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Abstract The authors prove a new Carleman estimate for general linear second order par-
abolic equation with nonhomogeneous boundary conditions. On the basis of this estimate,
improved Carleman estimates for the Stokes system and for a system of parabolic equa-
tions with a penalty term are obtained. This system can be viewed as an approximation
of the Stokes system.
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1 Introduction

Local Carleman estimates for elliptic and parabolic equations have been known since [1, 7]
and among other examples of applications they turned out to be essential for proving unique
continuation properties. Global Carleman estimates for parabolic equations with homogeneous
boundary conditions have been obtained by several authors in the recent years (see for example
[9] for L?(0,T; L?(€2)) right-hand sides and [13] for L?(0,T; H1(2)) right-hand sides). They
have been extensively used for obtaining observability inequalities in controllability theory and
stability results for some inverse problems.

In the case of elliptic equations with nonhomogeneous boundary conditions and H~1(Q)
right-hand sides, sharp Carleman estimates have been obtained in [12] and this result turned
out to be essential for obtaining estimates on the pressure in the context of controllability for
the Navier-Stokes equations (see [5]).

The main object of the present article is to obtain a similar result of global Carleman
estimates for general parabolic equations with nonhomogeneous boundary conditions and right-
hand sides in L?(0,T; H=*(2)). To this aim, after localization and a change of coordinates,
we use a factorization of the operator and successive estimates for first order pseudodifferential
operators in order to obtain the Carleman estimate. The article is organized as follows. The
main result together with its complete proof is precisely given in Section 2. In Section 3, this
result is applied (using also the estimate for elliptic equations) to the Stokes operator. In
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Section 4 it is applied to a compressible Stokes operator where the incompressibility condition
is approximated by penalization. In Appendix, we give some useful technical results on calculus
for pseudodifferential operators depending on a parameter.

First of all, we need some notations which are introduced below.

Set B(Zo, ) ={T |7 € R™, |T — Tp| < d}. v is the outward unit normal vector to 9 =T,
Z auyzaz . Q=(0,T)xQ, X =(0,T) x99, Q, = (0,T) X w, where w is a

4,j=1
subdomain of Q. £(X,Y) is the space of linear continuous operators acting from a Banach

and aUA

space X into a Banach space Y, and [L, A] = LA — AL is the commutator of operators L and
A. Let

D= (g 15s) P (o )
D= (i o) = Ty

0 0 0 9] 0 0
Vo (2 ) V() Ve (),

gl = (507"' agnfl)a é.: (517"' agn)v 5: (505"' 7571)7
T= (21, 1), x= (20, ,20), @' = (To, "+ ,Tn_1).

By (&) we denote the Fourier transform of the function w(z’):

u) = (2;)% / u(z')e 0 da

We use the following functional spaces:

1,2 _ Jy 3224 0y 2 .
H (Q)_{y %’M’a—u’yEL (Q)7 Vk,]E{l,"-,’rL}},
W(Q) = {y]u 5L € 2@, Yie (1 2L e O.TiH @),

HAH (R?) = {y<x1,~-~ @)

_ 1 1\ 12
A (1 Flalt+ Z &) e < oo}
i
The space H%*%*S(R") is the space H13 (R™) equipped with the norm
1
1Yl 230 gy = (lyl% 5. bam T1 sl [1yll72 @))%

2 Statement of the Result

Let © be a bounded open set of R™ of class C2 and let I' be the boundary of Q. We consider
a solution y € W(Q) of the following linear second order parabolic equation:

d ~ 9 0 -
L(z, D)y = 3—50 - Z 3—%(%%90)87%) +;bg‘( +Z 7o (i@)y) +d(@)y
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where

aij € C*(Q), bj,c;,d e L>®(Q) fori,je{1,--- ,n},

ajj =a;; fori,je{l,---,n}, (2.4)

and the coefficients a;; satisfy the standard ellipticity condition

n

3B>0,VneR™, VreQ, Z aij(x)nin; > Bnl*. (2.5)

i,j=1
On the other hand, we assume that
feL?)Q), f€Ll*Q), Vji=1,--.n, (2.6)
and g is the boundary value of a function in W(Q). For the sake of simplicity, we will assume
ge H13((0,T) xT) = Hi3(X). (2.7)

Our goal is to obtain a sharp global Carleman inequality for solutions of (2.1)—(2.2). In order
to formulate our main result, we first have to introduce a suitable weight function.

Lemma 2.1 Let w be an arbitrary nonempty open set such that w C . Then there exists
a function 1 € C?(Q2) such that

=0, onl,
V(@) >0, VzeQ, (2.9)
[Vy(Z)] >0, VieQ\w. (2.10)

Proof Let us consider a function § € C?(R™) such that
Q={z|6(z) <0}, |VO@)|#0, VIecd. (2.11)

By the theorem on density of Morse functions (see [2]), there exists a sequence of Morse functions
{0k()}72 such that
O — 0, in C*(Q), ask— +oo. (2.12)

We construct a Morse function pu € C2(Q) such that
ploa =0, |Vu(@)| >0, Vied. (2.13)

We denote by B = {Z € R" | V() = 0} the set of critical points of functions . Since
[VO||ac > 0, there exists an open set © C R™ such that

onB=10, 9Qco. (2.14)
Let e € C§°(©), elaa = 1. We set ui(T) = 0, (%) + (0 — 0x)(Z). It is obvious that
finloq = 0. (2.15)
By the definition of function e(Z), we have

Vu(T) = VOL(T), YT eQ)\0. (2.16)
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For all & from the set © N €, there holds
Vur(x) = VOL(T) + e(z) (VO — VO)(Z) + Ve(z)(0 — 0i)(T). (2.17)
By (2.12) and (2.17), for all € > 0, there exists ko(¢) such that on the set © N Q, we have
IVik(2)] = [VOL(@)] = [lell o1 ey (VO = VO (@) = llellcr oy (0 = 0x) (@) = [VOL ()| — €, (2.18)

where k > kg.
From (2.12), (2.14), (2.16) and the last inequalities, there exist € > 0 and k such that

|Vuz(z)] >0, inO©NQ. (2.19)

Set u(z) = pg(Z). By (2.15), (2.16) and (2.19), the Morse function () satisfies (2.13).
We denote by 9N the set of critical points of function u:

M={zZ €R" [i=1, 1}

Consider the sequence of functions {l;}7_; € C*°([0, 1];R™), such that

ll(t) EQ, Vit e [0, 1], ll(tl) #lz(tg), th,tz S [0, 1], tq }étQ, t=1,--- .7, (220)
lz(l) :/x\iu ll(o) € wo, i= 17 T (221)
ll(tl) }é lj(tQ), Vi }é 7 th,tQ S [0, 1], (222)

where wy is a nonempty open set such that @y C w. By (2.20)-(2.22), there exists a sequence
of functions {w»}7_, € C?(R",R") and {e;}}_, C Cg°(9) such that

dl(;f) =wD (), Vtel0,1],i=1,---,m (2.23)
suppe; C Q. i=1,--- .71, (2.24)
suppe; Nsuppe; =0, Vi #j, (2.25)
ei(li(t)) =1, Ytel0,1],i=1,---,r (2.26)
We set
VO(F) = e (@)w ().
Consider the system of the ordinary differential equations
dz V&), #0) =7
T z), x(0) = To. (2.27)

We denote by Sgi) : R™ — R™ the operator such that Sgi) (Zo) = Z(t), where Z(t) is the solution
of problem (2.27).
By (2.21), (2.23) and (2.26), we have

Set
U(@) = g (@), -3 =5 08P 0087 (7). (2.28)

By (2.24), there exists a domain & C R” such that 9 C & and

SV@E) =7, VIes, i=1,-r (2.29)
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By (2.29), the mappings Sy) are diffeomorphisms on the domain 2. Therefore g, is a diffeo-
morphism on the domain Q. By (2.29), ¢(z) = p(Z), V& € &. Hence

Y[on = 0. (2.30)

We denote by W the set of critical points of function . Since the mapping g, : 2 — Q is a
diffeomorphism, we have
U ={7Ze€N|g(x)ecMm}. (2.31)

By (2.25) and (2.29), we have
gr(li(0)) =24, i=1,---,r (2.32)
It follows from (2.31) and (2.32) that ¥ C wy. The proof of the lemma is complete.

We say that the function

La(x.§) =i+ Y ajm(2)86
k=1
is the principal symbol of the operator L(x, D).
For functions f(z,§) and g(x,&), we introduce the Poisson bracket

N~ (9f 99 _ 99 Of
{fag}—jz_%(a—gj%j—a—gja—%)-

Henceforth, Im and Re denote the imaginary and the real parts of a complex number,
respectively.

Definition 2.1 We say that the function o(z) is pseudoconver with respect to the symbol
Lo(z,€) if there exists a constant C > 0 such that

Im {ZQ(:E7§0, Z)a L2(Ia€07 C)}

|s]

>0, V(2,§s) €Q\QuxS,

where
§= {(.%',578) | MRS Q\Qwu M(gas) = 17 L2(x7§072) = 0}7
~ 0 0
(= (& Hilslgr o & tilslg),

MEs) = (G+ 26+
1=1

Now, using this function v, we construct two weight functions

M (T) (@) _ 2MYlloo @)
€Tr) = — oa\xr) = 5 233
(@) = ey alo) e (2.33)

where k > 2, A € R, A > 1 will be chosen later on large enough, and

Le C™0,T], {l(zg)>0, VYaoe (0,T),

lxg) =9, Vg€ [O, %], lxog) =T —x0, m € [%,T]
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Proposition 2.1 Let the function « be given by (2.33). Then there exist X and C such that

_ - e ) M@
Im {Ta (2,80, €), La(,0,0)} 2 Cls|N s M? (¢ sm) (2.34)

for all (z,€,s) €S and X\ > X. Here \ is independent of s and C is independent of s and .

Proof We introduce the following notations:

/ jri >p(x op(x
p(a)(x,ﬁ) = 0, p(x,§), p(“)(x,ﬁ) — M7 iy (,€) = p(z, )

06,0¢; dxj
Va = (0, g—Z, - g—;), a(x,g,ﬁ) = ijil ai;&mj.
After short computations, we obtain
s el 0) =i 5 Tale0.0) = =i
%l&(%fmn) = Ly (m)(, €,C) +1ils |ZL k) x €07C)8xi280;m7

0 T (,60,0) = Loy, € —||ZL &)
8$m 2(Z, S0, 2,(m) JI 07 s z 07 8$k8$m

Then

Im{fg(x,fo,2),1/2(&5,5075)}
=Im (ngk) (x,go,z)Lz,(k) (x,&0,C) — Lo (2 5070 (35 50,0)
k=0

Simple computations provide the following formulas:

0 — = 0 ~ 0 — = 0
Im (8_&3L2(x7§0,<)a—$0L2(I,€O7<) B 6—%L2(I’€0’<)8_§0

~ "o SO
=t (= i(Lo,0) (@, €0,C) + il Z L ’@vﬁo’%xigxo)

L2($v§075))

_I(Lz o ( £0,C) — s |Z 15" (. &, ) 8xm8xo))

2

8Im8170

= — 2Ly (o)(,&) + 25> Z Lém)(ac, 604)

m=1

+ 25%a,, (v, Vza, Vza),

where ag,(x,7,7) = ‘ a 2n;n; and
i,j=1

0 — 0 0 it
Im(8—&112(56750,()8—%[/2(%50,()—8—L2($ 50,4)85 2(2,60,0))

—TIm (Lé’

(‘T7€07<)(L2,(k)(x7§07<)+i|s| ZLé )(‘KI;?gOuC)axkaC; )

—Lék)(xvﬁo,é)(Lz (2,60, C) — il |ZL(k) (@ 50’06:61@30; ))
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= — Ly (2, |51V a) (Lo, 9 (2,€) - Ly, <k><x,|s|%>> L8 (2, €)Tm Lo, (1) (6o, )

(m 0%a - (m 9%
+|s|L8” ZL Fordo 18 L8 (x, |s| V) ;L z,|s 'Vo‘>7axkaxm
—Lé’“(w,|s|Va><L2,<k><x,£>—Lz (@, 15]Ve) + L (2, )Im Ly, g (, &0, Q)

(k) ~ 1 (m) 0%a Lo 0%
+ [sIL3 <x,£>;L2 (2:6) 52— + 81287 (2, sV ) mZ:lL 7, |8 Va) oo —.
Therefore

1 _ = ~

_Im{LQ(xvg()aC)aLQ(Ia€07<>}

1 0 ~ 0 — = 0 ~
=5lm (Z 35 z,80,¢ ) Ly 1 (2,&0,C) — a—uh(ﬂ?,fo,@a—&h(%ﬁo,é))
=L 2nL<’“>% Do o Via,V
= — Ly o)(x,8) +s ; 5 (, Q)M+ 8% az, (z, Vza, Vza)

— LY (1, [8]V0) (Lo, oy (. §) = L8 (&, |5V ) + LE (, |s| V) Im Lo, 1) (2,0, C)

- k m k s m s 8205
+ D (1LY (@ L™ (2, ) + 18|57 (2, |5 Vo) L™ (2, |5 V) 5.
m,k=1 LkOTm
Observing that Bmkam = (\? 88;/; Baa:/:n + )‘amkamm)i: , we have
- ~ ~ 0
k m k m
I= 3" (SIS (@, ) LY (2,€) + |s| LY (2, 5| Va) LY™ (x, |5 V)
i 8xk8xm
ezw(z) ) e
NJsl (a(a, & V)? + 2 r—ale, Vo, Vau)? ) S
n B N A
+ Z |L(k) (x, &)L m)(x,ﬁ)—i—|s|Lék)(x,|s|Vo<)Lém)(x,|S|Vo<)))\wwwme€—ﬁ.
m,k=1
Since (z,&,s) € S, the following inequality holds:
~ |/~ e M2
a(z, &, Vza)? = s%a(r, Vza, Vza)® > C‘ ({,sé—ﬁ)‘ .
Taking h sufficiently large, for all A > :\\, we have
e e My |2
I>—C|| ( 3—) . V(z,6,5) €S, (2.35)
gn
where C is independent of (A, z, &, s).
Finally, observing
€0l < la(z,&, |s|Vza)|, V(x,§,5) €S,
from (2.35) we find

M (@@ AU(T)

I1>—C , , Yz, & s) €S, 2.36
> SO M (G5 ) Ve (2:36)
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where C is independent of (A, z,£,s). On the other hand,

e
0x1,0xg

— Lo oy(z,6) + 25%a,, (z, Vza, Vza) + s Z Lék) (z, 604)
k=1

= L") (&, |51V 0) (L () (@,€) = La,omy (@, 151V)) + L5™ (2, |5V a) I Ly, (o) (2, €0, C)
e e
Inequalities (2.37) and (2.36) imply (2.34).
We formulate our main Carleman estimate for the parabolic equation.

Theorem 2.1 Assume that (2.3)-(2.6) hold. Let y € W(Q) be a solution of (2.1)~(2.2).
Then there exists a constant X, such that for any A\ > X there exist constants C > 0 independent
of s and so(N), such that

LI~ 9y
s/ng;’axj

1 2
SC(S*%HprﬁgemHiﬁ’%(z) + s*%l\wﬁﬁgesaH%z(z) t2 /Q %e%adx

2
e dr + s/ <p|y|262so‘dx
Q

+ Z/ |fiPe**da +/ swlylzezsadx), Vs> 50> 0. (2.38)
j=17@Q Qu

Remark 2.1 (1) By a density argument, it suffices to prove the result when the solution
y is assumed to be more regular, namely y € H%?(Q) and the right-hand side has a compact
support. Actually, there exists a sequence of {f* fF - fk gkl € (Cg°(Q))"+! x C§° (%)
converging to {f, f1, -+, fn, g} in L2(Q)" x H#2(X), such that the corresponding solution

n k
y* to problem (2.1)-(2.2) with right-hand side f*+ 3 % and boundary condition ¢* satisfies
g=1 "7
y* € HY2(Q) and
y" =y, in L*(0,T; H'(Q)).

Hence, it suffices to prove the estimate (2.38) for solutions y € H?(Q) and the terms of the
right-hand side which have compact supports in @ and 3.

(2) Without loss of generality, it is sufficient to consider the case where b; = 0, ¢; = 0 and
d = 0 as the first and zero order terms in (2.1) can be added to the right-hand side and the
corresponding terms in (2.38) can be absorbed by the terms on the left-hand side by choosing
Sand A large enough.

The proof of Theorem 2.1 is divided into several steps and will be the content of the next
subsections.

2.1 Localization in space and time

For every § > 0, we can consider a covering of Q = [0,7T] x Q as follows:

I
QcQ,u ( | B, 5)), (2.39)
k=1
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where Qo = (0,T) x Qq, Qo C Q, T, € (0,T) x 00.
Let (ex)i_, be a corresponding partition of unity, i.e.,

eo € C5°(Qo), er € C(B(Tg,9)), k=1,---,1,

I
ep(x) >0, k=1,---,1, Zek(:v)zl, Vo eQ.
k=0

‘We now define
yp(x) = y(z)ex(x), k=0,--- 1.

n

Then if L(z, D)y = 8—% - % (@i 66 ) (recall that from the previous remark this corresponds
ij=1 "

to the general case), we have

L(z, D)y, = [L(z, D), ex]y + exf + 6<e’“fj) -3 fj%, in Q, (2.40)
J

yr = geg, on (0,T)xT (2.41)
for each k =0,---,I, and
suppyo C Qo, suppyr C B(Zy,d), k=1,---,1I. (2.42)

Notice that the commutator [L,ey] is a first order operator and that ey f; and fjg%’; have
compact supports in B(Zy,d) for all k =1,--- 1.
Assume that the assertion of Theorem 2.1 is true with the additional assumption that
suppy C Qo or suppy C B(Z,d), Z € (0,T) x 9.
I

Then, as y = Y yg, we have (the letter C' denotes various constants independent of s)
k=0

/Q( Z‘ay‘ + syl ) 250‘dx<02/ %‘ +S¢|yk|2)e25adx

|f€k|2 e?sadx

+ 8_%H<P_i+%9€kesa||%2(z) +

<CZ (S 2|~ gere™|?

Hi 2(2) 52902
— [ |f?
+Z/ |f]ek|2 2sad + 22/ J2 e2sadx+/ |y|2625ad517—|—/ S(p|yk|2e2sad$)
—/e ¥ Qu
<C 7%H -1 esa”Q 2” -1+ esaH2 + = |f|262sad
sCls 2]y 49 (s s 2y 9 L2(%) 52 z
n
+3 / |f[2e2da + / ly|2e®odz + / s<p|y|2625adx). (2.43)
j=17@Q Q Qu

Now taking s sufficiently large, we obtain (2.38) for s > 5. Therefore, it is enough to prove
Theorem 2.1 in two cases:

(i) suppy C Qo,

(ii) suppy C B(z,0), T € (0,T) x 09.

Case (i) immediately follows from [13]. So, we will concentrate on Case (ii).
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2.2 Change of coordinates

Let us take Z € (0,T) x 082, 6 > 0 and a solution y of (2.1)—(2.2) such that suppy C B(Z, J).

By (2.10), there exists a § > 0 sufficiently small, such that for some index ig € {1,--- ,n},
o _ ~ ~ .
3 (x) #0, VZ such that (zo,7) € B(Z,9).
$i0

After renumbering, we can assume that igp = n and without loss of generality, we can assume

that
o
oxy,

We now take the new coordinate system

—Z(Z)#0, VI such that (zo,%) € B(Z,0). (2.44)

Tp=(x1, - ,2p), Ti=ux;, =0,---,n—1 (2.45)
Since ¢ = 0 on T, in the new coordinate system ((0,7") x 9Q2) N B(Z, ) corresponds to Z, = 0.
Writing
/y\(/x\Ou/x\la e 7&:\77,) = y(‘TOuxlu e ,J/'n),
from (2.1)—(2.2), we find

- 0 _ Y N~ T o
L@, D)y =a0o5— — =5 — Onj=—= — Ay + By
(& D)j = aog - = 5= Z“ T

T] x R*! 2.4
;6@, in [0, 7] x R"™" x (0,7), (2.46)
7(@,0)=g(@), on[0,T] xR 2= (2o, ,Zn_1), (2.47)

and 7 vanishes in a neighborhood of the set (90B’(0, ) x [0,7])U(B’(0,6) x {~}) with B’(0,4) =
{Z/ eR" | |7/| <6} and &' = (To, -+, Tn_1)-
Now we want to show an inequality analogous to (2.38) corresponding to the weight function

p(@) = . (2.48)

More precisely, we want to show that there exists a constant X such that for any A > /)\\, there
exist sg and C > 0 independent of s such that for all s > sq,

1 0712 . & 1n
[ (ST w)os
[0,T]xRm=1x[0,4] *S¥ = Ox;

______ Ll li1
<C(3 2”90 4965(1”2%%([ T]XRnfl)—i—S 2|gT Tt g ||L2(0T]><R" 1)

" ~/[0,T]><R"1><[07,Y] ( + Z |f | ) 2sad§)' (2.49)

In (2.46), the operator A has the form

- n—1 R R aQ/y\
Ay = Z aij(x)iaﬁaﬁ, (2.50)
10X

ij=1
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and the operator B is a first order differential operator with L>° coefficients. We have already
seen that we can ignore the first order terms. We also omit from now on the notation ~. Then
we can write

Lo D)y = a0 = gz~ 2 i oz, ~ A
=f+ zn: CZER [0,T] x R"™ x (0,7) (2.51)
~ 817]7 ’ ’ ’
y(2',0) = g(2’), on [0,T] x R" !, (2.52)

and
y vanishes in the neigborhood of the set (9B’(0,4d) x [0,7]) U (B'(0,8) x {v}). (2.53)

Here ag € C*(Q) is a strictly positive function. Notice that f, f; also have compact supports
in B’(0,d) x [0,7) and that g has a compact support in B’(0,d). Moreover, if we write

n—1

a(x,&,6%) = Y ai(2)6) & (2.54)

i,j=1

for z € R"™! and €', £2 € R"~1, we have an ellipticity condition corresponding to (2.5), namely,
there exists 4 > 0 such that for all £ € R",
€+ Z anj (2)En &5 + a(x, £5,6%) > BIE]?, Va eTls, = B'(0,6) x [0,9], (2.55)

where £* = (&1,-+,&,-1) € R*71. This shows that

39 >0, Ve e R, [ =1, iz, &, €7) (Zam J) >9. (256

2.3 Localization in time

From now on, it is convenient for us to work with the function w(z) = el*l*y(z) instead of
y. The function w verifies the equation

L(z, Do, D +i|s|Vza)w = F, in [0,T] x R""! x (0,7), (2.57)
w(z',0) = gel*l, (2.58)
suppw C I, = B'(0,8) x [0,7), (2.59)
where F(z) = Fy + Z aFk , Fy = elsloy — E |s |6"‘ fielsle — s | cw, Fi = frelsle. Since

=
the function a has smgulamtles at ro = 0 and x¢g = T, it is the same for some coefficients of
equation (2.57). We overcome this difficulty by using a localization in time.

Let ¢ € C° (3,2) be a nonnegative function such that - »(279z0) = 1 (we may take

j=—00

P(z0) = B(x0)—B(20) where 3 € C5°(—2,2) and B(x0) equals 1 for 2| < 1). Denote 1;(zo) =
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V(2T a0), p1(wo) = V(Femy); iy (@) = ¥ (7amy)s W5 (w0) = pj1 (w0) + py (w0) + 11 (o) and

w; (@) = py(@o)w(e), Fiy(x) = (o) Fu(a), g;(x) = s (wo)g()ello.
The function w; satisfies the equation

~ O n OF.; . N
L(z, Do, D +i|s|Vza)w; = a—xgw + Foj+ ; 87;:’ in G=R" x (0,7), (2.60)
w;(xo, -+, Tn—1,0) = gj, (2.61)
suppw; C Il . (2.62)
Suppose that for a function w;, the following Carleman estimate is already established:
S oot i G * Wbl
P Oz L2 (@) J
11 J1 141
<C(Is ™0 g5 p4.4 gy + 57307 R g2
ou n
Bzow + Fo j )
e Fy. i v 1 2.63
o i T 2 Beali)) Ye> s> 1 (2.63)
where C' is independent of s and j, and sg is independent of j.
Observe that
supp jtj Nsupp puy 7 0, supp fi; Nsupp iy # 0, only if [k —j| < 1. (2.64)
Let f,h € L?(G) be arbitrary functions and JTJ = ujf, 7Lj = ﬁjﬁ By (2.64), we have
S @ <clf@b. Y l@P < @R voed. (2.65)
j=—00 j=—00
Therefore
> Fo, FO
> (526t Z 1Fislitee) <352 o + Z 1Flee).  (2:66)
e Mse 5
Observing that 8‘” = —K[i; %E’, we have
opj w H / 2 e 1w
<c Y |y .
j;oo H Oxg spllL2 G Z ws e é"‘“ sollz) = j;oo Hitsoll e
Using (2.65) again, we find
> |2 e (2.67)
Pt Oxg spllLzc) — spl=x 1L2(6)
Since the restriction of ¢ on the hyperplane {z | 2,, = 0} is independent of (a1, - ,2,_1), we

have

+oo +oo
3 [ et My ytr= S [ el 1 e

Jj=—o00" Jj=—00"
<o [ o Hlgteo I, dao
— e ’ H2 (Rn—1)
_1
<Cllg gl

(2.68)
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Next we observe

Z I %5113, 0 gy Z / lo™ %95 (o mn e an)l3 y  don i

j=—00 j=—00

Denote G; = supp p, hj = <p*Zgj, h = <p*%g. According to the definition of the norm in the
space H i we have

)2
Hh,( S, T 1 //|:UJ yOv (/Ljh)(xoa )| dIOdyO

lirdcs) = Iyo — xol?

V)2
<C// 3 (o) = s (xo) PlAkyo, DI

|y0 - l’0|2
. D21, 2
+C// y07 (‘TO? )l |/14](.’L'0)| dedyO
g; |yo - 5170|2
= C(I1(y) + 12(5))- (2.69)

We estimate the terms Iy and Is separately. By Young’s inequality, we have

Ilzzy/’J/ O R o, 21+ 2n1) Plyo — 20| Fdzodyo
g,J1-6.0]

1
sl/’J/ w1, 1) 0 — ol dzodyo 152 e
G;J[—4,0]

< Cllpillen @ llh(-x1, - @a-1) 1726,

Here ( is some number between zo and yo. Obviously,

1
H/LJ||01(R) < O(l + ||g0ﬁ('7x15' o aznflaO)HCO(gj))-
Next we notice )
2 e,
(zo) - L27%) TROS Y

Since ¢(-,x1, - ,Tp-1,0) = m, this implies

@('71;17"'7xn—170)€[2j_172j]7 oneg]

and
I <Clle 7% (- a1, 2n_1,0)g(-, a1, ,wn_l)lliz(gj>, (2.70)
h Yo, L1, " , Tp—1 —h Lo, L1y 3 Tp—1 2
L <l [ [ 2 )~ Al I o
RJG; |yo—330|2
|h(I0;Ila"' ,$n71)|2
< sy (140 sz DI e+ [ 1) gy
H4(z U gl) R\l U G’/g; |y0_5[50|2
=j—2 =j—1
1,1
C(Ih(- 21, zn)|? et mg(c ez )2 g,)- (2.71)

Here we used the fact that

1
/ —zdyp <C 3 dyo
R\ U o lyo — ol {lyol=>2-7-2} [yo|?

1=j—1

§C||907%('7x17"' 7xn—170)||200(gj)7 V:’Eoegj.
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y (2.64),

2
Z ||h( K2 TR 7xn_1)||Hi(g]~)

j=—00
< Z [A(- @1, Tn—1) 24 (s + Z e $17"',!En—1)”;%(g2_+1)
. .
j=—o0 =
S2Hh(7w17 71;77,—1)”2%(]1%) (272)

By (2.70)—(2.72),

o0
-1 1 2
D T 5 gy = Z I~ 0705113 0.3 g + Z I5~ 67265113 3.0 gy
j=—o0 j=—o0 j=—o0

o0

<O(Hs o 0120y gyt 2 (0) + 1))

1 1,1
C(lls~ 77 g2 ke TI8TTOTT R gl ge)- (2.73)

By (2.63), for any s > sp, we have

1 ,1%’ 2
L%(G)

bphu, |2
e IR LT ey

o0
1 1,1
<0 Y (I e gy 4 g, + 15T R g 0 e
j:foo

H 8—zo W+ FO’]
5@

LQ(G)) (2.74)

o Z P

Finally, we estimate the right-hand side of (2.74) by using (2.66), (2.67) and (2.73),

(7=
VA
|
[N
~G|
=
Q
¥|g

1 1
+ 570z wl7z g

k=1 k2@
HS 490 4g|| %%( _|_HS 490 I NngﬁRn
w 2
sl r s Fell; ) Vs > s0. 2.75
HS(pl_: LQ(G) Hs(p L2 G)+;H kHLQ(G) S S0 ( )

Using the definition of the functions Fj, and increasing the parameter sg if necessary, we obtain

(2.49) from (2.75). Thus, in order to prove (2.49), it suffices to prove (2.63). We concentrate
on proving this estimate below.

2.4 Auxiliary problem

In the previous subsection, we showed that in order to prove the Carleman estimate (2.38),
it suffices to establish a countable number of Carleman estimates for slightly simpler problems.
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We put all these problems in the following general framework. Consider the following partial
differential equation:

L(z,Do, D +i|7|VzB8)w = f, inG, (2.76)
w(a',0) =, (2.77)
suppw C Ils 5. (2.78)

Here fe H_%’_l’T(G), supprC IIs,, where the space HO%’l’T(G) can be defined similarly to
Hi2(R™) and

—l,—l,‘r _ %7117 * Y _ |<.]77w>|
H A6 = (HEY @ Il gr gy = s el
72" (@) HZT (@)
We take a function 8 such that
peld, (2.79)
where the set U is constructed in the following way. First, we extend a function ¥ (z1, -+, 2,)

on the set R"~1 x [0,~] up to a C? function in such a way that 1 is constant outside a ball with
a sufficiently large radius and ¢(z) < 2[[¢[|cog) on R"1 x [0,7]. (Here 4]l cogy is the norm
of function 1+ in the original coordinates.) We fix a sequence {x¢ ;} such that zo ; € supp u;.
The set U consists of the functions of the form

(e — ezxnwnco(ﬁ))fj(ﬂﬁog)'
25 (o)

The sequence of functions {ZJ} is constructed in the following way. We fix sufficiently large 3\
such that for all j > 7, supp p; C [0, Z1u [g,T]. There exist 0 < Ty(j) < T1(j) < T such
that supp p; C [To(4),T1(j)]- Hence, for j < j, we define K to be a smooth, strictly positive
function on [0, 7], which coincides with ¢ on the segment [TO( ) T1(j)] and is equal to some
constants on [T, +00) and (—o0, 0]. If] > 7, then supp p; C [27 5% 2 F|U[T—2-5  T—2-%].
Set £ = 2= on the segment [0 2- 2] and on the segment [2 Rl %] We extend ¢ as
a linear function in such a way that the resulting function is continuous. Slmllarly, on the
segment [T — 2- 4 ,T) we set /(zg) = T — 2=+, and on the segment [T — 2%, T — *f] we
let £ be a linear function such that the resulting functlon is continuous. Fmally, on the segment
[2*]_ T — 2’_] the function ¢ coincides with . It is not difficult to establish the following

properties for functions of the set U.

Proposition 2.2 (1) There exists a positive constant C' such that, for all 3 € U,

(;976(35)20>0, Vo ells,, %:O, Vie{l,---,n—1}, Vae{z, =0} (2.80)

(2) There exists a positive constant C such that
Im {fg(l’, 507 g_ 1|T|V‘x‘ﬁ), LQ((E, €07 g+ 1|T|v56)} > 6|T|M2(§, T) (281)

fOT all ($,§,T> € {(IafvT) | € Ht;o,’ya LQ(Iafoag_F 1|T|V55) = 0}7 where 50 > 0§ is some
constant independent of (3.
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Let us show that problem (2.60)—(2.62) can be reduced to problem (2.76)-(2.78). Set w =
Wy, f: g_géw—’—FO,J +kz 8{;}:7 Zi:g_h and
=1

B(z) = a(x)l(z0,5), Yo € supp iy, To,; € SUPP ;. (2.82)

Since
B(x) = a(x)l™(xo,5), Vw0 € supp py,

we have

L@Dmﬁ+mﬂhmw:M@Dmﬁ+WW#mw:L@Dmﬁ+mﬂVuwww»%

OFy,;

~ o
= L(z, Dy, D +i|s|Vza)w; = . w+F07J+Z pr

Next, we claim that the solutions of system (2.76)—(2.78) satisfy the following Carleman
estimate: there exist constants C' and 7y, both independent of 3 € U, such that

1
+ |72 w| L2 (@)

§ L2(G)

141 Y
Gl + 1Ty g) YTZTo (283)

1~
TGl 44 gy
Suppose for the moment that this estimate is proved already Let us show that it implies (2.63).

We know already that functions (wj,gj, azow + Fo; + E Ok, J) satisfy (2.76)—(2.78) with 7

and [ defined in (2.82). Making the change of unknown in (2 83), we arrive at the inequality

ZH( 05(z0,5) ) EZTMZ L2(G)+H(€“(|;(|)7j)>§wj’
|

<o((7) Mgl + () g e
r(o,5) TRHE 2R AR (20 5) JIEEED
T2 i)
8,’Ek Hié’il’(ek(zso,j))(g) ’

L2(G)

|

Ao ptjw + Foj + Z (2.84)

which holds for all 7 > 7.
Note that there exist two constants C; > 0 and Co > 0 independent of s, j, such that

1 1
< F(zp ;) < C ,
QO(J;Q,"' 7xn—170) o ( OJ) o 290(‘@07"' 7xn—170)

1 Yz € supp p;. (2.85)

Then the previous inequality can be written in the form
5 e 22
v afk

|s] ) T _141
< " n
—O((gn(xo)]) 1950 ;3.3 gy + 1 (lsl9) 1% gjll L2y

1 1
+ l1s|z p2w;
R [ P

o,
|t
sp

e +Z||ij||p ), Vs =0 (2.36)
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What remains to be shown is the existence of a constant C' > 0 such that

s| 71 B L
(Faey) 1900ty < COUSD F 05l gy + 1010)F 25120
Since (2.85) immediately implies the inequality
by < O (slp) -}
(W) ngHH“’%(Rn) = ||(|5|<P) ngIHO,%(Rn),

it suffices to prove
| \~1 1 ~1+1
(Fay) Ml by < CUISE) 05010 g +100l0) A g linam). (28)
Then, elementary computations provide that for any z¢ € Gj,

1
1

|h(1170)<ﬂii (IOa o, Tpn—1, 0) - h(iUO)‘P (y07 oty Yn—1, O)|2
— o T (20, , Tn1,0)(h(x0) — h(yo)) + P(yo) (@~ T (0 - s &n-1,0) = T(yo -+ ,Yn_1,0))[>
> o (20, s @1, 0)[?|h(z0) — h(yo)|?
- 4|h(y0)|2|¢_i($07 oy Tpn—1, 0) - @_%(y()a oy Yn—1, 0)|2
1\
> - _ 2
>0(gary) ) — hivo)

1
- 4|h’(y0)|2|¢ 4($07 U 7xn7170) - ¢

(Yo, Yno1,0)[% (2.88)

Using (2.88) and the definition of H3%-norm, we have

|S| 7% _ 1
(Ftay) ool < CI08) H il 4 0gen,

1 1
,Z,r,...,xn_,o— 2 7...771_,02
—1—\// // ™1 (o ; 1,0) 2<P (Yo _ Yn-1,0)] dxodyodwl---dxn_1>
Rn=176;0; Is% |~ (yo)|~2|zo — Yol 2

_1
< (10s19) 4 g5l 1.0 g

+\/ Lo st ) e @)l — ol deodgoda - da o
Rn=1JG;JG;

_1 1 1,1
<Cs19) 7 gill 1.0 gy + M8l 707 T g5l L2y ).

Thus estimate (2.87) is established.
In (2.76), without loss of generality, one can assume a,, = 1. The principal symbol of
operator L(z, Do, D +1i|7|Vz3) can be written in the form

Ly(x,&,7) =lao(z)é + Y anj(x)&k;,
kyj=1
where ( = & +i|7|V3. Consider the equation La(x,&,7) = 0. The two roots in &, of this
equation are

95(x)

+ /
axn +A (I’é.?T)?

i
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where

n—1 n—1 9
=Y an @) + J ~(ae,¢'.¢) +iao(@)g0) + (D ans(@)6;)
j=1 =1

and ¢’ = ¢ +i|7|V'B.
n—1
Let M= {(¢,7) [ &+ + X & =1} If
i=1

(:1:,5',7')6@2{( L& )EH(;.YXM‘— 2, () +iap(x (Zam CJ) ERL},

we assume that

Im | —(a(z,¢', ') + lag(2)Ey) + (2 anj(x)gjf

is positive. Therefore, outside the set ®, the functions A* are smooth. In order to regularize

this expression for A\*(z, ¢, 7) near (¢/,7) = 0, we consider v € C>°(R*) such that

v(t)
v(t)=1 fort>1,
0<w(t) <1, VteRH,

1
—0 fort [0,—},
orte 5

and determine A% (z, &', 7) as

Az Zam (2)¢; £ v(M(E, ﬂ)d (ala,¢', ) +iao (Zam

N

M) = (6 + S e+ )

j=1
We set
/ op N+ /
T:E(Iaf 77-) = |T|%($) +iA (Iaf 77-)7
and introduce the following sets

Y ={(¢,7)| 3z € 54 such that (z,¢',7) € P},
TE:{(gluT) |diSt((§luT)7T) SG}, Ti :M\T%

o).

(2.89)

We claim that one can take a parameter v > 0 small enough such that there exists a positive

€(7), which can be taken arbitrarily small, and a pair of functions {xo,x1} independent of

[ € U such that

X0, X1 € C*(M),

suppxo C YTe, suppxi C Y1,

xX0>0, x1>0, xo+x1>1 onM,
dist(7, (0,---,0,1)) — +0, asy — +0.
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Really, we observe that g—ﬁ_(x’,()) =0forie{l,--- ,n—1} and

min min{Re Z, —|Im Z|} < 0,
ze{z|z,=0, |z'|<d}

n—1 2
where Z = —4(a(x, ', (") +iap(x)&o) + ( > anj (x)cj) . Therefore, if a point (¢, 7) belongs to

j=1
n—1
T and M(£',0) > 0, the quantity > |T%| can not be closed to zero. Indeed, if 7 = 0, then
=1

¢’ is a real vector. Since ag is a strictly positive function, £ = 0. However, in this case, the
inequality (2.56) implies that Z is a negative number. This contradicts the fact (¢,7) € T. On

the other hand,
n—1

max Z ’575’ — +0, as~vy— +0.
J

Therefore, (2.93) holds true, and for sufficiently small positive e the choice of the functions y;
is possible.
Next, we extend x,, to the set {(&',7) | M (&', 7) > 1} by the formula

’ _ o & &n T
W€ = (g e e W)

Then we extend functions x, up to C*° function on {(¢',7) | M(¢',7) < 1}. Let x,(D’,7) be

the pseudodifferential operator with symbol x, (£, 7).
Applying the operator x,(D’,7) to the both sides of equation (2.76), we find

L(x, Do, D +1[7|VzB)wy = xuf = [ L, Do, D +i[7[Vaf)lw = fu, in G, (294)
wy(2',0) = (xu9) ("), 2/ €R", (2.95)

where w, = x, (D', T)w.
By Lemma A.4, we observe

Cllwl 1.

L(z, Do, D +i|7|Vz <"
H[X#v (Ia 0> +1|T|V16)]w||H7%u71!7(0)_ (1+|T|)17%

. wef{0,1}. (2.96)

2.5 Proof of the main estimate
First, we obtain an a priori estimate for the function wy = xo(D’, 7)w. We claim that there
exists a constant C' > 0 such that

]

l,l,ﬂ'
M) (2.97)

leoll p4.0.r ) < O(Hf”H*%’*“(m TR

Really, using the notations W = (Wy,Ws) and F = (O,ifo), where Wy = K(D/,T)’LUO, Wy =
g;”;’ - |T|%ﬁnw0 and A(D',T)wy = [p. (1 + M, 7)€ *) ¢’ we rewrite system (2.94)-
(2.95) in the form

gTW =K(z,D',7)W +F, inG, (2.98)
W (2!, v) = iW(J:’,”y) =0. (2.99)

oxy,
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Here we set

~ -~ 98
0 / gl
K(z,D',7) = |T|a—ﬁf—|— 0 AL, 7) + [A’ |T|8xn} ,
Tn K12(I,D/,T) KQQ(I,D/,T)
where
n—1
., 08 4 OB N~ . ~_
Kis(z,D',7) = j;l ag; () (Dj + 1|7'|8—x]) (Dk + 1|T|6—:vk)A 1(D/77-) +iagDoA 1(D/77'),

n—1

. ., 0
Koo(z,D',7) = —12 ajn () (Dj + 1|T|%)

j=1 J

The eigenvalues of the matrix K (z,¢’,7) are ro(x, &', 7). Therefore, by (2.93), there exists
a positive constant C' independent of 3 € U such that

1

n—1 1
Spec K (z,&',7) C {z €C:Rez> C({g + Z{;‘ + 74) 4} (2.100)
j=1

for all (z,&',7) € sy x (Y N{(¢,s) | M(¢',7) > 1}). Here Spec K means the spectrum of
K. We extend the symbol K (z,&,7) from Il5, x Tc on G x R"™! in such a way that the
new symbol K (z,&,7) € C18%57(G) and inequality (2.100) holds true on G x R with the
constant . Here and henceforth, we understand that C%S%%4(0) is specified in Definition
A.1 in Appendix. Moreover, the symbol K is independent of &’ if |2'| is sufficiently large. The
function W verifies

g_w = K(z,D',7)W + F, inG, (2.101)
Tn
W(a',y) = %W(z’,y) =0. (2.102)

n

Applying Lemma A.7 and using (2.96), we obtain (2.97).

Next, we obtain an estimate for the function wy = x1(D’, 7)w. The symbols ry (x, &', 7) are
smooth on Il , x T!. Our goal is to extend symbols 71 on the set G x R"!. First, for some
positive constant C, we observe

Rer_(z,¢',7) > CM(¢, 1), V(x,&,7)€lls, x Tl

Therefore, we extend the symbol 7_ to the set G x R**! in such a way that r_ € C'(}IS%J(G),
the previous inequality holds true with a constant % on G x R"*! and r_ is independent of x
for all |2'| > K,

Rer_(z,¢&,7) > %M({’,T), Y (2, &, 1) € G x R, (2.103)
Next we extend the symbol r,. Note that
—Rery(z,&,7) > CM(¢,7), V(2,&,7)e{(2,,7) |25y, (£,7)€dTL}.
Therefore, we extend r1 on Iy, x (R™™!\ T}) in such a way that

~Rery (2,6, 1)20M(¢,7), V(z,¢,7)e{(2,¢,7)|w€lly,y, (€ 7)ER™I\ T} (2.104)
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This is possible if the difference & — § > 0 is small. Then in the definition of the symbol of
operator A, we substitute the function 8 by Sx 1, where x 1 € Cg°(B(0,0")) and x _1|p(0,5) =
1. Finally, we extend r from Il5 - x R"*! on G x R™*! up to a symbol of a class C1,S217(G)
in such a way that the symbol r, is independent of z for all 2’ such that |2/| > C and

—Rery(2,&,7) > CM(,7), Y(x,&,7)e{(x¢,7)||>C, (¢ 7)eR" Y}

We denote by R (z, D', 7) the pseudodifferential operator with symbol ry (x, &', 7), namely,
Rei(z, D', 7)u(x) = / ro (2, &, T)a(E a)e ) ag’. (2.105)

Since 74 (z,&,7) € C182'1%(G), by Lemma A.1, we have Ry € L(H2"7(G); L*(G)). Using
these pseudodifferential operators Ry (x, D', 7), we construct two operators

L*(vavT) = % - R*(IaD/aT)a L+($,D,7’) = % - R+(I5D/a7’)'

Symbols of the operators L_(z, D, 7) and Ly (z, D, 7) are
L_(z,&,7)=i&, —r_(x,&,7), Li(x,&,7)=i& —ry(z,&,7). (2.106)
If supp @(¢', x, 7) C YL for any z,, € [0,7], the operator L(z, D, T) can be represented as
L(x, Do, D +i|7|Vz)w

_ (i ~R_(@.D'.7)) (% ~ R, D) )wt K(w)w, €0, (210)

where

<CO+r)*  (2.108)

o l T n n
Kuw € 10,7 L(HE R, LARY)), K@)l 30 0 <

for all x,, € [0,7]. Indeed, note that

0 0

(5o~ B0 ) (5,7~ Bee D7)
82 ! !

=92 +R_(z,D",7)Ry(z, D', 7)

n

0
— (R4 (=, D/,T) + R_(x, D, T))% — R+7(mn)(x, D/,T). (2.109)

According to Lemma A.3, the operator R_R; = R+ K;, where R is the pseudodifferential
operator of the form (2.105) with symbol 4 (z, &', 7)r_(z,£',7), and the operator Ki(x,) €

1

L(Hz'7(G),L*(G)) is such that  sup [[Ki(z,)|| < C(rer,ys merpy) < C(1+ |7])=. The
z,€[0,7]
operator Ry (. is the pseudodifferential operator with symbol %hr (x,&,71) € OngévlvT(R")

1

for any z, in [0,7]. By Lemma A.1, it belongs to L*>(0,~; L(H 217 (R"), L?(R"))). Next,

observe (R4 (z,D',7)+ R_(2,D',7)) 5% = 3 a,;(D; +i|7'|§75j) 9_ By Lemma A.3, we have

Oxp, Oxy,

R_(z,D',7)Ry(x,D',7) = a(z, D' +i|7|V'B, D' +i|7|V'B) —iDg + Ka(zn),
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where the operator Ky(x,,) € L(H=V7(G), L2(G)) is such that  sup || Ka(z,)|| < C(mer(ryy,
zn€[0,7]
o)) < O+ |7])%. Here and henceforth, we understand that the seminorm TCk(a) 18
defined after Definition A.1 in Appendix. This proves (2.107) and (2.108).
Denote the function Ly (x, D, 7)w; as z,

Li(z,D,7)w; =2z, inG. (2.110)
Consider the initial value problem
L_(z,D,7)z=fi —Kuw, inG, z(-,7)=0. (2.111)

By (2.103) and Lemma A.7, there exists a constant C' independent of 5 such that

lellzaie < COANL-31r gy + K0l g i ) (2112)
Now we concentrate on obtaining an a priori estimate for equation (2.110). We introduce the
operators
1
Q(z,D' 1) = §(L+(x, D,7)+ Ly(z,D,7)"), (2.113)
1
P(.’I], D,T) = §(L+(.’II, D,T) — L+(.’I], D,T)*)
= o LR, D7) — Ry, D, 7)) (.11
=% T3 +(z, D' T +(z, D", 1)). .
Therefore

Q(:I;aD/vT) = Q(anlvT)*u P(‘TuD?T)* = _P(anlaT)'

Then equation (2.110) can be written in the form
Q(x, D', 7)wy + P(x, D,T)w; = 2, in G.
Taking the L2-norms of the left- and right-hand sides of this equation, we have
[Qur |2y + [[PwillF2(g) + Re (Qui, Pwr) 2y = l|2l|72(q)-

Observe that

Re (Qw1, Pwi)r2(q) = (Qui, Pwi) 2y + (Pwi, Qi) 2
= ([Q, Plwi,w1)r2(c) — (Q(2",0, D', m)wi(-,0),w1(-,0))p2(rny. (2.115)

Therefore

1211726y = 1Qui |72 () + 1Pwill72(qy + ([Q, Plwi, wi)L2(c
- (Q(xlv Oa D/v T)wl( ) O)a wl( ) O))LQ(R")' (2116)

By (2.81), there exists a positive constant C such that
Re{Q, P}(z,&',7) > CM(¢',7) (2.117)

for all (z,€,7) € {(2,6,7) | 7 € Ty, Q(w,€,7) = 0, 7] > 1}, where & > 4.
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Proposition 2.3 Suppose that (2.117) holds true. Let w € H%*l(G) and suppw C Ilg .
Then there exist positive constants Cy and Cy, such that

1Qull72q) + IPwl2) + Re ([Q, Plw,w)r2(c) > Co||w|\ili,%,f(c) = Ci[|wlF2(g)-

Proof The pseudodifferential operators P and @ have the symbols with C'-smoothness
in variable z. We approximate these operators by pseudodifferential operators with smooth
symbols. The approximations are constructed in the following way:

1 1
QT = §(L+,T(x7 D,T) + LJr,T(Ia D, T)*)a P = §(L+,T(xv DvT) - L+7T(Ia Da 7—)*)7
— Ry +(z, D', 7). The symbol of the operator Ry - is given by the formula

where Ly , = %
n

9B- .
rer (€)= Il 90 + X (0, € 7),

where

n—1 n—1
M@, 807) = 3 g (01 £ 0(M(E 7)), | ~ar (2,88 Fiaro(@)e0) + (3 amms @)
Jj=1 j=1

Here

> .08
Ur0 =G0 %1 1ics Orij=Qij %0 1405 Br=0%1 1., G=§+ 1|T|87T_, (2.118)
j

C/ = (C07 e 7Cn—1)7
where the function 7z is the standard mollifier (see e.g. [3, p. 629]), and € is a positive parameter.

Using the properties of mollifiers, we obtain

”Q - QTHL(H%,I,T(G);LQ(G)) + HP - PT”L(H%‘I’T(G);LQ(G))
Ce

< C(meoio- o+ Tooppy) < ——C 2.119
( co(Q—-0) Cco(p PT)) 1+ |T|)%+€ ( )
A—3 2 c 2
(I+I[7DhlIA 2QerL2(G) < 5”@7'10”[/2(0)7 (2.120)
where
~_1 nd 7% Ay,
A*iw:/ (1+§§+T4+Z§;‘) el ag’.
" i=1
By (2.117) and (2.118), there exists a 79 > 0 such that
! 2
7ol@- (. &, 7" +Re{Q-, P }(z,&,7) > CM(¢, 7). (2.121)

M(¢', )
Some short computations provide
70/ Qr A2 w226y + ([Qr, Prlw, w) 12
= (10(Q-A™2)" QA" 2w, w) 2y + ([Qr, Prlw, w) ()
=Re ((r0(Q-A"2)" QA2 +[Qr, Pr))w, w) 12 (.
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By (2.121) and applying Garding’s inequality, we have
70[Q-A 2wHL2(G) + Re ([Qr, Prlw, w)r2(q)
>C'/ lw( -, z,)|? 2 1 )dxn _01”7“””%2(@' (2.122)
Next, we observe
QA2 wl| 2y = 1A Qrw + [Qr, A2 Jw]| 2
Y1
< Co([AT2Qrwl 2y + lwlz2(a))

1Q-wl[12(c)
<C|l———— 2.123
<o(Frog tlvlee), (2.123)

where in the last inequality we used the estimate (2.120). Combining (2.123) and (2.122), we

obtain

~
HQTWH%%G)*'RG([QT,PT]U%U’)L?(G) 2 O/o Hw('al’n)Hi{ 1 dfl?n—01||w”%2(c:)- (2.124)

137 (@n)
Since there exists a constant C independent of 7 such that
Q-(2.€", 7)1 + Clr|? > MP(¢',7),
Garding’s inequality yields
1Q-uliEs ) + 72wy = Cllwl g g
This inequality and (2.124) imply

xn)HH; L7 ()

1+ |7]

7 fJw(-
1Q-w|72(qy +Re ([Qr, Prlw, w) 2y > O/o dz,, = Ci||lwZ2(q)- (2.125)

On the other hand,

) < IPrwllza) + Cllwl

Lo, -
EA o)

Hence (2.125) can be transformed into the following estimate:

1PrwllZz () + 1Q-wllTz(q) + Re ([Qr, Prlw, w2y 2 Clwll? 4, = Cillwlizq). (2.126)

T(G)

By (2.119), we can put in the left-hand side of (2.126) the L?-norms of the functions Pw and
Qw instead of P-w and Q,w respectively. The proof of the proposition is finished.

By (2.116) and Proposition 2.3, there exist two positive constants C' and C independent of
(3,7 such that

I2l172(q) = HleHL2(G) +5 HPleL2 )+ C||w1||2i,%,f(c) - Cillwi|l72(g
—Re (Q(.’II 707 D 7T)w1( ) 0)7 wl( ) 0))L2(R")' (2127)

Depending on the sign of the fifth term on the right-hand side of (2.127), we consider two
cases.
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Case 1 Assume that Re (Q(z',0, D", 7)wi(-,0),wi(-,0))r2@n) < 0. Then (2.127) implies

lwill 337y S CUAN G- gmam gy + Iwllz2))- (2.128)

(@)

Case 2 Assume that Re (Q(2,0, D", 7)wi(-,0),w1(-,0))r2mn) > 0. By (2.80), (2.89) and
(2.106), there exists a constant C' > 0 independent of 7, 3 such that

V14 |7' ||w1 HLQ Rr) < C||w1( O)HHi%(Rn) (2129)
Let us consider the following (adjoint) problem:
0
Li(z,D,7)*p= (— Frae R+(:C,D',T)*>p =1+ |r)w; +v, inG. (2.130)
Tn

Set
mT(I) =1, =ze€ HJOW? ml(x) = (1 + |T|)71a z e R \H501’Y’

where &g € (0,6"). We have

Lemma 2.2 There exist a constant C' > 0 independent of 7 and a pair (p,v) satisfying
(2.130) such that

\/1+|T/ (Ip|* + m2|v|? dx—i—/ m2|p(z’,0))?d2’ < C(1+ |7]) %/ lw; |?d. (2.131)

Proof For € > 0, let us consider the functional
i _ 1 2 1 2 1 9p R D) 2
e(p,v) = 5||p||L2(G)+§||mTUHL2(G)+ZH8—xn+ +(z, D', 7) P+(1+|T|)w1+UHL2(G)' (2.132)

Note that there exists a pair (p,v) such that J.(p,v) is finite, for example (p,v) = 0. We
consider the minimization problem

min J(p,v),
(pv)€U (p.v)

where
dp

U ={(p.v) € L(G) x L*(G) Fa + B D7) p (L [ v € L*(G)}.

We will follow a typical argument for the minimization problem (e.g., [14]). There exists a
minimizing sequence {(pg, vi)}7>, such that (pg,vx) € U and

Je(pr,ve) — inf  Jc(p,v).
(pk k) (p0)EU (P )

Then ||(px, vx)||L2(e) and || apk +Ry (x, D', 7)*pr+(1+|7|)wi+vi| £2(¢) are bounded. Therefore
Ry(x,D’,7)*p; and agi are both bounded in L2(0,~; H= 2~ b7 (R™)).
We can then extract a subsequence, still denoted by {(px,vk)}7, such that

(P, vk) = (pe,ve), weakly in LQ(G) X LQ(G),

apk N 5295 . 2 Crr—1/mpn

95, a. weakly in L#(0,~; H™(R™)),

0 Ipe

G+ R, D7) i (L [rl)un o = 575 4 R, D7) pe+ (1 I + v,

weakly in L*(0,; H*%’*l(Rn)).
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However, since Hgmﬂ +Ri(x,D',7)*pr + (1 + |7])wr + vk||2L2(G) stays bounded, we have

n

0 Ope .
B Be(@, D7) pi o+ (1t [rwn 4 v = 505 4 R (@, D7) pe + (Ut [ + v,

weakly in L?(G). Then (pc,vc) is a minimizer of J., i.e., (p,v.) € U and

Je(pe,ve) = min_ Jc(p,v). (2.133)
(p,v)eU

Writing the first order optimality conditions, we have
(0pJe(pe,ve),m) =0, (D Je(pe,ve),7) =0, VreHPY(G), V7 e L*(G). (2.134)
Let us define ¢. by

€

1(3196

e\ Oz,

+ Ry(a, D', 1) pe + (1 + |7))un +v€). (2.135)

We obtain from (2.134) that for every r € H21(G), there holds

e 8T / * —
/Gperdx —i—/qu(% +Ri(xz,D', 1) r) dz =0 (2.136)

and for every 7 € L?(Q), there holds

/ verdax + / gerdx = 0. (2.137)
G G
Then ¢, satisfies the following problem:
dq. / .
L+($,D,T)q5 = O _R+(I5D aT)qé = Pe, 1M Ga (2138)
ge = —m2v, in G, (2.139)
qe(2',0) =0, gqc(a',y)=0, 2’ €R™ (2.140)

We can also write (2.138)—(2.140) in the form

Li(z,D,7)qc = (P+Q)(x,D,7)qe =pe, in G, (2.141)
g = —m2v., in G, (2.142)
Q€(I/a O) = 07 QE(xlv'-Y) = Oa ' e R™. (2143)

Using Proposition 2.3 and (2.142), we obtain that there exists a constant C' > 0 such that

1Qgell 2(6) + 1 Pell 2@y + 1ell 1.3 - () = CllPe; mrve)lL2(co)- (2.144)

2

Notice that Qg € L*(G) implies g, € L2(0,~; H2''(R")), which implies ggi € L*(G) from
(2.138). Now, from the definition (2.135) of ¢., we see that p. satisfies

Ipe
oz,

+ Ry(z, D', 7)*pe = €qe — (1 + |7])w1 — v,

which can be written as

_ Ope

(P_ Q)(IaDaT)pe O

+ Ry(z, D', 7)*pe = €qe — (1 + |7])w1 — ve. (2.145)
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Multiplying (2.145) by q. in L?(G) and using the boundary conditions on ¢., we obtain

/peLJ’_(:E D, 71)g.dx = e/ |ge|*da — / (1+ |T|)w1q€dx—|—/ m2vidr,

/|p5|2dx—|—/ m3|v€|2d:17—|—e/ |q€|2dx:/(1—|—|7'|)w1§d:17.
G G G G

And by (2.144), we have
1 1
Ipermrw)lsey < ([ 0+ Dl Par) ([ (4 rplacPaz)
l

<o( [ a+irhhunds)” Jemrvd ez

and so

Thus, we obtain the first estimate on (p., v),

[(Pe; mrve)l[L2() < OV 4[] [willz2(c)- (2.146)
By (2.146), there exists a subsequence {(pe,, ,ve,, ) }5°_; such that

(-pfafrﬂvfrn)_> (p,’U), 1n L2(G) XL2(G)7

2p. — x2p, in H%’l’T(G), (2.147)

e — ¢, in H%’I(G).

Using the above relations, we pass to the limit in (2.141)-(2.143). The pair (p,v,q) € L*(G) x
L2(G) x L2(0,~; Hz"17(R™)) satisfies the optimality system

Li(z,D,7)"'p=1+|r))wr +v, inG, (2.148)

Li(x,D,7)g=p, inG, (2.149)

q=—-m2v, inG, (2.150)

q(+,0) =q(-,7) = 0. (2.151)
Using Proposition 2.3 and (2.150), we have

194l 26 + 14l +llall 3.3 ) < CllR,mrV)l 22 (2.152)

Inequalities (2.146) and (2.147) imply

I(p, mzv)llL2(6) < CV1+ Il [willz2(e)- (2.153)
Observe that 5

p(+,0) = 5 -a(+,0).

By (2.148) and (2.149), we have

Let § € C*[0,7], 6(0) = 1, § = 0 in a neighborhood of =, = v, and x(xg, - ,Zn-1) €
Cg°(B(0,0")) such that x|p(o,s,) = 1. Denote X = x#. Then function xq verifies

&(z,D,7)(Xq) = (1 + [7)xw1 + xv - [X, &lg, inG.
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Multiplying this equation by P(z, D, 7)(Xq), we have
Re (6(Xq), P(X0))12(e) = (Q*(Xa), P(X0)) 12 (e + (P(Xa), Q* (X)) L2 () — (P*(Xq), P(Xa)) 12 (o)

— (P(Xq): P*(X0)) 12(c) + Re ([Q, P1(Xq), P(Xq))r2(c)
= (L+[r))(w1, P(Xq))r2(q) + (Xv — [X; 8la, P(Xq)) £2(G)- (2.154)

By (2.152) and (2.150), we obtain

a3 g

QXD |2 a) + 1P(XD 2(@) +
1+ |7]

< Cll(p, m-v)|L2(c)- (2.155)

Using (2.155) and Lemma A.4, we have
(1@, PI(X9), PX2)) 2 ()| < 1@, PIXD 2y I[P (XDl 22y

< Clldly .00 IPE0) 2200
< Cllgll 317 1Py mr0)l| 22()
< CV1+ 7l mrv) 72 () (2.156)

Next

(QQ(?Q) P(X4))r2(c) + (P(X9), Q*(X2))2(c)
—(PQ*(Xa), X0)12(c) + (Q*P(Xa), X) 12(c)

—(QPQ(X9): X0)12(c) + (Q*P(Xq), X0) >y + ([Q, PIQ(X9), X0 L2 ()
= ([Q, Pl(xq), (XQ))LZ(G) +(Q(X9), [Q, PI" (X)) L2(6)- (2.157)

Hence, by (2.155) and Lemma A.4, we have
[Re (Q*(Xa), P(X)2(0)| < Cllall g0 gl mrv)ll2c6)
< OV, mro)lZe (- (2.158)
Finally
Re (P*(Xq), P(X0))2(c) = (P*(X), P(X0))r2(c) + (P(Xa), P*(Xa)) 2 (@)

—(P*(Xq): X0)r>(c) + (P*(X@), Xq) 2y — [Ixp( 5 0) |1 2 ey
= —lxp(-, 0)lI72n)- (2.159)

Note that

(Xv = [X, 8la, PRO)r2 )| < Clllvllzzie) + I1Pall 2oy + 1Qall 2@ P (Xa) |z e
< C||(P,mrv)||%2(c)- (2.160)

y (2.154)~(2.160), we have

VIt Ixe( 0)llZa@ny < CL+ 7D (R mrv)ll72(6)-

By (2.153), the right-hand side of this inequality can be estimated as follows:

3
Ixp(, 017 2@ny < CVI+ 7] [(pymrv) |72y < COL+ 7)) 2 [[wr]F2(6)- (2.161)
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The proof of Lemma 2.2 is complete.
We recall that
suppw(-,x,) C B(0,9), suppg(-,z,) C B(0,0), VYV, € [0,7]. (2.162)
Then by Lemma A.5, for any do > 9,
C(%2)

||X1’w( . ,,’En)||L2(Rn\B(0152)) S 1 T |7'| ||u}( . ,,’En)HLQ(Rn), (2163)
C(52)
x19(, 2n) (| L2\ B(0.62)) < T3 7] lg(zn)llL2@n)- (2.164)

Taking the scalar products in L?(G) of (2.130) by ws, integrating by parts and using (2.163),
we have

L+ 7)) w12

wi, Ly (z,D,7)"p = v)r2(@)

Ly(z,D,m)w1,p)r2(c) — (w1,v) 2@ + (X19,p( -, 0)) L2(®n)

= —(w1,v)r2(q) + (X19,p(+,0)) L2y + (X12,P)2(0) + ([L+, xa]w, p) 2@
< Cllzllr2e)llpllz2e) + 19l 2@ lmep( -, 0)|| L2rn)

(
~
=

+ lwll Lz lmrvll Lz @) + lwll L2 1Pl @))-
By (2.131), from this inequality, we obtain
- 3
L+ D llwilZ2@y < CUl2lz@)lpllLz@) + 190 2@ny (L + 7D w2
+ wllrze)llm-vll 2 )

~ 3
<C(llzllz2@ V1 + Il lwillL2e) + 19llz2@n) (X + 17D lwill L2 (o)

+ V1 + Il lwilliz @) + VI + I wlZeq))-

This inequality and (2.112) imply

||X1§||L2(R") ||Z||L2(G) ||w||L2(G))

+
A+lrhE i+l 1+

il 2y < ©(

(||X1§||L2(Rn) i ”fl“H*%’*l’*(G) ||w||L2(G)> (2.165)
A+t VIR VIR
By (2.129) and (2.165), we have
Ixdl,34
H1'2 (R") =
VIFT ol < C(W Al g+ 0liey)- (2:166)

Taking into account (2.166), (2.128) and (2.97), we obtain (2.83). Really,

1
VIitirllwlizee = VI+rY ] lwelee)
n=0

1

rs _1 ~
< O3 + B L@ Dyl g e ) + U 17D 01 )
pn=0
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]

~ 1 H%,I,T(G)
< Oy + T+ DG gy oy + W) (2167)
Then, from the energy estimate for solutions of problem (2.76)—(2.78), we have
032y < CONTI 8 gy + 0+ DIl + 15 -1 ) (2168)
By (2.167) and (2.168), we obtain (2.83). The proof of Theorem 2.1 is complete.
3 Carleman Estimate for the Stokes System
Consider the Stokes system
y .
6$0
divy =0, in @,
y=0, on (0,7)xT,
y(0,2) = yo. (3.2)

We introduce the following spaces

H={u=(uy, - ,u) € (L*(Q)" | divu = 0, (u,v)|sq =0}, n=2,3,
V={u=(u1, - ,un) € (Hy(Q)" | u € H}.

The proof of the following proposition can be found in the classical book [18].

Proposition 3.1 (1) Letyo € H and f € L*(0,T;V'). Then there exists a unique solution
y to problem (3.1)~(3.2) with y € L*(0,T;V) N C(0,T; H), 3£ € L*(0,T; V).

(2) Letyo €V, fe L*(0,T;H). Then there exists a solution (y,p) to problem (3.1)~(3.2)
with (y,p) € C(0,T; V)N HY2(Q) x L*(0,T; H'(Q)), and the following a priori estimate holds:

(v, ) a2 Q)% 22 (@) < Clwollv + 1 fllz20,1:1))- (3.3)

The goal of this section is to prove the following Carleman estimate for solutions of problem
(3.1)-(3.2).

Theorem 3.1 Let k = 8, f € L*(0,T;H), yo € V and y € L*(0,T,V) N H*3(Q) be a
solution of (3.1)-(3.2). Then there exists a constant X such that for any A > X, there exist
constants C > 0 and 5 independent of s, such that

1
2

1 S S
572 (rot y)e* || L2q) + lspye™ || r2(q)
S 1 1 S S o
<CO(Ife* 2@ + lls2 92 (roty)e™ (|2 (qu) + [Ispye™(lL2(q.)), Vs =5 (3.4)
The Carleman estimates for the Stokes system are applicable to the exact controllability

problem. See [4, 6, 10, 11] as related works.
First, we prove the following simple proposition.

Proposition 3.2 Let u € H'?(Q) N L*(0,T; HY(Q)). Then 9% € Hi3 (D).
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Proof Let (21, ,2,) € CH(Q) be a smooth vector field such that 77 = v on 9. Since
the function Z N0z, u € LQ(O T; H()), we have % € L2(0,T; Hz(99)). In order to show

'L

that 6“ € Hx (O T; L?(99)), we observe that by using a partition of unity and a local change of

Varlables, it suffices to consider a situation when Q = {(xy, -+ ,x,) | z, > 0} and the function
u has a support in B(0,0) N {(x1, -+ ,zy,) | @, > 0}. Denote by @ the Fourier transform with
respect to the variables xg, - ,x,—1. Then

8u

\/ 14+ |§0 ng dgn—ldxn

. / (02, @0+ 00,507, W)V/IF ]G] déo - - déu_rdar
M“

0
2 —
” ||H4 0TL2(69)) /R"ﬂ Oz, 10

< [0 TP+ (oD Ion, TP g1 35)
Rn
Integrating by parts and taking into account the Dirichlet boundary conditions we have

[ oDl 3P g rdr, = [ (0 DT Ty a6 rd
Ril 1

R
Applying the Cauchy-Bynakovskii inequality, we obtain

[ G+ leablos, aPdso - dgrda,
R™ 1

+

/ (102, + (1 + o) 2[)do - dorday. (36)

Combining (3.5) and (3.6), we have

Fll 4 021500 < Clltlir 2@

The proof of the proposition is finished.
Proof of Theorem 3.1 Applying the operator rot to equation (3.1), we have

Jroty

Il Aroty =rot f, in Q. (3.7)

Next, we apply the Carleman estimate (2.38) to (3.7). There exists an so > 0 such that

+57% g R rot ye 3oy,

2 2sa < ( -1 -1 sa||2
s/Qgp|roty| e?**dx <C(s72||p~ Trot ye HHi’%(E)

+/ |f|2625adx+/ 59"|r0ty|2e2sadx)’ Vs 2 s, (3:8)
Q Qu

where we set a(zg) = a(x)|oq by (2.8). Since divy = 0, we have —Ay = rotroty. Setting

u = ye®“, we obtain
—e**Ae™ "y = e*“rotrot y = rot(e*“roty) + [e*“, rot]rot y.

Notice that

[e**, rot|roty(z) = s
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where ¢ € (C*(Q))? is some function.
Applying the Carleman estimate for elliptic equations obtained in [12] and using (3.9), we

have
e llye*© |
— 2
[”(CEO) Y L2(Q)

< C(rotye= sy + M 5 llye “lraw))s Vs 2 s, Vao € 0,7, (3.10)
where the constants C' and sq are independent of s, zp. Combining (3.8) and (3.10), we obtain

/Q sp|rot y[2e***dx + 52||<pyesa||%2(Q)

_1 8y sa 2 —1 _,+1 6y sa 2 2 2s«
<
_O(S e "ot H%v%(2)+s ilAg ov |f| dz
+/ sg0|roty|2e2md;v+52||<pyeso‘||2L2(Qw)>, VsZmax{so,sl}. (3.11)

w

We need to estimate the first term on the right-hand side of (3.11). Denote

(w, q) _ [(yesa(wo)7pesa(wo))'
The pair (w, ) solves the following initial/boundary value problem:
0
P(D)yw = 8_w — Aw = Vg + fle’® + sa'tw + ye*¥0'¢, in Q, (3.12)
To
divw =0, in Q,
w=0, on(0,T)xT
w(0, ) = 0. (3.13)
By Proposition 3.1 and the fact that a(xg) < «a(z) for all € @, for solutions to problem
(3.12)—(3.13), we have

[l (w, Q)||H1~2(Q)><L2(O,T;H1(Q)) < O(ersa”m(cz) =+ ||Syesa||L2(Q))
< O(Ife™ | z2@) + lsye™ L2 @) (3.14)

Using Proposition 3.2, we observe that there exists a constant C' > 0 such that
H . b < Cllolin o) (3.15)
Fix k = 8. Then

8438
st 2= ye* || L2(g) < Cllseye®| L2(q)-

Combining (3.15) with (3.14), we have

H v HHZ 7(2) (”femHLz )+ ”S(pyesaHp(Q))' (3.16)
Hence
-1 —lay sa 2 - —i4+1 ay sa 2
2 4 —— 2 4 [pp—
M L H%~%(z)+s L4 o L2()
-1 141 ay sa 2 -1 2
<O e g gy < O 0l

-1 S« S«
<Cs72([[fe* 7200 + lspye*®|T2(q))- (3.17)
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The first two terms on the right-hand side of (3.11) can be estimated by the right-hand side
of (3.17). Observe that the term C's™2 ||s<pyeso‘||2L2(Q) can be absorbed by the left-hand side of
(3.11) for all sufficiently large s. This proves the statement of the theorem.

4 Observability Estimate for a Parabolic System with Parameter

Consider the system of parabolic equations

Oy 1. .
P(D)y = a—xO—Ay—ngwy—f, in @, (4.1)
y=0, on(0,7)xT, (4.2)
y(0,2) = yo. (4.3)

Here ¢ is a positive parameter. The goal of this section is to obtain an observability estimate
for system (4.1)—(4.3), which is uniform with respect to the small parameter e. We have

Theorem 4.1 Let k =8, f € L*(Q), yo € H} (), and y € L?(0,T; H}(Q)) N HY%(Q) be
a solution of (4.1)~(4.3). Then there exists a constant \ such that for any A > X, there exist
constants C > 0 and § independent of s, such that

1
2

1 1 . sa 1 s St
522 (divy)e™ | p2(q) + [[s2p2 (rot y)e | L2(q) + |Ispye*||L2(q)
S 1 1 : S
<O fe* 2 (@) + sz (divy)e®| L2(q.)
1 1 S S -~
+ [[szp2 (roty)e®*| 12(q.) + [Ispye™ ll2q.)), Vs> 5. (4.4)

Proof Applying the operators rot and div to equation (4.1), we have

droty — Aroty =rot f, in Q, (4.5)
(91:0

adivy 1 S .
Fraie (1 + Z)Adlvy =divf, in Q. (4.6)

Next, we apply the Carleman estimate (2.38) to (4.5) and (4.6). There exists an sp > 0 such
that

s/ o[rot y|%e***dx gC(87%|\<P7irotyesa|\2 +87%|\<p7%+%rotyesa|\%z(z)
Q

11
10
2 2sa 2 2sa
—I—/ |f|°e dx—i—/ sp|roty|“e dx), Vs > so, (4.7
Q w
. 2 92 1 —1.. an2 —1 i1 a2
s/@gp|d1vy| e?**dx SC(S 2|lp 4d1vyeso‘||Hi%(Z)+s || 4+~rotyeso‘|\Lz(E)
—I—/ |f|2e2so‘dx+/ sga|divy|262mdx), Vs> so, (4.8)
Q Qu
where a(z9) = a(x)|aq. Using the formula Ay = —rotroty + Vdivy and setting u = ye®*, we

obtain

e**Ae”*u = e**(—rotroty + Vdivy)
= —rot(e**roty) + V(e*divy) — [e*¥, rot]rot y + [°¢, V]div y.
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Note that

[e**, rot|rot y(z) = s —(e*“rot y), (4.9)

where ¢ € (C*(Q))? is some function.
Applying the Carleman estimate for elliptic equations obtained in [12] and using (4.9), we
have

lye** 220 < C(llrot ye™ |l 2y + [[div ye |2y + lye**llz2) (4.10)

f“( 0) f“( 0)
for all s > s1 and ¢ € [0, T], where the constants C' and sg are independent of s, z9. Therefore,
combining (4.7), (4.8) and (4.10), we have

/ s(froty[? + [divy[2)edz + 82| pye||2a )
Q

_1 8y _1 141 8y
<O( ; sa 3 4+N_ s / 2 25ad
=el e et H%’%(E)_FS 7 ov (E)+ Q|f| o
+ / sp|rot y[2e**“dx + / s|div y|*e®*“dx + 32||90yeso‘|\%z(Qw)) (4.11)

for all s > max{sg, s1}. We need to estimate the first term on the right-hand side of (4.11).
Denote w = fye*®(#0)  The function w solves the following initial/boundary value problem:
0 - ~
P(D)yw = 8_w - Aw — —levw = fle*® + sa'lw + ye**0'l, in Q, (4.12)
Zo

divw =0, in @,

w=0, on(0,T)xT,

w(0, ) = 0. (4.13)
Using standard a priori estimates for a parabolic equations and the fact a(zg) < a(z) for all
x € @, we have the following estimate for solutions of (4.12)—(4.13):

sa 343 sa
lwll 2@y < CU1Fe* 2 + lsei 2 ye** || 2(q))
S 3 3 S
S C(Ife* | 2q) + st 25 ye* || L2())- (4.14)

Using Proposition 3.2, we observe that there exists a constant C' > 0 such that

H . b < Ol (4.15)

Fix k = 8. Then

3

43
s+ ye™ | 12(q) < Cllspye™lL2(q)-

Combining (4.15) with (4.14), we have

155 s e, = COSElnt0) + w12 (4.16)
Hence
-1 —lay sa 2 - —i4+1 ay sa 2
2 4 —— 2 4 [pp—
M L H%~%(2)+S v o L2(x)
-1 141 ay sa 2 —1 2
<Cs 2||p 2 mge ahd < Cs 2||wHH112(Q)

-1 S« S«
<Cs72([[fe* 7200 + lspye*®|T2(q))- (4.17)
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The first two terms on the right-hand side of (4.11) can be estimated by the right-hand side
of (4.17). Observe that the term C's™2 ||s<pyeso‘||2L2(Q) can be absorbed by the left-hand side of
(4.11) for all sufficiently large s. This proves the statement of the theorem.

Appendix Calculus for Pseudodifferential Operators with a Parameter
Let O be a domain in R™.
Definition A.1 We say that the symbol a(x’,&',s) € CO(O x R™*1) belongs to the class
CaS®r*(0), if
(1) There exists a compact set K CC O, such that a(z',¢', s)|o\x = 0,
(2) For any 8= (Bo,--- ,0Bn), there exists a constant Cg such that

860 867@*1 867@ , 2\3\
Ha&?” Cogmros s R G 2;5) ’
where |B] =200+ > B; and M(¢',s) > 1,
j=1
(3) For any N € N4, the symbol a can be represented as
Zaa )+ Bu(a € s),
where the functions a; have the following properties:
aj(x’, 720, €1, TEn1,T8) = T Fa;(2, €, s)
forall™>1 and (2/,&,s) € {(2/,€,s) |2’ € K, M(&,s) > 1}, and
2

| L i) o

< Os(leol +5° +Z£Z)

.. a
agoﬁo 6557:711 asﬁn J Ck(

for all B and (¢',s) such that M (&', s) > 1, and the term Ry satisfies the estimate

r—N

n—1
IBn (€ 9)leno) < O (160l + 52+ D €F)
i=1

for all (¢, s) such that M (&', s) > 1.

For the symbol a, we introduce the seminorm

N
7Tck E

+ sup ”a('v 7S)||CN(6)
M(g',s)<1

H HPo Obn—1 Hbn

N / —r+j+8]
o iy o5 ! 809)]| oy (L ME )™

c*(0)

sup
KNMw

Let {w;}52, be a sequence of eigenfunctions of the operator A on M = {(&,---,&n) | & +

> & =1}, and let {);}52, be a sequence of corresponding eigenvalues. Assume that
j=1

(Wiij)L2(M) = 5113‘-
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The following asymptotic formula is established in [8]:
Aj = cj% +o(j%), as j — +oo.
For each k, thanks to the standard elliptic estimate for the Laplace operator, we have
llwjll 2 Aty < Cr A (A.1)
Therefore, by the Sobolev embedding theorem, we have

[willcomy < CAF, Vi€ {1, 00} (A.2)

n
We extend the function w; on the set {5 |+ > ¢t < 1} as a smooth function and set

i=1

&= (s arge g ) MO = (B+X6)

We introduce the pseudodifferential operator
&J(‘D)w = / . (Uj(g)F(x“S)‘}Ewei((w/)S)7£>dg'
R’n

Here, in order to distinguish the Fourier transforms with respect to different variables, we will
use the following notations:

n—1

1 =il > z;§+sén
Flar g)—ett = 7%1/ e (j:“ )u(x/,s)dx/ds,
' (2m) 72z Jrnr
1 .
Fp e, u= —1/ef‘zngnu(xn)dxn.
(2m)z Jr

First, we define the operator A(a’, D’, s) for functions in C§°(O):

A(,T/,D/,S)’U,:/ a(z', ¢, s)u(¢)da’.

n

The following lemma allows us to extend the definition of the operator A on Sobolev spaces.

Lemma A.1 Let a(z/,&, - ,En_1,8) € C4SE15(0). Then A € L(He ™" (0); L2(0)) and
A < 0 .
41, Ol (a)

3 p20) =
Proof Thanks to Definition A.1(3), it suffices to consider the case where
G(CEI,T2§0,T§1,"' 77—577,—177-8) :Ta($/,§0,"' 7511—178)7 V7> 1 (A3)

The operator

AV(;[;/’ D)v = / B a(gc’, o, afn)F(xgs)ﬂgU(f)eKm’g)df
{e+3 et}

is a continuous operator from L?(O x R) into L?(O x R) with the norm estimated as

A, D)l z(z2oxr),L2(0xr)) < C(7mc0(a)).
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1
1

Consider the symbol b(z’, &y, -+ ,&n) = a(2’, &g, - - - ,fn)(fg + > 5?) . Then by (A.3),
j=1

b(xlv7-2€077-€17 e 5T§n) = b($/a€07§17 T 7671)7 Vr>1.
We can represent the symbol b as

b, €) = ;w')wj(Mi—O@, T i) B = GOm0,

Observe b;(z') = (A’gb(;v',f),wj(f))Lz(M))\j_k. So

By (A.2) and (A.4),

IB(2’, D)vllz20xr) < D Ibill ooy 1@ (Dol 2oxry < Y CnA; ™ A7 0] z20xR)-

Jj=1 Jj=1

Taking m = 3n, we have

1Bz, D)ol 20y < S CondT 2 [0llp2(0xm)-

j=1

Therefore, the operator

Ab(2', D)v = / . a(;v',§)F(m,1s)ﬂgvei<w’5>d§
{e+x e}

1
is a continuous operator from H gy ! (O xR) into L?(O x R) with the norm satisfying the estimate

AP <) CpaTm
I ||£(H0%’1(O><R),L2(O><]R))_j; J

Next, we observe that for the function v(x) = u(zg, -+ , zn_1)w(xy), there holds
IA(2/, DYol|2(oxmy = V27 | A&, Do, -+ D1, € )uF, e, ]| L2(0x)

< Creo@)( [ Il

Joe
oo HEE(O

)|F1n_’£nw|2d§n> ’ . (A'5)

We take a sequence {w;(x,)}7® such that F, ¢ w;(&,) has a compact support and
J 1 n—=E&n Wj

|Fy e, wil*— 0(&, — s), where s € R is an arbitrary point. Since the function &, —

|A(z", D', &, )ul| 120y is continuous, we have

||A(:EI’ DO’ T ’Dn_l? gn)u/&}\H%Q(OXR) = ‘/]R ||A(.’L'/, DOu o 7Dn—17 fn)u||%z(o)|an_,gnw]|2d§n
— ||A(I‘/, DO, o ,anla S)u||%2(o)
This fact and (A.5) imply

1A', D', s)ull 20y < Clmco(@Dlull g0 o)
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for almost all s. Since the norm of the operator A is a continuous function of s, we have this
inequality for all s.

The following theorem provides an estimate for a commutator of a Lipschitz function and
the pseudodifferential operator wj.

Theorem A.1 Let f € WL (O) be a function with compact support. Then
I gm0 by < Ol @A™
where the constant C' is independent of j.

The proof of this theorem is similar to the proof of the corollary in [15, p. 309].

Lemma A.2 Let a(z/,&, - ,&n1,5) € CLS215(O). Then A(x', D', s)* = A*(x', D', s) +
R, where A* is the pseudodifferential operator with symbol a(z' &y, -+ ,&n—1,5), and R €
L(L*(0),L?(0)) satisfies

1Rl c(z2(0),22(0)) < Cmen(a).
Proof Thanks to Definition A.1(3), it suffices to consider the case when

a(I/a 7'2505 T&l; e 77-577.71; TS) = Ta’('rlvé.Oa e 7571717 S)v Vr>1.

The symbol a(a’, ) can be represented as

oo

a(@’,€) =) a;(a)M(E);(€).
j=1
Consider the operator
A(@',D)=>"a;(z')M(D)3;(D), M(D)w = M(€)@el @8 de.

]Rn+1

Then

A(!,D)* =Y (a;(2')M(D);(D))* = Y M(D);(D)a;(a’)
j=1

=> a;(@')M(D)w;(D) + Z[M(D)qu(D), a;(@’))].

Observe that " a;(z')M(D)&;(D) is the operator with symbol a(z’, &, - - - , &,) € CLS215(0).
j=1

Let us estimate the norm of the operator » [M(D)w;(D),a;(«’)]. By Theorem A.1,
j=1

e 5, S e 3F) o () -
H;wmM(D)w]w)]HW(OMO))scmzwcl(@xj < Cn YN men (@),

j=1 j=1
S Cﬂ'cl (a)

Denote v = u(xg, -+, Xp_1)w(Ty), 0 = u(xo, -+ ,Tn_1)W(x,). We have

(Z(xlv D)U, 5)L2(O><]R) = (’U, Z(Ila D)*E)Lz(OXR) = (1), "z{* (xlv D)mLz(OXR) + (’U, R:J)I?(OXR)'
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On the other hand,
(AV(.”L'/, D)’U, :E)LQ(OXR) =27 / (A(:v', D/, fn)u, a)Lz(O)wﬁdfn
R
= 27r/(u,A(x’,D’,fn)*ﬂ)Lz(@)wﬁdgn.
R

Taking into account that (v, A*(2’, D)0)r2(oxr) = [p(u, A*(2/, D', &,)0) 2 (0) wwdé,, we have

= |(’U RU)LQ(OXR)l

| [ A6 D) — A D)D) 0| =
R
< CH“HB(OxR)||5|\L2(0xR)-

We take a sequence {w;}22, such that F, ¢, w; has a compact support and | Py e, wil? —
d(§n — s), where s € R is an arbitrary point. Since the function &, — [|A(2’, D', &, )ul|12(0) is
continuous, we have

] / AW, D, 60" = A/ DY, &) ol P
u, (A(2', D', s)* — A" (2!, D', s))u) 20|

Since
[(u, (A(a', D', s)* — A*(2', D', $))u) 20| < Cllull 20 |Ul| 2 (0,
the statement of the lemma is proved.

Lemma A.3 Let a(2',&, - ,&n—1,5) € C(}IS%’;’S(O), where 3\ € {0,1}, and b(2', &0, -,
€n_1,8) € CLS%5(0). Then A(z',D’,s)B(z',D',s) = C(a', D', s) + Ry, where C(:v D', s) is
the operator with symbol a(z', o, -+ ,&n—1,5)b(z", &0, ,&n—1,5) and Ry € L(H, SEhmT *(0),
HZHm+15(0)) for any 7 € [<1,0] if J = 0, and Ro € L(HZ"™(O), L2(O )) if 7 =1

Moreover,

HROHﬁ(H? 20y L2 = < COrer(mer(a)men (b)) - for j =1,

BT jdr,s T+1,T+1 S C(’]Tcl (a)ﬂ'cl (b)) for.}?: 0

I1Foll
(0).H 2 T (0))

Proof We set
"\D)=Y"a;(e")MI(D)5;(D), B(a', D)= b;(«')M*(D)3;(D).
j=1 j=1
Observe

A(@,D)B(a',D) = " an(a)by(a')MI (D)3, (D)ar(D)

+ 37 am(@) MGy, b M* (D)5 (D).

m,k=1
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Since C(2/, D) = i;z am ()b () MITH( D)@, (D)&g (D), and for j = 1,

m 1

R ) H Mm,bM“DNDH .
I 0||£(H;2£,( LL2O) zk; Win, b ] MM (D)o ( )g(Hg“‘(O),Lz(O))

Z llamll o1 @) I 1M @m; bi]l| 2(22(0), L2(0)) |0k (D) £(22(0), L2(0))
m,k=1
<G M [ IM By, bk]||£(L2(O),L2(O)))\:(n)a
m,k=1

by applying Theorem A.1, we obtain

[ Roll cEE" 0y, 120y = m;l llam | o1 @) [ [M@m; bl 2(2,22) |0k (D) £(22(0),22(0))
<q Z )\m kuHCl ))\m(n) fc(n <O, Z o l)\ ll)\m(n))\ K(n)
m,k=1 m,k=1
< Gy YA Z AR o, (A.6)
k=1 m=
Let v = vj = u(xo, -+ ,Zn—1)wj(z,). We take a sequence {w;}32; such that Fy, ¢, w; has

a compact support and |F,, ¢, w;|> — (&, — s), where s € R is arbitrary. Then for any
1gn
we Hy T 0),

|A(2", D)B(a', D)v; — C(a’, D)vjll72 (0 xr)

:27T/ ||(A($/7 D/,fn)B(.I/, D/afn) - O(.I/, D/agn))u”%%(’))|F1n‘>5nwj|2d§n

SO g (A7)
Passing to the limit in (A.7) as j — 400, we obtain
|| (A('rlv Dlv S)B(.I/, D/a S) - C(I/a D/v S))UH%?(O) S C”u”il(?us(o)
Let 3 = 0. Then
R T
H OHMH* “onH, T T o))
< [T bR M7 i or(D : A8
< mzkil [|@m [, bk ] IIMZ(O%HO ;1,T+1(0))Ilwk( Mewz0).L2(0) (A.8)
In order to estimate the norm ||am, (W, bg]M 7| r+1 ., , We observe
L(L*(0),H, 2 " (0))
M7 (G, 0| M7 = g M7 [, b | M7 4 [MTH | (@, b ] M7
For the second term in this equality, we have
1@, bk] M7 (| £(22(0),12(0)) < [0kl o1 @) |Wmll 2(22(0),22(0)), (A9)

1M amll 2(z2(0),22(0)) < Cllamllor -
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In order to estimate the first term, we observe [0, bi|* = —[Wm, bx]. Then
(@ be] € L(L2R™), HZY(R™)), [, bi] € LHT7HR™), L2(R™)).
Using an interpolation argument, we get

@, bi] € L(H™277(R"), H“T”xl-v(w)), vy € [0,1], (A.10)

H[wmubk]Hﬁ(H77 7'7(]Rn) H 11— ’Y(R")) — ||[wm,bk]||L‘,(L2(]R"),H%’1(Rn))7 V,y € [07 1]' (A'll)

Applying (A.9)—(A.11) to (A.8), we obtain

1%l

TTH’T+1

<C A1l o g A DA
- =G > A bell o @A N

LT ot
( ( m,k=1

< Cl,h Z )\;Ll)\]:ll )‘Enl(n))‘i(n)
m,k=1

<y, Z)\ I S A < . (A.12)

We finish the proof of the lemma by using similar arguments as in case 3 =1.

The direct consequence of Lemma A.3 is the following commutator estimate.
Lemma A.4 Let a(z',€',s) € CLS215(0) and b(a’,€',s) € CLS05(O). Then [A, B] €
L(L?(0); L*(0)), and
A, Blll2(z2(0);12(0)) < Clmeo(a)Teo(b) + meo(a)mer (b) + mor(a)meo (b))
Proof By Lemma A.3, we have
A, D', s)B(z',D',s) = C(a',D',s) + Ry, B(a',D',s)A(a',D',s) = C(a', D', s) + Ro,

where Ry, Ry € L(L*(0), L2(0)). Since [A, B] = Ry— Ry, we immediately obtain the statement
of the lemma.

Lemma A.5 Let a(2',&,s) € C(}IS%’LS(O) be a symbol with compact support in O. Let

uwe H215(0), suppu C B(0,0), and &' > 8. Then there exists a constant C(8',8, w1 (a)) such
that

1A D5l 3100 oy < Il o
Proof Consider the operator
3: ,D) :ZaJ )w;i(D).
j=1

By (A.1), for any multiindex (3, we have

o8
ocP
Hence, by Lemma 2.2 (see [17, Chapter II]), we have

wj(f)‘ < oA,

IM(D)& < OX|lvll

P30\, 103,41 HE M (B(0,6)x[~},4])



374 O. Imanuvilov, J. P. Puel and M. Yamamoto

for every function w such that suppw C B(0,8) x [—1, 1]. Therefore
A", D)v[l g1 (o7 B(0,6')x [~ 1.1\ [= 3. 2])

2

< Z [la; (2" )M (D)@ (D)ol g1 (o\B(0,5) x [~ 111\ [ 1.,2])
J=1
272

< Z lajll @) 1M (D)@ (D)ol 1 (07 B(0,57) x [~1, 1\ = 1, 1])
J=1

<CY NN ol

j=1

H2' (B(0,6)x[~1,1])" (A.13)

Let v = vj = u(xo, -+ ,Tn—1)wj(zn). We take a sequence {w;}32, such that F; ¢, w; has a
compact support and |Fy,, ¢, w;|*> — (&, — s0), where so € R is an arbitrary point. Then

1
1

HA(xlvD)”|‘§{1(0\B(0,5/)x[—1,1]\[—%,%}) = /_; HA(xllevS)UH%LS(O\B(O,&))|Fwn—>5nwj|2d§n
4
— || Az, l)/7 SO)”H%{LSO((’)\B(O,&)) (A.14)

and

= ||ul| as j — +oo.

||”jHH%J(B(W;)X[,%&]) H310(B(0,6))’

These relations and (A.13) prove the statement of the lemma.

We shall use the following variant of Garding’s inequality.

1

Lemma A.6 Let p(2/,&,s) € CLS215(0) be a symbol with compact support in O. Let
u e Hz1(0), suppu C B(0,6), and § > & be such that B(0,0') C O and Rep(a’,&,s) >
6|S|M(§’, s) for any x € B(0,8"). Then then there exist positive constants C and Cy independent
of s, such that

Re (Pu,u) > Cls|||ull?, = CillullZ20)-

5500

Proof Let x € C5°(B(0,0")) be a function such that x|p,s) = 1. Consider the pseudo-
differential operator A(z’, D', s) with symbol A(z’,¢',s) = (Rep(z', &, s) — xS |s|M (¢, s))z €
C1LS5:25(0). Then, according to Lemma A.3, we have

~

A", D', s)*A(x', D', s) = Rep(x,&,s) — x%|s|M(§', s)+ R,

where R € L(L?(O); L?(0O)). Therefore

~

C
Re (Pu, U)L2(O) = HA(xla D, S)UH%%O) —((I=x)M(D)u, UJ)LQ(R")‘FE HUHZ +(Ru, U)L?(O)-

T30 0)

Observing that [(Ru,u)r2(0)| < C(men (p))||u||%2(o), and by Lemma 2.2 (see also [17, Chapter
I]), we have |((1 — x)M (D)u,u)r2@n)| < C||u||%2(o). We obtain the statement of the lemma.

Consider the following system of equations:

g—W—I—K(:C,D',S)W:F, in G, (A.15)
T,

W(z',0) = g, (A.16)
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where W = (wq, -+ ,wm), F = (f1,-+ , fm); 9= (91, s gm). Let K(x,D’ s) be an m x m
matrix pseudodifferential operator such that

Kij(x,€,5) € CLS=1(G). (A.17)

Assume that there exists a constant C' > 0 such that

n—1 1

Spec K (x,£',5) C {z €C:Rez> C({g + Z{j + 54)1} (A.18)
j=1
for all (z,¢&',s) € G x RPN {(¢,s) | M(¢,s) > 1}, and
the matrix K(z,¢’,s) is independent of x outside a ball B(0,§). (A.19)

Lemma A.7 Suppose that assumptions (A.17)~(A.19) hold true. Then
(1) For each g € Hi25(R™) and F € L*(G), there exists a unique solution W € Hz15(G)
to problem (A.15)—(A.16), and the following a priori estimate holds true:

IW 3000y + IV < Ul s gy + IFl2@): (A20)

1 11
H3 e Lo (0, HT 27 (R™)) —

(2) For each g € L2(R") and F € H~2~Y%(G) with supp F CC G, there exists a unique
solution W € L*(G) to problem (A.15)—(A.16), and the following a priori estimate holds true:

Wilrze) + W (A.21)

ptomit—t- gy S COI -3 ey + IF g 1)

Remark A.1 For the initial data g € L2(R") and F € H~2~13(G) with supp F cC G,
we understand the solution of problem (A.15)—(A.16) in the following way:

(w. (- 2 K@D, 57)e)

oz (ga(b('ao))L2(R") + (Fa (I))L2(G)

@)
for any function ® € H215(G), ®(-,7) = 0.
Proof Set )
/NX%(D', s)w = /R (1 + &2+ nz 5;1 n 84) %@eu’,f’)dg"
" j=1

Let Ki(x,¢,s) be the principal symbol of the operator K. Consider the matrix
P(z,¢,s) = / e KiemtR gy, (A.22)
0

By (A.18), the integral on the right-hand side of (A.22) is convergent. Then for the principal
symbol of the operator K, we have

PK,+ K{P=1.
For some positive constant C; > 0, we also observe

(P¥,T) > C1|0]?, YT e€R™, (A.23)
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In order to show the solvability of (A.15)-(A.16), we will first consider regularized problems.
For € €10, 1[, let us consider a family of the Friedrichs mollifiers (J¢). with J. € ST (R") (see
[16]). (SP(R™) is the class of pseudodifferential operators of order p on R™.) It is known that

Jou —u in L*(R™) as e — +0,

sup || Tellciz2@®ny,c2@n)) < C,
e€[0,1]

{[A,J]:0 < e < 1} is a bounded set in £(L*(R™), L*(R™))

for any A(z, D,s) € C°([0,1]; CLS2-15(R™)). Let € € (0,1). We consider the following Cauchy
problem for an ordinary differential equation in a Banach space:

(ZI;VE + ‘Z*K(xv D/a S)tjéwe = \75*Fa in G7 (A24)

W.(z',0) = g. (A.25)

For any g € H12(R") and F € L?(G), there exists a unique solution W, to problem (A.24)-
(A.25) with W, € L>(0,v; H1:3*(R")) and %= € L2(G).
Simple computations provide

%(PK%WE,K%WE)LQ(R”)
laW Tl ~1 O0W, 1 ~1
(PA Oy’ A2 >L2(1R”) N (PAZVVOA2 0z, >L2 (R") + (PAZWe, A2 We) 2(ge)

= (PA* (- T KIWe + T F), A2 W,) 2@ny + (PATW, A2 (=T K TW, + TS F)) 12mm)
+ (P'ATW, /N\%W)H(R”)

— (PTKINZW AW pony + (PA2 T F A2 W) L2 ey

— (PA2Wo, JEKTNZW) p2gny + (PA2We, A2 T F) p2ny + (P'AZWe, A2 W) 12y
((Pj KJ. + J'K*J.P )A2W€,A2W)L2(Rn (PAZ T F, A2 W,) 125
(
= (
— (

+ PA WG,A j F)Lz(Rn)—l—(PA We,A W)Lz(Rn)
(PK + K*P)J AW, TA2W,) 2y + (PA2 T F, A2 W) 12 gy
TK*[Tes PIN2 W, A2 W) 12y + (PA2We, A2 TS F) p2ny + (P'AZ W, A2 W) 12y

Here P’ is the pseudodifferential operator with symbol 57-p(z,{’, s). Note that
(TK*[Te, PIAZWe, AZW,) 2gn)| < CIWell 14.3.e gy (A.26)
Tl 7l
[(P'A2W,, A2 WE)L2(R77.)| < OHWEHH%,%,S(Rn)' (A.27)

Here and below, all constants C' are independent of € € (0,1). After simple computations, we
obtain

(PAZ T F, A3 W,) 2@ny = ([PAZ, T2 |F, A2 W,) 2@y + (PAZF, T AZW,) 12 (g
= ([PA2, TX|F, A2 W) 2 qny + (F, A2 P* T A2 W,) 12 5ny
= ([PA2, T 1F, A2 W) p2any + (F, A2 P*A2 TW,) p2(ny + (F, A2 P*[T0, A2 ]W,) 12y



Carleman Estimates for Parabolic Equations 377
Therefore, for any positive d, we have

(PA2 T F,REW,) 12|

CONFCwn)Fan) + CIATW Lan) + SITWEl (A.28)
Similarly, we have
[(PARW, A2 T2 F) 1|
< CONFC s zn)|Zagn) + CIA Wl Fany + STV 5 o g (A.29)
Using (A.26)—(A.29), we obtain
S (PREWL REW )y + Ty
<CUARWFaqan) + IFC s 2)llEaen) (A.30)

Applying Gronwall’s inequality, we obtain
IWell ottt 3oy + T Well ot oy S CUSl 4 ey + I Fllzy). (A31)

Using (A.31) from (A.15), we obtain the estimate for 2%e:

ox,
oW,
1% ey < Ol 4oy + I 2c6): (A.32)
Inequalities (A.31) and (A.32) imply
Wl iy IWell ot oy < OBl 3y + 12 (A39)
We can now extract a subsequence still denoted by €, such that
W, — W, weakly- * in L°°(0,~; L*(R™)), (A.34)
ow. oW
8—% Fr weakly in L*(@G), (A.35)
JW. =W,  weakly in L2(0,~; H>"'(R™)), (A.36)
JW. =W,  weakly- in L>®(0,~; Hi'2 (R™)). (A.37)

Of course, W € H21(G) and W is a solution of (A.15)(A.16). From (A.33) we obtain (A.20).

Now we prove (2) of this lemma. Since the space L?*(G) is dense in the space {F €
H-2755(@) | supp F cC G}, in order to prove (2), it suffices to establish the a priori es-
timate (A.21). Let @ be a solution to the following boundary value problem:

0
(—%4—[( (2,0,5))0 =W, inG, ®(:,7)=0. (A.38)
By the definition of a weak solution, we have
||W||2L2(G) = (97‘1’( : 77))L2(R") + (Fv ‘I’)m(c)- (A-39)

By (1) of this lemma, the solution to (A.38) satisfies the estimate

18050y 1l ey < CIW 20 (A.40)

Using in equality (A.39) estimate (A.40), we obtain (A.21).
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