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1 Introduction

In this paper, we consider the following one-dimensional multivalued stochastic differential
equation (MSDE in short):

{ dX; + A(Xy)dt 3 b(Xy)dt + o(X,)dWy, (1.1)

Xo=x€ D(A),

where A is a multivalued maximal monotone operator, W; is a one-dimensional standard Brown-
ian motion defined on some canonical probability space (2, F, P), o and b are continuous maps.

Except for the multivalued ordinary differential equations (see [1] or [2]), the multivalued
stochastic differential equations (MSDEs) with Lipschitz coefficients have been considered re-
cently (see [6, 3] among others). The MSDEs have a great deal of applications in many areas
(see, e.g., [4]).

In practice, we often need to deal with equations with non-Lipschitz coefficients. But un-
fortunately, there are few papers to deal with the MSDEs with non-Lipschitz coefficients. In
this paper, we prove the existence and uniqueness of the solution to equation (1.1) in the non-
Lipschitz case. The existence of weak solution is obtained as [3]. For the uniqueness, we use
the Tanaka’s formula and Le Gall’s method (see [5]). Moreover, we can have a bicontinuous
modification for the solution. But since we are dealing with multivalued operators, the biconti-
nuity can not be obtained simply as in the case of SDEs. However, we can get the result under

some conditions which are suggested in [7].
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The organization of this paper is as follows. In Section 2, we introduce notions and nota-
tions. In Section 3, we prove the existence and uniqueness. Finally, in Section 4, we give the

bicontinuous modification.

2 Preliminaries

Given a multivalued operator A from R to R, we define

D(A) :={zx e R: A(x) # 0},
Im(A) == | A),

z€D(A)
Gr(A) :={(z,y) eR*: 2 € R, y € A(x)}.
A~ is defined by: y € A7 (z) & x € A(y).

Definition 2.1 (see [1]) (1) A multivalued operator A is called monotone if
(y1 —y2, 11 —22) 20, V(21,91), (22,42) € Gr(A).
(2) A monotone operator A is called mazimal monotone if and only if
(z1,51) € Gr(A) & {{y1 — y2, 51 — 22) 2 0, V(22,52) € Gr(4)}.

We will need the following definition due to [3].

Definition 2.2 A pair of continuous and Fi-adapted processes (X, K) is called a strong
solution of equation (1.1) if

(i) X ={X;, F;0 <t < oo} with Xog =z and X, € D(A), a.s.,

(ii) K ={K;,Fi;0 <t < oo} is of finite variation and Ky =0, a.s.,

(ili) dX;, =b(X,)dt + o(X,)dW; — dKy, 0 <t < 00, a.s.,

(iv) for any continuous and Fy-adapted functions (o, 3), where o = {ou, F1;0 < ¢ < oo}
and B = {B, Fi;0 < t < o0}, satisfying

(o, Br) € Gr(A), Vtel0,+00),
the measure
<Xt — at,th — ﬁtdt> 2 0, a.s.

We collect here some facts about the maximal monotone operator which will be needed in

the sequel. For proofs we refer to [2].

Proposition 2.1 (1) For each z € D(A), A(z) is a closed and conver subset of R. In
particular, there is a unique y € A(z) such that |y| = inf{|z| : z € Az}. A°(x) := y is called

the minimal section of A, and we have

x € D(A) & |A°(z)| < +oo.
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(2) The resolvent operator Jy := (1+ XA)~! is single-valued and Lipschitz continuous with
Lipschitz constant 1. Moreover, 1,\1?8 Jyz =z for any z € D(A).

(3) The Yosida approzimation Ay = A\"Y(1 — Jy) is monotone and Lipschitz continuous

with Lipschitz constant % Moreover, as A | 0,

|A°(@)[, if x € D(A),

Ax(@) > A°(x) and | Az(z)] T{ too,  ifz ¢ D(A).

The following important proposition is taken from [3].

Proposition 2.2 Let A be a multivalued mazimal monotone operator, t — (X (t), K(t))
and t — (X'(t), K'(t)) be continuous functions with X (t), X'(t) € D(A), and t — K(t), K'(t)

be of finite variation. Let («, 3) be continuous functions which satisfy

(Oét,ﬁt) S GI’(A), vVt >0.

If
(Xy — ap, dKy — Bidt) >0, (X] — ay, dK, — Bdt) > 0,
then
(X — X{,dK; — dK}) > 0.
The following example and three lemmas which will be needed are taken from [7].

Lemma 2.1 Let p: RT — RT be a continuous and non-decreasing function. If g(s) and

q(s) are two strictly positive functions on R™ such that

t
o) <90+ [ alsdola(e)ds. =0,
then ,
) < £ (£(a0) + [ a(s)ds), (21)
0
where f(x) := f;o @dy is well-defined for some xy > 0.
Example 2.1 For 0 <7 < %, define a concave function as
() xlogz™!, x <,
py(x) = _ _

! nlogn~" + (logn™" = 1)(x —n), z>1.

Choosing xg = 1, we have

1
f(@) =10g (1), 0<z<n,
log x
fY(x) = exp{logn - exp{—z}}, x<O0.
If g(0) < n, substituting these into (2.1), we obtain

g(t) < (g(0))=®{=Joal=)ds), (2.2)
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For 0 <n < %, let p1,y, p2,, be two concave functions defined by

<=

zllogx=1]7, x <,
pin(T) = a1 o 1 i
s (?) ([10gn 13 —j[logn 15 1)w+3[10g77 Uity x>,
where j =1, 2.

Lemma 2.2 (1) Forj=1,2, p;, is decreasing in 0, i.e., pjn, < pjn, if 1 >m > n2.
(2) For any p >0 and n sufficiently small, we have

‘Tppg-,n(x) < P1pite (:Cj—i_p)v J=12.

Jjtp
Lemma 2.3 Let I;, I C R be two closed intervals and X (s,t), (s,t) € I1 X1z a stochastically
continuous process. Forn € N, let
Xn(s,t) :== X (s,t) AnV (—n).
If for every n there exist py, Cyn, ay, > 0 such that

E[sup 1 Xn(5,8) — Xp(s, )P | < Cult — [T, Wit € I,
sely

then X has a bicontinuous modification X. In particular, if p =py, > 1 and o = o, > 0 are
independent of n, then the paths I >t — )N(( -, t) € C(Ih) are B-Hélder continuous for every
B < ap~t.

Theorem 2.1 (Tanaka Formula) If X is a continuous semimartingale, then for any real
number a there exists an increasing continuous process L{(X), called the local time of X in a,
such that

t
| X —a] = |Xo — q] —|—/ sgn (X —a)d X, + L{(X),
0
! 1
(Xt — a)"‘ — (Xt - a)+ _|_/ 1(Xs>a)dXs + §L?(X)’
0

t
1
(Xy—a)” =(Xy —a)” —/ Lix,<oydXs + S LY (X).
0

In particular, | X —a|, (X —a)t and (X —a)~ are semimartingales.
3 Existence and Uniqueness

Assumption 3.1 o and b are continuous and bounded and satisfy
(1) there exists a strictly positive increasing continuous function p on Ry, p(0) = 0 and
Jou P (w)du = oo, such that

lo(z) —o@)* < pllz —yl), Va,y€R,

(ii) there exists a concave non-decreasing continuous function v on R+, ¥(0) = 0 and
fo+ ”Y*l(u)du = 00, such that

Ib(z) —b(y)| <~(lz—yl), Va,yeR.
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Lemma 3.1 (see [5]) If X is a continuous semimartingale such that for every t,

/t d(X)s ) _
0 a.s.
o p(X) O T

then LY(X) =0, a.s.
We now have
Proposition 3.1 Equation (1.1) has a unique solution under Assumption 3.1.

Proof (Uniqueness) Let X! and X? be two solutions for equation (1.1) on the same
probability space and with the same Brownian motion and initial value . Then X' and X?

are continuous semimartingales. By Theorem 2.1, we have
t
X} = X = 1900 = X+ [ sn (X1 = X2)(0(0X]) - o(X2)aW,
0

t t
+ / sgn (X! — X2)(b(X1) — b(X2))ds — / sgn (X! — X2)(dK]! — dK?),
0 0
Set X := X! — X2. Then

" d(X)s "o(X)) —a(X2))?
/0 Lix,>0) :/O p(XT — X2) 1(X;>X§)d8 <t

By Lemma 3.1,
LY(X' - X?) =0.

By Proposition 2.2,
t
/ sgn (X! — X2)(dK! — dK?) > 0.
0

Hence
t t t
E|X} - X7 <E| / b(X2) — b(X2)|ds| <E| / Y(IXE - X2))ds| < / Y(E|X] - X2))ds.
0 0 0

Since v(0) = 0 and f0+ v Y(u)du = oo, the equation y' = 7(y), y(0) = 0 has a unique
solution y = 0. Let v(t) = fot Y(E|X! — X2|)ds. The last inequality can be rewritten as
E|X}! — X2 < v(t). So v'(t) = v(E|X} — X?|) < ~v(v(t)). By v(0) = 0 and the comparison
theorem, v(t) < y(t) = 0. That is

E|X! - X?|=0, Vt>O0.
(Existence) Consider the following equation
dX] = b(XM)dt — A (X)dt + o(X[)dW,, X = (3.1)

Under Assumption 3.1, equation (3.1) has a unique solution X;* on (Q,F,{F;}, P). Since o
and b are bounded, the rest proof of the existence is straightforward as [3].

By Yamada-Watanabe’s theorem, equation (1.1) admits a unique strong solution.
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4 Bicontinuous Modification of the Solution

In the sequel, X7 denotes the unique solution of equation (1.1) with initial value x and C,

denotes a constant depending on p.

Assumption 4.1 Suppose that o and b are bounded and satisfy
lo(z) —o()I* < p3,(lx —yl) and |b(x) = b(y)| < pry(|z — yl).
Lemma 4.1 Under Assumption 4.1, equation (1.1) has a unique solution X;F. Moreover,
x>y implies P(X] > X/,0 <t < o0) = 1. (4.1)

Proof Obviously, o and b satisfy Assumption 3.1, so there exists a unique solution X.

Let z > y. By [8], the solution of the following equation

dX(t,2) = (X (t,2))dt — A (X (¢, 2))dt + (X (¢, 2))dW,,
X(")(O, x)==zx

has the property
P(XM™(t,z) > XM (t,y),0<t<oc0)=1, Vn.

Since X (™ (t,z) — X as n — oo, (4.1) holds.

Lemma 4.2 Under Assumption 4.1, for any p > 2 and t > 0, we have

E[ sup [X7 = XP] < Cylo -yt (42)
0<s<t

Proof Let Z,:= X? — XY, x > y. By Lemma 4.1, Z, > 0. Since

Zo=o—y+ [ B 0D+ [ o060 — o X, - [ laK - i)
0 0 0
applying Ito’s formula to Z?, we have

70 = 78 +p / 201 [b(X7) — b(XY)]du + p / 20 [o(X7) — o(XY))AW,
0 0

S 1 S
—p [z Ky -k + 5o -1) [ 2220 — o)) P
0 0

By Z, > 0 and Proposition 2.2,
(zP~1 dK* — dKY) > 0.

Using Assumption 4.1, Burkholder-Davis-Gundy’s inequality and Young’s inequality, we get
t t
E[ sup 77| <25+ G, / 28 p1y(Z)u] + O, / 257203, (2.
0<s<t 0 0

+GE[ swp | / 20 o (X3) - o (XYW,
0

0<s<t
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t 1
+ CPE(/ 222 g (X7 — a(xg)|2du) ’
0
t t
< m] [ 2z + G| [ 2t @l
0 0

t
—I—CPE( sup Zf/ Z572p§)n(Zu)du)
0

0<s<t

<z + o[ | 20 pu(Zdu] + G| / 22 (2]
+ %E[Oggtzg] + cpE[ /0 t 25*2,);77(2“)@14.

By Lemma 2.2,
t

t
E[ suwp 27| <225+ G,E| / pLp (Z)du] <22 + G, / oL (B[ suwp 22])ds.
0<s<t 0 0 0<u<s

Finally, by (2.2), we can get

E[ sup Zg] < ¢, zbeP =0t}
0<s<t

Since X[’ is continuous with respect to ¢, by the above lemma we obtain

Theorem 4.1 Let p > 2. For every t € [0, l?pp), the mapping v — X{ has a B-Hélder

continuous modification for 3 < e~Crt — %. Moreover, if T < l%ﬂ, then X7 has a bicontinuous
P

modification in (t,z) € [0,T] x D(A).

In order to get a bicontinuous modification of the solution on the whole space (t,z) €

Ry x D(A), we make the following assumption.

Assumption 4.2 Letn € (0,e™1) and v be a continuous function of the form

V(z) = zg(x),
where g is a positive continuous function on RY, bounded in [1,00), such that

o 9)
z10 logx

Besides, o and b are bounded and satisfy

lo(z) —a(y)|* < Cps, (| —yl),
|b(x) — b(y)| < Cry(|lz —yl).

Theorem 4.2 Under Assumption 4.2, there exists a modification X7 such that for every

i—exp{—C
t>0, z— X7 e C[0,t] is f-Holder continuous for every (8 < H.
—exp{—%
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Proof For e € (0,1), we let

2log(1 —¢)
T, := — o
Then
lim 7T, = oco.
e—1
Set o
I
ghi=(1- 5)2—01

Take . € (0, 5-) such that g(z) < &’logz~* for z € (0,4.). Then there exists C. > 0 such that

e'Cy|lx —ylloglz —y|~t, |z —y| < 4.,
bla) — b)) < § =l vlosle =yl el <o (4.3
Celz —yl, |z —y| > 0.
For every T' < Ty, set
C —1
pr(t) ::5(1—exp{—%(T—t)}> , tel0,7).
Then ¢ +— pp(t) is increasing and
—eCT. N -1
pT(O)>£(1—exp{— 82 5}) =1
Moreover, a direct calculus gives
/ c ¢ )
pr(t) = 5prt)(pr(t) — <) = S pr)(prt) — 1) + ' Cipr(t). (4.4)
Let f,, be a smooth function from R™ to R satisfying
fal@)=2z, z<n, folx)=n+1, z>n+1, f, >0, f <O0. (4.5)

Set

1
ZtI:Xtm—X;y—FEO, 0<€0<%.

Again let = > y. Then we obtain Z; > 0 by Lemma 4.1. Applying Itd’s formula to f,,(Z;)P7®),

we have
t
Fa(Ze)P™ ™ = f(Zo)P™ + a martingale + / pr(s) fu(Z5)77 ) log fn(Zs)ds
0

4 / Pr(8) Fu(Za)PT O f1(Z)B(XT) — B(XY)]ds

45 [ PO RZT O 2l ~ a(x) s
0

1

T3 / pr(8)(pr(s) = D fulZo)Pm D72 f1(Z)? o (XT) — o(XY)[Pds
0

t
- / () ful Zo)Pr O 1 (Z,)|AKT — AKY)

4 t
=: fu(Zo)P" ) + a martingale + Z/ &i(s)ds — g(¢).
i=1"0
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If | X — XY| < 6., then 0 < Zy < L and &(s) = 0.
By (4.3) and Assumption 4.2, we have
b(X3) = b(XY)| < —e'CL|XT — XY|log | XT — XY| < —'C1 Z; log Zi,
|o(X2) — o(XY)] < —C|XT - XY|*log|XT - X!| < ~CZZlog Z,.

So &1(8) + &2(s) + €4(s) < 0 since (4.4).
If | X? — XY| > 6., by (4.5), it is easy to see that there exist constants C, . such that

251(5) < On,sh(s)fn(zs)pT(s)a
where
h(s) := pr(s)(pr(s) — 1) +pr(s) +pp(s) > 0.
Hence

t
Fu(Z)PT O < £,,(Zo)P7© + a martingale 4+ C), / h(s) fn(Zs)PT®)ds
0

- / pr(8) fu(ZoPT O f1(Z,) (KT — dEY),

Taking expectation on both sides, we have

Elfa(Z0)"* O] < fa(Z0)"7©) + Co cE| / t B(s) fu(Zs)" ) ds|
0

—B[ [ pro) Az iz RS - aky)].

Obviously, h(s) < h(t), pr(s) < pr(t) and f, is bounded. Letting ¢y | 0, by dominated
convergence theorem, and (X7 — XY, dK? — dKY) > 0, pr(s) > 0, f;, > 0, we obtain

t
BIfa(XF = X7 O) < Fu(XF = XEP O+ Co [ [ (o) 1,(X2 = X2 ds].
0
Trivially by Gronwall’s inequality, we get

t
E[/a(X7 ~ X7 0] < fula — 57 exp{C.e / h)dsh, tel0.7).
0
When n is sufficiently large,
E[fn(XZ — X))Pr0] < (2 — y)PT O exp{C\ i}, t€0,T), (4.6)

where .
Chet = On,s/ h(s)ds.
0
Now we look for the T'(t,¢) € (¢,T%) such that

prte(0) -1 pr(0) —1
— = sup —21—.
Prt,e)(t) t<r<T. Pr(t)



330 S. Y. Xu

T(t,a)z—%log (1—\/5(1—exp{ —ETCt}))

Fix t € (0,7%). For any s € (0,t), let S5 :=T(t,e) —t+s. Then pp .« (t) = ps.(s). Applying

[t6’s formula, we have

We find that

Fa(Zo)Preo® = fo(Zg)prea® + / 1) (0) fu(Za)Pr @0 O (Z0)BXE) = b(XY)]du
0

1/ _ .
45 [ PO 2O 20X - a(XD)Pdu
0
1/ - N
5 [ Praa®Eren ) - D200 021 (2 0(XE) - o(X))Pdu

* /0 Pr(te) (t)fn(Zu)pT(t’E)(t)_lfrIL(Zu)[U(Xi) — o(XY)|dW,,

- / Pr(ee) () fa(Zu)PT 0 O f(Z,)[AK — dKY]
0

3 s s
= £.(Zo)PTe) () i (u)du w)dW,, — m(t).
f(w<>+;AnU + [ ) ®

0

When z is sufficiently small, zP7o®) logz—1 < CpaPTeo+a) gince Prte)+all) < Pre)(t)
for every a > 0.
If | X7 — XY| < be, then f,,(Z,)PT¢2 B log f1,(Z,) ™1 < Coet fr(Zy)PT o+ By (4.5),

3 s s
> [t < Cace [ gtz Oa
i=1 0 0

If | X? — XY| > 0., there exist Cy e such that

3 s s
S [ i £ Cas [ (27005 Ot
=170 0

By Burkholder-Davie-Gundy’s inequality and Young’s inequality, we have

IE{ sup fn(Zs)pT(t,s)(t)}

0<s<t

t
< Fl(Zo)Pre0® 4 Con e B / Ja(Za)reose O]

+ ok s | [ u(men 07 £ (Z0)l0(XE) - (X)W
0<s<t
_E[ sup / Pr(t,e) ( )fn( )pT(t’E)(t)ilfr/L(Zu)(def - ng)}
0<s<t Jo

t
an(ZO)pT(t,s)(t)+Ca)n1€7tE / fn(Zu)pT“fHa(t)du}

1
+—CgﬂhatE( sup fn(Z PTasﬂtL/‘f PTusHﬂ(”du>2

0<u<t

~E[ s [ prao@f (20O () @K - aKY)|

0<s<t
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t
< fn(ZO)pT(t’E)(t) + Ca,n,e,tE / fn(Zu)pT(t’EHa(t)du}

1
+ §E[ sup fn(Z,)Pree t)} + Cane, tIE / fn(Zy)Prees E)M(t)du]

0<u<t

B[ swp [ o @ (220 (20K - aky)|
0

0<s<t

So

t
E[ sup fu(Z,)7r¢0 O] < 2£0(Z0)100® + Cope B / fa(Zu)rreereOdu]
0

0<s<t

=28 sup [ pr (270 O (20K - dKY).
0<s<tJo ’

Letting €9 | 0, by Proposition 2.2 and (4.6), we get

E[ sup fu(xX7 - Xﬁ)ﬁw@] < 2fu(w = y)Preol

0<s<t

Caone, tE / fn X?J Pr(t, E)Jr"‘(t)du}
- 2f"(x - )pT(t o (®) + Ca n,e, a / fn Xy)psu+a (u)du}
< 2fn(x - y)pT(t’E)(t) + Ca,n,s,t/ fn(iE - y)p5u+a(0)du
0

t
= 2fn($ — y)pT(t,s)(t) -+ Ca,n,a,t / fn($ _ y)pT(t,5)+a(t—u)du
0

< Oa,n,s,t|33 _ y|pT(t,5)+o¢(0)_
Consequently,

E| sup |X,(s,2) — Xn(s, y)|pT(t’5)(t)} < Canetlr — y[Preer+a(0),
0<s<t

where
Xn(s,z) == (—n) VXTI An.

Since

C{%pT(t,s)m(O) = Pr(t,)(0),

by [9, Theorem 2.1}, X,, has a modification such that for every 3 € (0, (pr,)(0) — 1)p;(1t (1),
z— X, (-,x) € C[0,t] are 8-Holder continuous.
Furthermore, letting € — 1, we have lirri Pr(t,e)(0) = pr(e,1)(0). Set
E—

Be = ( (0)—1) g (t) : o gt}
= (pr,1)(0) — 1)p, ¢ '
i T(t,1) T(t,1) 1 1 exp{—%t}

By Lemma 2.3, 2 — X* € C0,¢] is f-Holder continuous for 8 < f;.
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