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Pattern Formations in Heat Convection Problems***

Takaaki NISHIDA* Yoshiaki TERAMOTO**

Abstract After Bénard’s experiment in 1900, Rayleigh formulated heat convection prob-
lems by the Oberbeck-Boussinesq approximation in the horizontal strip domain in 1916.
The pattern formations have been investigated by the bifurcation theory, weakly nonlinear
theories and computational approaches. The boundary conditions for the velocity on the
upper and lower boundaries are usually assumed as stress-free or no-slip. In the first part
of this paper, some bifurcation pictures for the case of the stress-free on the upper bound-
ary and the no-slip on the lower boundary are obtained. In the second part of this paper,
the bifurcation pictures for the case of the stress-free on both boundaries by a computer
assisted proof are verified. At last, Bénard-Marangoni heat convections for the case of the
free surface of the upper boundary are considered.
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1 Introduction

We consider the Rayleigh-Bénard problem for the heat convection using the Oberbeck-

Boussinesq equations for the velocity, pressure and temperature in the dimensionless form:

100 . o
E(E—I—zrVu)—i-Vp—Au—p(T)Vz,
V-4=0,

or

E-l—u-VT—AT,

in the horizontal domain {—oc < z,y < +00, 0 < z < 1}, where P, is the Prandtl number, R,
is the Rayleigh number, and p(T) = G — R, T is assumed for the density of the fluid to take
into account of the buoyancy effect.

When the temperature 7' = 1 is given on the lower boundary and 7' = 0 on the upper
boundary, the equilibrium state is given by the purely heat conduction solution, which exists

for all parameter values:

=0, T=1-—2 p=G-—R,(1-2),

1 22
p= G(l - Z) - Ra(i —z+ 7) +patmosphcrc-
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Thus we want to consider the stability of the heat conduction state by the system for the

perturbations in the dimensionless form:

100 o
P—T(E—FUVU)‘FVP—AU‘FRG.HVZ)
V-u=0,

a0

E—i—u-VG‘—A@-l—w.

These equations have the equilibrium solution 4 = 0, 6 = 0 for any Rayleigh and any Prandtl
numbers, which represents the purely heat conducting state. We consider the problem in the

domain {—oco < z,y < 400, 0 < z < 1} with the periodic boundary conditions with respect to

x and y,
0§$§2—, 0§y§2—7r-
a b
The boundary conditions for the velocity are stress free on the both boundaries:
0 0
8_1::8—2:10:6‘:0, on z=0,1,
or they are stress free on the upper surface and fixed on the bottom:
0 0
8—1::8—1;:10:9: , onz=1,
u=v=w=40=0, on z = 0.

At last, we consider a Bénard-Marangoni problem, i.e., the free boundary condition for the
velocity on the upper surface and the fixed BC on the bottom:

an S
5 = U3 — Uhp - vhn|z:n(t,z,y)7

((p = pair)] — (VU + V') - it = 02H7 + (7 - V)oT,
n-VT+B,T=-1, onz=n(tzy).

Here the fluid domain is given by {—oco < 2,y < +00, 0 < z < n(t,x,y)}, where z = n(t, z,y)
is its free surface, M, is the Marangoni number, and o is the surface tension,

o=Co— M,T, 2szh( Vi )

V1 [Vinl?

2 Stress Free Upper Boundary and Fixed Bottom Boundary

We want to apply the usual bifurcation theory to the system in the case of the stress free
upper boundary and the fixed bottom boundary. Then we have to consider the linearized

system to see the critical Rayleigh number from which stationary bifurcations occur:

% +P.Vp = P,Aii + P,R,0Vz,
V-i=0,
00

EzAH—i—w,
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where the domain and the boundary conditions are the following:
2T
0<z<—, 0<y< —,
a b
ou  Ov

=—=w=606=0, onz=1,

9z 0z

u=v=w=6=0, onz=0.

Now we consider the stability of the linearized systems under the periodic boundary condi-
tions in the horizontal direction and also assume usual even- or odd-ness of functions for all

perturbations as follows:

The function space for the solutions wu,v,w,# is the Sobolev space Hib, which consists of
square integrable functions Li) ,» up to the second derivatives with the above periodicity. Then
the system is self-adjoint in this case, and the first component of velocity and the temperature

may have the expansions

u(t,z,y,2) = Z U (t, 2) sin(alx) cos(bmy),

l,m

O(t,z,y,z) = Z Oim (¢, z) cos(alx) cos(bmy).

l,m

The other unknowns have similar expressions. Thus the system for the eigenvalue problem can
be obtained as the system of ordinary differential equations with respect to z for each fixed

horizontal mode (I, m):

d2 272 2, 2
)\ul,m - Pralpl,m = ,Pr{@ - (a =+ b"m )}ul,ma

d? 22 | 12 2
AV, — Prbmpym, = ’PT{@ — (a®lI° +b°m )}w)m,

d d2
)\’LUl,m + Pr &pl,m = ,Pr{@ - (a2l2 + b2m2)}w[,m + 'PTRQH[)W,
d2

My = {@ — (a212 + b2m2)}6‘l7m + Wi, m,

d
aluym, + bmuy, + L Wim = 0, 0<z<1,

z
du  dv 00 _
K P e

u=v=w=60=0, onz=0.

In order to obtain the eigenvalues and eigen-vectors, especially for those of A = 0, all of which

are real, we need numerical computations. For each (I,m)-mode to obtain the critical Rayleigh
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number which corresponds to A = 0, we may use the Chebyshev polynomial expansion in

0 < z <1 for the system of ordinary differential equations.

wl,m()\, Z) = Z wl,m,n(A)Tn(zz + 1)

Then, by the numerical computations, we can obtain the following value and critical Rayleigh

number, at which the largest eigenvalue becomes zero,

1
a=0.42685--- > ——= = 0.35355- - -,

2v2

R, =1100.6---> 6.75 x 7 = 657.51 - .

The values of the right-hand side of the inequalities correspond to those for the stress free

boundary condition on both boundaries, which can be obtained in the explicit forms.

Figure 1 Eigenfunctions of 6 and w

We see that these eigen-functions in Figure 1 satisfy the boundary conditions:

d d2
w:d—fzezo, on z =0, wzd—;g

=60=0, onz=1.
These eigenvalue and eigen-functions are verified in a way similar to that in [9]. We see from
the above linearized analysis that

(i) if Ry < Re, then the heat conduction state is linearly stable;

(i) if Rq > Re, then the heat conduction state is linearly unstable.
Furthermore, in 1965, Joseph proved by the energy method and variational formulation that if
Ra < R, then the heat conduction state is globally nonlinearly stable.

In fact, let

w=is, 0=+/Reb, V-i=0.

We compute the usual energy in the form:

d 1 |’E|2 2 =2 N2
&5/(7-7”) )dxdydz+/(|Vu| + V0 [2)dzdydz

:2\/Ra/(w5)dxdydz < /(Ra|V’1w|2 + |V [*)dzdydz.
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Thus the critical Rayleigh number R. is determined by
R = sup2/w§dxdydz, under /(|Vﬁ|2 +|VO|*)dzdydz = 1, V- i = 0.

The Euler-Lagrange equation is the zero-eigenvalue problem of the linearized equation.
The first (biggest) eigenvalue crossing the origin A = 0 with a nonzero velocity determines

the critical Rayleigh number (R.) for the stationary bifurcation.

Theorem 2.1 (Simple Bifurcation Theorem) (see [4]) Let U and V be Banach spaces,
and F(u, ) be a twice continuously differentiable map from a neighbourhood of the origin of
U x R into V and F(0,u) =0 for any p.

(1) Assume that the null space N (D,F(0,0)) is one-dimensional and spanned by ug.

(ii) The co-dimension of the range R(D,F(0,0)) is also one.

(i) Assume D, , F(0,0)up ¢ R(DuF(0,0)).

Then the solutions for the equation F(u, ) = 0 in a neighbourhood of (0,0) are composed of
{00, )} U{(suo + so(s), u(s))}. Here ¢(s) and p(s) are continuously differentiable in —sg <
s < 80, ¢(s) € R(D,F(0,0)) and ¢(0) =0, u(0) = 0.

3 Solution of the Roll-Type, Rectangle-Type and Hexagon-Type

To see pattern formations after the bifurcation clearly, let us take a = 0.42685--- and
b= v/3a. In this case, (al)? + (bm)? is the same for (I,m) = (2,0) and (I,m) = (1,1), and so
the eigenvalue A = 0 has a two-dimensional eigenspace at R, = 1100.6- - -.

The roll-type solution corresponds to the mode (I,m) = (2,0), and the eigenfunction for the
temperature is

0 = 020(2) cos(2ax).

The rectangle-type solution corresponds to the mode (I,m) = (1,1), and its eigenfunction for

the temperature has the expression
0 = 611 () cos(ax) cos(V3 ay).

The hexagon-type solution is a linear combination of them, and the eigenfunction for the tem-

perature has the expression
0 = Onex(2){2 cos(ax) cos(v/3 ay) + cos(2ax)}.

The eigenspace has two dimensions, and we have to restrict the function space Hg V3a for
the solution to the subspace in order to apply the simple bifurcation theory.

First, we restrict the space to the subspace of roll-type solution HZ ) CC Hg Via® In this
subspace, the zero eigenvalue becomes simple because the temperature for example has the

expression in this subspace:

0=>" " O0ncos(ale)Ty(22 +1).

n=0 [=even

Thus we have the bifurcation of roll-type solutions in the direction of R, > R, = 1100.6---.
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The hexagonal solution has the rotational invariance of %’T in the z-y plane and is obtained

in the subspace H{

exa“

1= 5 st S (52 o (552

l,m,n

+ cos (a(l +23m):v) oS (\/§a(l _Zm)y) }Tn(2z +1).

Although there is another eigenfunction which corresponds to a rectangle type solution (see

mode (1,1)), the bifurcation from this eigenfunction is not clear from the simple bifurcation
theorem. It will be seen later in the bifurcation picture obtained by a numerical computation
for the mixed type solution (see Figures 5 and 6).

These bifurcated solutions come out of the zero solution at the same critical Rayleigh number
R.=1100.6- - - in the direction of R, > R., and they belong to their own subspaces, i.e., they
are independent in the function space. They are stable in their subspaces for the time evolution
of the linearized system. But the stability in the original function space Hg V3a is not known by
the simple bifurcation theorem. The stability of these solutions in the original function space
Hg /3 CAn be determined by the center manifold theory in a neighborhood of the bifurcation
point (see [3, 6, 7]).

Now the main problem is to obtain global bifurcation diagrams and to see the global struc-
ture of the solution space. At least, we want to know how to extend the bifurcation curves,
how to analyze the stability of the solution on the extended branches and how to investigate

other bifurcations on them, i.e., the secondary bifurcations and so on.

4 Global Bifurcation Curves

To extend the bifurcated stationary solution curves, we need to do numerical computations

for the nonlinear system:

1
il Vil + Vp = Aii + R0V,
Vi =0,

@-V0 = A0+ w.

Thus we may use the Chebyshev polynomial expansion for the solutions in 0 < z < 1.
w(t,z,y,z) = Z Wimn cos(alz) cos(bmy) T, (22 + 1).
l,m,n

Then {wi m.n, Vim,ns Wi,mons Otm.ns Pi,m,n} are unknowns of infinite number and should satisfy
the second order algebraic equations of infinite number.

We approximate the system by Galerkin method for unknowns of finite number
{ul,m,na Vi,m,ns Wi,m,n, el,m,napl,m,na l+m < M7 n < N}

For each horizontal mode (I, m), we have 5 x (N + 1) unknowns for u,v,w, 8, p, which should
satisfy 4 x 2 = 8 boundary conditions for w,v,w,0, 3 x (N — 1) equations for u,v,0, 2 x N

equations for w, and div-free condition for our Galerkin-7 approximation.
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Let U be the unknowns of finite number and write the system in the form
F(U;Rq, Pr) = 0.
We solve these equations of finite number by Newton method for fixed R, and P,
Uky1 = Ui — DF(Up) "' F(Uy), k=0,1,2,--,

where DF(Uy) is the Fréchet derivative at Uy, and we choose Uy appropriately.
We do numerical computations by Newton method for the solution of roll-, hexagon- and

mixed-type.

4.1 Roll-type solution

Figure 2 is the cross sections of two solutions of roll type for R, = 2x R, and R, = 10 x R..
The fluid is going up around the center of the solutions.
Figure 3 shows the bifurcation curve of roll type solution, where x-axis is for the normalized

Rayleigh number, and y-axis is for the coeflicient u2 0,1 of the solution.

Figure 2 The isothermal line (the red-lined fluid is warmer than the blue-lined one)
on the cross section y = constant

120

100 — 3

40t B

0 L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50

. . _ Ra
Figure 3 The solution curves of roll type for 1.0 < r = 7= =50.0

4.2 Hexagonal solutions

Figure 4 is two hexagonal solutions for R, = 1.5 x R.. The fluid is sinking around the

center of the hexagon on the left one and is going up on the right one. The figure shows the

isothermal line on the one-period domain in x — y plane of z = %
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S

s

Figure 4 The isothermal line on the middle horizontal plane z =

(hexagonal type)

4.3 Mixed type solution

We also have solutions of mixed type of rectangle and hexagon: the left one in Figure 5 is
a solution of mixed type for R, = 1.1 x R. and the right one is for R, = 1.6 X R..

The bifurcation curve of these mixed type solutions begins from the first bifurcation point
Ra = Re, where it corresponds to the eigenfunction of rectangle type. The bifurcation curves
for the hexagonal solution and the solution of mixed type, of which the fluid is sinking around
the center, are given in Figure 6. The hexagonal solution has larger values of us o1 than those
of mixed type near the bifurcation point » = 1. The z-axis is for the normalized Rayleigh
number and y-axis is for the coefficient uy o 1.
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Figure 6 The solution curves of hexagonal type and of mixed type for 1.0 < r =
% < 3.0, whose cooler fluids (blue-lined) are sinking around the center.
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There are other solutions of mixed type which correspond to the hexagonal solution of which
the fluid is going up around the center. The left one in Figure 7 is a solution of mixed type for
Rq =1.63 x R, and the right one is for R, = 1.80 x R..

=)

N
o

S

I
{8}
0L 7

05k

&

Figure 7 The isothermal line on the middle horizontal plane z = § (other mixed type)

The solution curve of this mixed type does not come from the first bifurcation point
(r,uz0,1) = (1,0) and approaches to that of hexagonal solution, of which the fluid is going
up around the center. In fact, we have the bifurcation curves which cross near R, = 2.02 x R,
in Figure 8. The z-axis is for the normalized Rayleigh number, and the y-axis is for the coeffi-

cient us 0,1 as before.

Figure 8 The solution curves of hexagonal solution and of mixed type for 1.0 < r =
%—Z < 3.0, whose warmer fluids (red-lined) are going up around the center.

B

Figure 9 The isothermal line on the middle horizontal plane z =
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Figure 9 shows the mixed type solution and hexagonal solution for R, = 3 x R. after
the intersection of the solution curves. Although the hexagonal solution keeps equilateral, the

hexagon of mixed type solution is elongated in the y-direction after the intersection.

5 Computer Assisted Proof for the Solution in the Large

We consider a constructive approximation to the solution in the large for the system of
semilinear partial differential equations. We have a theorem which guarantees the existence of
a genuine solution in a small neighbourhood of a “good” approximate solution. These ideas
have been used by Urabe in 1960’s for the system of ordinary differential equations. It is a
simplified Newton method by the Schauder’s fixed point theorem in the following setting.

Let U C V C W be Banach spaces, in which the embedding U C V is compact. Consider

the semilinear equation

F(u) = Au+ B(u,u) =0,
where A : U — W is a linear operator, and B : V x V —— W is a bilinear operator such that
[ B(u,v)[lw < Kallullv|vllv, [[B(u,v)llv < Kallullu|v]o.

The N-dimensional projection Py : u € W —— Wy satisfies the following for any N > 0 and

commutes with A:
VYoeV, wvy=Pyv, |ov—2|w< %HU”%
VueU, uny=Pnu, |uny—ulyv< %HUHU
Theorem 5.1 Letu € Uy be a good approrimate solution in the sense that
Au+ PyB(u,u) = Ry, ||Rnllw <e< 1,
and that for the linearized equation at this approximate solution:
L(w)v = Av + B(u,v) + B(v,u) = f.
Then there exist its inverse and a constant K1 < oo such that
IL@) " fllo < Ko flw-
If e, = ||B(u,u) — PvB(w,)||lw < 1, and if we can find an « such that
Ki(e+ e + Ko0?) <
then there exists a genuine solution uw € U in W = {|jJu —u|lv < a}.

Idea of the Proof Let us look for the solution in the form v = @ + v. Let us define, for
any v € W,

F(v) = —L(@) *{(Au + PyB(u,u)) + (B(w,u) — PxnB(u, 1)) + B(v,v)}.

Then, by the assumption for W and «, we have F(W) C W and the Schauder fixed point

theorem gives the theorem.
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5.1 Roll-type solutions in the large

In order to obtain the roll-type solution for large Rayleigh number, we use the stream

function instead of the velocity because of two-dimension:

0 B 9 00  0Y oAy  OY OAY

Gt = PrRaA Y+ Rag 4 5~ 5 o
00 o Opae oo
TRl misly; b il

When the both upper and lower boundary conditions for the velocity are stress free, the solution

has the expansion

Ytz z) = Z Yin(t) sin(alx) sin(nrz), 0(t,z,z) = Z 01 (t) cos(alz) sin(nmz).

ln I,n
The function space for the solution is H* ® H? with this horizontal periodicity.
The bifurcation curves of stationary roll-type solutions can be obtained by Galerkin approx-
imation of the system for unknowns with finite number [ +n < N and by Newton method as
before.

Figure 10 shows the bifurcation curve of roll-type solutions of mode (I,n) = (2,1). Here

a= ﬁ, and the z-axis is for the Rayleigh number and y-axis is for 12 ;.

Figure 10  Bifurcation curve of roll-type solution of mode (2,1) for 0 < R, < 50 x R,

This roll-type solution is stable for R, < 41 x R., but the eigenvalue of the linearized
system around these roll-type solution crosses the imaginary axis at about Rayleigh number
Ra >~ 42 X R.. Then it becomes unstable and there occurs the Hopf bifurcation. The shape of
the roll-type solution almost does not change before and after the stability change as shown in
Figure 11.

In order to prove the existence of these roll-type solutions far from the first bifurcation point

R4 = R, we transform the problem to a fixed point formulation in the function space H> ® H*
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-
LI LA

Figure 11 Roll-type solution of mode (2,1) for R, =40 x R, and R, =43 X R,

with the help of the inverse operator of A? and A with the boundary conditions

8 (R + T )
06 0000 b o0
0=07 (5o + 55~ 0e e

The nonlinear operators on the right-hand side are compact in the space H> ® H'. We write

them as Fy. We look for the solution

f0(¢=9) = (1#79)

The solution is sought in the form

(1/)7 9) = (EN}EN) + (w(l)aw(2))a

where (Y, 0y) is a numerically computed good solution. Then the equation can be written
for w = (w®,w?) as
F(w) = w.

Therefore, for fixed R, and P,., if we find a bounded closed convex set W in the function space
H3 ® H' and prove
FW)cw,

then there exists a fixed point in W by Schauder theorem, which proves the existence of the roll
type solution. This set W is constructed as a small neighborhood of the origin. The inclusion
F(W) C W is verified by numerical computations as a computer assisted proof. In fact, we
decompose the set by the orthogonal projection Py,

W =Wy ®Wx,

where Wy = PyW is a finite dimensional small neighborhood of the origin, and Wj; is a small
neighborhood of zero in the orthogonal subspace with infinite dimension. The finite dimensional
part is estimated by a simplified Newton method, and the infinite dimensional part is estimated
by the norm. Both estimates need the interval arithmetic by computer for the error estimate.

At present, the case for R, < R, < 10 X R, can be verified by our computer assisted proof
in the case of two-dimensional problems (see [23]).
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Three dimensional problems, namely for the hexagonal solution and rectangular solution,
can be verified for small normalized Rayleigh numbers: 1 < r < 1.2, because of the limitation

of present computer power (see [12]).

6 Secondary Bifurcations

In order to trace bifurcation curves by Newton method, we change the parameter:

u=u(R,), such that F(u,R,) =0,
Un+1 :un_]:u(unuRa)ilj:(unuRa)a n:071727"' )

where ug is chosen appropriately. To determine the secondary bifurcation points or the inter-

section points on the bifurcation curves, we are required to find ug, Rg, ®, such that
F(uo,Ro) =0, Fuluo,Ro)® = 0.

There are difficulties in determining those points, because we use Newton method as above to
obtain solutions on bifurcation curves. At the bifurcation point the linearized system has zero
eigenvalue, but Newton method needs the inversion of the linearized system for its iteration,
which can not be applied at the bifurcation point. However, there are cases that the solution
before the bifurcation point belongs to a subspace different from the new solution bifurcating
from the bifurcation point. In these cases, we can use these subspaces and Bordering algorism at
the bifurcation point, and Newton method for the extended system. Thus we can do numerical

computations and computer assisted proof for them.

6.1 The secondary stationary bifurcation point

If
u=u(R,) € Uy CC U, such that F(u,R,) =0,

and
® € U, such that F(ug, Ro) =0, Fu(uo, Ro)® =0,

we can take u, du € Uy, ®,0P € U and R,,dR € R, such that

Fulu, Ra) 0 Fr,(u,Ry) ou F
Fuu(t,Ra)®  Fu(u,Ra) Fur, (u, Ra)P 0P | = F.o
0 2Pt 0 R |®]%2 -1

Example 6.1 (see [15]) The secondary bifurcation from the mode (I,n) = (4, 1) for P, = 10,

N = 24:
Ra

C

The third bifurcation from the mode (I,n) = (4,1) for P, = 10, N = 24:

Ra = 32.04265--- x 7*, 1= =4.74706- - - .

Ro = 85.00512--- x 7%, r= % =12.59335--- .

C
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00000060
DO

Figure 12 A bifurcated solution from the roll-type solution of mode (4,1) for R, = 13 x R,

6.2 The secondary Hopf bifurcation point

F(uog,Ro) =0, Fulug, Ro)P = AP,

A=iw, weR,

P =0 +idy, Py and P, are real valued,

F(up,Ro) =0, Fulup,Ro)P1 = —wPs, Fu(ug,Ro)P2 = w®y.

Example 6.2 The Hopf bifurcation from the mode (I,n) = (2,1) for P, = 10, N = 24:
Re = 27736398 --- x w4, 7 =141.09096---, \=1x40.72434--- .
The Hopf bifurcation from the mode (I,n) = (2,1) with P, = 10, N = 32:

Ry =277.36479 - x 7%, r=41.09108---, X =1x40.72440--- .

’

Figure 13 Periodic roll-type solution of mode (2,1) (4,1) for R, =50 x R,

This bifurcated time periodic solution can be obtained by the numerical computations

of time evolution of the system after time discretization. It suggests its stability contrary
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to the bifurcation of periodic solutions of Lorenz model. Figure 13 shows the projection of
(12,1(t),021(t)) and (¥4,1(t),04,1(¢)) on the ¥-0 plane.

7 The Bénard-Marangoni Heat Convection where the Upper
Boundary is a Free Surface

We refer to [9] for computations of the eigenvalues and eigenfunctions of Bénard-Marangoni
problem, which suggests the possibility of both the stationary bifurcation and the Hopf bifurca-
tion from the equilibrium state under the different gravity. These eigenvalues and eigenfunctions
can be verified by a computer assisted proof. We proved the existence of both bifurcations for

the system of Bénard-Marangoni heat convection in [17, 18].
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