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1 Introduction

The motion of homogeneous ideal incompressible fluids is governed by the Navier-Stokes
(Euler for v = 0) equations:

ov
- V)v=-V A
s E) { g T V=Vt vae
dive =0,
where v = v(x,t) = (vl,--- o) is the velocity of the fluid, p = p(z,t) is the pressure, and

v > 0 is the viscosity of the fluid. We denote the system (NS,E) as (NS) if v > 0, and (E)
if v = 0 respectively. Below our main concern is on the Euler system (E). The local in time
existence of classical solution of (E) for vy € H™(R?) (m > 2) is established by Kato [28]. The
questions of the finite time blow-up of the local smooth solution for (E) is a wide open problem
(see e.g. [1, 20, 14, 31] for graduate level text and survey articles on the status of the problem).
In this study, there is celebrated result by Beale, Kato and Majda (BKM) in [2], which says
that the blow-up of solution is controlled by the temporal accumulation of the maximum of the

vorticity, w = curl v, namely
T.
limsup ||v(t)|| gm = oo if and only if / lw(s)||Leeds = 0.
—T. 0

The blow-up criterion incorporating the direction of vorticity has been derived by Constantin,
Fefferman and Majda (CFM) in [23], which says that smooth change of vorticity directions
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implies regularity of the solution. This is based on the structure of nonlinear depletion in the
vortex stretching term of the vorticity equation of the Euler and the Navier-Stokes equations,
which was observed previously in [22]. The interpolation between the BKM and the CFM
criterion, using the Triebel-Lizorkin space for the direction field, £ has been recently done in
[18], which generalizes the argument of [17] (for related results see also [3, 4] for the Navier-
Stokes equations and [26] for the Euler equations). As for another direction of the study of the
finite time blow-up problem of the Euler system, the exclusion of plausible scenarios have been
investigated. The scenario of vortex tube collapse was excluded by Cérdoba-Fefferman [24, 25]
(under the assumption of fOT [[o(t)]|peedt < o0). Later the exclusion of self-similar blow-up
scenario was derived in [16], proving that there exists no solution (v,p) to (E) of the form

1 T
= e (g

p(:Z?,t) = !

- (1.1)
(T, — t)=iT P((T* - t)a%l)

for some (V) P), for which 2 = curl V' has suitable decay condition near infinity. Note that,
compared with Leray’s ansatz for the self-similar blow-up solution in [30], the parameter o # —1
in (1.1) is arbitrary. Thus exclusion of such form of solution is more difficult since we need to
exclude infinite family of solutions. Moreover, the argument of nonexistence of the Leray’s
self-similar solution for (NS), as proved in [33, 34, 36], cannot be adapted to the case of Euler
system. The result in [16] was refined later in [15], showing that there exists no asymptotically
self-similar blow-up scenario. More precisely, if

1 _
% -
Lip(R?)

(T, —t)=+1 ((T—.t)«#l)‘

lim(T—t)Hv(-,t) -

t—T

for V satisfying the above mentioned decay condition near the infinity and a > —1, then the
solution is shown to be regular beyond ¢ = T'. Generalizing these results one can also prove the
nonexistence of (asymptotically) self-similar singularity for the MHD system (see [12, 13]).

2 Similarity Transforms and New a priori Estimates

Given a classical solution (v,p) of (E) and v > 1, @ > —1, we consider the “similarity
transform” (v, p) — (V, P) introduced in [10], which is defined by

v(z,t) = V(y,s)exp [aﬂy—fl /Ot ||V’U(T)HLaodT},

2va (!
b 1/0 IVo(r) |~ dr |

«

ple,t) = Ply,s)exp |
with

t
- Y
Yy = exp {—Oz—l-l/o IVu(T)|| L dT}JJ,

t T
s :/ exp {”y/ HVU(O’)HLaodO':| dr.
0 0
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Substituting (v, p) into (E), we find that (V, P) satisfies

«

—IVV(s)|lLe
(E2) divy =0,
V(y,0) = Vo(y) = vo(y)-

1
—‘/ _ -;7 ‘/ = s ‘/ ~§7 ‘/ §7P7
a+1 +a+1(y ) } Vot W+

The global well-posedness of the system (E.) follows from the local well-posedness of the Euler
equations. Indeed, if T} is the maximal time for (E), then the maximal time of the existence of
classical solution S, for (E,) is

T* T 1 T*
S, :/ exp [7/ HW(U)HLmda}dT > 7/ o (7)|| L dT = 00
0 0 0

= JJwollzee

thanks to the BKM criterion. We observe the integral invariant of the transform

t S
/ HVv(t)HLoodtz/ (IVV(s)||L=ds.
0 0

From the estimates for V' we can transform back to the original physical variables in order to
obtain the following estimates for the solutions to the Euler equations.

Theorem 2.1 Let w = curlwv be the vorticity of a classical solution v of (E). Then we have

an upper estimate

llwoll L exply fy Vo(7)[| L~ d7]
1+ (v = Dl|woll = J3 exply Ji [Vo(0)| p=do]dr

lw(@®)[L~ <

and a lower one

lw®)|lLe > llwoll o exp[—y fg |Vo(7)|| Lo dT]
T 1= (= Dlwollze fy expl=y [ 1Ve(0) [ ~doldr

for all v > 1, the denominator of the right-hand side of which can be estimated from below as

1
(1 + [Jwoll=t)y=1"

t T
1= (= Dlole= [ e[ [ 1T0(@)imdo]dr >
0 0

which shows that the finite time blow-up does not follow from the above inequality.

For v = 1, the above estimates reduce to the well-known ones. We briefly describe the proof
of the above theorem. For more details, we refer to [10].

Outline of the Proof The vorticity equation for (E.) is

1
ATVl [2 = —= - V)| = % + (V- V)2 - (- V)V.

Multiplying = = % on the both sides of the above, we have

IVV(s)llz=

20+ (V- D)l - S

(y-V)Q = (E-VV-E—[[VV]L=)Q = (v = DIVV ]|z €
< =(y=DIQ*
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Introducing the particle trajectories {Y(a, s)} defined by the ordinary differential equations

[VV ()|
a+1

Y (a, s)

95— V(Y(a,s),s) —

Y(a,s), Y(a,0)=a,
we have the differential inequality

D

—1Q] < —(y - 1)|Q%

SHI0] < —(y — )I9)

Solving the above differential inequality along the particle trajectories, we obtain

[Q0(a)]

2@ )9 < T = )siot@)”

Hence
[1Q20]] 2.

< .
1+ (v = DslQllz-

Going back to the original physical variables, we have the upper estimate part of Theorem 2.1.

192(s) ][ o

The lower estimate is similar.

In the case of the Navier-Stokes equations, we consider the “similarity transform” (v,p) —
(V, P) given by

oty =ep (3 [ omIE ar] Viv.s),

bty =e [r [ IoIE 0] Pl

with

v [ 22
y=exp (3 [ leollE dr]
0

t T 2p
s :/ exp {7/ H’U(U)”IP/;3dU} dr.
0 0

In this case, we have the following invariant of the transform

¢ 2p_ s 2p_
ol = IVl [ lo@Ear = [ Vo)l ar
Substituting (v, p) into (NS), we obtain an equivalent system of equations for (V, P):

LWV WV + - 9IV) = Vet (V- D)V + VP — AV,
(NS)« § divy = o,
V(y,0) = Vo(y) = vo(y)-

By the similar method to the Euler equations case we can obtain the following estimate.

Theorem 2.2 Let p € (3,00). Then there exists an absolute constant Co = Cy(v,p) such
that for all v > Cy the following inequality holds true:

_ ¢ 2p
lvoll > exp[ L5222 [ [lo(7)I| 7,7 dr]

2P T 2r p—3
{1+ (v = Co)llwoll 77 fy exply fy l[v(o)l|777 dodr} =

)

lo(®)llzr <
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with an upper estimate of the denominator

1

2p
1—0—(7—00)”1)0”2;3/ exp / llv(o)|l[» 3da}d7’< SR
(1 = Collvoll7,"t) %0~

For the proof of the above theorem we refer to [10]. Generalizing the arguments of this
section, one can also deduce various new a priori estimates different from Theorems 2.1 and 2.2

for the Euler, Navier-Stokes and the surface quasi-geostrophic equations (see [11]).

3 Liouville Type Theorems in the Fluid Mechanics

3.1 The case of incompressible fluids

Definition 3.1 We say that the pair (v,p) € L*(0,T; L2(RY)) x LY(0,T; D(RY)) is a weak
solution of (NS), (Euler for v =0) on RN x (0,T) if

/ /RN v(z, ) - o)’ (t)dwdt - / T/R o) ® v, ) V(e)E(t)dedt
—/0 (p(-,t),divg)&(t dxdt+u/ /RN x,t) - Ad(z)E(t)dadt

for all € € CL(0,T) and ¢ = [C5e (RN )N

Given ¢ € (0,1], the Hardy space H?(RY) is defined as follows. Let ¢;(z) = t Np(t~tz),
t > 0, where ¢ € S(RY) (the Schwartz class) with [,y ¢(2)dz # 0. Then

M f(z) = sup|f x pe(z)| € LYRY) = f € HI(RY).
t>0
Theorem 3.1 Suppose (v,p) is a weak solution to (NS), (v > 0).
(i) (Energy Equipartition) If
[l + Ip| € L}(0, T; LY(RY)),

then

/<vﬂ'<x,t>>2dx:—/ pla.t)de, j—1,--- N
RN RN

for almost every t € (0,T).
(ii) (Liouville Type of Property) If v € L*(0,T; LZ(RY)) and

p € LY0,T; HYRN))

for some q € (0,1], then v(x,t) =0 and p(z,t) = 0 almost everywhere in RN x (0,T).

Remark 3.1 Professor D. Serre informed me that part (i) of the above theorem was ob-

tained previously by L. Brandolese.

Remark 3.2 Note that the condition

p € L0, T; HYRN))
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is far beyond the natural scaling of the usual regularity criterion on the pressure for weak
solutions of the Navier-Stokes equations

2 N
pe L0, T;L"(RY)), =+ —<2
q T

(see e.g. [5, 19]), and our conclusion is not only that the solution is regular, but also that it is

trivially zero.

The pressure for the Leray weak solutions v of the N-dimensional (N = 2, 3) Navier-Stokes
equations satisfies
N
€ LY0,T; LY(RN)), Vqe (1—}
P ( (R™)), Vg N3
In [29], Kock, Nadirashvili, Seregin and Sverdk also studied the Liouville properties for the 3D
axisymmetric Navier-Stokes equations: A bounded axisymmetric weak solution v(z,t) to (NS)

such that
C

is zero, which is completely different to the above theorem. Below we outline the proof of

|v(x, )| < in R® x (—o0,0)

Theorem 3.1 (see [6] for more details).

Outline of the Proof Let us consider a cut-off function o € C§°(RY) such that

1, if o] < 1,
U(I)_UOID_{O if |z] > 2

and 0 < o(z) < 1for 1 < |z| < 2. Given £ € C}(0,T), j € {1,---, N}, we choose the vector

test function
= 5(5e(2)

in the definition of weak solutions. Then we obtain

T _ , T
| [ wenrer@eoi+ [ [ s ton@eoint = o).

where o(1) — 0 as R — oo. The estimate of typical terms containing velocity in o(1) is
‘ / )k (z, )0 (, t)z' D" op(x dxdt‘
RN

1
< o SUp |a<">(s)|// E@)]lo(a, t)]? |2 dwdt
1<s<2 R<|z|<2R

< R™ 2™ sup o™ (s) sup [&(t |// (z,t)[*dzdt
1<s<2 R<\m\<2R

—0

for n > m by the dominated convergence theorem. On the other hand, the estimate of typical
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terms containing pressure p(z,t) in o(1) is
T
’ / £(t)p(z, t)w}”D"aR(:v)dxdt‘
o JrN

1 T
< s [0 [ je@lple el dnde
0 JR<|z|<2R

1<s<2

T
<R sup o™ (s)] sup [€(0) / / Ip(a, )]zt
1<s<2 o<t<T 0 JR<|z|<2R

—0
for n > m by the dominated convergence theorem. Thus, passing R — oo, we have
/ (V! (z,t))*dx = —/ p(z,t)dz, ae. te (0,T)
RN RN
for all j =1,2,---. Similarly, if we choose
X .
0=V (wao(E)). ik

we can derive the orthogonality

/OT/RN VI (z, t)0F (2, t)dzdt = o(1).

519

In the case p € L'(0,T; HI(RY)), 0 < ¢ < 1, the pressure term can be estimated as (¢ = V(z30)

below)

T T
[ e .divon] < sup [ le@lpolhade v o,
0 0

0<t<T
C
< —
S m

— 0,

€1l 2o 0, ) I () | 21 (0,7100)

where*y:N(%—l) > 0.

One can generalize Theorem 3.1 to more complicated system of magnetohydrodynamic

(MHD) equations. The system of incompressible MHD equations in RY (N > 2) is

ov 1,
5+(U-V)U_(b-V)b—v(p+§|b|)+uAv+f,
ab

(MHD),, { 5 + (v V)b = (b- V)v+ udb+g,

dive =divb =0,
v(z,0) = vo(z), b(z,0) = bo(),

where v = (vy,--- ,un), v; = vj(z,t) (j = 1,---,N) is the velocity of the flow, p = p(x,t) is

the scalar pressure, b = (by,---,bn) (bj = bj(x,t)) is the magnetic field, and vy and by are the

given initial velocity and magnetic field satisfying div vy = div by = 0, respectively. The forcing
terms satisfy div f = divg = 0. If b = 0, (MHD),,, = (NS),. Our generalization of Theorem

3.1 is the following theorem.
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Theorem 3.2 Suppose that (v,b,p) is a weak solution to (MHD), , with p,v > 0 on
x (0,T), N > 3. Suppose

T
/0 (o, )17 + bz, )1 + [p(e, £)])dadt < oo

T
// p(z,t)dzdt > 0
0 JRN

p € L'0,T; H(RY))
for some q € (0,1]. Then v(z,t) = b(z,t) = 0 and p(x,t) =0 a.e. in RY x (0,T).

and either

or

Below we outline the proof of the above theorem. See [6] for more details.

Outline of the Proof We choose the vector test function

b= v(—a) je{l,-- N}

T N T
- [ e opewana - 22 [ oo pean
T
:N/O /RNP(%LL)f(t)dwdt—i-o(l).

Hence, passing R — oo, we find

Then, we obtain

N -2
—/ lv(x, t)[*dz — T/ |b(x,t)*de = N p(z, t)dx
RN RN

RN
almost everywhere in (0, 7).
One can also generalize Theorem 3.1 by introducing suitable weight functions as follows.

Theorem 3.3 Let w € L], ([0,00)) be given, which is positive almost everywhere on [0, 00).
Suppose that (v,p) is a weak solution to (NS),, v >0 on RN x (0,T) such that

T |z| ||
[ Geteop + oo [ute + 2 [ weas+ 2 [0 [ weasarfasd < oo
o Jus E] EE

N—1 [l
/ p(z,t) [w(|x|) + —/ w(s)ds} dz >0 forte(0,T).
RN =l Jo
Then v(z,t) = 0 and p(z,t) = 0 almost everywhere on RN x (0,T).

If we choose w(s) =1 on [0,00), then we recover Liouville part of the results of Theorem
3.1. For the proof of Theorem 3.3, we just choose the vector test function

¢ = V |I| /M/ dsdr

and follow the argument of Theorem 3.1 (see [7] for details).
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Corollary 3.1 Let (v,p) be a weak solution to (NS), with v >0 on RN x (0,T) such that

either
2
[ P b0 gy o
RN 1+ |z]

or

p(z,t) =0 as|z| — oo for almost every t € (0,T), and

ve L0, T; LYRY))  for some q with 2 < q <

N-1

and

. 1 C
Suppose that there exists a w € L*(0,00) such that 0 < w(r) < g

—+r

— ||
/ p(z,t) [w(|x|) + M/ w(s)ds} dz >0 for almost every t € (0,T).
RN lz| Jo

Then v(z,t) = 0 and p(z,t) = 0 almost everywhere on RN x (0,T).

For the proof of the above corollary from Theorem 3.3, we just observe that if w € L*(0, o)

such that 0 < w(r) < 1+T’ then

1 C
- s)ds + — p)dpds <
w(r)—i-r/o ot // ps_l—i—r

As an application of Corollary 3.1 to Leray’s weak solution (see [30]), we have the following

corollary.

Corollary 3.2 Let v € L>=(0,T; L2(RY)) N L*(0,T; HL(RN)) be an Leray’s weak solution
o (NS), with v > 0. Suppose that the pressure p(x,t) satisfies the conditions of Corollary 3.1.
Then v(z,t) = 0 almost everywhere on RN x (0,T).

Similar to the case of the Euler/Navier-Stokes system, the generalization of Theorem 3.3 to
the MHD case is the following theorem.

Theorem 3.4 Fiz p,v > 0 and N > 3. Let w € L] ([0,00)) be given, which is positive,
non-increasing on [0,00). Suppose that (v,b,p) is a weak solution to (MHD), ,, such that

T
/ / (ol O + b D + lpla, 1))

|| ||
w(|x]) + z |/ ds+| |2/ / dsdr dzdt < oo
x

/RN p(z,t) [w(|x|) + % /01 w(s)ds} de >0 forte (0,T).

Then b(z,t) = v(z,t) =0 and p(x,t) = 0.

and

Similar to the case of Euler equations, if we choose w(s) = 1 on [0, 00), then we recover a
part of Liouville type result in Theorem 3.2.
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Corollary 3.3 Let (v,b,p) be a weak solution to (MHD),, ,, with p,v >0 on RN x (0,T),
N > 3, such that either

/T/ [o(@, ) + [b(z, )]* + Ip(@, £)]
0 JRN

dadt < oo
1+ ||

or

[p(x,t)] = 0 as|z| — oo for almost every t € (0,T), and

|v| 4+ [b] € L?(0, T; LYRYN))  for some q with 2 < q < N1

]

; 1
Suppose that there exists a w € L*(0,00) such that 0 < w(r) < 13,

such that

non-increasing on [0, 00),

N—1 [l
/RN p(z,t) [w(|x|) + W/o w(s)ds} dz > 0.
Then v(z,t) = b(z,t) =0 and p(x,t) = 0.

The above corollary can be applied to the weak solutions of the fully viscous weak solution
of MHD constructed by Sermange and Temam [35] as follows.

Corollary 3.4 Let
(v,b,p) € [L*(0, T5 L2(RN)) N L*(0,T; HARN))]? x L0, T; Li, (RY))

be a weak solution to (MHD), ,, with p,v > 0. Suppose that the pressure p(z,t) satisfies the
above conditions of Corollary 3.3. Then v =b=0 and p = 0.

3.2 Compressible fluids

The Navier-Stokes (Euler for ;1 = A = 0) equations of the compressible gas are

Op + div(pv) =0,

O(pv) + div(pv @ v) = =Vp + pAv + (u+ A\)Vdivoe + f,
(CNS) §8:S+ (v-V)S =0,

p=re’p?, k>0, v>1,

(P, v, S)(‘Tv O) = (po, vo, SO)(x)

The system (CNS) describes compressible gas flows with the adiabatic exponent v, and p, v, S, p
and f denote the density, velocity, specific entropy, pressure and the external force respectively
(see e.g. [31] for general introduction to compressible fluid equations). In the Liouville type
theorems for the incompressible fluid equations in Subsection 3.1, we need to assume a sign
condition for a pressure integral. For the case of compressible fluids, however, the pressure is
nonnegative definite pointwisely and the convection term has a structure similar to that in the
incompressible case. Thus one can expect a strengthened version of Liouville type theorems for
the compressible fluid equations. In this case, however, the treatment of the time derivative
term is not straightforward as in the incompressible case. For the stationary equations there
exists no such problem.
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Theorem 3.5 Let N > 1, and let the external force f € [Li (RM)N satisfy div f = 0 in
the sense of distribution. Suppose that (p,v,S) is a stationary weak solution to (CNS) satisfying
one of the following conditions depending on p and .

(1) In the inviscid case (u = A =0),

[ foloP + 57e%)

x
1+ ||

(i) In the viscous case (u > 0),
(a) if 2u+A=0,

/ (plv|* + pYe®)dz < co.
RN

(b) if 2+ A #0,
/ (plof? + o[ ¥ + pTeS)dz < oo,
]RN

Then p(z) = 0 for almost every x € RY.

In the special case of N > 3, u > 0, pu+ X > 0 and f = pV®, where the connected
component of {®(z) > —c} is unbounded, P. L. Lions showed the nonexistence of stationary
solutions under appropriate integrability condition for (p,v), which is completely different from
the above. Below we outline the proof of the above theorem. See [8] for the full proof.

Outline of the Proof Let us choose the vector test function as previously,

¢ = V(|z[Por(z)).

The proof for the inviscid case is similar to the proof of Theorem 3.1. In the viscous case, it

suffices to show that the viscosity term vanishes, namely
u/ v Apdr + (p + )\)/ v Vdiv ¢dz = o(1),
RN RN
as R — oo. If 2u+ A =0, then
J::u/ v-AV(|x|2oR)dx+(u+)\)/ v - V[div V(|22op)]dz
RN RN
_ _ 2 (12l _
—(Z,u—i-/\)/RNv VA(|J:| J(R))dx—(),
while if 2y + A # 0, then
_ . 2 M }
|J|—2|ILL+/\|’/RN’U VA(|J:| U(R))dx
(U-CL') ’ |$L'| (’U,r) 7 |$L'| ’
< A =l s ]
—|2“+A|’/RN(N+5){ Rlz| 7 (R) TR O (R)}d“’

|$L'|(U$L‘) " |$L'| ‘
+|2u+)\|‘/RN o (R)d:v
C
<= [v(z)|dz < C(/ |v(x)|NAlldx) R
R Jr<|a|<2r R<|e|<2R

as R — oo.
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The system of compressible magnetohydrodynamic equations on R with magnetic field H

is

Op + div(pv) =0,

1
8Am0+dwgw®v—fh®H):—VO%%?HP)+uAv+0r+Mvmvv+ﬂ
OH — curl(v x H) =0
div H =0,
8tS+ (’U . V)S = O,
p=reSp’, K>0,y>1, p>0,

(pu v, Ha S)((E, O) = (pOa Vo, H07 SO)(:I:)

In the stationary case, we can extend Theorem 3.5 to the MHD as follows (see [8]).

(CMHD)

Theorem 3.6 Let N > 2, and let the external force f € [Li (RM)N satisfy div f = 0 in
the sense of distribution. Suppose that (p,v, H,S) is a stationary weak solution to (CMHD)
satisfying the following conditions depending on p and A :

(i) In the inviscid case (u = A = 0),

2 2 S €L
polv|* + |H —I—p'ye < 00
/RN( | | | | )1—|—|I|

(i) In the viscous case (u > 0),
(a) if2u+A=0,

/]RN (p|v]? + [H|? + pTe¥)dz < co.
(b) if2u+X#0,
/RN (plv|* + |v|% + [H|? + pYe®)dr < 0.
Then p(x) =0 and H(x) = 0 for almost every z € RY.

In order to generalize the Liouville theorems for the stationary equations to the time depen-
dent case, we need to impose a temporal decay condition of the second moment of the density.
More precisely, we have the following theorem.

Theorem 3.7 Let po satisfy povolx| € LY (RY) and

/ povo - xdx > 0.
RN

Then any finite energy global weak solution to the time-dependent compressible Fuler equations,

) p(z,t)|z|?
hmsup/ / ————dadt =0, 3.1
T—00 <t<2r JR? 1412 ( )

corresponds to the vacuum p = 0. If

satisfying

/ povo - xdx > 0,
RN

then there exists no finite energy global weak solution to the time-dependent compressible Euler
equations satisfying (3.1).
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See [9] for the proof of the above theorem. Similar to the case of incompressible fluid

equations, extensions to the inviscid, compressible (MHD) can be obtained. In the viscous case

(Navier-Stokes, viscous MHD), we need extra integrability condition

T
// |v(x,t)|%dxdt<oo
0 JRN

for all T' > 0, besides the finite energy condition (see [9]). One crucial observation obtained in

[27] is that the condition (3.1) is implied by the energy inequality for the compressible viscous
fluids.
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