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1 Introduction

Nevanlinna’s five-value theorem (see [4]) says that if two meromorphic functions share five
values ignoring multiplicity, then these two functions must be identical.

Yang [7] observed that one can weaken the assumption of sharing five values to “partially”
sharing five values in Nevanlinna’s five-value theorem. We say that a meromorphic function
f(2) partially shares a value a with a meromorphic function g(z) if E(a, f) C E(a,g), where
E(a,h) = {z | h(z) = a} for a meromorphic function h(z). In fact, he proved the following
theorem.

Theorem 1.1 Let f(z) and g(z) be two non-constant meromorphic functions and a; (1 <
Jj <5) be five distinct values. If

5 5 .
E(aj, f) € E(aj,g), 1<j<5 and limianN}faj (T)(ZNglfaj (T)) >
j=1

)

N | =

r—o00 4
j=1

then f = g.

In 2006, Yan and Chen [6] generalized the above result to meromorphic mapping, under the
inclusive relation of the sets of zero points between two meromorphic mappings. Suppose that
f(2) is a meromorphic mapping and H is a hyperplane of PV (C). Similarly, let E(H, f) denote
the zero set of (f, H). They proved the following theorem.

Theorem 1.2 Let f(z) and g(z) be two linearly non-degenerate meromorphic mappings of
C" into PN(C) and H; (1 < j < q) be q hyperplanes in general position such that dim f~1(H;N
Hj) <n-—2 fori#j. Assume

E(H;,f) CE(Hjg), 1<j<gq
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cmdf—gonUf YH;j). If g =3N +2 and

3N+2 3N+2 1 N
hrni%,%fZNuH) (ZNgm ) >N

then f = g.
3N+2 3N+2 —1
We will ask whether lim inf Z Nj_ o, (T )( > N(}_aj (T)) > NLH is sharp or not in
: =

T—00

Theorem 1.2. In this paper, the authors discuss the problem and obtain the following result.

Theorem 1.3 Let f(z) and g(z) be two linearly non-degenerate meromorphic mappings of
C" into PN(C) and H; (1 < j < q) be q hyperplanes in general position such that dim f~1(H;N
Hj) <n—2 fori#j. Assume

E(H;,f) C E(Hj,g), 1<j<gq

cmdf—gonUf YH;). If ¢>3N +2, N>2and

q 1 N
liminf Y | Niy g, (r (ZN (9.11,)( ) S AN T
j=1

J=1

then f = g.

q

Remark 1.1 If hmlnf Z N oy (T )(;::1 N(lgﬁHj)(r)) > (FQNT and N = 1 in Theorem
1.3, from the proof of Theorem 1.3, we can see that the conclusion still holds.

Remark 1.2 It is easy to see that Theorem 1.3 partially improves Theorem 1.2.

The second main theorem for moving targets is stated as follows, which was given by Thai
and Quang [5].

Theorem 1.4 Let f(z) : C" — PN(C) be a meromorphic mapping. Let H; (1 <i < q) be
q moving hyperplanes in general position. Assume that (f, H;) is free for every H; (1 <i < q).
If g > 2N + 1, then

H2N+1 ZN(fH) +o(T(r, f))+0(1rgggqu(r,ai)).

As usual, by the notation “||P” we mean that the assertion P holds for all r € [0, 00)
excluding a Borel subset E of the interval [0, co) with [, dr < co.

In [6], Yan and Chen raised a problem of how to generalize Theorem 1.2 to the case of
moving targets. Later, they answered the question in [2]. As a matter of fact, we can describe
their theorem as follows.

Theorem 1.5 Let f(z) and g(z) be two meromorphic mappings of C" into PN (C) and
H; (1 <j<gq) beq “small” (with respect to f) moving targets in general position such that
dim f~Y(H; N H;) <n—2 fori# j. Assume that

E(H;,f) C E(Hj,g), 1<j<gq
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q
and f=g on U f~Y(H;). Ifg=2N(2N +1)+1 and
j=1

! ! -1 (2N + 1)N
P 1 1
lb“i%&f;N<f%Hj>(T)(;N<gij>(T)) NN+ D1
then f = g.
Using Theorem 1.4 and the similar method in proving Theorem 1.3, we can obtain the
following result, which partially improves Theorem 1.5.

Theorem 1.6 Let f(z) and g(z) be two meromorphic mappings of C" into PN (C) and
H; (1 <j<gq)beq “small” (with respect to f) moving targets in general position such that
dim f~Y(H; N H;) <n—2 fori # j. Assume

E(Hj, f) CE(Hjg), 1<j<gq

q
and f=g on U f7Y(H;). If ¢>2N@2N +1)+1, N > 2 and
j=1

! -1 (2N +1)N
liminf S N ( N} ) > e N
T ng (f,Hj)(r) = (: ,Hj)(r) = ¢— (2N +1)N’
then f = g.
2 Preliminaries and Some Lemmas
We set ||z]| = (|z1]2 4+ |2n]?)? for z = (21, -, zn) and define

B(r)={€C": |z <r}, SG)={zeC":|z|=r}, 0<r<oo,
vn-1(2) = (dd°l|z[*)"7Y, ou(z) = dlog]|z]|* A (dd®log [|z]|*)" Y,
on C™\ {0}.
Let f be a nonconstant meromorphic mapping of C” into PV (C) and k be a positive
integer. We take the holomorphic functions fo,-- -, fx on C" such that Z; = {z € C" : fy(z) =

- fn(z) = 0} is of dimension at most n — 2 and call f = {fo, -+, fn} on C" a reduced
representation of f. The characteristic function of f is defined as

7(.£)= [ toglfllon— [ 1og]lflon.
S(r) S(1)

Note that T'(r, f) is independent of the choice of the reduced representation of f.
We now define the counting functions. For a divisor v on C" and for positive k, M (or
M = o0), we define the counting functions of v as follows. Set

. )0, if v(z) >k, M(z), ifu(z) >k,
VM(Z) = min{M,v(2)}, - vk = {VM(Z), if v(z) <k, Vi/[k N {O, if v(z) <k.

We define n(t) by
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Similarly, we define n (¢), ni/[ (t), n . Define

1<7r<oo.

Similarly, we define N(r,v™), N(r,v %4) (r vd}) and denote them by NM(r,v), N (r,v),
N2 (r,v), respectively.
Let ¢ : C" — C be a meromorphic function. Define

No(r) = N(r,vs), N3 (r)=NM(r,v), NJp(r) = NZ(r,ve), NpLi(r) = N3(r,ve).

For brevity we will omit the superscript M if M = co.
For a hyperplane, we define the proximity function of H by

B IFLIE] o UL,
mfﬂ(”‘/w " /sul 7.10)

Now, take two distinct hyperplanes H; (j = 1,2) and consider a meromorphic function

o, _ ()
KA A

We have
Lemma 2.1 (see [3]) T'(r, Fth’HZ) <T(r, f)+O(1).

Lemma 2.2 (see [3]) Let f : C* — PN(C) be a linearly non-degenerate meromorphic
mapping and Hy,--- , Hy be q hyperplanes in general position in PN(C). Then

l(g—N-1)T <ZN<,H> S(r, f).

3 Proof of Theorem 1.3

For brevity we denote T'(r, f) + T(r,g) and S(r, f) 4+ S(r,g) by T(r) and S(r), respectively.

Assume f # g For some 1 < j < q, there exists a c € (CNH\{O} such that FHJ’ Hj’c £ 0.

Since f = g on U f~Y(H;), we have Ff o —Fg “(2) = 0 on U f~Y(H;). Then by Lemma
i=1

=1

2.1, we have

q
Hje »
> Ny (1) N;]{fj,c_FgHj, () ST Fp7° = F) +0(1) <T(r) + 8(r).  (3.1)
1=1

By Lemma 2.2, we have

(@=N=DT(r, f) <Y Ny (r) + S(r)

1
q q
SNz:N(sz ZNle)<N 1(r) +S(r), (3.2)
=1

1
q q
< NZNw (1) = DNl iy enoa (r) + S(r). (3.3)
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q —1
Noting lim inf Z N(j (T )( > N(lg H_)(r)) > 1172%’ we derive
i=1 Y

— h
T OO'L:

q q — _ —
thUPZN(lg,Hi)(T)(ZN(lf)Hj)(T)) 1 < #

T =1 i=1

For any € > 0, we have (for r large enough)

Kl -1
| 1 ¢—2N -1
N(g,Hi)(r)(ZN(f}Hj)(TD aS N te
i=1

From (3.1)—(3.3), we derive

M=

i=1

(q—N—l)T( )
<NZN(J‘H ZN(J‘H <N-— 1 +NZN9H) ZN(gH <N-1 (r) +S(r)
i=1 i=1
q
q—2N —
§N(1+ N +5)Z (f.H) ZN(jH <n-1( ZN(gH)<N (1) +5(r)
=1 =1
g—2N —1 g
SN(I“L N +E)T(T)_ZN(1f;Hi)SN—1(T)_ZN(lg,Hi)gN—l(T)_FS(T)' (3.4)
i—1 i—1
By (3.4), we get
q q
ZN(fH)<N 1 )+ZN(19,H1»)5N71(7”)SNET(T)+S(T)7 (3.5)
i=1 1=1
q
q—N -1
>4 _ . .
D Ny 2 —p 1L+ 50 (3.6)

)
-

3

We know that for each 1 < i < g, there exist 1 < j # i < ¢ such that
H;,H; H;,H;
Pi:Ff J—Ff T Z£0. (3.7)

Put
( ) 1, if min{u(fﬁHi),u(g’Hi)} >N,
i\2) =
g 0, if min{u(fﬁHi),u(g’Hi)} <N -1.

Then vp,(z) > Nn;(z) + Z u( o, )(r) holds outside a finite union of analytic sets of dimension
l;ﬁl i

<n — 2. Hence
q

Np,(r) = NN(r,n:) + > Ny (). (3.8)

On the other hand, we have

ni(2) > V(lf,Hi)>N—1(Z) - V(lg,Hi)gN—l(Z) = V(lf,Hi)(Z> - V(lf,Hi)gN—l(Z) - V(lg,Hi)gN—l(Z)'

Hence
N(r,mi) > Nl gy (2) = N gyen—1(2) = Nl my<n—1(2)- (3.9)
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From (3.7), we have
Np,(r) <T(r,P;) + O(1) < Np-1(r) +m(r, P;) + O(1)

i

S Np-1(r) +T(r, f) = Nigo,) (r) + T(r,9) = Neg,u, (1) + 5(r). (3.10)
Note
Npi—l (r) < max{N(fﬁHj)(T), N(g,Hj)(T)}-
Thus
N(ﬁHj)(T) + N(ngj)(T) — Npi—l(’f‘) Z N(lﬂH])(’f') (311)
Substituting (3.8), (3.9) and (3.11) into (3.10), we derive
q
H(N—l)N(lf)Hi)(r)—i—Z N(lf,Hl)(T) < T(T)"’N(N(lf,Hi)gN—l(2)+N(1g,Hi)§N—1(2))+S(T)- (3.12)
=1
From (3.5), (3.6) and (3.12), we obtain
Ne
1 2
Thus
Nipuy(r) < MieT(r) + 8(r), 1<i<gq, (3.13)
where M; is a positive number.
Putting (3.13) into (3.6), we can derive that T'(r) = S(r), which is a contradiction. Thus,
we complete the proof of Theorem 1.3.

We can prove Theorem 1.6 in a similar way. We omit it here.

4 Questions
There are several questions related to the above results.
Question 4.1 Is there any assertion similar to Theorem 1.3 and Theorem 1.6 for N = 17

Question 4.2 Is there any assertion similar to Theorem 1.3 and Theorem 1.6 for ¢ = 3N +1
and ¢ = 2N (2N + 1), respectively?
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tions to the manuscript.
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