] x B, — R™, (\,y) — h()\,y) := AVV (y) +
(1 =X)(f(0) — F(y)). We claim that h(\,y) # 0, Vy € 0B,, A € [0,1]. Indeed, suppose by

contradiction that
AVV(y) + (1 =A)(f(r) = F(y) =0
for some y € 9B, and A € [0,1]. Then

MYV (y), f(r) = F(y)) = —(1 = NIIf (1) = F)|*. (4.4)

Obviously A # 0. Indeed, if A = 0, we obtain f(7)— F(y) = 0, a contradiction to condition (4.3)
since y € 9B, and r > R. Thus (4.4) yields (VV (y), f(7) — F(y)) < 0 which also contradicts
(4.3). Thus deg(VV,B,,0) = deg(h(1, -),B,,0) = deg(h(0, - ),B,,0) = deg(f(r) — F,B,,0).

Theorem 4.1 We make the assumptions that f € C°([0,+o0); R™) and df € L (0, +00;
R™). Let ¢ : R®™ — R be a convex function. Let F' : R™ — R™ be a mapping such that F + wl

is monotone for some w € R. Suppose that there exist constants C; > 0 and Cy > 0 such that
(F(x),z) + ¢ (z;2) < Cy||z||® + Ca||z||, VzeR™ (4.5)

Let T > 0 be given. Assume that there exists a (guiding) function V€ CY(R™;R) and R > 0
such that

(F(x)— f(t),VV(z)) + ¢ (z; VV(2)) <0, VzeR" |z >R, te[0,T]. (4.6)

Then there exists at least one u € CO([0, T|; R™) such that $% € L*>(0,T;R"),

u(0) = u(T), (4.7)
‘;It‘( t) + F(u(t)) — f(t) € —0p(u(t)), a.c. te0,T). (4.8)

Proof We will prove that there exists 9 > R such that for any 7 € [0, 7] we have

deg(idgn — S(T),B,,0) = deg(idrn — P, (idgn — F' + f(7)),B,,0)
= (-1)"ind(V,00), Vr >ro.

Let us first remark that without loss of generality, we may assume C; > 0. We set

1

T
ro := Re“1 T + %(eclT -1) +/ | £(s)]leC**ds.
0
Step 1 We claim that if y € R™, |ly|| = r with r > rg, then
ISyl = R, Vtel[0,T].

Suppose by contradiction that there exists t* € [0,T] such that ||S(t*)y|| < R. We know that
u(-) = S(-)y satisfies

du

E(t) + F(u(t)) — f(t) € —0p(u(t)), ae.tel0,T], (4.9)
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and thus

%(t* — )+ Fut™—1t)— f(t"—1t) € —0p(u(t" —1t)), a.e. te]|0,t%]. (4.10)
Setting

Y(#)=ut"—1t), tel0,t"],
we derive Gy
— (O FFY () = (" 1) € ~0p(Y (1), ae. t€[0,17] (4.11)

Thus

dY * / n *

(SH(0,€) S ®) = [ = 0,0+ (Y(1:6), VESR", ae teot]

For £ = Y (t), we have
dy * /
(S 0.vm) < (FY®) - 77— 0,7 (1) + ¢ (Y (1Y (1)
SGY @I +CollYON + I1fE =Y @Ol ae. te0,t7].
Thus
1d
2dt
Using Lemma 3.1 with o := 2, w(-) := [|[Y(+)|?, a(-) :== Cy and b(-) := Co + || f(t* = -)||, we

obtain

[Y@I? < CLIY @I + (C2 + IF & = DIV @), ae. t€[0,t7].

t t
VO < YO+ [ a5+ [ =) as, vie 0,17
0 0
Since Y (t*) = u(0) = S(0)y = y and Y (0) = u(t*) = S(t*)y, we get

t* t*
lyll < 1St )ylle* +/0 Cyetlt _S)ds+/0 £t = )l )ds

Gy

< Re9'T
e +C1

T
(e —1) +/ 1£(s)]le“**ds = ro.
0

Hence, ||y|| < 79, a contradiction.
Step 2 Let r > 1y be given. We claim that there exist € > 0 and T* € (0,T] such that
(F(z) = f(1), VV(y)) + ¢'(%; VV(y)) <0,

VeeR" yeR" |yl=r llx—y|| <e t€]0,T7].

Indeed, recalling that the mapping (z, &) — ¢'(z; ) is upper semicontinuous (see, e.g., [10]), we
note that the mapping (¢, z,y) — (F(x) — f(t), VV (y)) + ¢'(x; VV (y)) is upper semicontinuous
on [0,T] x R™ x R™ and if y € R™ and ||y|| =7 > 9 > R, then (by condition (4.6))

(F(y) = £(0), VV (1)) +¢'(y: VV(y)) < 0.

Thus, for ¢ > 0 close to 0, let us say ¢ < T*; and « close to y, let us say ||z —y|| < e, & > 0,
small; we have (F(z) — f(0), VV (y)) + ¢ (z; VV (y)) < 0.
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Step 3 We claim that there exists T € (0,7*] such that

1Sty —yll <e, VYyedB,, Vtel0,T]

Indeed, by contradiction, suppose that there exist sequences t,, € [0,Z-] (n € N, n > 1) and

n

Yn € R™, |lyn|| = r, such that ||S(¢,)yn — yn|l > €. Taking a subsequence if necessary, we may
assume that ¢, — 0+ and y, — y* € 0B,.. On the other hand, we have

1S(En)yn — ynll = 1SEn)yn — S(tn)y™ + S(En)y™ — ynll
<N[S(tn)yn — Sty + 1S En)y"™ — ynll-

Then using Theorem 3.2, we obtain
[S(tn)yn = ynll < Ve lyn —y* | + [1S(En)y”™ — ynll-
Using the continuity of the map ¢ — S(t)y, we see that ||S(t)yn — ynl|l — 0, a contradiction.

Step 4 Let Hy:[0,1] x C — R™, (\,y) = Hz(\,y) ==y — (1 = N\)VV(y) — S(\T)y. We
claim that the homotopy Hz is such that 0 # Hy(\,y), Yy € 9B,, A € [0, 1]. By contradiction,
suppose that there exists y € R", ||y|| = r and A € [0, 1] such that

—(1=XNVV(y) = S(\T)y =
Then
STy —y=—-1-XNVV(y)

and thus
(S(AT)y —y,VV(y)) = —(1 = N[[VV(y)||* < 0. (4.12)

On the other hand, we know that

(S0 = 50)) + p0) — 0(S (1))
>(=F(St)y)+ f(t),v—S{t)y), YveR" ae tel0,T]. (4.13)

Thus

(S8, YV ) + ¢/ (503 TV () > (~F(S(0)) + F(1), TV ), ae. te[0,7]

Therefore,
AT

AT d
([ 5560 9V = [ (=FS) + 1(6), TV ) - & (56:): TV (0)ds:
0 0

Step 1 of this proof ensures that ||S(¢)y|| > R, Vt € [0,AT] C [0,7]. Step 3 of this proof
guarantees that ||S(t)y —y|| < e, Vt € [0,AT] C [0,T]. Then using Step 2 of this proof, we may
assert that the map s — (F(S(s)y) — f(s), VV (y)) + ¢ (S(s)y; VV (y)) is upper semicontinuous
and strictly negative on [0, AT]. Thus

AT
/0 (=F(S(s)y) + f(s), VV(y)) — ¢ (S(s)y; VV (y))ds > 0.
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We obtain _
_ AT 4
SOT =WV W) = [ £56ds VY (@) >0
0
This contradicts relation (4.12).

Step 5 Thanks to Step 4 of this proof, we may use the invariance by homotopy property
of the topological degree and see that

deg(ldR" - S(T)a Bh O) = deg(HT(la ' )7BT5 O)

Step 6 Let H :[0,1] x B, — R", (\,y) — H(\,y) :=y — S((1 = \)T + XT)y. We claim
that H(\,y) # 0, Vy € 0B,, A € [0,1]. By contradiction, suppose that there exists y € R™,
lly|| = r and A € [0,1] such that y = S((1 — \)T + AT)y. Set h := (1 — A\)T + A\T. We have

and thus
V(y) =V(S(h)y). (4.14)

On the other hand,

(=SB0 = S(t)y) + plv) - $(S(t)y)
>(=F(S{t)y)+ f(t),v—=S{t)y), VveR" ae tel0,T]. (4.15)

&~

Thus

&~

(SO, VV(S@)) + ¢ (St TV (S(t)y))
> (=F(St)y)+ f(t),VV(S(t)y)), a.e. te]0,T]. (4.16)
Step 1 of this proof ensures that ||[S(¢)y|| > R, ¥t € [0,T]. The map s — (F(S(s)y) —

f(s),VV(S(s)y)) + ¢ (S(s)y; VV(S(s)y)) is upper semicontinuous and (by condition (4.6))
strictly negative on [0,7]. Thus, using (4.16), we obtain

h
V(S Vi) = | SV(S()as

-/ (s TV (sem)

Y

h
/O (=F(S(s)y) + f(s), VV(S(s)y)) — &' (S(s)y; VV(S(s)y))ds
0.

V

This is a contradiction to (4.14).
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Step 7 Thanks to Step 6 of this proof, we may use the invariance by homotopy property
of the topological degree and see that

deg(ldR" - S(T)vBTv 0) = deg(H(Oa ' )a Brv O)
=deg(H(1, -),B,,0)
= deg(ian — S(T), BT, 0)

In conclusion, for all » > rg, we have

deg(idgn — S(T),B,,0) = deg(idg» — S(T'),B,.,0),
deg(idg» — S(T),B,.,0) = (—=1)" deg(VV,B,,0).

Thus
deg(idgn — S(T),B,,0) = (—1)"ind(V, c0).

Finally, for any 7 € [0, 7], we also have (see Remark 4.1)
(—1)"ind(V, 00) = deg(idgn — P, (idgn — F + f(7)), B, 0).

It results that, for » > 0 large enough, we have deg(idgn — S(T'),B,,0) # 0 and the existence
of a fixed point for the Poincaré operator follows from the existence property of the topological

degree.
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