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1 Introduction

It is well-known that the classical Weierstrass representation formula represents minimal

surfaces in R3 via holomorphic functions. Since it is a fundamental and extremely useful tool

in the theory of surfaces (see, e.g., [13]), many efforts have been made by geometers to extend

it to general cases. For example, Kenmotsu [7] discovered a representation formula for surfaces

of prescribed mean curvature in R3. In three-dimensional Minkowski space L3, Kobayashi [8]

proved the Weierstrass representation formula for maximal surfaces, and then Akutagawa and

Nishikawa [1] generalized his results to the case of spacelike surfaces with prescribed mean

curvature in L3. In hyperbolic space H3, Bryant [2] gave a representation formula for surfaces

of constant mean curvature one. Later, Kokubu [9] obtained a formula for minimal surfaces in

H3. Generalizing these, Shi [11] proved the Weierstrass representation formula for surfaces of

prescribed mean curvature in H3.

On the other hand, the three-dimensional Heisenberg group Nil3 equipped with the left in-

variant metric is one of the eight models in Thurston’s geometries (see [12]), and it is interesting

to consider surfaces in this space. In 2000, Inoguchi, Kumamoto, et al [5] derived a Weierstrass

representation for minimal surfaces in Nil3. Later, Inoguchi [6] obtained another integral rep-

resentation formula for minimal surfaces in Nil3 by making some improvement. Meanwhile,

Mercuri, Montaldo and Piu [10] used a new method to get a representation formula for minimal

surfaces in Nil3. Also, Daniel [4] developed a method which is different from those of Inoguchi

[6] and Mercuri, Montaldo and Piu [10] to give a representation for minimal surfaces in Nil3.
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Recently, Berdinsky and Taimanov [3] obtained a generalized Weierstrass representation for

surfaces in three-dimensional Lie groups including Nil3 by using Dirac equations.

In this paper, we define the Gauss map of surfaces in the Heisenberg group Nil3 and obtain

a Weierstrass representation formula for surfaces of prescribed mean curvature, which is a

generalization of the above mentioned results of Mercuri et al. We find that the complete

integrability condition of this representation formula is exactly a second order partial differential

equation for the Gauss map. Using our representation formula, we explicitly construct some

examples of minimal surfaces as well as surface with constant mean curvature in Nil3.

2 Surface Theory in Nil3

The three-dimensional Heisenberg group Nil3 can be viewed as R3 endowed with the left-

invariant metric

g = dx2
1 + dx2

2 +
(
dx3 +

1

2
x2dx1 −

1

2
x1dx2

)2

.

It can also be represented in GL(3, R) by




1 x1 x3 + 1

2x1x2

0 1 x2

0 0 1





with xi ∈ R, i = 1, 2, 3. The left-invariant orthonormal frame {E1, E2, E3} is given by

E1 =
∂

∂x1
−

x2

2

∂

∂x3
, E2 =

∂

∂x2
+

x1

2

∂

∂x3
, E3 =

∂

∂x3
.

Let ∇ be the Levi-Civita connection of Nil3. The expression of ∇ in this frame is the following:

∇E1
E1 = 0, ∇E2

E1 = −
1

2
E3, ∇E3

E1 = −
1

2
E2,

∇E1
E2 =

1

2
E3, ∇E2

E2 = 0, ∇E3
E2 =

1

2
E1,

∇E1
E3 = −

1

2
E2, ∇E2

E3 =
1

2
E1, ∇E3

E3 = 0.

Let x = (x1, x2, x3) be a point in Nil3. For an arbitrary tangent vector X at x, if

X = a1
∂

∂x1
+ a2

∂

∂x2
+ a3

∂

∂x3
,

then

X = a1E1 + a2E2 +
[
a3 +

1

2
(x2a1 − x1a2)

]
E3.

Let Σ be an oriented two-dimensional connected Riemannian manifold and x : Σ → Nil3

an isometric immersion of Σ into Nil3. In a neighborhood of any point of Σ, we choose an

isothermal coordinate z = ξ1 + iξ2 and making use of it the metric of Σ can be written as

ds2 = λ2|dz|2 (λ > 0). For i = 1, 2, let

ei =
1

λ

∂

∂ξi

=
1

λ

3∑

k=1

∂xk

∂ξi

∂

∂xk

=
1

λ

[∂x1

∂ξi

E1 +
∂x2

∂ξi

E2 +
(∂x3

∂ξi

+
1

2

(
x2

∂x1

∂ξi

− x1
∂x2

∂ξi

))
E3

]
.
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Then {e1, e2} defines an orthonomal tangent frame field on Σ compatible with the orientation.

From 〈ei, ej〉 = δij , we have

∂x1

∂ξi

∂x1

∂ξj

+
∂x2

∂ξi

∂x2

∂ξj

+
[∂x3

∂ξi

+
1

2

(
x2

∂x1

∂ξi

−x1
∂x2

∂ξi

)][∂x3

∂ξj

+
1

2

(
x2

∂x1

∂ξj

−x1
∂x2

∂ξj

)]
= λ2δij , (2.1)

where i, j = 1, 2.

Let n be a unit normal vector field of Σ, that is, 〈n, n〉 = 1 and 〈n, ei〉 = 0 for i = 1, 2. In

terms of the left-invariant orthonormal frame, n is given explicitly by n =
3∑

i=1

e3iEi, where

e31 =
1

λ2

[∂x2

∂ξ1

∂x3

∂ξ2
−

∂x3

∂ξ1

∂x2

∂ξ2
+

1

2
x2

(∂x2

∂ξ1

∂x1

∂ξ2
−

∂x1

∂ξ1

∂x2

∂ξ2

)]
,

e32 =
1

λ2

[∂x3

∂ξ1

∂x1

∂ξ2
−

∂x1

∂ξ1

∂x3

∂ξ2
+

1

2
x1

(∂x1

∂ξ1

∂x2

∂ξ2
−

∂x2

∂ξ1

∂x1

∂ξ2

)]
,

e33 =
1

λ2

(∂x1

∂ξ1

∂x2

∂ξ2
−

∂x2

∂ξ1

∂x1

∂ξ2

)
, e2

31 + e2
32 + e2

33 = 1.

(2.2)

We note that the dual coframe of {e1, e2} on Σ is

wi = λdξi, i = 1, 2,

and the connection 1-forms are

ω
j
i =

1

λ2

∂λ

∂ξi

ωj −
1

λ2

∂λ

∂ξj

ωi, i, j = 1, 2.

The formulas of Gauss and Weingarten for Σ in Nil3 are the following:

∇ei
ej =

2∑

k=1

ωk
j (ei)ek + hijn, ∇ei

n = −

2∑

k=1

hikek, i, j = 1, 2,

where hij is the second fundamental form on Σ. By an elementary calculation, we see that the

above formulas can be written in terms of local coordinates as follows:

∂2x1

∂ξi∂ξj

=
1

λ

( ∂λ

∂ξi

∂x1

∂ξj

+
∂λ

∂ξj

∂x1

∂ξi

− δ
j
i

2∑

k=1

∂λ

∂ξk

∂x1

∂ξk

)
−

1

2

∂x2

∂ξi

[∂x3

∂ξj

+
1

2

(
x2

∂x1

∂ξj

− x1
∂x2

∂ξj

)]
−

1

2

∂x2

∂ξj

[∂x3

∂ξi

+
1

2

(
x2

∂x1

∂ξi

− x1
∂x2

∂ξi

)]
+ λ2hije31,

∂2x2

∂ξi∂ξj

=
1

λ

( ∂λ

∂ξi

∂x2

∂ξj

+
∂λ

∂ξj

∂x2

∂ξi

− δ
j
i

2∑

k=1

∂λ

∂ξk

∂x2

∂ξk

)
+

1

2

∂x1

∂ξi

[∂x3

∂ξj

+
1

2

(
x2

∂x1

∂ξj

− x1
∂x2

∂ξj

)]
+

1

2

∂x1

∂ξj

[∂x3

∂ξi

+
1

2

(
x2

∂x1

∂ξi

− x1
∂x2

∂ξi

)]
+ λ2hije32,

∂2x3

∂ξi∂ξj

=
1

λ

[ ∂λ

∂ξi

∂x3

∂ξj

+
∂λ

∂ξj

∂x3

∂ξi

+
1

2

∂λ

∂ξi

(
x2

∂x1

∂ξj

− x1
∂x2

∂ξj

)
+

1

2

∂λ

∂ξj

(
x2

∂x1

∂ξi

− x1
∂x2

∂ξi

)

+
x1

2

∂λ

∂ξi

∂x2

∂ξj

+
x1

2

∂λ

∂ξj

∂x2

∂ξi

−
x2

2

∂λ

∂ξi

∂x1

∂ξj

−
x2

2

∂λ

∂ξj

∂x1

∂ξi

− δ
j
i

2∑

k=1

∂λ

∂ξk

∂x3

∂ξk

− δ
j
i

2∑

k=1

1

2

∂λ

∂ξk

(
x2

∂x1

∂ξk

− x1
∂x2

∂ξk

)
−

x1

2
δ

j
i

2∑

k=1

∂λ

∂ξk

∂x2

∂ξk

+
x2

2
δ

j
i

2∑

k=1

∂λ

∂ξk

∂x1

∂ξk

]

+
1

4
x1

∂x1

∂ξi

[∂x3

∂ξj

+
1

2

(
x2

∂x1

∂ξj

− x1
∂x2

∂ξj

)]
+

1

4
x1

∂x1

∂ξj

[∂x3

∂ξi

+
1

2

(
x2

∂x1

∂ξi

(2.3)
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− x1
∂x2

∂ξi

)]
+

1

4
x2

∂x2

∂ξi

[∂x3

∂ξj

+
1

2

(
x2

∂x1

∂ξj

− x1
∂x2

∂ξj

)]
+

1

4
x2

∂x2

∂ξj

[∂x3

∂ξi

+
1

2

(
x2

∂x1

∂ξi

− x1
∂x2

∂ξi

)]
−

λ2

2
x2hije31 +

λ2

2
x1hije32 + λ2hije33,

and

∂e31

∂ξi

= −
1

2

∂x2

∂ξi

e33 −
1

2

[∂x3

∂ξi

+
1

2

(
x2

∂x1

∂ξi

− x1
∂x2

∂ξi

)]
e32 −

2∑

k=1

hik

∂x1

∂ξk

,

∂e32

∂ξi

=
1

2

∂x1

∂ξi

e33 +
1

2

[∂x3

∂ξi

+
1

2

(
x2

∂x1

∂ξi

− x1
∂x2

∂ξi

)]
e31 −

2∑

k=1

hik

∂x2

∂ξk

,

∂e33

∂ξi

=
1

2

∂x2

∂ξi

e31 −
1

2

∂x1

∂ξi

e32 −

2∑

k=1

hik

[∂x3

∂ξk

+
1

2

(
x2

∂x1

∂ξk

− x1
∂x2

∂ξk

)]
.

(2.4)

The mean curvature is given by H = 1
2 (h11 + h22). Let φ = 1

2 (h11 − h22) − ih12. The multipli-

cation in Nil3 is defined to be the multiplication of matrices, i.e., x · y = (x1 + y1, x2 + y2, x3 +

y3 + 1
2 (x1y2 − x2y1)) for x = (x1, x2, x3), y = (y1, y2, y3) ∈ Nil3. The unit element of Nil3 is

e = (0, 0, 0), and x−1 = (−x1,−x2,−x3) for x = (x1, x2, x3) ∈ Nil3.

As Nil3 is a Lie group, by the left translation of n, we get

ñ = Lx−1∗(n) = e31
∂

∂x1
(e) + e32

∂

∂x2
(e) + e33

∂

∂x3
(e) ∈ Te(Nil3)

by using the stereographic projection with respect to the north pole and the south pole respec-

tively, and we have two maps of Σ into C ∪ {∞} as follows:

G1(x) =
e31 + ie32

1 − e33
for ñ ∈ U1 = S2(1) \ {N},

G2(x) =
e31 − ie32

1 + e33
for ñ ∈ U2 = S2(1) \ {S},

(2.5)

where S2(1) is the unit sphere of the Lie algebra of Nil3, N(S) is the north (south) pole of

S2(1). The map G = G1 (or G2) is called the Gauss map of the surface x(Σ).

3 Weierstrass Representation Formula

Let Σ be a surface immersed in Nil3 by a mapping x : Σ → Nil3, and G denote the Gauss

map of Σ into C ∪ {∞} as in the above section. In this section, we shall give a Weierstrass

representation formula for surfaces of prescribed mean curvature. First, we prove the following

lemma.

Lemma 3.1 If x = (x1, x2, x3) : Σ → Nil3 is an isometric immersion, then

∂x1

∂z
+ i

∂x2

∂z
= −G1

[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)]
, (3.1)

∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)
= G1

(∂x1

∂z
− i

∂x2

∂z

)
, (3.2)

[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)](∂x1

∂z
+ i

∂x2

∂z

)
= λ2 G1

(1 + |G1|2)2
. (3.3)
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Proof We see from (2.2) that

e31 =
2i

λ2

[∂x2

∂z

∂x3

∂z
−

∂x2

∂z

∂x3

∂z
+

1

2
x2

(∂x1

∂z

∂x2

∂z
−

∂x1

∂z

∂x2

∂z

)]
,

e32 =
2i

λ2

[∂x1

∂z

∂x3

∂z
−

∂x1

∂z

∂x3

∂z
+

1

2
x1

(∂x1

∂z

∂x2

∂z
−

∂x1

∂z

∂x2

∂z

)]
,

e33 =
2i

λ2

(∂x1

∂z

∂x2

∂z
−

∂x1

∂z

∂x2

∂z

)
.

(3.4)

And from (2.5), we have

G1 =
e31 + ie32

1 − e33
, (3.5)

(1 + |G1|
2)(1 − e33) = 2. (3.6)

On the other hand, since z = ξ1 + iξ2, for which (ξ1, ξ2) is an isothermal coordinates on Σ, it

follows from ds2 = λ2|dz|2 that

〈 ∂

∂z
,

∂

∂z

〉
=

λ2

2
,

〈 ∂

∂z
,

∂

∂z

〉
=

〈 ∂

∂z
,

∂

∂z

〉
= 0,

i.e.,

∂x1

∂z

∂x1

∂z
+

∂x2

∂z

∂x2

∂z
+

[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
−x1

∂x2

∂z

)][∂x3

∂z
+

1

2

(
x2

∂x1

∂z
−x1

∂x2

∂z

)]
=

λ2

2
,

(∂x1

∂z

)2

+
(∂x2

∂z

)2

+
[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)]2

= 0,

(∂x1

∂z

)2

+
(∂x2

∂z

)2

+
[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)]2

= 0.

(3.7)

Substituting (3.4) into (3.5), and making use of (3.7) and (3.6), we can then obtain (3.1)–(3.3)

through a straightforward calculation.

We shall now compute the derivatives of the Gauss map G. First we prove the following

proposition.

Proposition 3.1

∂G1

∂z
= −

(1 + |G1|
2)2

4
(ie2

33 + 2H)
(∂x1

∂z
+ i

∂x2

∂z

)
, (3.8)

∂G1

∂z
= −

(1 + |G1|
2)2

2
φ
(∂x1

∂z
+ i

∂x2

∂z

)
− i

(∂x1

∂z
+ i

∂x2

∂z

)
. (3.9)

Proof By a simple calculation, we get

1

2

(
h11

∂xi

∂ξ1
+ h12

∂xi

∂ξ2
− ih21

∂xi

∂ξ1
− ih22

∂xi

∂ξ2

)
= H

∂xi

∂z
+ φ

∂xi

∂z
.

Then from (2.4), we see

∂e31

∂z
= −

1

2
e33

∂x2

∂z
−

1

2
e32

(∂x3

∂z
+

1

2
x2

∂x1

∂z
−

1

2
x1

∂x2

∂z

)
− H

∂x1

∂z
− φ

∂x1

∂z
,

∂e32

∂z
=

1

2
e33

∂x1

∂z
+

1

2
e31

(∂x3

∂z
+

1

2
x2

∂x1

∂z
−

1

2
x1

∂x2

∂z

)
− H

∂x2

∂z
− φ

∂x2

∂z
,

∂e33

∂z
=

1

2
e31

∂x2

∂z
−

1

2
e32

∂x1

∂z
− H

∂x3

∂z
− φ

∂x3

∂z
−

1

2
x2

(
H

∂x1

∂z
+ φ

∂x1

∂z

)

+
1

2
x1

(
H

∂x2

∂z
+ φ

∂x2

∂z

)
.

(3.10)
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Differentiating (3.5) with respect to z and applying (3.10), we get

∂G1

∂z
=

∂

∂z

(e31 + ie32

1 − e33

)
=

1

1 − e33

(∂e31

∂z
+ i

∂e32

∂z
+ G1

∂e33

∂z

)

=
1

1 − e33

[ i

2
e33

(∂x1

∂z
+ i

∂x2

∂z

)
+

i

2

(∂x3

∂z
+

1

2
x2

∂x1

∂z
−

1

2
x1

∂x2

∂z

)
G1(1 − e33)

− H
(∂x1

∂z
+ i

∂x2

∂z

)
− φ

(∂x1

∂z
+ i

∂x2

∂z

)
+ G1

(1

2
e31

∂x2

∂z
−

1

2
e32

∂x1

∂z

)

− G1H
(∂x3

∂z
+

1

2
x2

∂x1

∂z
−

1

2
x1

∂x2

∂z

)
− G1φ

(∂x3

∂z
+

1

2
x2

∂x1

∂z
−

1

2
x1

∂x2

∂z

)]
.

Then by (3.1), (3.2) and (3.6), it is verified that

∂G1

∂z
= −

(1 + |G1|
2)2

4
(ie2

33 + 2H)
(∂x1

∂z
+ i

∂x2

∂z

)
.

Similarly, we obtain

∂G1

∂z
=

∂

∂z

(e31 + ie32

1 − e33

)
=

1

1 − e33

(∂e31

∂z
+ i

∂e32

∂z
+ G1

∂e33

∂z

)

=
1

1 − e33

[ i

2
e33

(∂x1

∂z
+ i

∂x2

∂z

)
+

i

2

(∂x3

∂z
+

1

2
x2

∂x1

∂z
−

1

2
x1

∂x2

∂z

)
G1(1 − e33)

− H
(∂x1

∂z
+ i

∂x2

∂z

)
− φ

(∂x1

∂z
+ i

∂x2

∂z

)
+ G1

(1

2
e31

∂x2

∂z
−

1

2
e32

∂x1

∂z

)

− G1H
(∂x3

∂z
+

1

2
x2

∂x1

∂z
−

1

2
x1

∂x2

∂z

)
− G1φ

(∂x3

∂z
+

1

2
x2

∂x1

∂z
−

1

2
x1

∂x2

∂z

)]
.

By (3.1) and (3.2), it is verified that

∂G1

∂z
= −

(1 + |G1|
2)2

2
φ
(∂x1

∂z
+ i

∂x2

∂z

)
− i

(∂x1

∂z
+ i

∂x2

∂z

)
.

By the same argument, we can also prove the following

Proposition 3.2

∂G2

∂z
= −

(1 + |G2|
2)2

4
(ie2

33 + 2H)
(∂x1

∂z
− i

∂x2

∂z

)
, (3.11)

∂G2

∂z
= −

(1 + |G2|
2)2

2
φ
(∂x1

∂z
− i

∂x2

∂z

)
− i

(∂x1

∂z
− i

∂x2

∂z

)
. (3.12)

We can calculate the norms of the complex vectors ∂G1

∂z
and ∂G2

∂z
.

Corollary 3.1

∣∣∣
∂G1

∂z

∣∣∣ =
λ

4
|ie2

33 + 2H |(1 + |G1|
2), (3.13)

∣∣∣
∂G2

∂z

∣∣∣ =
λ

4
|ie2

33 + 2H |(1 + |G2|
2). (3.14)

Proof We shall prove only (3.13). By making use of (3.2) and (3.3), we have

∣∣∣
∂x1

∂z
+ i

∂x2

∂z

∣∣∣ =
λ

1 + |G1|2
.
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Then from (3.8), we see ∣∣∣
∂G1

∂z

∣∣∣ =
λ

4
|ie2

33 + 2H |(1 + |G1|
2).

Thus we have the following representation formula.

Theorem 3.1 Let x = (x1, x2, x3) : Σ → Nil3 be an isometric immersion and G : Σ →

C ∪ {∞} be the Gauss map. Then we have

(2H − ie2
33)

∂x1

∂z
=

2(G2
1 − 1)

(1 + |G1|2)2
∂G1

∂z
,

(2H − ie2
33)

∂x2

∂z
= −

2i(1 + G2
1)

(1 + |G1|2)2
∂G1

∂z
,

(2H − ie2
33)

∂x3

∂z
=

[
−

4G1

(1 + |G1|2)2
−

x2(G
2
1 − 1)

(1 + |G1|2)2
−

ix1(1 + G2
1)

(1 + |G1|2)2

]∂G1

∂z
,

(3.15)

on U1, where e33 = |G1|
2−1

1+|G1|2
, and

(2H − ie2
33)

∂x1

∂z
=

2(G2
2 − 1)

(1 + |G2|2)2
∂G2

∂z
,

(2H − ie2
33)

∂x2

∂z
=

2i(1 + G2
2)

(1 + |G2|2)2
∂G2

∂z
,

(2H − ie2
33)

∂x3

∂z
=

[ 4G2

(1 + |G2|2)2
−

x2(G
2
2 − 1)

(1 + |G2|2)2
+

ix1(1 + G2
2)

(1 + |G2|2)2

]∂G2

∂z
,

(3.16)

on U2, where e33 = 1−|G2|
2

1+|G2|2
.

Proof By (3.8), we get

∂G1

∂z
=

∂G1

∂z
= −

(1 + |G1|
2)2

4
(2H − ie2

33)
(∂x1

∂z
− i

∂x2

∂z

)
, on U1. (3.17)

Then from (3.1) and (3.2), we see

G2
1

∂G1

∂z
=

(1 + |G1|
2)2

4
(2H − ie2

33)
(∂x1

∂z
+ i

∂x2

∂z

)
. (3.18)

Hence, by adding (3.17) to (3.18), we have

(1 + G2
1)

∂G1

∂z
= i

(1 + |G1|
2)2

2
(2H − ie2

33)
∂x2

∂z
,

and by subtracting (3.17) from (3.18), we have

(G2
1 − 1)

∂G1

∂z
=

(1 + |G1|
2)2

2
(2H − ie2

33)
∂x1

∂z
.

Thus we get

(2H − ie2
33)

∂x1

∂z
=

2(G2
1 − 1)

(1 + |G1|2)2
∂G1

∂z
, (3.19)

(2H − ie2
33)

∂x2

∂z
= −

2i(1 + G2
1)

(1 + |G1|2)2
∂G1

∂z
, (3.20)
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on U1. Note that from (3.2) we also have

(2H − ie2
33)

[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)]
= (2H − ie2

33)G1

(∂x1

∂z
− i

∂x2

∂z

)
. (3.21)

It then follows from (3.17) and (3.21) that on U1,

(2H − ie2
33)

[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)]
= −

4G1

(1 + |G1|2)2
∂G1

∂z
,

i.e.,

(2H − ie2
33)

∂x3

∂z
=

[
−

4G1

(1 + |G1|2)2
−

x2(G
2
1 − 1)

(1 + |G1|2)2
−

ix1(1 + G2
1)

(1 + |G1|2)2

]∂G1

∂z
. (3.22)

(3.16) can be proved in a similar way.

Remark 3.1 By making use of equations (3.9) and (3.12) instead of (3.8) and (3.11), we

obtain the following representation formula:

φ
∂x1

∂z
=

G2
1 − 1

(1 + |G1|2)2
∂(G1 − x2 + ix1)

∂z
,

φ
∂x2

∂z
= −i

1 + G2
1

(1 + |G1|2)2
∂(G1 − x2 + ix1)

∂z
,

φ
∂x3

∂z
=

[
−

2G1

(1 + |G1|2)2
−

x2

2

G2
1 − 1

(1 + |G1|2)2
−

ix1

2

1 + G2
1

(1 + |G1|2)2

]∂(G1 − x2 + ix1)

∂z
,

(3.23)

on U1, and

φ
∂x1

∂z
=

G2
2 − 1

(1 + |G2|2)2
∂(G2 + x2 + ix1)

∂z
,

φ
∂x2

∂z
= i

1 + G2
2

(1 + |G2|2)2
∂(G2 + x2 + ix1)

∂z
,

φ
∂x3

∂z
=

[ 2G2

(1 + |G2|2)2
−

x2

2

G2
2 − 1

(1 + |G2|2)2
+

ix1

2

1 + G2
2

(1 + |G2|2)2

]∂(G2 + x2 + ix1)

∂z
,

(3.24)

on U2.

4 Integrability Condition

In this section, we shall show that the Gauss map of an arbitrary surface in Nil3 satisfies a

second order differential equation, which is the complete integrability condition for the system

(3.15).

Theorem 4.1 Let x : Σ → Nil3 be an isometric immersion. Then the Gauss map G must

satisfy

∂2G1

∂z∂z
−

2G1

1 + |G1|2
∂G1

∂z

∂G1

∂z
=

1

ie2
33 + 2H

∂(ie2
33 + 2H)

∂z

∂G1

∂z

+
[ 2

1 + |G1|2
−

4H(ie2
33 + 2H)

|ie2
33 + 2H |2(1 + |G1|2)

−
2i(1 − |G1|

2)(ie2
33 + 2H)

|ie2
33 + 2H |2(1 + |G1|2)2

]
G1

∣∣∣
∂G1

∂z

∣∣∣
2

, (4.1)
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where e33 = |G1|
2−1

1+|G1|2
, and

∂2G2

∂z∂z
−

2G2

1 + |G2|2
∂G2

∂z

∂G2

∂z
=

1

ie2
33 + 2H

∂(ie2
33 + 2H)

∂z

∂G2

∂z

+
[ 2

1 + |G2|2
−

4H(ie2
33 + 2H)

|ie2
33 + 2H |2(1 + |G2|2)

−
2i(1 − |G2|

2)(ie2
33 + 2H)

|ie2
33 + 2H |2(1 + |G2|2)2

]
G2

∣∣∣
∂G2

∂z

∣∣∣
2

, (4.2)

where e33 = 1−|G2|
2

1+|G2|2
.

Proof We shall only prove (4.1) for G1, since (4.2) can be proved in a similar way. From

(2.3), we see

∂2x1

∂z∂z
+ i

∂2x2

∂z∂z
=

1

4

(∂2x1

∂ξ2
1

+
∂2x1

∂ξ2
2

)
+

i

4

(∂2x2

∂ξ2
1

+
∂2x2

∂ξ2
2

)

=
i

2

[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)](∂x1

∂z
+ i

∂x2

∂z

)

+
i

2

[∂x3

∂z
+

1

2

(
x2

∂x1

∂z
− x1

∂x2

∂z

)](∂x1

∂z
+ i

∂x2

∂z

)
+

λ2H

2
(e31 + ie32).

By making use of (3.1)–(3.3), we have

∂2x1

∂z∂z
+ i

∂2x2

∂z∂z
=

iλ2G1

2(1 + |G1|2)2
−

iλ2G1|G1|
2

2(1 + |G1|2)2
+

λ2HG1

1 + |G1|2
=

iλ2G1(1 − |G1|
2)

2(1 + |G1|2)2
+

λ2HG1

1 + |G1|2
.

From (3.13), we have

λ2 =
16

|ie2
33 + 2H |2(1 + |G1|2)2

∣∣∣
∂G1

∂z

∣∣∣
2

.

Then we have

∂2x1

∂z∂z
+ i

∂2x2

∂z∂z
=

8iG1(1 − |G1|
2)

|ie2
33 + 2H |2(1 + |G1|2)4

∣∣∣
∂G1

∂z

∣∣∣
2

+
16HG1

|ie2
33 + 2H |2(1 + |G1|2)3

∣∣∣
∂G1

∂z

∣∣∣
2

. (4.3)

From (3.8), we get

∂2G1

∂z∂z
=

∂

∂z

(∂G1

∂z

)
=

∂

∂z

{
−

(1 + |G1|
2)2

4
(ie2

33 + 2H)
(∂x1

∂z
+ i

∂x2

∂z

)}

= −
(1 + |G1|

2)2

4

(∂x1

∂z
+ i

∂x2

∂z

)∂(ie2
33 + 2H)

∂z
−

1

4
(ie2

33 + 2H)
(∂x1

∂z
+ i

∂x2

∂z

)

× 2(1 + |G1|
2)

∂(1 + |G1|
2)

∂z
−

(1 + |G1|
2)2

4
(ie2

33 + 2H)
( ∂2x1

∂z∂z
+ i

∂2x2

∂z∂z

)
. (4.4)

By (3.8), (4.3) and (4.4), it is verified that

∂2G1

∂z∂z
−

2G1

1 + |G1|2
∂G1

∂z

∂G1

∂z
=

1

ie2
33 + 2H

∂(ie2
33 + 2H)

∂z

∂G1

∂z

+
[ 2

1 + |G1|2
−

4H(ie2
33 + 2H)

|ie2
33 + 2H |2(1 + |G1|2)

−
2i(1 − |G1|

2)(ie2
33 + 2H)

|ie2
33 + 2H |2(1 + |G1|2)2

]
G1

∣∣∣
∂G1

∂z

∣∣∣
2

.
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Remark 4.1 When H = 0, the Gauss map satisfies

∂2G1

∂z∂z
+

2G1

1 − |G1|2
∂G1

∂z

∂G1

∂z
= 0.

It shows that the Gauss map of minimal surfaces in Nil3 is harmonic (see [4]).

Theorem 4.2 Equation (4.1) is the complete integrability condition of system (3.15).

Proof From (3.15), we see

∂x1

∂z
=

1

2H − ie2
33

2(G2
1 − 1)

(1 + |G1|2)2
∂G1

∂z
,

∂x2

∂z
= −

1

2H − ie2
33

2i(1 + G2
1)

(1 + |G1|2)2
∂G1

∂z
,

∂x3

∂z
= −

1

2H − ie2
33

[ 4G1

(1 + |G1|2)2
∂G1

∂z
+

x2(G
2
1 − 1)

(1 + |G1|2)2
∂G1

∂z
+

ix1(1 + G2
1)

(1 + |G1|2)2
∂G1

∂z

]
.

Set

F =
1

2H − ie2
33

1

(1 + |G1|2)2
∂G1

∂z
. (4.5)

Then

∂x1

∂z
= 2F (G2

1 − 1),

∂x2

∂z
= −2iF (1 + G2

1),

∂x3

∂z
= −F [4G1 + x2(G

2
1 − 1) + ix1(1 + G2

1)].

Set

P = (P1, P2, P3) = (2F (G2
1 − 1),−2iF (1 + G2

1),−F [4G1 + x2(G
2
1 − 1) + ix1(1 + G2

1)]).

Differentiating (4.5) with respect to z, we get

∂F

∂z
=

1

2H − ie2
33

1

(1 + |G1|2)2

(∂2G1

∂z∂z
−

2G1

1 + |G1|2
∂G1

∂z

∂G1

∂z

)

−
1

(2H − ie2
33)

2

∂(2H − ie2
33)

∂z

1

(1 + |G1|2)2
∂G1

∂z
−

2G1

2H − ie2
33

1

(1 + |G1|2)3
∂G1

∂z

∂G1

∂z
.

By (4.1), we have

∂F

∂z
= −

4HG1

|ie2
33 + 2H |2(1 + |G1|2)3

∣∣∣
∂G1

∂z

∣∣∣
2

+
2i(1 − |G1|

2)G1

|ie2
33 + 2H |2(1 + |G1|2)4

∣∣∣
∂G1

∂z

∣∣∣
2

.

Hence

∂P1

∂z
=2(G2

1 − 1)
∂F

∂z
+ 2F · 2G1

∂G1

∂z

= −
8HG1(G

2
1 − 1)

|ie2
33 + 2H |2(1 + |G1|2)3

∣∣∣
∂G1

∂z

∣∣∣
2

+
4i(1 − |G1|

2)G1(G
2
1 − 1)

|ie2
33 + 2H |2(1 + |G1|2)4

∣∣∣
∂G1

∂z

∣∣∣
2

+
4G1

(2H − ie2
33)(1 + |G1|2)2

∣∣∣
∂G1

∂z

∣∣∣
2

=
16H(1 + |G1|

2)Re G1 − 8(1 − |G1|
2)Im G1

|ie2
33 + 2H |2(1 + |G1|2)4

∣∣∣
∂G1

∂z

∣∣∣
2

∈ R.
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Similarly, we obtain

∂P2

∂z
= −2i(1 + G2

1)
∂F

∂z
− 2iF · 2G1

∂G1

∂z

=
16H(1 + |G1|

2)Im G1 + 8(1 − |G1|
2)Re G1

|ie2
33 + 2H |2(1 + |G1|2)4

∣∣∣
∂G1

∂z

∣∣∣
2

∈ R

and

∂P3

∂z
= − [4G1 + x2(G

2
1 − 1) + ix1(1 + G2

1)]
∂F

∂z

− F
[
4
∂G1

∂z
+ (G2

1 − 1)
∂x2

∂z
+ x2 · 2G1

∂G1

∂z
+ i(1 + G2

1)
∂x1

∂z
+ ix1 · 2G1

∂G1

∂z

]

=
1

|ie2
33 + 2H |2(1 + |G1|2)4

[8H(1 + |G1|
2)(|G1|

2 − 1) − 8Hx2(1 + |G1|
2)Re G1

+ 8Hx1(1 + |G1|
2)Im G1 + 4x2(1 − |G1|

2)Im G1 + 4x1(1 − |G1|
2)Re G1]

∣∣∣
∂G1

∂z

∣∣∣
2

∈ R,

i.e.,
∂P

∂z
=

(∂P1

∂z
,
∂P2

∂z
,
∂P3

∂z

)
∈ R

3.

So (4.1) is the complete integrability condition of (3.15).

Remark 4.2 By a similar argument, one can show that equation (4.2) is the complete

integrability condition of system (3.16).

Therefore, we have the following representation formula.

Theorem 4.3 Let Σ be a simply connected Riemann surface, H : Σ → R be a C1-function,

and G : Σ → C ∪ {∞} be a smooth mapping which is defined on U1 (resp. U2) by G1 (resp.

G2). Assume that G satisfies the differential equations (4.1) and (4.2) for the above H. In the

case of G(z) ∈ U1, we set

x1 =2Re
{∫ z

z0

G2
1 − 1

(2H − ie2
33)(1 + |G1|2)2

∂G1

∂z
dz

}
+ c1,

x2 =2Re
{∫ z

z0

−i(1 + G2
1)

(2H − ie2
33)(1 + |G1|2)2

∂G1

∂z
dz

}
+ c2,

x3 =2Re
{∫ z

z0

1

(2H − ie2
33)(1 + |G1|2)2

[
− 2G1 −

1

2
x2(G

2
1 − 1)

−
i

2
x1(1 + G2

1)
]∂G1

∂z
dz

}
+ c3,

(4.6)

where e33 = |G1|
2−1

1+|G1|2
. In the case of G(z) ∈ U2, we set

x1 =2Re
{∫ z

z0

G2
2 − 1

(2H − ie2
33)(1 + |G2|2)2

∂G2

∂z
dz

}
+ c1,

x2 =2Re
{∫ z

z0

i(1 + G2
2)

(2H − ie2
33)(1 + |G2|2)2

∂G2

∂z
dz

}
+ c2,

x3 =2Re
{∫ z

z0

1

(2H − ie2
33)(1 + |G2|2)2

[
2G2 −

1

2
x2(G

2
2 − 1)

+
i

2
x1(1 + G2

2)
]∂G2

∂z
dz

}
+ c3,

(4.7)
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where e33 = 1−|G2|
2

1+|G2|2
. Then x = (x1, x2, x3) is a branched surface such that the mean curvature

is H and the Gauss map of x is G. Moreover, from Corollary 3.1, if Gz 6= 0 on Σ, then x is a

regular surface.

Remark 4.3 We assume that |G1| 6= 1. By (4.6), we get the Weierstrass representation

formula for minimal surfaces in Nil3 as follows:

(x1, x2, x3) =
(
2Re

{∫ z

z0

F (1 − G2
1)dz

}
, 2Re

{ ∫ z

z0

iF (1 + G2
1)dz

}
,

2Re
{ ∫ z

z0

[
2FG1 −

x2

2
F (1 − G2

1) +
ix1

2
F (1 + G2

1)
]
dz

})
,

where F = − i
(1−|G1|2)2

∂G1

∂z
.

This is the result of Mercuri, Montaldo and Piu [10].

Remark 4.4 We have found a correspondence from the set of solutions of the differential

equations (4.1) and (4.2) to the set of surfaces in Nil3 by Theorem 4.3.

Next we shall study the uniqueness of the correspondence.

Theorem 4.4 Let G(z) (resp. Ĝ(w)) be a smooth mapping satisfying (4.1) for some positive

function H(z) (resp. Ĥ(w)) on a simply connected two-dimensional manifold Σ. We define a

branched immersion x(z) (resp. x̂(w)) by Theorem 4.3. Then the following two conditions are

equivalent:

(1) There exists a holomorphic mapping w = f(z) with f ′(z) 6= 0 on Σ and a motion θ of

Nil3, such that x̂ ◦ f(z) = θ ◦ x(z), z ∈ Σ.

(2) There exists a holomorphic mapping w = f(z) with f ′(z) 6= 0 on Σ, such that it has

relations G(z) = Ĝ ◦ f(z), H(z) = Ĥ ◦ f(z), z ∈ Σ.

Proof (1) ⇒ (2) We may assume θ =identity. We have

∂x

∂z
=

∂x̂

∂w
f ′(z) and

∂x

∂z
=

∂x̂

∂w
f ′(z).

Since

ds2 = λ2|dz|2 = λ̂2|dw|2 = λ̂2|f ′(z)dz|2 = λ̂2|f ′(z)|2|dz|2,

we get

λ2 = λ̂2|f ′(z)|.

Then we have

e1 + ie2 =
2

λ

∂x

∂z
=

2

λ̂|f ′(z)|

∂x̂

∂w
f ′(z) = (ê1 + iê2)

f ′(z)

|f ′(z)|
,

e1 − ie2 =
2

λ

∂x

∂z
=

2

λ̂|f ′(z)|

∂x̂

∂w
f ′(z) = (ê1 − iê2)

f ′(z)

|f ′(z)|
.

So

2n(z) = i(e1 + ie2) × (e1 − ie2) = i(ê1 + iê2)
f ′(z)

|f ′(z)|
× (ê1 − iê2)

f ′(z)

|f ′(z)|
= 2n̂(w),

i.e., n(z) = n̂(w). Hence

G(z) = Ĝ(f(z)).
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Then by (3.8), we get

H(z) = Ĥ(f(z)).

(2) ⇒ (1) By the assumption and Theorem 4.3, we have
∂xj

∂z
=

∂bxj

∂w
f ′(z), j = 1, 2, i.e.,

xj = x̂j + cj . Then we get

x3 = x̂3 +
c1

2
x̂2 −

c2

2
x̂1 + c3,

where c1, c2, c3 are constants.

5 Examples

Let us give some examples.

Example 5.1 Let Σ = C, H = 0, and define G : C → C ∪ {∞} by G(z) = z. Then G and

H satisfy (4.1), and the immersion x defined by (4.6) is written as

x(z) = (x1(z), x2(z), x3(z)) =
( 2Im z

1 − |z|2
,−

2Re z

1 − |z|2
,

4Re zIm z

(1 − |z|2)2

)
, |z| 6= 1,

i.e., x3 = −x1x2.

Example 5.2 Let Σ = C \ {0}, H = 0, and define G : C \ {0} → C ∪ {∞} by G(z) = 1
z
.

Then G and H satisfy (4.1), and the immersion x defined by (4.6) is written as

x(z) = (x1(z), x2(z), x3(z)) =
( 2Im z

|z|2(1 − |z|2)
,

2Re z

|z|2(1 − |z|2)
,

−4Re zIm z

|z|2(1 − |z|2)2

)
, |z| 6= 1.

Example 5.3 Let Σ = C, H = 0, and define G : C → C ∪ {∞} by G(z) = ez. Then G and

H satisfy (4.1), and the immersion x defined by (4.6) is written as

x(z) = (x1(z), x2(z), x3(z)) =
( i(ez − ez)

1 − |ez|2
,

ez + ez

1 − |ez |2
,

2|ez|2Im z

(1 − |ez|2)2

)
, Re z 6= 0.

Example 5.4 Let Σ = C, H = 1
4 , and define G : C → C ∪ {∞} by G(z) = −eiRe z. Then

G and H satisfy (4.1), and the immersion x defined by (4.6) is written as

x(z) = (x1(z), x2(z), x3(z)) =
(

cos(Re z), sin(Re z),
1

2
Re z − Im z

)
,

i.e., x2
1 + x2

2 = 1. It is the unit circular cylinder in Nil3.
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