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Abstract The recently developed short-time linear response algorithm, which predicts
the response of a nonlinear chaotic forced-dissipative system to small external perturba-
tion, yields high precision of the response prediction. However, the computation of the
short-time linear response formula with the full rank tangent map can be expensive. Here,
a numerical method to potentially overcome the increasing numerical complexity for large
scale models with many variables by using the reduced-rank tangent map in the computa-
tion is proposed. The conditions for which the short-time linear response approximation
with the reduced-rank tangent map is valid are established, and two practical situations
are examined, where the response to small external perturbations is predicted for nonlinear
chaotic forced-dissipative systems with different dynamical properties.
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1 Introduction

The fluctuation-dissipation theorem (FDT) is one of the cornerstones of modern statisti-
cal physics, discovered about eighty years ago. Roughly speaking, the fluctuation-dissipation
theorem states that, for dynamical systems at statistical equilibrium, the average response to
small external perturbations can be calculated through the knowledge of suitable correlation
functions of the unperturbed dynamical system. The fluctuation-dissipation theorem has great
practical use in traditional setting involving statistical equilibrium of baths of identical gas or
liquid molecules, Ornstein-Uhlenbeck Brownian motion, motion of electric charges, turbulence,
quantum field theory, chemical physics, physical chemistry and other areas. The general ad-
vantage provided by the fluctuation-dissipation theorem is that one can successfully predict
the response of a dynamical system at statistical equilibrium to an arbitrary small external
perturbation without ever observing the behavior of the perturbed system, which offers great
versatility and insight in understanding the behavior of dynamical processes near equilibrium
in numerous scientific applications (see [10, 18]).
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Despite the facts that the climate system is a complex chaotic multiscale problem with
forcing and dissipation and that the equilibrium state structure has significant complexity,
there has been a profound interest among the atmospheric/ocean science community to apply
the fluctuation-dissipation theorem to predict global climate changes responding to variation
of certain physical parameters (see [5-7, 1317, 19, 22]), where the FDT has been used largely
in its classical formulation (see [23]).

However, the fluctuation-dissipation theorem in its classical formulation is only partially
successful for nonlinear dynamical systems with forcing and dissipation. The major difficulty
in this situation is that the probability measure in the limit as time approaches infinity in
this case is typically a Sinai-Ruelle-Bowen probability measure, which is supported on a large-
dimensional (often fractal) set and is usually not absolutely continuous with respect to the
Lebesgue measure (see [9, 27]). In the context of Axiom A attractors, Ruelle [24, 25] has
adapted the classical calculations for FDT to this setting. In this context, Majda and the author
[1-3] developed and tested a novel computational algorithm for predicting the mean response of
functionals of a chaotic dynamical system to small change in external forcing via the fluctuation-
dissipation theorem. This algorithm, called the short-time FDT (ST-FDT) algorithm in [1-3],
takes into account the fact that the dynamics of chaotic nonlinear forced-dissipative systems
often reside on chaotic fractal attractors, where the classical quasi-Gaussian formula of the
fluctuation-dissipation theorem often fails to produce satisfactory response prediction, especially
in dynamical regimes with weak and moderate chaos and slower mixing. It has been discovered
in [1-3] that the ST-FDT algorithm is an extremely precise response approximation for short
response times, but numerically unstable for longer response times.

However, the computation of the short-time linear response formula from [1-3] with the full
rank tangent map is numerically expensive. Here we propose a numerical method to potentially
overcome the increasing numerical complexity for large scale models with many variables by
using the reduced-rank tangent map in the computation of the linear response. We establish the
conditions for which the short-time linear response approximation with the reduced-rank tan-
gent map is valid, and examine two practical situations, where the linear response is predicted
for nonlinear chaotic forced-dissipative systems with different properties.

2 Short-Time Linear Response Formula

Here we start with the derivation of the fluctuation-dissipation theorem in its geometric
formulation, following Ruelle [25]. A dynamical system of chaotic ODEs for a vector & € RY is
given by

Bt) = f#¢), #(t) = ¢'T, (2.1)
where f is a differentiable vector field of dimension N, and ¢’ is the flow generated by f We
also assume that, for a suitable large set of initial conditions, there is an ergodic invariant
probability measure p 7 such that, for any smooth function A(Z) and for any t,

pi(A) = ppAogh), (2.2)

where

prd) = [ A@psa2) (2.3)
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Now, let a small forcing be introduced into the right-hand side of (2.1):

() = f@(1) + w(@0)5f(),  #(t) = ¢'E, (2.4)

—

where w(Z) is an N x K matrix, §f(t) is a small K-dimensional time-dependent forcing such
that 5f(t) = 0 when ¢t < 0, and (;Aﬁt is the flow operator generated by the right-hand side of
(2.4). Then the response d;:p 7(A) of p(A) to the small perturbation in the right-hand side of
(2.4) is defined by

Sipp(A) = pAod' —Aogh). (2.5)

At this point, we are going to derive a suitable approximation of the response d;p f(A) in (2.5),
which is linear with respect to the small perturbation & f( (t).
Formally expanding (2.5) with respect to 6¢'Z = ¢'% — ¢'& and discarding higher order

terms, we obtain
Sepp(A) = / VA Z)6¢" &p F(dD). (2.6)

The linear approximation in (2.6) necessitates a suitable linear approximation for §¢'Z. Sub-
tracting (2.1) from (2.4), expanding with respect to d¢'# and discarding higher order terms,

we find 5
&&btf = J(¢'B)00' T + w(d' B)5f(t), 0¢°F =0, (2.7)
where .
0
J(Z) = a_é

is the Jacobian of the vector field f The formal solution to this linear equation is given by the
Duhamel’s principle:

¢
St = / o1 7@ DAy 47 )5 F (7). (2.8)
0
In order to interpret the semigroup notation above in (2.8), we differentiate (2.1) with respect
to 2 , .
0 (0¢'T - 0¢'c
= =J(¢'z : 2.9
557 ) = 70Dz 2.9)
Defining the tangent map as T% = 62;5, we obtain
T = J(¢'®)TL. (2.10)

Since ¢' = ¢'~7 0 ¢7 for an arbitrary 7, the chain rule of differentiation yields T% = T(;:%' Tz
Substituting the chain rule into (2.10) and multiplying both sides by T',)"., we obtain

Tif=J($ BT L, Vit (2.11)
with the formal solution
TITT = el T ds, (2.12)

The latter yields

—

t
5ot = /O TL: Tw(¢™#)5f(r)dr. (2.13)
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Substituting (2.13) into (2.6), one obtains

—

5pp(A / / VA($'#)TL Iw(¢ff)pf(df)}5 (r)dr
_ /O [ / VAL w(@)p{dd) |5 (), (2.14)

where for the second equality we used the fact that p 7 is an invariant probability measure for
¢'. Finally, one can write the linear fluctuation-dissipation formula as

uogd) = [ Rt =)sfir),

(2.15)
_ / VA(#F)Tw(#)p {dF).

Using ergodicity of p 7 and replacing space averages with time averages, one can write the

kernel of the linear response operator R(t) as

1
R(t) = lim - VA( Z(t+ 7)) %(T)w(f(T))dT. (2.16)
s—o0 S Jo
It has to be mentioned that if the probability measure Py is absolutely continuous with respect
to the Lebesgue’s measure d, i.e., p f(df) p(Z)dZ with p( %) being smooth probability density
function, then one can integrate the second formula in (2.15) by parts, obtaining

/A Z)div(w(Z)p(Z))dz. (2.17)

In particular, replacing space average with time average above yields the classical fluctuation-
dissipation formula:

S

R(t) = — lim ~ [ A@(t +7)[dive + w¥ Inp| (#(r))dr. (2.18)

s—00 S Jg

2.1 Short time linear response formula for nonlinear maps

In practice, the dynamical system of the form (2.1) typically cannot be explicitly solved.
Common methods of solution involve discretization in time, when continuous time variable ¢
is replaced with a set discretized time steps nAt. For a single-step explicit time integration
scheme (such as, for instance, the standard 4th order Runge-Kutta method) and # € RY, the
dynamical system in (2.1) assumes the form of a nonlinear map

Tni1 = F(Z), (2.19)
where F is a vector-valued nonlinear function provided by the vector field f and the chosen
time integration scheme. Here we omit the discrete time parameter At for convenience.

Here we assume that, just like for continuous dynamical systems above, for a large set of
initial conditions the nonlinear map F has an ergodic invariant probability measure pz such
that for any observable A(Z) and any integer k,

pi(A) = pz(Ao FF). (2.20)
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Now, assume that a small forcing is introduced into the right-hand side of (2.19):

—
=

Tna1 = F(Zn) = F(Zn) + w(Z,)0F,, (2.21)
where w(Z) is an N x K matrix, and §F, is a small K-dimensional time-dependent forcing.
Then the response of A is defined by

Sepp(A) = p(Ao F — Ao ). (2.22)

=k

Formally expanding (2.22) with respect to 6%, = F (o) — F*(&) and discarding higher order

terms, we obtain
Sipal) = [ VAP @)57p5(a). (2.23)

Now one needs to find a suitable linear approximation for 0Z. Subtracting (2.19) from (2.21),
expanding with respect to 67 and discarding higher order terms, we find

0Zns1 = T(Z,)0F, + w(Z,)0F,, (2.24)

where T'(Z,) is the one-step tangent map of F(Z,) (Jacobian matrix of F(Z,)). Due to the
linearity of (2.24), one finds

n—1

0y = > T2 " w(iy)dFy, (2.25)

LThk+1
k=0

where the m-step tangent map is given by the product of the one-step tangent maps:
m—1
= H T(Zpii)- (2.26)

Substituting (2.25) into (2.23), one obtains

n—1
Supp(4) = Y | [ VAE @) L w(FH@)pp(an)| o
k=0
n—1 .
_ /VA P @) Tk (@) ﬁ(df)}éFk, (2.27)
k=0

where for the second equality we used the fact that pj is an invariant probability measure for
F. Finally, one can write the linear fluctuation-dissipation formula as

npp‘ jg: }z kéf%,
(2.28)

Using ergodicity of pz and replacing space averages with time averages, one can write the linear
response operator R,, as

Tn41

k
: 1 = m—1
R, = leIEoE E,l VA(Zpn) Ty w(Zy). (2.29)

For chaotic maps, the computation of R,, above becomes numerically unstable for large m, due
to the fact that some entries of the multistep tangent map 77" grow exponentially fast with

increasing m.
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3 The Algorithm for the Reduced-Rank Tangent Map

Here we start with a description of the existing computational algorithm for the tangent
map 77", which is used in [1-3]. While the formula in (2.26) is sufficient to compute the
discretized version of the tangent maps for different number of steps m, in practice a more
advanced approach is taken. For each N x N single-step tangent map T(#)) we perform the
following recursive QR-decomposition:

(T(Zk)Qk] = Qr+1Rkt1, (3.1)

where Q) is an N x N orthogonal matrix, and Ry is an N x N upper-triangular matrix with
nonnegative diagonal entries. The initial matrix Q)¢ is an arbitrary N x N orthogonal matrix,
and for practical purposes Qg can be set to identity.
The QR-decomposition in (3.1) yields the following formula for the m-step tangent map in
(2.26):
ng = QeranJrn e RnJrlQZ- (3'2)

At first, it seems that the simple formula in (2.26) requires less computational effort than the
two formulas in (3.1) and (3.2), which is indeed true for the computation of a single m-step
tangent map. However, in order to compute the short-time linear response operator in (2.29)
for a fixed m as a time-average over n, m-fold matrix products either in (2.26) or in (3.2) have
to be computed for every step n, while the QR-decomposition in (3.1) has to be computed only
once per time step n irrespective of m. Due to the fact that Ry are upper-triangular matrices,
for large m the computation of (3.2) is faster than that of (2.26) by a factor of 6.

However, the computation of the tangent map in (3.2) is numerically expensive. In the
majority of practical applications the nonlinearity in f from (2.1) is quadratic, which typically
yields O(N?) numerical complexity in (2.19), or even better. On the other hand, the numerical
complexity of (3.2) is O(N?), and for many degrees of freedom (N ~ several hundred) the
computation of (3.2) becomes overwhelming.

Here we propose a numerical method to potentially overcome increasing numerical complex-
ity in (3.2) by using a reduced number of columns in Q. In general, for an arbitrary N x L
matrix, N > L, the QR-decomposition yields the N x L orthogonal matrix @ and the L x L
upper-triangular matrix R. The algorithm is defined as follows:

(1) Choose 1 < L < N.

(2) For each single-step tangent map T'(Z)), perform the QR-decomposition:

[T(Z1) Q1] = Qur1Rit1, (3.3)

where Qg is an arbitrary N x L orthogonal matrix. Then [T(Z)@k_1] is an N x L matrix and,
therefore, Qi and Ry are N x L orthogonal and L x L upper-triangular matrices, respectively.

(3) The formula for the reduced-rank tangent map is
T%‘: = @m-ﬁ-nﬁmﬁ-n T ﬁn-ﬁ-léz' (3'4)

It is easy to see that T%: is still an N x N matrix just like the original tangent map 77", but
T2 has rank L. The computational complexity of (3.4) is O(L?), rather than O(N?).
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Of course, for the reduced-rank tangent map Tf“}l, one can expect increased numerical errors
in the linear response formula in (2.29), if compared to the full tangent map 73" . However, there
is a reason to believe that the increase in numerical errors might not necessarily be significant,
which follows from the proposition below.

Proposition 3.1 Let T%” be the m-step reduced-rank tangent map at & from (3.4) of rank
L. Then, as m — oo,

(1) TV%” spans the L-dimensional tangent subspace at T which has either the fastest growing
phase volume if L is smaller than the Kaplan-Yorke dimension, or the slowest decaying phase
volume if L is larger than the Kaplan-Yorke dimension.

(2) (T2 - f%”) spans the (L + 1)-th Lyapunov subspace at &.

Sketch of Proof (1) Observe that, by construction, C,jm consists of the first L columns
of @, while R, is the upper-left L x L segment of R,,. Then, one can show that the volume,
spanned by the columns of T7", is

L m L m

In the limit as m — oo,

where ); is the i-th Lyapunov exponent (see [9]). Therefore, as m — oo,
VOI(TH) ~ ePattAn)m, (3.7)

In particular, if L happens to be the Kaplan-Yorke dimension, vol(f%”) ~ const.
(2) Let us denote the k-th column of @y, as gi. Observe that the last (N — L) columns of
the matrix
Epn=QoR{" - R'Ay, (3.8)

span the (L + 1)-th Lyapunov subspace as m — oo (see [9]), where A, = diag(Ry, -+, R1).
In particular, one can show that

where (Qm|0) = (¢, -+ , L, 0, -+ ,0) is the N x N matrix. Then, denoting Qp = Qum — (Qm|0),
we obtain

(TF' = TF)En = Qu. (3.10)
The first L columns of @mAm are zeros, while the rest decay as ~ emAr+1,

Remark 3.1 If all Lyapunov exponents starting with Ap4; are negative with large ab-
solute value, an N-dimensional phase volume rapidly becomes L-dimensional under the model
dynamics, shrinking along the (L + 1)-th Lyapunov subspace. Then, if there is a subset {Z} 11
of model variables roughly aligned with (L 4 1)-th Lyapunov subspace on the pz-large part
of the model attractor, average errors in TV%’: for the rest of the model variables (denoted as
{7}, 1) should not be too significant. Thus, if the response function A(Z) and the columns of
the forcing matrix w(Z) are restricted to {Z}, ,,, then the errors in the response produced by
T3 are expected to be small.
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Below we study the reduced-rank tangent map algorithm, developed above, for two different
dynamical systems: the full Lorenz 96 model with time scale separation (see [8, 11, 20]), and
the T21 barotropic model on the sphere with realistic Earth topography (see [2, 4, 12, 26]).
Although the reduced-rank tangent map strategy is available for an arbitrary small forcing
and response function, just as the full-rank tangent map algorithm, here we consider relatively
simple types of external forcing and response functions. The models are perturbed by the small
constant perturbation, such that w(#) and 6 f(¢) in (2.4) are the identity matrix I and constant
vector ¢ f, respectively. Additionally, the response function is A(Z) = &, which corresponds to
the response of the mean state of the model. Under the above assumptions, the linear response
is given by

. 1 s t
@) = RO, RE) = Jim - [ar /O TEdr (3.11)
Below we are going to study the errors in response produced by the response operator ﬁ, which
is obtained via (3.11) from the reduced-rank tangent map T, depending on the rank of T. The
errors are determined by comparison with the ideal response operator R;, which is obtained
by perturbing the model and measuring the response directly. For more details on the ideal
response operator, see [1-3, 22]. We use the following formula for the relative error estimate:

Jot IR(t) = Ri(t)|[>dt 73
Jo IR ()]2dt

Error = [ , (3.12)

i.e., it is the norm ||R(t) — R (t)|| over twice the e-folding time, divided by the same norm of the
ideal response operator | R;(t)||. The time period of integration %, which is twice the e-folding
time, is chosen as follows: it was observed before (see [1-3]) that the numerical instability
typically manifests itself in T% at three times the e-folding time. Therefore, the time period of
twice the e-folding time is safe enough to obtain clean results without numerical instability.

4 Numerical Experiment 1: the Full Lorenz 96 Model

The full Lorenz 96 (L96) model (see [8, 11, 20]) is given by

J
Xp = Xpo1(Xpy1 — Xp2) — Xp + F — /\ZYk,jv
j=1 e>0, A>0, (4.1)

. 1
Yig = 2 Vg1 (Yij-1 = Yiegra) = Vil + AXp,
where 1 <k < K, 1< j <J. The following notations are adopted above:
e X is a set of “slow” variables of size K. The following periodic boundary conditions hold
for X: XkJrK = Xk.

e Y is a set of “fast” variables of size K x J. The following boundary conditions hold for
Y: Xy = Xpjand Xy 17 = Xpy1;.

e F is the external forcing parameter;

e ¢ is the time scale separation parameter;
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e ) is the coupling parameter.

If J = 0, then the full Lorenz 96 model in X-variables coincides with the standard Lorenz
96 model (see [20, 21]). The standard Lorenz 96 model in a chaotic regime has the band
of linearly unstable wavenumbers, which have westward phase and eastward group velocities,
just like actual Rossby waves in the atmosphere. The Y-variables play the role of small scale
fast unresolved interactions, common in the large-scale geophysical models. Note that the Y-
variables do not have the forcing term F', while possessing the same linear damping term as
X-variables, thus being strongly dissipative. For the full Lorenz 96 model, one can expect
the reduced-rank tangent map of rank L > K to perform well for the subset of X-variables.
We perform the direct numerical simulations with the full Lorenz 96 model for the following

numerical parameters:

e Number of degrees of freedom K = 8,12,18, J = 8,5,3 (so that the total number of

variables in each case is 72);

e 4th-order Runge-Kutta time integrator;

e Numerical time step At = 0.005;

e Value of constant forcing F' = §;

e Value of the time scale separation parameter e = 0.1;

e Value of the coupling parameter A = 0.1.

The Lyapunov exponents of the full Lorenz 96 model for the regime with forcing F' = 8 and
the dimensions K = 8,12,18, J = 8,5, 3 are shown in Figure 1, while the dynamical properties

associated with Lyapunov exponents, such as the Kolmogorov-Sinai entropy and the Kaplan-
Yorke dimension, are displayed in Table 1. Observe that, for the full Lorenz 96 model and

T T T T T T

Lyapunov exponent

Index

Figure 1 Lyapunov exponents for the full Lorenz 96 model, FF = 8, ¢ = 0.1, A = 0.1.
Dimensions: (K =8,J =38), (K =12,J =5), (K =18,J = 3).
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Table 1 Properties of Lyapunov exponents for full Lorenz 96 model, FF = 8, ¢ = 0.1,
A = 0.1. Dimensions: (K =8,J =38), (K =12,J =5), (K =18, J = 3). Notations: A\; —
largest Lyapunov exponent; Npos — number of positive Lyapunov exponents; “KS-ent.”
— Kolmogorov-Sinai entropy; “KY-dim.” — Kaplan-Yorke dimension.

Properties of Lyapunov exponents

Full L96, F =8, =0.1, A =0.1

A1 Npos | KS-ent. | KY-dim.
K=8 J=28 1.55 2 1.897 5.158
K=12,J =5 | 1427 3 2.689 7.86
K=18,J =3 1.498 5 4.168 11.66

observed regimes, there is a distinct separation in the Lyapunov exponent spectrum. Namely,
the first K Lyapunov exponents exhibit “typical” behavior, displaying gradual decay with
increasing index, while the last JK Lyapunov exponents all have values of around —10, which
means that the phase volume of the (K 4 1)-th Lyapunov subspace shrinks extremely rapidly

Response errors, full operator, F=s, e=0.1, A=0.1

1 T T

0.8

Relative error

T T T
K=8 J=8 —O—
K=12 J=5 ——X¥X-—
K=18 J=3 <

Rank of tangent map

Response errors, X-variables, F=8, ¢=0.1,1=0.1

1 T T T

Relative error

& 71 o

0 10 20 30

40

50
Rank of tangent map

Figure 2 Response errors of different rank tangent maps for the full Lorenz 96 model,
F =8,¢=0.1, A =0.1. Dimensions: (K =8,J =8), (K =12,J =5), (K =18,J = 3).
Left picture — errors of full response operators. Right picture — errors of the response

operators at X-variables.
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in all regimes. Clearly, the (K + 1)-th Lyapunov subspace in each regime is associated with
the small scale Y-variables, which do not have forcing terms. The relative errors between
the actual “ideal” response and the linear response operators for tangent map with different
ranks, computed according to the formula (3.12), are shown in Figure 2. As we can see, the
reduction of the rank of the tangent map for the full response operator (which includes both
X and Y variables in both forcing and response) causes gradual growth of the error between
the linear response and the actual “ideal” response. However, the same reduction of the rank
of the tangent map for the response operator, restricted to the X-variables in both response
and forcing, has no effect on the response error (which does not exceed 2%), for the response
computed with the tangent map of any reduced rank > K. Remarkably, the response computed
with the tangent map of rank > K has the same precision as the response computed with the
full rank tangent map, which is predicted in Remark 3.1. When the rank of the tangent map
becomes less than K, linear growth of the response error is observed. This is true for all regimes
of the full Lorenz 96 model studied here.

5 Numerical Experiment 2: the T21 Barotropic Truncation

The model equations for the T21 barotropic truncation on a sphere are

0 1
a—§+vw-q: (—;+KA3)C+C*,

| . (5.1)
(=A%, q=C+20sin0(1+ E)'

The physical units for the model length and time are meters and days, respectively. The model
variables are the following: ¢, 6 and ¢ are the longitudinal, latitudinal and time coordinates,
respectively, ¢ = (¢, 0,t) is the streamfunction, ¢ = ((¢,0,t) = Av is the relative vorticity,
q = q(¢,0,t) is the potential vorticity, and h = h(¢, 8) is the realistic Earth topography, scaled
by the height of the troposphere (H = 10000 meters). The physical parameters are the following;:
7 = 15 days is the Ekman friction time scale, 2 = 27 radian/day is the angular velocity of
Earth’s rotation, and the scale-selective damping coefficient K = 3.38 - 1072 meter®/day is
chosen so that the damping time scale for the wavenumber 21 is 3 hours.

The function ¢* = (*(¢,0) is the time-independent forcing, which is chosen to roughly
match the properties of model climatology with observations. In this work, two different types
of steady forcing are used in the barotropic model to mimic a realistic climatology at 500 hPa
(see [26]) and 300 hPa (see [12]) heights in the troposphere. Furthermore, these two regimes
are referred to as Selten and Franzke regimes, respectively.

The model equations in (5.1) are projected onto the triangle-shaped array of spherical
harmonics with maximum wavenumber 21 (standard T21 barotropic truncation). The T21
truncation is further restricted to the Northern hemisphere with no flow across the equator.
Therefore, the truncated flow is completely described by 231 spectral coefficients. The standard
fourth-order Runge-Kutta method is used to integrate the model in time with the time step of
3 hours.

The T21 barotropic model in both Selten and Franzke regimes has been used in [2] to predict
the linear response of both mean and variance of the first four empirical orthogonal functions
(EOFs). Since, by construction, the EOFs project onto directions of the largest variance in
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the model, one can expect that higher EOFs have a tendency to project onto higher Lyapunov

subspaces, which, according to Remark 3.1, could result in improved precision of the reduced-

rank tangent map algorithm for lower ranks of the tangent map and first few EOFs with largest

variance. Here we run the T21 model with the following numerical parameters:

Number of degrees of freedom 231;
4th-order Runge-Kutta time integrator;
Numerical time step At = 3 hours;

Two dynamical regimes: Selten regime (mimics the behavior of the atmosphere at 500
hPa height), and Franzke regime (mimics the behavior of the atmosphere at 300 hPa
height);

Both the linear response operator and the actual “ideal” response operator are restricted
to the first four EOFs, in both forcing and response.

Lyapunov exponents, T21, Selten regime
0 T T T T ]

05 | E

Lyapunov exponent

1 1 1 1
0 50 100 150 200
Index

Lyapunov exponents, T21, Franzke regime
T T T T

Lyapunov exponent

1 1 1 1
0 50 100 150 200
Index

Figure 3 Lyapunov exponents for the T21 model barotropic model, Selten and Franzke regimes.

Table 2 Properties of Lyapunov exponents for T21 model, Selten and Franzke regimes.
Notations: A1 — largest Lyapunov exponent; Npos — number of positive Lyapunov expo-
nents; “KS-ent.” — Kolmogorov-Sinai entropy; “KY-dim.” — Kaplan-Yorke dimension.

Properties of Lyapunov exponents, T21 model

A1 Npos | KS-ent. | KY-dim.
Selten regime | 5.071-1072 7 0.1662 15.05
Franzke regime 0.1373 14 0.7878 30.75
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The Lyapunov exponents of the T21 model for both the Selten and Franzke regimes are
shown in Figure 3, while the dynamical properties associated with Lyapunov exponents, such as
the Kolmogorov-Sinai entropy and Kaplan-Yorke dimension, are displayed in Table 2. Observe
that there is no separation in the spectrum of Lyapunov exponents for both Selten and Franzke
regimes, which initially suggests that the reduced tangent map algorithm would not be too
successful. However, the relative errors between the actual “ideal” response and the linear
response operators for tangent map with different ranks, computed according to the formula
(3.12) and shown in Figure 4, indicate that there is sharp decrease of the response error when
the rank of the tangent map is increased (for relatively small ranks of the tangent map), for
both Selten and Franzke regimes, in particular, the relative error is already about 10% when the
tangent map has rank 50 (less then one quarter of the total number of variables, 231). These
results suggest that the EOF coordinate system has the advantage over the generic model
coordinate system, as it may roughly align the model coordinates with Lyapunov subspaces on
p-large parts of the model attractor.

Response errors, first 4 EOFs, Selten regime
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Figure 4 Response errors of different rank tangent maps for the T21 model barotropic
model, Selten and Franzke regimes.
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6 Conclusions

In this work, we propose a numerical algorithm for the short-time linear response formula
(see [1-3]) which can significantly reduce computational cost at the expense of slightly increased
response errors. The algorithm is based on the reduced-rank tangent map of rank L (with
L < N, N being the total number of model variables). This reduced-rank tangent map is
computed in such a way that it spans the L-dimensional tangent subspace which has the fastest
growing/slowest decaying phase volume, while the difference between the full rank and reduced-
rank tangent map spans the (L + 1)-th Lyapunov subspace. Due to these properties, in the
case when all Lyapunov exponents corresponding to the (L + 1)-th Lyapunov subspace are
negative with large absolute value, and there is a subset of model variables associated with this
subspace, the errors in the linear response formula for the rest of the variables produced by
the reduced-rank tangent map are expected to be small. Here we study the new algorithm for
two different models: the full Lorenz 96 model and the T21 barotropic truncation with realistic
topography. The results are summarized below.

The full Lorenz 96 model The full Lorenz 96 model in the studied regimes has a distinct
subset of small scale variables which are strongly dissipative. As a result, the Lyapunov subspace
of corresponding dimension seems to be roughly aligned with the subset of strongly dissipative
small scale variables of the full Lorenz 96 model with strong separation in the spectrum of
the Lyapunov exponents, and the linear response on the rest of the variables (the large scale
forced variables) is predicted very well by the reduced tangent map as long its rank is equal
to or exceeds the dimension of the subset of large scale forced variables. In fact, there is no
difference in relative error (which is about 2%) between the linear responses with full rank
and reduced-rank tangent maps. By contrast, the reduced-rank tangent map algorithm does
not perform well for the full linear response operator, which includes both large scale forced
variables and small scale dissipative variables (the error starts growing immediately as the rank
of the tangent map is reduced).

The T21 barotropic truncation The T21 barotropic truncation with realistic topography
is tested in two dynamical regimes, corresponding to the dynamics of the atmospheric airflow
at 300 hPa and 500 hPa geopotential height. The subset of model variables for linear response
corresponds to the first four empirical orthogonal functions (EOFs). Due to the fact that first
EOFs span the subspace with largest total variance in the corresponding dimension, it is likely
that the complementary subspace, consisting of higher-order EOF's, is frequently aligned with
the corresponding Lyapunov subspace on the attractor. As a result, the remarkable reduction
of response errors is observed as the rank of the tangent map is increased even for relatively
small ranks: in fact, for the reduced-rank tangent map with rank 50 (less than one quarter of
the total number of variables, 231), the relative error in the linear response is already about
10%. This trend is observed for both the 300 hPa and 500 hPa dynamical regimes, none of
which has separation in the Lyapunov exponent spectrum.

Overall, the results of this study confirm the usability of the reduced-rank tangent map
algorithm for special situations, where the linear response to be predicted is restricted to the
large scale variables with rich dynamics and weak dissipation. However, this special situation
seems to be relatively frequent in geophysical models with main large scale model variables
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being complemented by the small scale “unresolved” variables. If the linear response in such a
model is restricted to the large scale variables in both forcing and response, and the small scale
variables are dissipative (or, at least, not strongly forced), the new reduced-rank linear response
algorithm may produce results of comparable precision at substantially decreased computational
cost.

Acknowledgement The author thanks Professor Andrew Majda for pointing him towards
the full Lorenz 96 model with time scale separation, which made a perfect example of the
situation where the reduced-rank tangent map algorithm is as efficient as the full rank tangent
map algorithm.
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