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Abstract Let G be a finite group with a non-central Sylow r-subgroup R, Z(G) the
center of GG, and N a normal subgroup of G. The purpose of this paper is to determine
the structure of N under the hypotheses that N contains R and the G-conjugacy class
size of every element of N is either 1 or m. Particularly, it is shown that N is Abelian if
N NZ(G) =1 and the G-conjugacy class size of every element of N is either 1 or m.
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1 Introduction

All groups considered in this paper are finite. Let G be a group, 7w a set of some primes and
x an element of G. 2% denotes the conjugacy class containing x, || denotes the size of 2%, x
and z, denote m-component and 7’-component of x, respectively. Moreover, we write G for
a Hall w-subgroup of G, G for a Hall n’-subgroup of G, and n, for the m-part of n whenever
n is a positive integer.

In 1904, Burnside proved that if a group G has a conjugacy class with prime power size,
then G is not simple (see [3, Corollary II, p. 322]). Since then, many authors have investigated
the relationship between the structure of a group and its conjugacy class sizes (for example,
[1, 2, 4, 5, 8-14]). Among these results, a classic result by Ito [8] asserts that a group G is
nilpotent if |z%| = 1 or m for every x € G. Recently, Beltrdn and Felipe [2] proved that every
Hall p’-subgroup of a p-solvable group is nilpotent if |#¢| = 1 or m for every p’-element x of
G. On the other hand, the structure of a normal subgroup N of a group G was given if N
is the union of some G-conjugacy classes (see [9-12]). Now, we are interested in the following
question: Let G be a finite group and let N be a normal subgroup of G. If |z%| = 1 or m for
every element € N, is N nilpotent?

Our main result is the following theorem.

Theorem 1.1 Let G be a finite group with a non-central Sylow r-subgroup R and N a
normal subgroup of G containing R. If |x%| = 1 or m for every element x of N, then N is
nilpotent.
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2 Preliminaries

We first list some lemmas which are useful in the proof of our main result.

Lemma 2.1 (see [5, Lemma 1.1]) Let N be a normal subgroup of a group G and z an
element of G. Then

(a) |zN| divides |xC|;

(b) |(Nz)/N| divides |z

Corollary 2.1 Let N be a normal subgroup of a group G and NN Z(G) = 1. If |z%| =1
or m for every element x of N, then N is Abelian.

Proof By the assumption of this corollary, we may assume |N| = km + 1, where k is the
number of noncentral G-conjugacy classes contained in N. It follows that (|[N|,m) = 1. By
Lemma 2.1, we deduce that N is Abelian.

Lemma 2.2 (see [7, Theorem 33.4]) Let G be a group. A prime p does not divide any
conjugacy class size of G if and only if G has a central Sylow p-subgroup.

Lemma 2.3 Let m be a set of some primes and N be a normal subgroup of a group G. If
T =N is a w-element, then there exists a w-element z* of G such that T = x*.

Proof Let o(T) = no and o(x) = n - m such that n is a m-number and (n,m) = 1. Then
no | nand 2™ € N. Since (n,m) = 1, there exist integers u and v such that un +vm = 1. It
follows from & = 2" - "™ that N = (z™)"N. It is clear that o* = (2™)" is a m-element.

Lemma 2.4 (see [6, Theorem 1]) Let G be a group acting transitively on a set Q0 with
|Q| > 1. Then there exist a prime p and a p-element © € G such that x acts without fized point
on .

3 Proof of Theorem 1.1

Now, we are equipped to prove the main result.

Assume that Theorem 1.1 is not true. Let G be a counterexample with minimal order, and
Z(G) be the center of the group G. Without loss of generality, we may replace N by NZ(G).
Therefore we may assume that Z(G) < N. We will complete the proof by the following steps.

Step 1 N, £ Z(G) for any prime divisor p(# r) of |N|.

If not, there exists a prime divisor ¢(# r) of the order of N such that N, < Z(G) and
thus N, < G. Consider the quotient groups G /N and N/N,. For convenience, we use “~” to
work in the factor group mod N,. Obv1ous1y7 R is a non-central Sylow r-subgroup of G and
N is a normal subgroup of G containing R. Let T be an element of N and y an element of
G. We may assume that z is a ¢’-element of N by Lemma 2.3. If 7y = yZ, then [z,y] € N,.
So y normalizes the group (x) x N,, and hence [z,y] € (:v) Consequently, [z,y] = 1. So
C5(&) = Calw). Therefore, |7%] = |G : Cz(#)| = |G : Cale)| = |G : Cala)| = 1 or m. This
means that the hypotheses of the theorem are inherited by factor group G and N. We conclude
that N is nilpotent by the minimal choice of G. Since N, < Z(G) while Z(G) < Z(N), N is
nilpotent, a contradiction.

In the following, we will consider the quotient groups G/Z(G) and N/Z(G). For convenience,
we use “~” to work in the factor group mod Z(G).
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Step 2 For any 1 #7 € N, we have

(i) If o(Z) is a power of a prime p, then Cy(z), < Z(Cq(z)).

(ii) If o(T) is not a prime power, then Cy(x) < Z(Cq(x)).

If o(T) is a power of p, then by Lemma 2.3 we may assume that x is a p-element. For any
p’-element y € NNCq(z) = Cn(x), since Ca(zy) = Ca(x)NCq(y) C Ce(x), the assumption of
the theorem implies C(2y) = Ce(x), and hence Cg(x) C Ca(y). It follows that y € Z(Cq(x)),
and therefore Cn(z)y < Z(Cq(x)).

If o(T) is not a prime power, then o(z) is also not a prime power. So we may assume
T = x1%2 - - Ts, where the order of each z; is a power of a prime p; and x; commutes pairwise
with p; #p; (i, =1,2,---,s and s > 2). Since o(T) is not a prime power, there at least exist
two elements beyond Z(G) among z; (1 < i < s), say, x1 and x5. Noticing that z, z; and x»
are non-central elements and Cg(x) = Cq(x1) N Ca(ae -+ 25) = Ca(x2) N Co(xi23 - - 5), We
have Cg(x) = Cq(x1) = Cg(x2) by the assumption of the theorem. On the other hand, (i)
implies that Cn(z),, < Z(Cg(x)) and Cn (z),, < Z(Cg(x)), while Cn(z), Cn(2)p, = On ().
So Cy(x) < Z(Cq(x)).

Step 3 Let 1 # 7,7 € N and o(Z) be not a prime power. If Cg(z) # Cg(y), then
Cn(z) N Cn(y) = Z(G).

By (ii), we have Cn(z) < Z(Cg(x)). If there exists an element a such that 1 # a €
Cn(z) N Cn(y) but a ¢ Z(G), then Cg(z) = Ca(a), and therefore Cy () = Cn(a). Also,
a € Cn(y) implies y € Cn(a) = Cy(z) < Z(Cg(x)). Tt follows that Ce(z) C Ce(y). Hence
Cea(z) = Ca(y), a contradiction.

Py

Step 4 For any 1 #% € N, we have
(iii) If o(T) is a power of a prime ¢, then [T, = m,.
(iv) If o() is not a prime power, then [ = m

Let C=(Z) = H. For every element § € H of order of a power of a prime ¢ where ¢ € ¢/, we
may assume that y is a t-element and y € H by Lemma 2.3. Therefore we have that (z,7) is
a cyclic group and hence (z,y) is Abelian. So 7 € Ce(x). Tt follows that |H|; = [Ca(x)];. So

|H|y = |Cq(z)|q. Therefore

a, - Cly _ _[Gly _ _1Gle/12@)ly  _ _|Gly
“THy  [Cowly  1Ce@ly/IZG)ly  Cawly

Next, if T is not a prime power order element, then o(x) is also not a prime power. So

[z =G : Cg(x)lgy =mg.

we may assume that x = 125 - -- x5, where the order of each x; is a power of a prime p; and
x; commute pairwise with p; # p; (1,7 = 1,2,---,s and s > 2). Since o(T) is not a prime
power, there at least exist two elements beyond Z(G) among z; (1 <14 < s), say, x1 and 22. So
T =T1T2T3 - Ts. Obviously, Cx(T) = Cq(T1) N Cq(T2T3 -+ Ts) = C(T2) NCer(T1 T3 - - - Ts)
and it is clear that Cx(T) < Cx(Z1) and Cx(T) < Cu(T ) Hence 2§ | |29 and |2 | [T €.
By (iii), we have m,, | Z%| and My | |xG| So |£CG| =

Step 5 If 1 # T € N is not a prime power order element, then Cx(T) = C(z), particularly,
Cx (@) = Cn(x).

Since

79| =[G : Cg(@)| < |G : Ca)] = |G : Calw)| = m
while [ZS] = m by (iv), thus we obtain C=(7) = Cg(x). Particularly, Cx(7) = C5(T) NN =
OG({E) NN = Og(x) NN = ON(:Z?)
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Step 6 Let go € N — Z(G) and g, be not a prime power order element. Consider the
conjugacy class goﬁ of g, in N. Then there exists some non-central element = of N such that
7N nCn(z) = 0.

Consider the conjugacy class gi' of go in N. Noting that N operates transitively on the set
g8’ with |gd'| > 1, we have that there exists an element z of N such that x operates without
fixed point on g{¥ by Lemma 2.4. It follows that g)¥ N Cn(z) = 0. So g N Cx(z) = 0.

Step 7 There exists a {p,7}-element g of N such that 7 is a {p,r}-element of N for any
prime divisor p(# r) of |N|.

According to Step 1, for any prime divisor p(# r) of |N|, there exists a non-central p—
element in N, say, z. By (i), we have Cn(z) = Cn(2), X Cn (). We claim Cy(z), £ Z(G
Otherwise, Cn(z), < Z(G). As R is non-central, there exists a non-central r-element z such
that z € N\ On(),. So Cn (), < (Cn(2),,2) < Cg(z), in contradiction to |2%| = [2%] =m
Take z € Cn(z), \ Z(G) and let ¢ = xz. Thus g = TZ. It is clear that g and g satisfy the
requirement of Step 7.

Step 8 If there exist an r-element x of N and a prime divisor p(# r) of |N| such that
p11Cn(@)], then [N, | m.
As
@] = N : Cn(x)| = [N : Cn(2)],

it leads to |N|, | [#V| since p does not divide |C(z)|.
2.1. The hypotheses of the theorem imply |N|, | m.

It follows that [N|, | |[*“| by Lemma

Step 9 |Cn(y)| and |N| have the same prime divisors for any r-element y of .

If it is not true, there exist an r-element xy of N and a prime divisor p of N such that p
does not divide |Cn (zg)|. Obviously, p # r. By Step 8, we have |[N|, | m.

By Step 7, we may take a {p,r}-element g € N such that g is a {p, r}—element. Applying

Step 6, we have that there exists a non-central element x of N such that g&¥ N Cy(z) = 0.

Consider that Ciy () operates on g~ by conjugation. Notice that no element in Cy (z) distinct
from 1 centralizes any element in g~ by Steps 3 and 5. So all orbits of Cx (z) on g~ have the

same length |Cy (z)|, which implies |Cx (z)| | [§7]. Also [g¥|] [g €| by Lemma 2.1, so

[Cn (@) | 5. (3.1)

On the other hand, it is obvious that Cn(g) operates without fixed points on 56 — 56 N
Cn(g). By Steps 3 and 5 once again, we have

[Cn (9l (5%~ 15% N TN (9)]). (3.2)

Since N contains a Sylow r-subgroup R of G, |Cn(g)|» = |Cn(z)|,, from which the rela-
tionship between (3.1) and (3.2) becomes

[CN ()l | 159 N C (g)]. (3-3)

Notice |N|p | m. Also, Step 4 implies that |N|, | |7¢]. Obviously, ICNn(9)]p < |NJp. So
ICx(9)l, | [7€]. Noticing (3.2), we have

ICn(@)lp 1179 N Cx (9. (3-4)
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By (3.3) and (3.4), we have

ICN (@)l oy |57 N C ()], (3.5)
Noticing that Cn(g) is Abelian by (ii), we get
[7¢ N Cn{9)l = [Cn (@)l (3.6)

a contradiction.

Step 10 The final contradiction.

Let p be a prime divisor of |[N| with p # 7. Choose a non-central r-element zo such that
|Cn(x0)|p is as small as possible. By Step 9 we have |Cn(x0)|, > 1. So, it is clear that we may
take a {p, r}-element g € Cn(z0) such that 7 is also a {p, r}-element. Arguing as in Step 9, we
may see that (3.1) and (3.2) still hold, and therefore (3.3) also holds.

Noting Cn(g) = Cn(z0) by Step 3, we have |Cn(g)|p = [Cn(0)]p. Noticing |Cn (zo)lp <
|Cn(z)|p by the choice of zq, we have |Cn(g)|, < |Cn(z)|p. Consequently, |Cn(g)|, | |7 by
(3.1). By using a similar argument as in Step 9, (3.4) is obtained. Arguing as in Step 9 once
again, we have (3.5), and thus equation (3.6) holds, a contradiction.

Corollary 3.1 Let G be a finite group with a non-central Sylow r-subgroup R and N a
normal subgroup of G containing R. If |x%| =1 or m for every element x of N, then either N
is Abelian or N,» < Z(Q).

Proof By Theorem 1.1, we have that N is nilpotent. So, for any p(# r)-element x of
N, we have r { |G : Cg(x)|. If N»v £ Z(G), then 7 t m. So R < Z(N). However, since R
is non-central, there exists a non-central r-element zy such that N < Cy(xp). Thus we have
N, < Z(Cg(x0)) by (i) in the proof of Theorem 1.1. So N is Abelian.

Corollary 3.2 (see [8, Theorem 1)) Let G be a group. If |x%| =1 or m for every element
x in G, then G is nilpotent.

Proof Let N = G. Obviously, N satisfies the hypotheses of Theorem 1.1. So N = G is
nilpotent by Theorem 1.1.

Acknowledgement The authors would like to thank the referees and the editors for their
carefully reading the manuscript and for their helpful comments.

References

[1] Baer, R., Group elements of prime power index, Trans. Amer. Math. Soc., T5(1), 1953, 20-47.

[2] Beltréan, A. and Felipe, M. J., Finite groups with two p-regular conjugacy class lengths, Bull. Austral.
Math. Soc., 67, 2003, 163-169.

[3] Burnside, W., Theory of Groups of Finite Order, Cambridge University Press, Cambridge, 1911.

[4] Camina, A. R. and Camina, R. D., Implications of conjugacy class size, J. Group Theory, 1(3), 1998,
257-269.

[5] Chillag, D. and Herzog, M., On the length of the conjugacy classes of finite groups, J. Algebra, 131(1),
1990, 110-125.

[6] Fein, B., Kantor, W. M. and Schacher, M., Relative Brauer groups II, J. Reine Angew. Math., 328, 1981,
39-57.

[7] Huppert, B., Character Theory of Finite Groups, de Gruyter Expositions in Mathematics, 25, Walter de
Gruyter, Berlin, 1998.



X. H. Zhao and X. Y. Guo

It6, N., On finite groups with given conjugate type I, Nagoya Math. J., 6, 1953, 17-28.

Riese, U. and Shahabi, M. A., Subgroups which are the union of four conjugacy classes, Comm. Algebra,
29(2), 2001, 695-701.

Shahryari, M. and Shahabi, M. A., Subgroups which are the union of three conjugate classes, J. Algebra,
207(1), 1998, 326-332.

Shi, W. J., A class of special minimal normal subgroups (in Chinese), J. Southwest Teachers College, 9,
1984, 9-13.

Wang, J., A special class of normal subgroups (in Chinese), J. Chengdu Univ. Sci. Tech., 4, 1987, 115-119.

You, X. Z. and Qian, G. H., A new graph related to conjugacy classes of finite groups (in Chinese), Chin.
Ann. Math., 28A(5), 2007, 631-636.

Zhang, J. P., Finite groups with many conjugate elements, J. Algebra, 170(2), 1994, 608-624.



