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Abstract The authors construct self-similar solutions for an N-dimensional transport
equation, where the velocity is given by the Riezs transform. These solutions imply non-
uniqueness of weak solution. In addition, self-similar solution for a one-dimensional con-
servative equation involving the Hilbert transform is obtained.
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1 Introduction

In this paper, we shall construct self-similar solutions of the transport equation

0: + RO-VO =0, onRY xRT, (1.1)
0(x,0) = Op(x), (1.2)

where 6 : RV x Rt — R, N > 2, R = (R16,--- , Rx0) and R;0 are the Riesz transform of € in
the ¢-th direction, i.e.,
Li —Yi

n mﬂy)dy, 1<i<N. (1.3)

Rif(z) = F( P AT

N + 1)
2
Equation (1.1) was studied in [2], and the authors showed the blow-up in finite time for all
positive initial data. For a simple proof of the formation of singularities with radial initial data

see [10], and for the viscous case see [13].

The technique used in this paper to construct self-similar solutions of the form

0(x,t) = Nk(N)((l - (M)2)+)% € O3 (RY) (1.4)

t

is based on a result of [11], where the author showed that the function 6(z,1) is such that
AfO(z,1) = N in the unit ball (see Section 2). These are also self-similar solutions of the 1D
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transport equation

6, + HO0, =0, onR x R*, (1.5)
0(x,0) = Op(x), (1.6)

where H6 is the Hilbert transform of 0, i.e.,

HO(x) = iP.V./:f(—_y)ydy

(for more details on this equation, see [1,7,8,14]).
In Section 3, we will see that this result can be used to show the existence of self-similar

solutions of the equation

0; + (0HO), =0, in RY xRT, (1.7)
0(x,0) = Op(x), (1.8)

which was studied from completely different contexts (vortex sheet, water wave, 1D model of
the quasi-geostrophic equation, dislocations dynamics in solids and complex Burgers equation)
in [1,3-6,9,12] and references therein. Nevertheless we will follow the ideas of [4] to construct
the self-similar solutions.

Next we shall comment briefly the notation: the spaces W*? are the classical Sobolev spaces
(k derivatives in LP). The operator A® is defined by the operator (—A)?2, i.e., in the Fourier
space

A2h(€) = [¢]°6(¢),

and we recall the identity

R;0() = —iﬁ9(§)-

2 Riezs Transport Equation
2.1 Self-similar solutions

From the scaling invariance of equation (1.1), 6(x,t) — 6(Az, \t) with A > 0, we will consider
a self-similar function with the following form:

0(z,t) = @(f) = (¢), (2.1)

where § = 7. The equalities

yield, from equation (1.1),
Vo(E) - (RO(E) — &) = 0. (2.2)

Now we shall show the existence of a solution to (2.2) by means of the following lemma.
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Lemma 2.1 The function
v(€) = NE(N)((1 - [¢[*)4)% € CF(RY), (2.3)

where k(N) = F(%)@%F(%)F(&;l))*l and fy is the positive part of the function f, satisfies

the equalities

Ro(§) =¢, i [l <1,

and

Vu(§) =0, if[¢g>1.

Proof From [11], we know that v(&) satisfies the following properties:
(1) Av(¢) = N, if [¢] < 1.
(2) Av(€) € LY(RN).
(3) Awv is radial.
Since

Rv =V (A ') =V, (2.4)
V- Rv=Av,

we have AU = Av and therefore U is a radial function with AU(£) = N if |£] < 1. This implies
the following expression for U:

_ e :
U(E) = 5 +ap, if|¢] <1,

where ag is constant. By using (2.4), we obtain

€0 L
Thus, the function
0(x,t) = Nk(N)((l - (@)QL) e CFRY) (2.7)

is a self-similar solution of equation (1.1) (almost everywhere).

Remark 2.1 We can check that the functions 67 (x,t) = —0(z, (T — t)), with 0 < T < oo,
are solutions with an initial data 67 (x,0) = —6(x,T), which collapse in a point in finite time

T.

Remark 2.2 The previous ideas can be easily adapted to prove that the function,

_ [Z[\2\ \? _ 1
0(x,t) = k(l)((l - (T) )+) € C*(R), (2.8)
is a self-similar solution to equation
0, + H90, =0, onR xRT, (2.9)

which is a one-dimensional version of equation (1.1).
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2.2 Formal weak solutions and non-uniqueness

In this section, we shall check that the previous functions are solutions to (1.1) in the weak

sense that we define below. In addition, we will be able to show the non-uniqueness.

Definition 2.1 The function 0(x,t) is a weak solution to (1.1), if
6 € C((0,T), LYRY)) N C((0,T), WHP(RY))

with 1 <g< oo and 1 <p <2,
010 € WhHP(RN)

for allt >0 with 1 <p <2,

/ Oz, 1)y + RO(z,t) - VO(z,t))p(x, t)dz =0
RN

for all t € (0,T) and all ¢ € C=((0,T) x RY), and
lim O(x,t) = Op(x), in LIRY).

t—0+

Theorem 2.1 (Non-uniqueness) The function

O (a,t) = NE(V) ((1- (lf—l)2)+)

is a global weak solution to (1.1) in the sense of Definition 2.1 with zero initial data.

Proof Given a function ¢(z,t) € C°((0,00) x RY) and a fixed time ¢ > 0, we have
/RN(‘I)(“” 1)y + RO(z,1) - VO(x, 1))z, t)da
- /led(fb(x,t)t + R®(z,t) - VO(z, 1))z, t)dz
— /€<z<t(<1>(a:, 1) + R®(x,t) - VO(z, 1))z, t)da

+ / (®(z,t); + R®(x,t) - VO(x,1))d(x, t)dx,
|z|<e

where 0 < € < t. The second term on the right-hand side of the last expression is equal to zero.

In addition, we have the following identities:

0, |z] > ¢,
V@) =\ k() —E o <1,
-5
0, |z] > ¢,
0P (x,t) = _leP?
(1) NE(N)—/E |2 <t

(2.10)

(2.11)
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Thus, if p < 2, we obtain

|[®

1
V8 Dl = MM [ )’
i<t (1 E)*

P 1
:Nk(N)t%—P(/ Lpdx)p
lzj<t (1 = [2[?)2
1

e ] (] A e
=C(N)tw (Omr) =C(N,p)t> "7,

]2 N (2.12)
02 ey = MR [ T da)”
jel<t (1— 55-)2

N_ x|?P 5
= NEk(N)t» 10(/|m|<1 1l||x| )
_O(N)tﬁ—p(/ol(m# r)” = C(N.p)t .

M\‘d

Q=

1—1r2)%
Therefore,
. at(l)(x7 t)¢($, t)d,iE < Hat(l)( : 7t)HLl(]RN) ||¢( : 7t)HL°°(]RN)
= C(N, DtN Yo+, )| oo )
and

/N RO(z,t) - VO(2,t)¢(x, t)dz < [|R(-, 1) Laem) [[VO(-, 1)o@y 6+, )| Lo @)
R

< C(Nu Q7p)tN7pH¢( : 7t)||L°°(RN)7

where 1 < p < 2, % + % =1 and ¢t > 0. Then, we can conclude

lim (P(x,t)e + R®(x,t) - VO(z,t))p(x,t)de =0, V>0,

=t Je<|z|<t

and

/ (®(2,t); + RO(x,t) - VO(2,1))p(x,t)dz =0, Vt>0, Vo CX((0,00) x RY).
RN
In addition, it is easy to check that

lim ®(z,t) =0, in LP(RY), with 1 <p < occ.
t—0+

3 One Dimensional Conservative Equation
In this section, we will construct self-similar solutions for the equation
0; + (0HO), =0, in RN xRT, (3.1)
0(xz,0) = Og(x), (3.2)

where 6 : R — R and H6 is the Hilbert transform of the function 6.
We will use the techniques developed in [4] to obtain formally a self-similar solution.
We sketch the mean features of equation (3.1) in the following lemma.
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Lemma 3.1 Let Z(w,t) be a complex function Z : M — C, where M ={w =2z +1iy:y >

0}, such that
Zv+ZZy =0, on M, (3.3)

PO(z,y) s the convolution with the Poisson kernel and RO(x,y) is the convolution with the

harmonic conjugate Poisson kernel, i.e.,

1 Y 1 -5
PO == | ——=0(s)d R6 =— [ ———0(s)ds. 3.5
@) =5 [ o etods, R = 1 [ It e 69)
Then, if Z(w,t) is analytic on M and vanishes at infinity,
0(z,t) = —(Z(w,t)]y=0) (3.6)

is a solution to (3.1), with 6(x,0) = Oy(x) on the points where § and HO are differentiable.

Proof If Z(w,t) satisfies the statements of Lemma 3.1, we can write it in the following
way:
Z(w,t) = RO(x,y;t) — i PO(x,y;t), (3.7)

where 0(x,t) = —S(Z(w, t)|y=0). In addition, we know
Zy+ 47, =0, on M,
and from (3.7) it follows Z(w,t)|y—0 = HO(x,t) — i6(x,t). By taking the limit y — 0" in
equation (3.7), we have the desired result.
Next we shall use the previous lemma to prove the following theorem.

Theorem 3.1 The function

7T.’II2

Oz, 1) = \/%((1 - I)J% € CH(R)

is a self-similar solution (at least in a weak sense) to (3.1) with the initial data 6y = &g, where
0o s the Dirac Delta.

Proof By Lemma 3.1, we have to study the solutions of the equation

Zy+ 272y =0, on M, (3.8)
1 =z 1 Y

Z(w,0) = _1;x2+y2'

— 3.9

a2+ y? (3:9)

A standard argument yields that the solution is constant along the following complex trajecto-

ries

1

T 1172 + y2
Ly
T .IQ + y2

XY (z,y,t) = t+x, (3.10)

X2(z,y,t) = t+y. (3.11)
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Thus

Z(Xl(‘T? y7t)7 Xz(xayu t)at) = ZO(‘Tu y)7

and one can check that the solution, Z(w,t), satisfies the requirements of Lemma 3.1. In
addition,

(X1 t) = —3(Z(X, X2 t)|x2—0) = POo(z,y,1)| x2m0 = = :
Tt 1x2=0

The function

= va((-72), )

t

satisfies equation (3.11) with X2 = 0, and by equation (3.10) we have

t
2, |:1c|<\/j7

7T
t t
— +x, |z >4 /—.
T T

Xt =

Furthermore, we can conclude that

2

e= (-7 )

Remark 3.1 This solution was obtained in [3] by using the techniques in Section 2. In

fact, they constructed self-similar solutions to the equation

ug + A%uu, =0, on R x RT, (3.12)
u(z,0) = H(x), (3.13)

where H(x) is the Heaviside function and 0 < o < 2.
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