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1 Introduction

In recent years, there has been a strong rise of interest in the study of various mathematical
problems with variable exponent p(z), which arises from eletrorheological fluids (see [1]) and
elastic mechanics (see [2]). The application backgrounds also be traced in the book of Diening
[3] and in the papers of Acerbi and Mingione [4, 5] and Mihailescu, Radulescu [6].

In this paper, we deal with the following nonlinear elliptic boundary value problem:

—div(a(z)|Vul[P®=2Vu) + b(x)[ulP® 2y = fi(z,u) —sgn(u)hi(z), in Q,
o (1.1)
a(x)|Vu|p(I)_28—u = () |ul?® "2y + fo(x,u) — sgn(u)hy(z), on 09,
v

where Q C RY is a bounded domain with smooth boundary 952, % is outer normal derivative,
p(z) € C(Q), q(x) € C(0Q), p(x),q(x) > 1 and p(z) # q(y), V2 € Q, y €0Q, fi: QxR - R
and fy : 90 x R — R are Carathéodory functions, and the perturbations hy(z) € L) (Q) N
L>°(Q), ha(z) € LP @) (9Q) N L (Q) with p/ (x) = p&()x_l. Throughout this paper, we assume
that a(z), b(z) and c(z) satisfy 0 < a1 < a(x) < ag, 0 < by < b(z) < b2, 0 < 1 < ¢(x) < o,
Ve

In the past decade, many people studied the nonlinear boundary value problems involving

p-Laplacian. For example, if a(z) = b(x) = c¢(z) = 1, p(z) = p, q(x) = ¢ (a constant) and
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hi(z) = ha(z) = 0, then problem (1.1) becomes

—div(|Vul[P72Vu) + [ulP72u = fi(z,u), in Q,
% = |u|9%u + folx,u), on 0. 12)

Bonder and Rossi [7] considered the existence of nontrivial solutions of problem (1.2) when

|Vul~2

fi(z,u) = 0, and discussed different cases when fo(x,u) is subcritical, critical and supercritical
with respect to u. We also mention that Martinez and Rossi [8] studied the existence of solutions
when p = ¢ and the perturbation terms fi(z,u) and f2(x, u) satisfy the Landesman-Lazer type
conditions. Recently, Zhao and Zhao [9] studied the nonlinear boundary value problem, assumed
that f1(x,u) satisfies the Ambrosetti-Rabinowitz type condition and got the multiple results.
For other results involving problem (1.2), we refer readers to the references [10, 11].
When p(z) = p, q(x) = ¢ (a constant) and hq(z) = he(z) = 0, problem (1.1) becomes
—div(a(z)|VulP~2Vu) + b(z)|u|P~2u = fi(x,u), in €,
0 (1.3)
a_u = c(@)|u|T%u + folw,u), on 0f).
v

There are also many people who studied the p-Laplacian nonlinear boundary value problems

a(x)|Vu|p72

involving (1.3). For example, Cirstea and Radulescu [12] used the weighted Sobolev space to
discuss the existence and non-existence results, assuming that fi(x,u) is a special case in the
problem (1.3), where  is an unbounded domain. Pfliiger [13], by using the same technique,
considered the existence and multiplicity of solutions when b(xz) = 0. The author showed
the existence result when fi(z,u) and fo(x,u) are superlinear and satisfy the Ambrosetti-
Rabinowitz type condition, and got the multiplicity of solutions when one of fi(z,u) and
fa(x,u) is sublinear and the other one is superlinear. For other relative results to the problem
(1.3), we refer to [14-17] and the references therein.

More recently, the study on the nonlinear boundary value problems with variable expo-
nent has received considerable attention. For example, Deng [18] studied the eigenvalue of
p(x)-Laplacian Steklov problem, and discussed the properties of the eigenvalue sequence under
different conditions. Fan [19] discussed the boundary trace embedding theorems for variable
exponent Sobolev spaces and some applications. Yao [20] constrained the two nonlinear per-
turbation terms fi(x,u) and fo(z,w) in appropriate conditions and got a number of results on
existence and multiplicity of solutions. Motivated by Yao and problem (1.3), we consider the
more general form of variable exponent boundary value problem (1.1). In this paper, we assume
that the two nonlinear perturbation terms fi(z,u) and fa(z,u) do not satisfy the Ambrosetti-
Rabinowitz type condition, and by using the “mountain pass lemma” and “fountain theorem”,
respectively, we get the existence and multiplicity of solutions of (1.1). These results extend
some of the results in [19] and the classical results for the p-Laplacian in [7, 8, 10, 11].

This paper is organized as follows. In Section 2, we introduce some basic properties of
the generalized Lebesgue spaces LP(*)(Q), LP(*)(9Q) and generalized Lebesgue-Sobolev space
WP) () which are needed in the paper. In Section 3, we give the assumptions on fi(x, u)
and fa(z,u), and state the main results of this paper. In Section 4, we prove the main results
— Theorems 3.1 and 3.2.
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2 Mathematical Preliminaries

In order to discuss problem (1.1), we need to state some properties of the space WP(#)((Q)
which we call generalized Lebesgue-Sobolev spaces. Let € be a bounded domain of RY and

denote
C1(@) = {p(a) | p(x) € CQ@), plz) > 1, Ya € ).

For p(z) € C4 (), we write
p~ =min{p(z);z € A}, p* =max{p(z);x € Q}.
We can also denote C(9R2) and ¢—, ¢ for any ¢(z) € C(99), and define

LP@(Q) = {u } u is a measureable real-valued function, Ju(z)|P®dz < oo},

Q

LP@(9Q) = {u } u : 02 — R is measureable, /

lu(z) [P do, < oo},
a0

with norms on LP(*)(Q) and LP(*)(99) defined by

(z)
Ul @)y =Inf SA >0 @p de <15¢,
L) (Q)
Ql A
p(z)
[ulLr@ (90) = inf {T >0: / ‘@ do, < 1}7
! T

where do, is the surface measure on 9Q. Therefore, (LP)(Q),] - |Lre) () and (LP@®) (092),
| [Lr) (96)) Decome Banach spaces.
The generalized Lebesgue-Sobolev space W1P(#)(Q) is defined as

WPE(Q) = {u e LP@)(Q) | [Vu| € LP0)(Q)},
equipped with norm

||u]| = inf {)\ > 0} /Q (} Vu;\(x)

For u € WHP(®)(Q), if we define

IUI’—inf{A>o;/Q(a(x)‘WT@)

then from the assumptions of a(x) and b(x) it is easy to check that || - || is an equivalent norm

p(z) u(x)

5

p(m))dx < 1}.

p(z) b(a) M

‘ P(I))dx < 1},

on WHP(@)(Q). For simplicity, we denote
B(u) = / (a(@)|Vul® + b(a)|ul)da.
Q

Hence we have (see [21])
(i) if D(u) > 1, then & ul?” < @(u) < &lull””,
(i) if D(u) <1, then G fJulP" < ®(u) < Glfull?”,

where &1, & and (1, (2 are positive constants independent of u.
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Proposition 2.1 (see [20]) (1) The space (L) (Q), ] - Ip(z)) s a separable, uniform convex

Banach space, and its conjugate space is LQ(I)(Q) where ﬁ + ﬁ =1. For any u € Lp(m)(Q)
and v € LP®)(Q), we have

1 1
} UUd!E‘ < (T + T)|U|Lp<z>(sz)|U|Lq<z)(sz)~
Q p q

(2) If p1,p2 € CL(Q) and p1(z) < pa(x) for any x € Q, then LP2®)(Q) — LP1@)(Q) and
the embedding is continuous.
(3) If q(z) € C1(Q) and q(x) < p*(x), Vo € Q, then the embedding from WHPE)(Q) into

LA®)(Q) is compact and continuous, where

p*(z) :=<{ N —p(z)’ if p(z) <N,
0 if p(z)=N.
Proposition 2.2 (see [20]) If we denote
pe(x) =4 N —px) ’ f p(z) <N,
0, if p(x) > N,

then the embedding from WP(@)(Q) into LU (9) is compact and continuous, where q(x) €
CL(09) and q(z) < p«(x), Vo € 0.

Proposition 2.3 (see [22]) Suppose that f : Q x R — R is a Carathéodory function and
satisfies
p1(x) —
|f(z,8)] <a(x)+ b|s|m, Ve, seR,

where p1,p2 € C1(Q), a(x) € LP2®)(Q), a(x) > 0 and b > 0 is a constant. Denote Ny, the
Nemytsky operator, by

Ny(u)(z) = f(z,u(z)).
Then Ny is a continuous and bounded map from LP*(®)(Q) to LP2(*)(Q).

Proposition 2.4 (see [20]) If we denote

pu) = [ |u(x)P@dz, Yue LPP(Q),
Q

then
(1) Julpe@ (@) < H=1>1) & p(u) < 1(=1;> 1);
(2) |U|LP<I>(Q) >1= |u|i;(z)(gz) <p(u) < |U|Z]i:(m>(gz)§
(3) Tl iy <12 4oy gy < P < [l -

Proposition 2.5 (see [18]) If we denote

o) = [ u@)P Do, ue L) 00),
o0
then
- +
(1) [ulpe@(ag) > 1= |U|Z£p(z>(ag) < plu) < |U|Z£p(1)(89);

: ’
@) [ulzrerom) < 1= [ullpon < 00 < 020 00
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In this paper, we denote X := WhP(@)(Q), X* := (W) (Q))* the dual space, (-, -) the
dual pair, and let “—” represent weak convergence. By the assumptions on a(x), b(z) and ¢(z)

in Section 1, it is easy to check that the following assertions are true.

Proposition 2.6 (see [23]) If we denote

u) = b a(z)|Vu[P®) z)|[u|P®))dz u
1) = | S @@)IVal™ + b))z, Vue X

then I € CH(X,R) and the derivative operator of I, denoted by L, is
(L(u),v) = / (a(z)|Vu|P@2VuVo + b(z)|ulP® " 2uw)de, Yu,ve X,
Q

and we have
(i) L:X — X* is a continuous, bounded and strictly monotone operator;

(ii) L is a mapping of type (S4), i.e., if u, = u in X and limsup(L(u,)—L(u), up,—u) <0,

then u, — u in X; o
(iii) L:X — X* is a homeomorphism.
Proposition 2.7 (see [18]) If we denote
1
o(u :/ —(e(2)|u|")do,, Vu e X,
(u) mq(x)( ()]u| ™)

where q(z) € C1+(Q) and q(x) < p«(z), Yz € Q, then ¢ € C1(X,R) and the derivative operator
J of ¢ is
(J(u),v) :/ o(x)|ul!®2uwdo,, Vu,ve X,
X9)

and we have that ¢ : X — R and J : X — X* are sequentially weakly-strongly continuous,

namely, w, — ug in X implies J(u,) — J(up).

Let X be a reflexive and separable Banach space. Then there are e; C X and ej C X™ such
that

X =span{e; | j=1,2,---}, X" =span{e}|j=1,2, -},

and
* N\ 17 i:ja
<ei76]> - {O7 275]

For convenience, we write

k 00
X, = span{e,}, Ykz@Xj, Zk:@Xj. (2.1)
i=1 j=k

Theorem 2.1 (Fountain Theorem) (see [24]) Assume

(A1) X is a Banach space, ¢ € C*(X,R) is an even functional and the subspaces Xy, Yy
and Zy, are defined by (2.1).

Suppose that, for every k € N, there exists py > vy, > 0 such that

(A2) inf{p(u);u € Zk,||ul]| =y} — oo, as k — oo;
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(As) max{p(u);u € Y, [ull = pr} < 0;
(As) o satisfies (PS), condition for every ¢ > 0.

Then ¢ has a sequence of critical values tending to +oo.

Theorem 2.2 (Dual Fountain Theorem) (see [24]) Assume that (Aq) is satisfied and there
is a kg > 0 such that, for each k > kg, there exists px > i > 0 such that

(B1) inf{p(u);u € Z, [lul| = pr} = 0;

(B2) by == max{p(u);u € Yy, [lul| =} < 0;

(Bs) dj :=inf{p(u);u € Z, ||ul| < pr} — 0, as k — oc;

(Ba) o satisfies (PS). condition for every c € [dk,,0).

Then o has a sequence of negative critical values converging to 0.

Remark 2.1 That ¢ satisfies (PS), condition means that any sequence {u,,} C X such
that n; — 00, up; € Yn,, p(un,) — cand (¢ly, ) (un,) — 0 contains a subsequence converging

to a critical point of .

3 Assumptions and Statement of Main Results

For a variational approach, the functional associated to problem (1.1) is

u) = La:zc ulP®) ) |u[P®))dz — Lc:zc u|?®)do
o) = [ @@ Vu ) b@ e = [ (el e,

() o q(x)

- Fl(x,u)dx—/ Fg(x,u)dom—i—/ hl(x)|u|dac+/ ho(x)|u|do,.
Q r9) Q X9)

Then ¢ : X — R, where F; and F, denote the primitive functions of f1 and fo, i.e., Fi(z,u) =
fou fi(x, s)ds, i = 1,2. Obviously, we can give some appropriate assumptions on f; and fy such
that p(u) € C*(X,R), and

(' (u),v) = /Q(a(ac)|Vu|p(m)_2Vqu + () [ulP ™ ~2up)de — /BQ(c(x)|u|Q(m)_2uv)dom

— | filz,u)vdx — fo(z, u)vdoy, —|—/

sgn(u)hl(:v)vdx—i—/ sgn(u)he(x)vdo,
Q 19) Q

o0
for any w,v € X. Then we know that the weak solution of (1.1) corresponds to the critical
point of the functional .

Now we state below the assumptions for problem (1.1), and let U; = Q, Uy = 9.

(i) For any n € [¢7,¢"| and almost all z € U;, we have

lim 77Fz($a u) - fi(.’IJ,U)U

=0
with p(z) € C1(Q) and pt < p~;
(ii) There exist ¥; > 0, ¢ = 1,2, such that for almost all z € U, and all v € R, we have

i (2, u) — sgn(w)hi(z)| < 9|ulf @1

with fi(z) € C1(Q), Bi(z) <p*(z), Vo € Q, and Ba(z) € C1(99), Ba(z) < pi(z), Vo € O
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(iii) For almost all z € U;, i = 1,2, we have

Fi(x,u)

lim inf 5@

> 0;

(1V) fl(xa _U’) = —fi(I,U), Vo e Uiv u € Rv 1= 172
Since hy(x) € L@ (Q) N L=(Q) and hy(z) € LY@ (9Q) N L>(9), the functional we
defined above is of class C*(X,R) under condition (ii); moreover, ¢ is even if (iv) holds. Our

main results are as follows.
Theorem 3.1 Suppose that hypotheses (1)—(iii) hold. We have
(1) o p™ <q ,B;,i=1,2, then problem (1.

1

(1.1) has at least one nontrivial solution;
(2) if ¢t B <p~,i=1,2, then problem (1.1) has at least one solution.

Theorem 3.2 Suppose that hypotheses (1)—(iii) hold. We have

(1) if B <q and p(x) < Bi(x), Vo € U;, i = 1,2, then problem (1.1) has a sequence of
solutions uy, such that ¢(uy) — +00, as k — +o0;

(2) if ¢" < B and Bi(z) < p(x), Vo € Uy, i = 1,2, then problem (1.1) has a sequence of
solutions vy, such that o(vy) <0, ¢(vg) — 0, as k — +o0.

4 Proof of Theorems 3.1 and 3.2

Before proving Theorem 3.1, we will prove the following two lemmas. Thereafter, for sim-
plicity, we will denote by C' the positive constants, and they may be different despite the same

appearance.

Lemma 4.1 If the assumptions in Theorem 3.1(1) hold, then ¢ satisfies (PS), condition
with ¢ > 0.

Proof Suppose {u,}n>1 C X, and for every ¢ > 0,
o(up) — ¢, ¢'(up) —0, in X* asn— oco.
Then for n large enough, we can find M; > 0 such that
lo(un)| < M. (4.1)

By assumption (ii), we know that the Caratheéodory functions f;(z,u) (i = 1,2) are in the

subcritical growth. So, through Propositions 2.1-2.3, we know that if we denote

H(u) = Fl(x,u)dx—i—/ Fg(:v,u)dow—/ hl(x)|u|dac—/ ha(x)|u|do,
Q a0 Q a0

— [(Brtzn) = mi@luds + [ (Fa(ow) = ha(@)lul)dors,
Q

o0

then H(u) is weakly continuous and has a derivative operator, denoted by v, and we see that

((u), v) = /Q filz, w)vdz + /6 Dol uyvdo, - /Q sgn(u)hy (z)vdz — /8 sgn(u)ha(z)vdo,

Q
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is compact (see [11]). By Propositions 2.6 and 2.7, we deduce that ¢’ = L —.J — ¢ is also
of type (S4). Since ¢'(u,) — 0, we have (¢'(u,),un) — 0. In particular, the sequence
{{¢'(un), un) }n>1 is bounded. Thus there exists My > 0 such that

(" (un), un)| < Ma. (4.2)

We claim that the sequence {uy},>1 is bounded. If it is not true, by passing a subsequence
if necessary, we may assume ||u,|| — 4+o0o. Without loss of generality, we assume ||u,| > 1 and
[tn| — +00 as n — 400 for any = € Q.

From (4.1) and (4.2), we have

My = o(un) = I(un) — ¢(un) — H(un)

iu—L (@) |un |1 do, — H(u
> () = = [ (clw)lan ), — Huy), (43)
Mo >~/ () ) = ~0un) + [ (@, + ) ). ()

Combining (4.3) and (4.4), we have

0 My 4 My > (T = 1) @) — g7 Hlun) + (), )

> (Z—+ - 1)§1Hun|\p7 - /Q(qul (x,un) — f1(z, un)uy,)da
—/ (¢~ Fo(x,upn) — fo(z, uy)uy)do,
29
+(q - 1)(/Q hi(z)|u, |dz + /BQ hg(x)|un|dam). (4.5)

By virtue of assumption (i), let n = ¢~ and n be large enough. Then for almost all z € U;, we

have ¢~ Fy(z,un) — fi(2, wn )un < €|u,|[*®). Thus by Hélder’s inequality, (4.5) becomes

0 M+ M = (L =) fual” - a(/ ) dz +/ |5 dr, )
p Q 29

= 2(q” = D(h| o) @y lunl Lo @) + [hel Lo @) (a0 [tn] Lre (90))

q - +
> (7 = 1)élunll”” — Celjun
—2(¢" = 1)C(7l g ) + [he2l prre o)) [unll-

The last inequality follows from the compact embedding in Propositions 2.1 and 2.2. Since
g~ > p*, we have g—; —1>0and p~ > u", which implies that the sequence {uy}n,>1 C X is
bounded. It is a contradiction to the supposition. Therefore, we have proved that {u,},>1 C X

is bounded. We may assume u, — up in X as n — +o0o. Note ¢’ = L — J —1). Then we have
@/(un) = L(un) - J(“n) - 1Z)(un) — 0.

From Proposition 2.6, we know that L is a homeomorphism. Besides, by Proposition 2.7 and

the fact that v is compact, we have

Up — LT (ug) 4+ (ug)), in X, asn — +oo.
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Thus u, — ug in X. Therefore, ¢ satisfies (PS)_ condition.

Lemma 4.2 Under the assumptions in Theorem 3.1(1), there exists o > 0 such that for
all 0 < v < 79 we have inf{p(u) : |lul]| =~} > 0.

Proof By hypothesis (ii), for almost all € U; and all u € R, we have

fi(@,u) < sgn(u)hq(z) + 9|ul? @)1

which implies

fl@) i =1,2.

)

Ui
Fi(z,u) < hi(2)|ul + mlu

So, if we assume ||u|| < 1 small enough such that & ||[ul|P?” > ¢ |jul[?", we have

p(u) = I(u) — ¢(u) — H(u)

1 Co /
> —&(u) — — ul®™do, — H(u
R (u) = m|| (u)
1 . - + CCQ - 0191 - 0192 —
> —min{&|Jull?, GllulP} = —=ul|* — == [ull®* = ==]u|*
P q By By
Cl + CC2 - C’l91 - 0192 —
> =l = ==l = —=ull’* = —==ul|®.
p q 51 52

Since pt < ¢~ and pt < B;, i = 1,2, there exists 79 > 0 small enough, such that for all
0 <7 <o we have inf{p(u) : [Jul| =~} > 0.

Proof of Theorem 3.1(1) We claim that there exists h € X such that ¢(h) < 0. By
virtue of hypothesis (iii), there exists an M3 > 0 such that, for all x € U;, i = 1,2 and |u| > M3,
we have Fj(x,u) > Clu|%®). We choose w € X \ {0} and let t > 1 large enough such that
|tw| > M. Then we have Fj(z,tw) > C|tw|%*), i = 1,2. Therefore

p(tw) = I(tw) — p(tw) — H (tw)

"
tP 1
< —d(w) - / ——(e(2)|tw]|1™®)do, — C/ ltw]P @ dg
p o0 4() o
-C tw|? @ do, +/ hi(z)[tw|dx +/ ho(z) |tw|do,
oQ Q 00
" ta -
< T‘I)(w) _ C1 - / |w|q(z)d01 _ Ctﬁl / |w|ﬁ1(z)dx
p q a0 Q

_ctﬁ;/ |w|ﬁ2<x>d%+t(/ hl(ac)|w|dx+/ o) uwldo ).
o0 Q o0

Since 1 < pt < 37, i=1,2and 1 < p* < ¢, we have p(tw) — —oo0 as t — +oo. So we
choose a ty large enough such that p(tow) < 0, and set h = tow. Then h is the desired element.
Since ¢(0) = 0, from Lemmas 4.1 and 4.2 we see that ¢ satisfies the condition of mountain
pass theorem (see [24]). So ¢ admits at least one nontrivial critical point. It is the nontrivial
solution of (1.1).
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Proof of Theorem 3.1(2) Under the conditions ¢*, 37 < p~, i = 1,2, we claim that ¢

is coercive. In fact, we assume |ju|| large enough. Similarly to the proof of Lemma 4.2, we have
CCQ 0191 H HB+ 0192
By By

So ¢ is coercive. Besides, ¢ is sequentially weakly lower semicontinuous. Thus ¢ is bounded

Z2 )%

() = I(u) — d(u) — H(u) > Z%nunf C et

below and ¢ attains its infimum in X, i.e., p(ug) = in§( (u) and ug is a critical point of ¢,
ue
which is a weak solution of (1.1).
Remark 4.1 In the proof of Theorem 3.1(2), we can not guarantee that wug is nontrivial.

In fact, we can also apply [25, Theorem 3.5] to get the weak solution because, when p~ > ¢,

we can also prove that ¢ satisfies (PS) condition.
Now we prove Theorem 3.2 below. Firstly, we state the following useful lemma.

Lemma 4.3 (see [20]) If a(z) € C+(Q), a(z) < p*(z), Vo € Q and A\(z) € C4(09),
Ax) < po(z), Yo € 09, and denote

o = sup{[u[ e (o ull = 1,u € Zy},
Ak = sup{|u|pr@ a0y [|ull = 1,u € Zk},
then klim ap =0, klim A =0.

Proof of Theorem 3.2(1) We will prove that ¢ satisfies the conditions of Theorem
2.1. Obviously, because of the assumptions of (iv), ¢ is an even functional and satisfies (PS),
condition (see Lemma 4.1). We will prove that if k is large enough, then there exist px > v > 0
such that (As) and (A3) hold. Let u € Zj with ||u|| appropriate large such that & |jul|? <

Gillul[P”. Through the assumptions of (i), we have

p(u) =I(u) = ¢(u) — H(u)

> () - 2 [ o, - 2 [ e - 22 [ s,
p q~ Joaa 85 Joa
> i i P Py _ C_2 4 q
= p+ mln{gl”“” 7C1HUH } q max{'“qu(z)(agz)7 |u|Lq(m)(aQ)}
Uy

U2
T Ta= max{'”lLﬂl(t) ()’ |U|L51(t) Q)} 6 max{|u|L52(t) 0Q)’ |U|L52(t)(ag)}
1 2

51 o e + -
H“Hp - C(q, By 762)max{|u|%q(w)(aﬂ)7|u|%q(m)(69)’

|u|LB1(z)(Q)7 |u|LB1(z) Q)a |u|Lﬁ2(z)(BQ)a |u|Lﬁ2(z) OQ)}'

If

[T oy 110 oy 110y 1oy 110 sy [ i} = 0l
MAXU L aca) (9 1Y Lat) (902)7 W L1 @) () U Lo (@) U L2 9y W LB2(0) (90) § = 1% La@) (90

then we have

51

p(u) > P — Clq™, By, B3 )AL [lufl?"
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1
Choose v, = (¢TC(q~, By, B3 ) & )P**q+ . For any u € Zj, with |lul| = vk, we have

Since \y — 0as k —ooand 1 < p~ < pt <q*<q+,wehavepi+—q%>0and~yk—>oo.
Thus, for sufficiently large k, we have p(u) — oo with u € Zj and |lul| = v, as k — oco. In

other cases, similarly, we can deduce
o(u) — oo, since \p — 0, ax — 0, k — oo,

and note that from p(x) < B;(x), Vo € Q, we have p~ < 8; < ;. So (Az) holds.
Similar to the proof of Theorem 3.1, by virtue of the hypotheses of (iii), there exists an
M3 > 0 such that, for all z € U;, i = 1,2 and |u] > M3, we have

Fi(z,u) > Clu|%®

On the other hand, when |u| < M3, from assumption (ii), we have |F;(z,u)| < C. Thus the

two inequalities above imply

Fy(z,u) > Clu|%® — C.

Let u € Y. We have

p(u) =1(u) — d(u) — H(u)
1
<o) - L [ jupao, o [ @t [ i)
p at Joq Q N
+ [ @) ulde +/ ho(@)|uldas + C
Q a0
1 + - C1 . + -
< e max{&|lull”, Gof[ullP } — pes min{[u|7 4 a0y 1% o 90y
+ 2([h| Lo @ () [un| Lo @) + [h2l L@ (90 [Un] Lee (a0)) + C-
+ - v -
1 max{€allull? Gallull?} = & llull?”, min{ul? e, o [0l o)) = [T o then we
have
( ) || ||p |U|Lq(z)(aQ) + 2(|h1|Lp’<r>(Q)|Un|LP<m>(Q) + |h2|LP/<w>(asz)|Un|LP<m>(asz)) +C.

Since dim Yk < 00, all norms are equivalent in Yj. So we get
52 + C1 +
p(u) < FHUHP - q—+IIUIIQ + 2(|7 L@ () + [hel e o)) llull + C.

Also note 1 < pt < ¢~ < ¢". Then we get p(u) — —o0 as ||u|| — co. About other cases, the
proofs are similar and we omit them here. So (A3) holds. From the proof of (As) and (Aj), we
can choose pi > v, > 0. Thus we complete the proof of Theorem 3.2(1).

Proof of Theorem 3.2(2) We use Theorem 2.2 to prove it. We need to prove that ¢
satisfies the (PS)Z condition, and there exist py > 7y, > 0 such that for k large enough we have
(B1)—(B3). By the hypotheses of (ii), for almost all x € U; and all u € R, we have

fi(@,u) > sgn(u)hq(x) — 9 |ul? @1
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which implies

Vi .

Bi(w)

For u € Y}, with ||u|| < 1 appropriate small such that &||ul|P” < Cof[ul|?”, we have

() = I(u) — $(u) — H(u)

b = 2 [ o, — [ (File.0 - (@
- [ o) - hatauao,

o0

1 0y
S —=®u) - Cl/ Jul 7 dam+—/| @ de + 2 / @) do,
p at Jaq By Joa

e

C1 19
p == lulP ~ q_+m1n{|u|LQ(2)(8Q)7 |U|Lq<x>(asz)} T o= 3o max{|u|m1<z) Q) |U|L,@1<x>(g)}
1

o
+ = max{|u|L52(I) Q) |u|L52(I)(89)}
o

) + - +
If mm{|u|qu(m>(aQ)v |u|%q(w)(ag)} = |u|qu(m>(aQ) and

maX{|U|Lﬁ1<z) Q) |U|Lﬁ1(x)(Q)7 |u|LB2(2)(aQ |u|LB2(2)(aQ)} |U|Lﬁ1<x>(g)v

noting that dim Yy, < oo implies all norms are equivalent in Y}, we see that the above inequality
becomes

G2 - oy B
p(u) < F”u”p e |U|Lq(x>(ag) +C(By . B, )|“|L1ﬁl<z)(9)
CQ - C1 + _ _ +
= =|lull” - q—+||u||q +C(Br, B)llulPr .

If p~ < 3], then we get
- C1 +
p(u) < CllullP - q—+IIUII" :

Let ||ul| = & If we choose 7 small enough, and note that p=,3; > ¢, i = 1,2, we have
o(u) < 0. If p~ > B, we have

+ C1 +
p(u) < Cllull™ ~ e Ll

We have the same result. So (By) holds. For other cases, from 3;(z) < p(x), Vo € Q, i = 1,2,
we can check that (Bz) also holds.

Now we prove that (B;) holds. Let u € Zj, with ||u| appropriate small such that ¢ [ul|?” <
&|jul|P . Similarly to the proof of Theorem 3.2(1), we have

p(u) =I(u) — ¢(u) — H(u)
1 + C e e + -
_+||U||p - C(q, By, 5, )max{|u|%q(w)(am, |U|qu<m>(aQ)=

|U|Lﬁ1<x>(g)= |u|LB1(2) Q) |“|Lﬁ2<x>(ag)= |U|LB2(2)(aQ)}
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If

+ - lchy By lcay By +
max{|u|%q(z)(am, |u|qu(x)(aQ)’ |u|Llﬁl(z)(Q)7 |U|L1Bl(x)(g)’ |u|L2B2(z)(aQ)7 |U|L2B2(z)(ag)} = |u|%q(z)(aﬂ)’

then we have
+

G + = am aenyat
olw) 2 el = Cla™, B, 5 DAL Ml
Choosing pr, = (C(q, B, ﬁ;))\f ’é—j)ﬁiq* with |Ju|| = pk, we have

Cl pt Cl pt
u) > =—p, ——p, =0.
p(u) TPk TPk

Since ¢t < 8; and B;(z) < p(z), Vo € Q, we have pt > p~ > 37 > ¢T, i = 1,2, and because
Ar — 0, we have pp — 0. For the other cases we can get the same result. From the proof above,

we can choose pr > v, > 0. Note Yy N Zi, # 0. So

max  o(u) <0< inf
w€Y, [lull<ve wEZy, ||ull<pr

On the other hand, from the proof of (B;), we know that for u € Zj, and ||u|| < pj small enough
N +
p(u) = =Clq™, 81, B )AL Ilull®

holds, since Ay, — 0 and pr — 0 as kK — oo. This implies that (Bs) holds. Finally, we prove
(PS). condition. Consider a sequence {un, }n,>1 C X such that

nj —00, Un; CYn,, ¢(up,) —c and (¢l ) (un,) — 0.

We claim that the sequence {u,; }n>1 is bounded. If it is not true, by passing a subsequence if
necessary, we may assume ||u,, || — +oo. Without loss of generality, we assume ||u,,|| > 1 and

|tin,;| — +00 as n; — +oo for any = € Q. Similarly to Lemma 4.1, we have

My > —p(up;) = —1(un;) + ¢(un;) + H(un,)

L U S (@) un, |9®))do U
> ) + = [ (@), ")+ (), (46)
My > (' (un, ), tn;) = (un,) — /6 Q(C(aj)|unj 19N da, — (1(un, ), tn, ). (4.7)

Combining (4.6) and (4.7), we have

¢ M+ My > (1= DY, + 0 H ) = (9l o)

+ _
> (1= 7 )&l I - /Q<q+F1<x,unj> — Fi(@ tn, it )z
—/ (q+F2(:1:,unj) — fo(@, un, )up, )do,
a0

- 1)(/Q hy ()|, |daz + /8Q ha () i, |dam). (4.8)
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By virtue of assumption (i), let 7 = ¢™ and n be large enough. Then for almost all z € U; we

have

qiﬂ(x7un‘j) - fl(I, Un; )unj < 5|unj|#(m)'

Thus, by Holder’s inequality, (4.8) becomes

+ -
g My + M, > (1 _ q__)ngunij _ 5(/ |unj|u(m)dx +/ |unj|“(””)dam)
p Q o0
—=2(¢" = V(|7 1w () [t | Lo (@) + [h2] oo () [t [ o6 (902))
>(1_ a" P _ (O wt
> p= &allun, || ellun, ||
=2(¢" = DOl oo () + 12l o ) (92 |t -

The last inequality follows from the compact embedding in Propositions 2.1 and 2.2. Since

p~ > q*, we have
gt
1_p__>0 and p7>'u+7

which implies that the sequence {un; }n;>1 C X is bounded. It is a contradiction to the suppo-
sition. Therefore, we have proved that {u,, }»,>1 C X is bounded. By passing a subsequence if

necessary, we can assume Uy, ; — ug in X asn; — +oo. AsX = Y., we can choose v,,; € Yy,

such that v,; — up. Hence
im ' (un, ) (tn; —uo) = Hm_ @' (un;)(un; —vn,) + Hm @' (un;)(vn; — uo)
77/‘7_)00 77/‘7_)00 nj_>OO

— lim (ply,, ) (ttn,)(1tn, — 0) = 0.
Noting that ¢’ = L — J — ) is of type (S), we have
Un, —up and ¢ (un,) — ¢ (uo).

Next, we prove ¢'(ug) = 0. Taking arbitrary wy, € Y, when n; > k, we have

<¢/(u0)7wk> = <</7/(u0) - <P/(Unj)a wk> + <90/(unj)7wk>
(' (o) = ¢ (un, ), wi) + ((¢ly,,, ) (un, ), w)-

Taking limit on the right-hand side of the equation above, we obtain
(' (uo), wg) =0, Ywy, €Y.

So we have ¢'(ug) = 0. Therefore, ¢ satisfies (PS)”, condition for every ¢ € R. Thus we complete
the proof.

Remark 4.2 In the proof of Theorem 3.2(2), if ﬁ;L <p,i=1,2, we can get the further

result that the sequence of nontrivial solutions of (1.1), denoted as {vi}ir>1, is bounded. In
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fact, we have

0= (¢ (vk),vx) = ®(vy) — / c(@) ok " doy — (1(vr), vi)

o0
2@(@-/ (@) |ve] 1@ do, — (/191|Uk|51<z>dx+/ 192|vk|ﬁ2(m)daz)
o) Q o)
. - + + -
> minf&loell?” ullo 7"} — exmax{[0rl ) o0 05 oo}
— Oy masc{ o7, 0y g 108 o )} — P2 max{ o[ i
1MAXUR 61 @) ()7 VR 610 (@) 2 MAXY U] 35 () (902) VR | LB2 ) (902)
. - + + -
2 mln{glnvk”p a<1||vk||p } - 0(027 1917 192) HlaX{|’Uk|%q(z)(aﬂ), |vk|%q(x)(ag)7

B B By By
|UI€|L151 =) (Q) |UK|L1/31 () (Q)’ |’U;€ |L2,6‘2(m)(89)7 |Uk|L2B2(z) (09) }

Note

¢t < B < B <p, i=1,2.

Similarly to the proof above, we conclude that {vy}x>1 is bounded in WP(®)(Q).
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