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1 Introduction and Preliminaries

Throughtout this work, G will denote a non-compact and non-discrete locally compact
Abelian group with Haar measure pu. Also, we will use Beurling’s weight function, i.e., a
measurable, locally bounded function on G satisfying w(z) > 1 and w(z+y) < w(x)w(y) for all
x,y € G. For two weight functions wy and ws, we write wy < ws if there exists C' > 0, such that
wi (2) < Cwy(z) for all z € G. We write wy &~ wy if and only if wy; < wy and wy < wy. Certain
well-known terms such as Banach module, Banach ideal, translation and character invariance,
compact embedding will be used frequently in the sequel; their definitions may be found, e.g.,
in [3, 4, 10, 12]. For 1 <r < oo, we set weighted Lebesgue spaces as

Ly (G) ={[ | fw e L"(G)},

which are Banach spaces under the naturel norm

1
=

e = { [ @10 @)duta) )

Recall that one has Ly, (G) C Ly, (G) if and only if ws < wy (see [6, 8]). The Lorentz
spaces over weighted measure spaces L(p, ¢, wdu) are defined and discussed in [5, 13]. Instead
of Haar measure p, let us take the measure as wd . Then the distribution function of f which
is considered complex-valued measurable and defined on the measure space (G, wdp) is

Arw(y) =wlz € G:[f(2)] >y} = w(z)dp(z), y=0.
{2€GH|f (@) >}

The nonnegative rearrangement of f is given by

fo@) =inf{y > 0: Arw(y) <t} =sup{y > 0: Apu(y) > t}, 20,
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where we assume that inf ¢ = co and sup¢ = 0. Also the average function of f on (0,00) is
given by

0 =1 [ faons

Note that Af.(-), fa(-) and fi*(-) are nonincreasing and right continuous functions.
The weighted Lorentz space L(p,q,wdu) is the collection of all the functions f such that
||f||;7q7w < 00, where

o0 1
* q 417w q
0= (2] 57 201a1)". 0 <pg <.

* 1
1 £115, 00,0 = iulgtpf;(t), 0<p<q=o0.
>

In general, however, || - is not a norm since the Minkowski inequality may fail. But

”;.q.w
by replacing f with f** in the above definition, we get that L(p, ¢, wdpu) is a Banach space,
with the norm | - ||p.4,» defined by

1
a

|um%w—(%é B OPAE) " 0<pg <o,
1]

prosaw = SUDLF (1), 0 <p < q=oc.
t>0
Ifl<p<ooandl <gq < oo, then
4 X
HfH;,q,w S ”f”p,q,w S p— 1||f||p,q,w7

where the first inequality is an immediate consequence of the fact that f¥ < f**. The second
follows from the Hardy inequality.

The plan of the paper is as follows. In Section 2, we will define the intersection of weighted
Lebesgue and weighted Lorentz spaces and give some unmentioned properties of these spaces.
Then the compact embedding of this intersected spaces will be discussed in Section 3.

2 Some Results in L7, (G) N L(p, q, wadp)(G)

For 1 <r <ooand 0 < p,q < oo, we will write the intersection of weighted Lebesgue and

weighted Lorentz spaces Ly, (G) N L(p, q, wedp)(G) as B’y (G). If we equip this space with

the sum norm

|- H;“U;;Zu = Mrywr + [+ llp,g,was (2.1)
then it is easy to see that (BL2(G), || - [;75?) is a normed space. Now we will give some

properties of these spaces without their complete proofs.

Theorem 2.1 (Byy2(G), || - [['55?) is a Banach space for 1 < r < oo and p = q = 1,

p=qg=00o0orl<p<oo,1<qg<oo.

Proof Let (f,) be a (BYye2(G), || - [;'y4?) Cauchy sequence. Clearly (f,,) is a Cauchy
sequence in both Ly, (G) and L(p, ¢, wadut)(G). Therefore, (f,) converges to some f € Ly, (G)
and g € L(p, ¢, w2d 1)(G). To prove the theorem, we need to show that f = g(u — a.e.). Since

the convergence in both Ly, (G) and L(p,q, wedu)(G) implies the convergence in measure, we
get f=g(p—a.e.) (see [10, 16]).
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Theorem 2.2 The space (By’y 2 (G), || - |[;755?) is translation invariant and the function
[ — Laf is continuous from B’y (G) to B2 (G) for all x € G, where Ly f(-) = f(- —x).

Proof Let us take any € G and f € BPL¥2(G). Since AL, o, (y) < wa(z)Afw, (y) for

7,p,q
all y > 0, we have || Ly fllp.guws < (wg(ac))% £ llp.q.ws (see [5]). With the inequality ||Ly flrw, <
w1 (x)”f”r,wu we get

1L f] :%:ij = || Lo fllraw, + 1 Laflp,g,ws
1
S w1 (@) fllrawy + (w2(2)7 [ p.g.00
L wi,w
< max{wy (z), (w2 () H| fI1755*

Also, the continuity from BYL%2(G) to B*1:%2(G) follows from the linearity of L, for all x € G.

7,p.q 7,p.q
Theorem 2.3 The space (B)’42(G), || - |['502) is strongly character invariant and the
Junction f — Myf is continuous from B}'yw*(G) to BYyw?(G) for allt € G.

Proof Let us take any t € G and f € B¥:™2(G). Since

AM, gz (y) = wolz € G [My f(2)] >y}
= w2z € G: [(z,0) f(2)] >y}
=wa{z € G [f(2)] >y} = Apws (y),
we get (Mif)5, = fu, and (Mif)37, = fi;, so [[M.f]

paws = |[fllp.gws- By the equality

w2 w2’
I Mifllrwy = | fllrw,, We have HMtf”;U]loﬂ;Q = ”f”;l}]loﬂ;Q
Theorem 2.4 For every f € B'y*(G), the function v — L.f, G — BYyw*(G) is con-

tinuous where 1 < p < oo, 1 <g<oo and1 <r < oco.

Proof We know that, for 1 <r < oo, x — L, f is continuous in Lj, (G) (see [8]). Also the
continuity of x — L, f in L(p,q, wadu)(G) was shown for 1 < p < 0o, 1 < ¢ < oo in [5]. Thus
the proof is easily completed by combining the two results mentioned above.

Theorem 2.5 If the weight functions are constant, then (B’L2(G), || - [['L4?) is a homo-

geneous Banach space.

Proof Let the weight functions w; and wa be constant. Therefore, the spaces L7, (G) and
L(p, q, wad 1)(G) become strongly translation invariant spaces. Then by Theorem 2.4, we get
the result.

Theorem 2.6 If wy = w1 and wo > wa, then (BYLw2(G), || - |¥1¥2) is a Banach Ly, (G)-

module.

Proof Let wy > wy and wy = wa. Then we know that L}, (G) C Ly, (G) and L}, (G) C
L}, (G). Therefore for any f € L, (G), there exist c¢1,co > 0 such that || f]|l1w, < c1llf]l1,w,

and || fll1,w, < €2l fll1wo- Since L(p, ¢, wadp)(G) is a Banach L;, (G)-module for 1 < p < oo,
q # oo (see [5]) and LI, (G) is a Banach L, (G)-module for 1 < r < oo, we have
1+ 9llrpa® = I * gllrwy +11f * 9llp.g.
< N llron 19l a0 + 1 lpguws 191102
<N llrwierllgliw + 1151

< AIe? max{er, e gl w,

pagws €291t w0
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for any f € BYy w2 (G) and g € Ly, (G). If we define a new norm ||| - ||| on Lj, (G) such that
[[| - || = max{er, ca} - [|1,w0, then this norm is equivalent to the norm || - ||1,w, on Ly, (G). So
(B;‘j;):;"?(G), Il - ||7;‘j]101}1“2) is a Banach (L}ﬂ0 (@), Il - IIl)-module.

Theorem 2.7 If 1 < p < 00, ¢ # 00 and wy = wy or wy = wa, then the space By’ *(G)

1s a Banach algebra.

Proof Assume that w; > wy. Then we know that L}, (G) C L}, (G) and for any f €
L% (G), there exists ¢ > 0 such that ||f1,w, < ¢|[f]l1,w,- If we define a new function on
B2 (@) such that |||+

Pr%2 = max{1, c}|-||7L%?, then it is easy to see that it is a norm. Also,

1.pgq 1,p,q Lp.g >
these two norms on B’} *(G) are equivalent and the identity map i : (By . (G), |- [I1}5°) —
(BY a2 (G- N11Y7) is a homeomorphism on By’ (G). Now take any f,g € By’ *(G).

Since Ly, (G) is a Beurling algebra and the space L(p, ¢, wod 1)(G) is a Banach L}, (G)-module
for 1 <p < 00, q # oo, we get

1f # glll75q? = max{l, | f + gl
= max{1, c}(|[f * glliws +[1f * gllp,gw)

< max{L, }([[fll1wnllgllw + 111102 191p.0.02)

< max{L, c}(max{1, ¢} fl|1,wi {19/l + 19]lp.g053)

< max{L, e} || fll1w, max{1, c}lgll7pe* < A0 gl

Similarly, if wo > wq, then the same way may be followed.

Theorem 2.8 The space B;‘f;):g’?(G) has a bounded approximate identity with compact sup-
port for 1 <p < oo, 1 <q<o0.

Proof Let K be a compact neighbourhood of the identity of G. Then w;(y) < A for all
y € K and i = 1,2. Let F be the family of all neighbourhoods of the identity contained in K.
For U,V € F, define V < U if U C V. Then, clearly (F, <) is a directed set. For every U € F,
there exists a positive continuous function hy on G such that [, hy(z)dA(z) = 1 and the
support of hy is contained in U. If we consider the net {hy}yer, then we have ||hy|1w, < A
for each U € F. Therefore we find a bounded approximate identity for L, (G) for i =1,2. Tt is
shown in [14] that this bounded approximate identity is also a bounded approximate identity
for Ly, (G). In [5], it was showed that this bounded approximate identity is also a bounded
approximate identity for L(p,q, wadu)(G) for 1 < p < 00, 1 < g < 0o. So BYL2(() possesses

.D.q
a bounded approximate identity.

The next theorem follows from Theorems 2.6 and 2.8.

Theorem 2.9 The space By w*(G) is an essential Banach L% (G)-module, if wo = wi,

wo = we and 1 < p < oo, 1 <q<oo.

Theorem 2.10 Let wy, wa, w3 and wy be weight functions on G and 1 < r < oo, 0 <
p,q < o0o. Then

(1) BYL2(G) C BYs4(G) if and only if there exists a constant ¢ > 0 such that || f|[}"374 <

cllfllevwz for all f € BPLw2(G),
(

D,q 0,9

(2) BELw2(G) C BP3w2(G) if wy = ws and 0 < ¢1 < g2 < o0.

P91 TP,q2

Proof (1) Let BYLw2(G) C BY3w4(GH). We define a norm || - || on B¥1%2(G) such that

0,9 0,9 P9
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I/l = HfHTw;ZJ? + HfHT“J;ZJ4 It is easy to show that (B;ff;):g” (G), ]l - I is a Banach space. Since

the unit function i from (B2 (G), | - [['55?) onto (Byy ¢ (G), || - ||) is continuous, i is a

homeomorphism by the closed graph theorem. This shows that the norms ||- || and |- [[V4%* are

equivalent. Then there is a constant ¢ > 0 such that || f|| < ¢|| f||“12. This gives the inequality

p.q
Ifl5g* < I < el Fllmpe*-

wiwe for all f € Biw2(G), then the inclusion BFLw2(G) C

Conversely, if || f] rgt < cl ] rpyq \p.q \D,q

B34 (G) is easy to see.
(2) It is known that L(p, g1, w2du)(G) C L(p, g2, wadp)(G), where 0 < g1 < g2 < 00 (see

[11]). Also, since Ly, (G) C L, (G) if wy = ws, the proof is completed.

Theorem 2.11 Letp=1,0<q¢<1and 1 <r < oo. Then for any f € B.7"?(G), the

r1,q

w2 s equivalent to the weight function w' = wy + wa, i.e., there ewist

function x — || L. f|,7 4
c1(f),ca(f) > 0 such that

ar(Hw' (@) < [ Lafllrig® < c2(f)w' (). (2.2)
Proof Let f € B,’1’;*(G). Then it is known that the function x — || Ly f || . is equivalent

to the weight function w, i.e., there exist k1(f), k2(f) > 0 such that
ki(flw(@) < | Lafllrw < k2 (fw(z) (2.3)

for all z € G (see [8]). Also by Theorem 2.2, we write

L fll1gavs < w2(@)[|f]]1,g.0 (2.4)

and
e fllgws 2 1w flIT g e 2 1 Eaf 110, = 1 L2 fll1ws (2.5)
where ¢ <1 (see [11]). By using (2.3)—(2.5), there are s1(f), s2(f) > 0 such that

s1(fwa(x) < N[ Laflliws < [1Lafll1gmw, < w2(@)|f]
where s2(f) = || fll1,q,w.- If we combine (2.3) with (2.6), then we have

s1(flwz(x) + ki (fHwi (@) <[ Lafllp7g® < ke(flwi(@) + sa(flwa ().

1,q,w2> (2'6)

Therefore
a(flw'(x) < | Laflliy? < ca(flw' ()
for all z € G.

Theorem 2.12 Let wy, we, ws and wy be weight functions on G and w' = wy + ws,
w” = ws +wy. If Bi72?(G) € BYYY(G), then w' = w” forp=1,0 < g < 1. Conversely,

BV (G) € B (Té))q, if wy = wr371)cqmd Wo = Wy.
Proof Assume that B)’}’)*(G) C B,’}')*(G). By Theorem 2.11, there are k,l > 0 such
that
k™l (x) < ||Lo 1757 < kw'(x) (2.7)
and
(@) < Lo flihg* < W (2), (2.8)
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where w’ = w; + we and w” = w3 + wy. Since B0 (G) C B,3w*(G) implies that there is a

r,1,q r,1,q
constant C' > 0 such that [|L, f|,/77* < C||L.fl,)} 5, we have
L (2) < ILafI30 < CILFI2Y < Ok (2) (29)

and w”(z) < Cklw'(x). This shows that w’ > w”. The second part is seen from [5, Proposition
2.7].

Theorem 2.13 Let wy, wa, ws and wy be weight functions on G and 1 < r < oo, 1
wi,wy ws,wy w3, WY

D,q < 00. Then Brplq?(G) C Brplq*(G), if and only if there exists ¢ > 0 such that || f|lr.p.q
w wp w wp
cll fllrpa® for all f € Brply*(G).

INIA

Proof The proof is similar to that of Theorem 2.10.

P
w1, Wy

Theorem 2.14 Let 1 < ¢ < p < oo. Then for any f € Brplq?(G), the function x —
P
| Lo fllrpa® is equivalent to the weight function w' = wy + wy, i.e., there exist c1(f),ca(f) >0
such that

(' (@) < L fIipa? < ea(fiu'(w). (2.10)

Proof Let [ € Bff,l,jiqu(G). Since the function @ — || Ly f|rw Is equivalent to the weight
function w, there exist k1(f), k2(f) > 0 such that

ki(Hw(@) < |[Lafllrw < k2(flw(z) (2.11)
for all z € G (see [8]). Also by Theorem 2.2 , we write

”wa”p,q.,wg < w2(x)||f”p,q.,w§ (212)

and

Hwa| p,q,wg 2 HLIfH;,q,wg 2 ||L$f|‘;,p,wg = ||Llﬂf|

where ¢ < p (see [11]). By (2.11)—(2.13), there are s1(f), s2(f) > 0 such that

pwz) (2.13)

s1(flwa(z) < || Laf]|

b, w2 S ||L:Ef|

D,q,wh < w2(x)||f||p,q,w§7 (214)

where sy(f) = || f]|

. If we combine (2.11) with (2.14), then we have

s1(F)wa (@) + y (Fwr (@) < | Lo fllmbia? < ka(f)wi (@) + s2(f)ws ().
Therefore
() () < | Lo fllmbs? < ea(f)w'(2) (2.15)
for all z € G.

Theorem 2.15 Let wi, we, ws and wy be weight functions on G and w' = wy + ws,
wy,wh

p
w” = w3 +wy. If Brpy?(G) C Bryg*(G), then w' = w" for 1 < q < p < oo. Conversely,
p P
Brya®(G) C Brya (G), if wi = ws and wy = wy,

Proof The proof is similar to that of Theorem 2.12.
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3 Compact Embeddings of the Spaces B’ (R%)

In this section, we will work on R¢ with Lebesgue measure dz. We denote by C.(R?) the
space of complex-valued, continuous functions with compact support.

Theorem 3.1 Let (fn)nen be a sequence in By} 2 (RY). If (fu)nen converges to zero in

Briw2(RY), then (fn)nen also converges to zero in the vague topology (see [3]), i.e., forn — oo,

fr(@)k(z)dz — 0
Rd

for all k € C.(R%).
Proof Let k € C, Rd We write

| [ get@b@as] < WLl < 105 3.)

by Hélder’s inequality where £ 4+ 14 = 1. Hence the sequence (f,),en converges to zero in the
vague topology by (3.1).

Theorem 3.2 Let wy, we and v be Beurling weight functions on R<. If wy = we, wy = v

- ((w)) does not tend to zero in R for x — oo, then the embedding of the space B2 (RY)

into LT (R?) is never compact.

and

Proof First of all, since wy > v, there is a constant C' > 0 such that v(z) < Cw(z).

This implies that B’} }1”2 (RY) C LT(RY). Let (tn)nen be a sequence in RY such that t,, — oo

as n — 00. Since U(( ) does not tend to zero in R% as z — oo, there exists 6 > 0 such that

Jl((wz)) > 6§ > 0 for z — oo. To proof that the embedding of the space By w2(R) into L7,(R%)

is never compact let us take any fixed f € Bp (R?) and define a sequence (f,)nen, Where

fo = w; (tn)Ly, (f). Since w;y = ws, there exists C’ > 0 such that wy(z) < C'wy(x) and so
the sequence (fn)nen is bounded in BY1:%2(R?). Indeed, we have

1allg? = llwr (En) Le, (F)IF502 = wi (E) | Le, ()55
< wy! (t) max{wa (tn), wa(ta) Y| FI15152
< wy ! (tn) max{wy (tn), Cwi () L F11 55

m.p.q
= max{1,C"}|f|

w1, W2
™P,q

Now, we will prove that there would not exist a subsequence of (f,,)nen which is convergent in
L7 (R%). The sequence in the above certainly converges in the vague topology. Indeed, for all
k € C.(R?), we get

[ stk = | / Wit L, (@)K

1
_ ) / Ltnf(a:)k(x)dx‘
1 U}l,ﬂ)g

Since the right-hand side of (3.2) tends to zero as n — oo, we have

fr(x)k(z)dz — 0.
Rd
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Finally by Theorem 3.1, the only possible limit of (f,) in L"(R?) is zero. It is known that the
function  — || Ly f||r0 is equivalent to the weight function v, i.e., there exist ¢1(f),c2(f) > 0
depending on f such that

c1v(z) < [| Lo fllro < cav(x)

for all x € G. Therefore

[ fallro = wit E) Lty (F)llrw 2 crwt (ta)v(@). (3.3)

Since % > § > 0 for all ¢, by using (3.3) we write

[ frllrow = Clwfl(tn)v(x) > c10.
This means that it is not possible to find a norm convergent subsequence of (f,,)nen in L7, (RY).

Theorem 3.3 For 1< q<p< oo, let wy, wy and ws be Beurling weight functions on R%.

If
w3 (x)
w1 (z)

(2) wy < wa, w3 < we and Iwuzgig

then the embedding of the space B;“lj;j;u; (R%) into L(p,q, whdu)(R?) is never compact.

does not tend to zero in R* as x — oo, or

(1) wy = wy = w3 and

does not tend to zero in R% as x — oo,

Proof (1) First of all, since w1 = ws > ws, there are constants Cy,C2 > 0 such that

P
w3 (r) < Cows(z) and wa(x) < Crws(x). This implies that By, > (RY) C L(p, g, whdu)(RY).
Let (t,)nen be a sequence such that t, — oo as n — oco. Since Z?Ei; does not tend to zero

in R* as * — oo, there exists 6 > 0 such that ws@) > § > 0 for # — oo. To proof that

w1 (x)
1

the embedding of the space B:fpjsjg (RY) into L(p, g, widu)(R?) is never compact, let us take
any fixed f € B;“lj;jg]g (R?) and define a sequence (f,)nen, where f, = wy ' (t,)Ls, (f). This

p
. . w1 ,w .
sequence is bounded in By, (R?). Indeed, we write

P P P
I fallrpia® = llwi " (tn) Le, (H)llrpa® = wi ()l Le, (F)l7pla

p
wi1,Wy

< wy () max{wy (tn), wa (t) Y| 17 b

P
w1, Wy

< wy ! (tn) max{w (tn), Crws (tn) | fllrpig
=max{1,C1}||flrp.q

™p,q -

Now, we will prove that there would not exist a subsequence of (f,,)nen which is convergent
in L(p,q,whdu)(R?Y). The sequence in the above certainly converges in the vague topology.
Indeed, for all k € C.(R?), we get

| [ dntakta)ae] = | /R 0t e, F(@) (o)

1
-—| [ L k(z)d ’
wl(tn) /Rd t"f(x) (I) r
1 1 R
< — k T’ n TS TN k r’ n :«thz. 34
< el < oI (3.0

Since the right-hand side of (3.4) tends to zero as n — oo, we have

fr(x)k(z)dz — 0.
Rd
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Finally by Theorem 3.1, the only possible limit of (f,) in L(p, ¢, w5dp)(R?) is zero. By Theorem
2.14, it is known that the function x — || L. fll, 4w
i.e., there exist ¢1(f),ca(f) > 0 such that

» is equivalent to the weight function ws,

Clw3( ) < ”wa”;0qu < C2w3( )

for all x € G. Therefore
1/
Since Z?Ei; > § > 0 for all ¢, by using (3.5) we write

1/

This means that it is not possible to find a norm convergent subsequence of (f,,)nen in L7 (R?).

pawy = Wi ()| Le, (Fllpgup > crwy (tn)ws(z). (3-5)

» > crwg 1(tn)w3(x) > 0.

p,q,w

(2) This part is similar to part (1). Briefly, the sequence will be formed as f,, = w; *(t,)
Ly, (f) and the rest.

Now, we will introduce a proposition whose proof is easy.

Theorem 3.4 Let wy ~ wy,ws and wy be Beurling weight functions on Rt and1l < q<
P P
p < 0o. Then the embedding Br.pq > (RY) into Brpq* (R?) is continuous if and only if ws < w1,
wy < Wy.

Theorem 3.5 Let wy, wo, wz and wy be Beurling weight functions on R and 1 < ¢ <p <

ws(2) does not tend to zero in R as x — 00, or

) wy < we < wip, ws < wy and o ()
ws(x)
wa (z)
Ewg does not tend to zero in R* as x — oo, or

4) wy < wy < wi, wy < wy and 4 Ew; does not tend to zero in R% as © — 0,

does not tend to zero in R% as x — 0o, or

3) wy < Wy,

(
(2) w3 < W1 <X Wy, Wg < W2 and
(
(

P
then the embedding of the space B“j;’;”z (R%) into Bryg*(R?) is never compact.

Proof (1) Let us assume that wy < we < wi, ws < wi. Then there are constants
C1,Cy >0 such that w4(x) < Crwa(z) and ws(z) < Cowy(z). By Theorem 2.15, this implies
that B;“U;ZZZUQ (RY) C Brpq* (Rd) and the unit function i from By} *(R?) into Brpq* (R?) is

continuous. Now assume that — Ewg does not tend to zero in R% as © — oo and (fn)nen is a

bounded sequence in B“j;j;% (R%). If any subsequence of (f,,)nen is convergent in B“jf)j;% (R%),

then this subsequence is also convergent in Ly, (R?). However, this is not possible by Theorem
3.2, since the embedding of the space B;'f;jgjg (R?) into LI, (R?) is never compact.

(2) This part is similar to part (1).

(3) Let us assume that wy < wa, ws < wy < wy. Then there are constants C1, Co > 0 such
that w4( ) < Chwe(x) and ws(x) < Cowy(x). By Theorem 2.15, this 1mphes that Buj;jéuz (RY) C
Buf,?’,jlqu‘* (R?) and the unit function i from By (R?) into Buf,?’,,’,su“ (R?) is continuous. Now

assume that 4% ; does not tend to zero in R? as x — oo and (fy,)ney is a bounded sequence in

Buf,l,j}f2 (R%). If any subsequence of (f,,)nen is convergent in B;. 2:};4 (R%), then this subsequence

is also convergent in L(p, ¢, wid 1) (R%). However this is not possible by Theorem 3.3, since the
embedding of the space Buj;’;% (R?) into L(p, ¢, w}dp)(R?) is never compact.
(4) This part is similar to part (3).
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Theorem 3.6 For 0 < q < 1, let wy, wy and ws be Beurling weight functions on RY. If

w1 = wo = w3 and qui,gg does not tend to zero in R* as x — 00, then the embedding of the
space B’V (RY) into L(1, g, wsdp)(R?) is never compact.

Theorem 3.7 Let wy, wy, ws and wy be Beurling weight functions on R and 0 < q < 1.

If

1) wy < wy < w1, wy < wy and ws () does not tend to zero in R% as v — o0, or
w1 (x)

2) w3 < wy < wa, wy < wy and ws () does not tend to zero in R% as © — o0, or
w2 (z)

3) wy < wsy, wy < wy < we and wi@) goes not tend to zero in RY as x — o0, or
wa ()

4) wy < we < wy, wy < wy and wa(@) goes not tend to zero in RY as x — 0o

( » W3 wi(z) ’

then the embedding of the space B,’}’)” (R?) into Bt (R%) is never compact.

The proofs of Theorem 3.6 and 3.7 can be derived from Theorems 3.3-3.5.
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