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Energy Decay for the Cauchy Problem of the Linear
Wave Equation of Variable Coefficients
with Dissipation™*

Pengfei YAO*

Abstract Decay of the energy for the Cauchy problem of the wave equation of variable
coefficients with a dissipation is considered. It is shown that whether a dissipation can be
localized near infinity depends on the curvature properties of a Riemannian metric given
by the variable coefficients. In particular, some criteria on curvature of the Riemannian
manifold for a dissipation to be localized are given.
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1 Introduction and Main Results

Let n > 2 be an integer. We consider the energy decay of solutions to the initial value
problem
{utt —div A(x)Vu + a(z)u, =0,  on (0,00) x R™, (1.1)

u(0,2) = uo(z), u(0,2) =ui(z), onR",

where A(z) = (a;j(x)) are symmetric and positively definite matrices for all z € R", a;;(z) are
smooth functions on R"™, and a € L°>°(R"™) is a nonnegative function.
We define the energy of the problem (1.1) as

E(t) = %/R" (uf + i aij(x)umiuwj)dx. (1.2)

5,J=1

We are interested in whether E(t) decays in some way.

If A(z) = (di;), we say that the problem (1.1) is of constant coefficients. In the case of
constant coefficients, a wealth of results on this problem are available in the literature. For the
Cauchy problem, see [21, 28-30] and many other papers. For exterior domains, see [17, 20] and
the references therein. For bounded domains, see [1, 7, 11, 13, 14, 16, 18, 25-27] and many
other papers.

In this paper, we consider the problem (1.1) with a general A(z) where A(z) is given by the
material in application. We refer to the problem (1.1) as the variable coefficient problem. The
main tool here is the geometrical method which is powerful to cope with variable coefficients.

Manuscript received October 24, 2008. Published online June 8, 2009.

*Key Laboratory of Control and Systems, Institute of Systems Science, Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, Beijing 100190, China. E-mail: pfyao@iss.ac.cn

**Projects supported by the National Natural Science Foundation of China (Nos. 60225003, 60821091,
10831007, 60774025) and KJCX3-SYW-S01.



60 P. F. Yao

This method was introduced by [32] for the controllability of the wave equation with variable
coefficients and was extended in [2-7, 15, 22, 33, 34] and many others. For a survey on the
geometric method, see [10]. Very recently, this method is used to study the problems with
quasilinearly principal parts in [35-37].

We shall combine [17] and [32] to use the multiplier technique to derive some estimates on
E(t). The key is to use a multiplier of the geometric version. We mention that earlier multipliers
for the Klein-Gordon equation were given by Morawetz [24] and for the control problem were
given by Ho [12].

For the constant coefficient problem, Nakao [17] established the following decay of E(t) by
the multiplier technique in the Euclidean space R™. Let L > 0 be given. If there is an ¢ > 0
such that

a(x) > e for|z| > L, x € R", (1.3)
then
¢
14+t

The condition (1.3) is referred to as a localized dissipation near infinity if a(z) is only effective

E(t) < <mm+mwm,t>anww:/’%m. (1.4)
R’Vl

for L large enough. In fact, [17] considered an exterior domain problem. In this paper, we
consider whether a similar estimate like (1.4) holds for the variable coefficient problem (1.1)
under a similar condition as (1.3). We show that this problem depends closely on the geometric
properties of a Riemannian metric, given by (1.5) below.
We define
g=A"Yz), zeR" (1.5)

as a Riemannian metric on R™, and consider the couple (R", g) as a Riemannian manifold. For
each € R", the Riemannian metric g induces the inner product and the norm on the tangent
space R = R" by

(X,Y)y=(A""(2)X,Y), |X]2=(X,X),, X,Y€ER" (1.6)

where (-, -) is the standard inner product of the Euclidean space R". For w € H(R"), we

have
n

|ng|§ = Z aij (T)we, we;,  x €R",
ig=1

where V, is the gradient of the Riemannian metric g.
We introduce a space

H'(g,R") = {w | w € L*[R"), [Vqu|, € L*(R")} (1.7)

with a norm

ol = [ (90l + )
If there are ¢; > 0 and ¢ > 0 such that
a1l XP? < {A(x)X, X) < | X|? forallz € R", X € R,

then H!(g,R") = H*(R").
For decay of the energy, we need the following assumption.
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Assumption 1.1 Let Q C R™ be a bounded open set. There is a vector field H on R™ such
that
DyH(X,X)>0o|X[?, XeR} z€Q, (1.8)

where o > 0 is a constant and Dy is the Levi-Civita connection of the Riemannian metric g.
Our main results are as follows.

Theorem 1.1 Let Q C R™ be a bounded open set such that Assumption 1.1 holds true.
Suppose that there is an € > 0 such that

a(z) > e forallz e R™\ Q. (1.9)
Then, for each (ug,u1) € H*(g,R™) x L?(R™), there is a unique solution
u(t) € C([0,00), H' (g, R™)) N C*([0, 00), L*(R))
to the problem (1.1) such that
lu®)]* < e(E(0) + [luol®), (1.10)

where || - || is the usual norm of L*(R™) and ¢ > 0 is a constant independent of solutions.
Moreover, the estimate (1.4) holds true for a solution of the problem (1.1).

Assumption 1.1 was introduced by Yao [32] for the controllability of the wave equation with
variable coeflicients, which is also a useful condition for the controllability and the stabilization
of the quasilinear wave equation (see [35-37]). Existence of such a vector field depends on the
sectional curvature of the Riemannian manifold (R™,g). There are a number of methods and
examples in [32] to find out a vector field H that satisfies Assumption 1.1.

If there is a vector field H such that

Dy,H >0 forall z € R", (1.11)

then Assumption 1.1 holds for any bounded open set @ C R™ and the damping region (1.9)
can be a neighborhood near infinity. Therefore, we say that the problem (1.1) has a localized
dissipation near infinity if the condition (1.11) holds.

Let h be a strictly convex function of the metric g on Q. Then H = V ,h satisfies Assumption
1.1. One of candidates for strictly convex functions is the distance function of the metric g.
Let 29 € R™ be given. Let p denote the distance function of the metric g from xy to x € R”.
If A= (d;5), then g is the standard metric of R™ and p(z) = |z — z¢|. For a general metric g,
like (1.5), the structure of p(x) is very complicated. For the properties of this function, see any
Riemannian geometry book, for example, [31].

Let
E={z |z eR", D’h(z) >0}, (1.12)
where Dgh is the Hessian of a function h in the metric g, given by
1
h(z) = §p2(:v), x e R"™. (1.13)

It is well-known that Z C R” is an open set and 2° € Z. If a bounded open set Q C R is such
that
Qc

[1]

)
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then Assumption 1.1 holds for Q with H = V h.

If A = (0;), then D2h = V?h is the unit matrix and Z = R"™, where h = % In general,
how large = C R"™ is depends on the sectional curvature of the Riemannian manifold (R™, g)
closely. Tt is well-known that if (R™, g) has non-positive sectional curvature, then = = R™.

To verify the condition (1.11), there is other choice on curvature. If (R™, g) is a noncompact
complete Riemannian manifold with everywhere positive sectional curvature, then there exists
a strictly convex function h on (R”,g) by Green and Wu [9]. Then the vector filed H = V,h
satisfies the condition (1.11).

We have obtained the following result.

Theorem 1.2 If (R", g) satisfies one of the following assumptions:

(a) (R™, g) has non-positive sectional curvature, or

(b) (R™,g) is noncompact complete Riemannian manifold and has positive sectional curva-
ture everywhere,
then the problem (1.1) has a localized dissipation near infinity.

In general, the condition (1.11) is not true. We have the following result.

Theorem 1.3 If the sectional curvature of (R™,g) has a positive lower bound, then the
problem (1.1) does not have a localized dissipation near infinity in the sense (1.11).

Next, let us consider decay of the second order energy. We introduce the space
H?*(g,R™) = {w | w € L*(R™), div AVw € L*(R")} (1.14)

with the norm
[w]|F2 (g mny = div AVw[* + [Jwl|*. (1.15)

Let u be a solution to the problem (1.1). We define
Bs(t) = [lure(O)1* + [V guelg|?, > 0. (1.16)

For the second order energy, the decay is much more rapid as in the case of constant coefficients
(see [17]).

Theorem 1.4 For (ug,u1) € H%(g,R™) x H'(g,R"), there exists a unique solution
u(t) € C((0,00), H*(g,R™)) N C'([0, %0), H' (g, R™))

of the problem (1.1) that satisfies

&
E(t) < 112 _'_tQ(”uOH%IQ(g,R") + lurllF g mny)s (1.17)

. c
[div AVu||? < 1 +t(|\U0H12H2(g,R") + luallz g ) (1.18)

where ¢ > 0 is a constant independent of solutions.

Finally, as an application, we consider the existence of global solutions of the nonlinear wave
equation
{utt—diVAVu—l—aut—f(u), (t,x) €0,T) x R™, (1.19)
u(0,z) = uo(z), u(0,2) = ui(x), =eR™,
where f(u) is a nonlinear source term.
We make the following assumptions on f and on A(z), respectively.
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Assumption 1.2 Assume that f(s) is locally Lipschitz continuous in s € R such that

[F()] < cls['™, 1f(s) = (O] < ells] + ¢ *]s = ] (1.20)

for some ¢ >0 and a > 0.

Assumption 1.3 There is a o9 > 0 such that
(A(z)X, X) > 00| X|* forallz € R", X € R", (1.21)

Following Nakao [17], we have the following result.

Theorem 1.5 Let Assumptions 1.1-1.3 hold. Let 2 < n < 3 and % <a< % 2<a<oo
if n = 2). Then when E(0) + |[uol|? is small enough, problem (1.19) has a global solution in
C([0,00), H*(g,R™)) N C*([0, 00), L2(R™)) such that

clunm) 45

sup ||u(t)]] < oo, E(t) < , >
sup (1) (1 < et

for this solution u.

Of course, similar results are true as in [17, Theorem 2]. We omit them.

2 Proofs of the Main Results

We work on R™ with two metrics, the standard metric (-, -) and the Riemannian metric
g=1{(-,)q given by (1.5).

If f € C'(R"™), we define the gradient V,f of f in the Riemannian metric g, via the Riesz
representation theorem, by

X(f) = <ng,X>g, (2'1)

where X is any vector field on (R™, g). The following lemma provides further relations (see [32,
Lemma 2.1]).

Lemma 2.1 Let ¢ = (x1, -+ ,x,) be the natural coordinate system in R™. Let f, h be
functions and H, X be vector fields. Then

<H(.’L‘),A(.’L‘)X(I)>q = <H($)7X(‘T)>v r € R", (2'2)
Vof = (Z%j(@fzJ% =A(x)Vf, zeR", (2.3)
i=1  j=1 v

where V f is the gradient of f in the standard metric, and
Vf(h) = (Vyf,Vgh)g = (Vf, A(x)Vh), = eR", (2.4)
1. 1 : n
(V. Vol H () = DyH(Vof Vof) + 5div (Vo fBH) = 5[V fRdiv H, R, (25)
where div H is the divergence of the vector field H in the standard metric and the matriz A(zx)
is given in problem (1.1).

We assume that the initial data ug,u1 € C§°(R™). Let u be a solution of problem (1.1).
Then u(t, z) has a compact support on R™ for each ¢t > 0. Let H be a vector field on R™. Using
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the above formulas in Lemma 2.1, we multiply the equation in (1.1) by H (u), integrate by parts
over R™ with respect to the variable x, and obtain (see [32, Proposition 2.1])

d

&(ut,H(u)) —|—/ p(u? — |Vgu|§)d:v+/ DgH(Vgu,Vgu)d:v—i—/ auH(u)dz =0, (2.6)
Rn

n n

where (-, ) is the standard inner product of L*(R") and p = 42
Let ¢ be a function. We multiply the equation (1.1) by qu, integrate by parts, and have

d
§[2(ut, qu) + (aqu,u)] + / q(|Vgul} — ui)da — / u?div AVqdz = 0. (2.7)
R’n n

In addition, differentiating the energy (1.2) with respect to time ¢ yields

d

&E(t) + /n a(:v)ufdx =0. (2.8)

Proof of Theorem 1.1 Let vector field H be such that the condition (1.8) holds. We take
two bounded open sets (AZ, Q C R such that

QcOcacq (2.9)

Let ¢, ¢ € C§°(R™) be cut-off functions such that

1 @) 1, xeﬁ,
0<p<1, 0<p<1, o= S 4= = (2.10)
O) ng, 07 "EgQ

Let ¢ = a¢ in the identity (2.7). We have

n

d
/ apu?dx = / a¢|Vgu|§d:C + &[2(ut,a¢u) + (a*pu, u)] —/ u?div AV (ap)dz.  (2.11)
n Rn
We replace H with ¢H in the identity (2.6) and replace g with
1.
qo = Edlv oH —op (2.12)

in the identity (2.7), respectively, where ¢ > 0 is given in (1.8). Then we add up the two
identities and obtain

d
GXO+ [ (Dy(eH)(T g V) + opla? — [Vyu)lda
—/ u?div AV qodz —I—/ apuH(u)dx = 0, (2.13)
where
X(t) = (ue, pH (u) + 2qou) + (agou, u). (2.14)

Let &k > 0 be a constant. We multiply the identity (2.8) by k, then add it to the identity
(2.13), and have

d

&[X(t) + EE()] + / Y (k,u)dz — / u?div AV qodz + / apu H(u)dx = 0, (2.15)

n n n
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where
Y (k,u) = Dy(pH)(Vgu, Vgu) + kauf + op(ui — [Vgul?). (2.16)

Since a > a¢ > 0, we obtain via (1.8)

ka

/ Y (k, u)dz > / [Dg(w)(vgu, Vgu) + —uf + op(uf - |vgu|§)]dx
n Rn\Q
k k
+ / [DgH (Vgu, Vyu) + o(uf — |Vgul2)]dz + 5/ auidx + Z/ apu?da
Q n n
k 2 2 2 ka
> — aguydr — (01 +0)|Vgulgdz + o [ upde + —uyde,  (2.17)
4 n O\Q Q n 2

where

or= sup  [Dy(pH)(X, X)|. (2.18)
XeR?
|X|y=1,z€Q\Q

Using identity (2.11) in inequality (2.17) yields

k k
/ Y (k,u)dz > / (_a —0— 01) |Vgu|§dx + O'/ uide + / —aufdx
n oo 4 Q R 2

+ %%[2(%, agu) + (a*pu,u)] — %/n u?div AV (a¢)dz. (2.19)
If 4
k> g(o—i—al), (2.20)

from (2.19) and (1.9), we have

k d k k
/ Y (k,u)dx > O'/ ufdx+——[2(ut,a¢u)+(a2¢)u,u)]—|——/ aufdx—ﬂ [ widr, (2.21)
n R™ 4.dt 4 Jgn 4 /3

where
o9 = sup |div AV (ag)|. (2.22)
meé
Letting ¢ = 1 in (2.7) yields
d
/ ulde = / |Vgu|§dx + E[Q(ut,u) + (au,u)). (2.23)
n Rn
Moreover,
k
‘/ acputH(u)d:v‘ <Z |V yu|2dz + —/ au?dr, (2.24)
where
o3 =2 suQ(a¢2|H|§). (2.25)
€N

Finally, we use (2.24), (2.23) and (2.21) in (2.15) to obtain that if

4
k > max [&ﬂ, —(o+ 01)}, (2.26)
o e
then d % .
o
EZ(k,u) + §E(t) + 3 /n auldx < (102 + 04) /§u2d:1:, (2.27)
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where

Z(k,u) = (ut, ©H (u) + |2q0 + éa + gaqﬁ} u) + (u, [2—Ua +aqo + ga%ﬁ} u) +EE(t), (2.28)

3 3
o4 = sup [div AVql. (2.29)
e
Let k& > 0 be given such that the condition (2.26) holds. By (2.28), we have
20
Z(k,u) 2 KE(¢) + —=(au, u) — sup @[ H |g[|ue[[|[Vgull
€N
4k ,
— sup 200 + 50 + a6 [ur] [l = sup lago] [ uPda
zeQ z€Q @
O, 1o 302 20¢ 5
> 2 2 + (k — sup p|H|, — —)E(t) - (supa|q0| + —) [ w2de (2.30)
3 ch doe 2 3 Q
z z€eQ
and
Z(k,u) < (k + sup | Hly + 05 ) E(t) + (05 + o) Jul[%, (2.31)
€N
where
sup |240 + 2 +k¢’ ls (2U+ +k¢)
o5 = su o+ —a o6 = =supal — —agp).
5 12 do 3 24%) 673 E 3 do 2
zeQ zeQ
Now we fix a k > 0 such that
4 2
k > max {&ﬂ,—(a—l—al),sup(ﬂfﬂg—l— ?w&} (2.32)
o € 5 4oe

e

We integrate (2.27) over [s,t] with respect to time ¢ where 0 < s < t. Using the estimates
(2.30) and (2.31), we obtain constants ¢; > 0 and ¢z > 0 which are independent of ¢ > 0 and a
solution u such that

B(t) + |Ju(t)|? +cl/ E(r)dr + g/

for k satisfying the inequality (2.32), where the following estimate is used:

t
auZdz < ca(E(s) + |Ju(s)||?) + c2 / /2 u?dzdr (2.33)
n s JQ

t ¢
||u(t)||2 < ||u(s)|\2+a/ ude—I—CE/ w2 dr.

Using the compactness-uniqueness argument in Lemma 2.2 below, the lower order term in
(2.33) can be absorbed. We then have constants ¢; > 0 and ¢ > 0 such that

t
E(t) + ||u(1f)||2 + 01/ E(7)dr < co(E(s) + ||u(s)|\2) (2.34)
for 0 < s <t with t — s > T, where
2
Ty = —sup |H|,. (2.35)
g meﬁ

The above number Ty is given by Yao [32, Theorem 1.1], which is referred as to the length of
wave.
The estimate (2.34) and the identity

CQ+
1+t

2.8) together yield

—_ o~

E(t) < (B(0) + fJuol*), t>0. (2.36)
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Lemma 2.2 Let T > Ty be given, where Ty is defined by (2.35). Then for n > 0 given,
there exists a ¢, > 0 such that

t+T 4T t+T
/ /ﬁquxdT < 77/ E(r)dr + Cn/ / auZdzdr, t> 0. (2.37)
¢ Ja t t n

Proof As usual, we prove the lemma by contradiction. We assume that for some 79 > 0
the number ¢,, does not exist. Then for any m > 1 there are solutions u,, and t,, > 0 such

that
tm+T ton+T tm+T
/ /ﬁ u? dedr > 770/ E..(7)dr + m/ / au?,,dadr, (2.38)
tm O tm tm n

where E,,(t) are the E(t) with u replaced by w,y,.

Let —
m tm t m
U () = M, \= / /Aufnd:vdr (2.39)
Am tm Q
Then the inequality (2.38) means that v, € H'(g, (0,7) x R") satisfies
1> 770/ / v2, 4+ |V, ’Um| )dzdr + m/ / av?,,dxdr, (2.40)
2
[[v mllp((0 Pxdy = b (2.41)
where

H'(g,(0,T) x R") = {w | w,wy, |Vgwly € L*((0,T) x R")}
with the norm

T
Ay / / (w? + |V gwl? + w?)dadt.
O n

We may assume that there is a vg € H'(g, (0,7) x R™) such that

Um — o, in H'(g,(0,T) x R™) weakly, (2.42)
Um — vo, in L2((0,T) x Q) strongly. (2.43)
By (2.40), we have
/ avd,dz = 0,
that is,
avoe =0, inR™; wvo, =0, inR™\Q via (1.9). (2.44)
By (2.41) and (2.43), we obtain
2
9012, 2. = 1 (2.45)

Moreover, by (2.42)—(2.44), w = vy solves the problem

(2.46)

wyy — div AVw =0, (t,z) € (0,T) x €,
w=0, (t,z) € (0,T) x R™\ Q.

Then an observability estimate, as in [32, Theorem 1.1], implies

Vot = 07 (t,I) € (OvT) X Rna
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which yields
div AVwvg =0, x€R". (2.47)

Then vy € H'(g,R™) implies that vy is constant. Furthermore, vy € L*(R") gives
vg =0, inR"™

which contradicts the relation (2.45).

Proof of Theorem 1.3 Since w = u; solves problem (1.1) with the initial data (uq,
div AVug — auy), replacing u with u; in the inequality (2.34) yields

By (t) + |lus(8)|* + cl/ Eo(1)dr < co(Ea(s) + |lug(s)]|?), t—To>s>0. (2.48)

We integrate the inequality (2.48) over [0,¢ — Tp] and obtain via (2.34) and (2.48) that

t—To t—To
& /O rEy(r)dr < e /0 (B () + ue()|2)dr
< (E2(0) + [lur|? + E(0) + [[uol®)
< es([[uollFrz g mny + luallFngrny)s ¢ > To, (2.49)
which implies the estimate (1.17) since E}(t) < 0.

The estimate (1.18) follows from the inequalities (1.17), (2.36) and the equation in the
problem (1.1).

Proof of Theorem 1.4 We prove the theorem by contradiction. We assume that there is a
vector field H on (R, g) such that the condition (1.11) holds. By Gallot, Hulin, and Lafontaine
[8, Chapter II, Problem 2.98], there is a closed geodesic r : [0,b] — R™ with 7(0) = r(b) = zo €
R™. Then

#(0) = —#(b). (2.50)

Let

By (2.50), we get
F(0) = —F(0). (251)
The condition (1.11) implies
f/(t) = <Dg+(t)H77;(t)>g = DqH(T(t)vr(t)) >0, te [07 b]a
which implies
fb) > £(0),

that is, by (2.51),
(H(x0),7(0))g <O0. (2.52)

Now let
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where exp, : R} — (R",g) is the exponential map of the metric g. Then the same argument
on p(t) as above for f(t) gives

—(H (0),7(0))g = (H(20),(0))g <0,

which contradicts the relation (2.52).

Proof of Theorem 1.5 This is completed by following the proof of Theorem 2 in [17],
where just minor changes are needed. Assumption 1.3 implies

1 n
IVwll < \/—U—O|\|ng|||7 w e H'(g,R"),

which is used when one applies the Gagliardo-Nirenberg estimate (see [23]) to the source term

f(w).
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