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Abstract The authors consider one specific kind of heat transfer problems in a three-
dimensional layered domain, with nonlinear Stefan-Boltzmann conditions on the bound-
aries as well as on the interfaces. To determine the unknown part of the boundary (or
corrosion) by the Cauchy data on the reachable part is an important inverse problem in
engineering. The mathematical model of this problem is introduced, the well-posedness of
the forward problems and the uniqueness of the inverse problems are obtained.
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1 Introduction

The parabolic equations with nonlinear boundary conditions have been extensively studied
in recent decades, and there are some fundamental results in [1, 15, 16, 25]. Such kind of
problems, which involve the Stefan-Boltzmann interface condition, are usually derived from the
modeling of heat transfer process that can be found in the fields such as materials science,
geophysics, engineering and so on. The problems studied here arise from the procedure of
the steel-making, where the steel is heated and melt in the container built with composite
materials. Sometimes, corrosions will appear on the inside surface of the container, and the
detection of them turns out to be an important objective for both the theory and the application.
The additional information for detecting the corrosions is the thermal observation data on the
outside surface of the container. Mathematically, the problems can be treated as boundary
determination problems.

Similar problems have been studied by Banks, Kojima and Winfree [5, 6], where the non-
destructive evaluation methods in thermal tomography are used to characterize structural flaws
(e.g. corrosion, cracks, etc.) which may not be detectable by visual inspection. Besides, some
interesting theoretical results have been developed, for instance, the uniqueness theory by Bryan
and Caudill [9] and by Chapko, Kress and Yoon [10], the logarithmic stability by Vessella [24]
and by Canuto, Rosset and Vessella [12]. Reconstruction methods for the heat equation have
been proposed by Banks, Kojima and Winfree [5, 6] in the case where  is a rectangle, Chapko,
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Kress and Yoon [10] where domain € is the unit disk, and Bryan and Caudill [7, 8] where € is a
strip. Recently, Bryan and Caudill also considered the inverse Cauchy problem in n dimensions
and developed a Newton-like algorithm (see [4]).

Different from the works we mentioned above, here we consider the heat transfer problem
with the Stefan-Boltzmann boundary conditions. The Stefan-Boltzmann law comes from the
black-body radiation theory, which describes the nonlinear heat transfer phenomenon of the
high temperature materials. The purpose for using the nonlinear conditions is to characterize
the discontinuity of the temperature across the interfaces of the multi-layered domain. The
nature of discontinuity is discovered by the experiments data from the thermal sensors in the
applications, and has been verified by our numerical simulations. Yang, Yamamoto and Cheng
have provided some theoretical results for such kind of heat transfer problem in one-dimensional
case (see [26]), and we intend to extend the results into a multi-dimensional situation in this
paper. Additionally, we will introduce the corresponding inverse problem in later sections,
which is a boundary determination problem arising from the practical need in industry.

In our previous work of [20], we focused on the numerical methods of this boundary de-
termination problem. We provided a stable numerical scheme for the forward problem, which
is used to simulate the heat transfer process in composite materials with Stefan-Boltzmann
conditions; the numerical results showed the accordance between the mathematical modeling
and the practical observations. Besides, we also proposed an effective reconstruction method
for determining the inside boundary (where the corrosions appear) with the Cauchy data on
the outside surface; more importantly, the initial value was set to be unknown for the inverse
problem which is from practical requirement. The numerical results showed that these algo-
rithms are applicable. In [13], we proposed the Robin-Robin domain decomposition methods
combining with the monotone method to decouple the nonlinear interface and boundary condi-
tion. The monotone properties are proven for both the multiplicative and the additive domain
decomposition methods.

In this paper, we mainly study the mathematical theories for this kind of heat transfer
problem. For the forward problem, which describes the heat transfer process in composite ma-
terials with Stefan-Boltzmann conditions in three dimensional case, we prove its well-posedness
nature; especially, we focus on the existence and the uniqueness of the solution to the problem.
Then for the corresponding inverse problem, which is described as a boundary determination
problem here, we provide a uniqueness theorem for it. And we mention that our uniqueness
result for the inverse problem does not require the knowledge of the initial value, which accords
with the requirements of the industry applications and the numerical methods we developed in
[20].

The paper is organized as follows. In Section 2, we introduce the mathematical formulations
of both the forward problem and the inverse problem. In Section 3, the well-posedness of the
forward problem is studied. In Section 4, the uniqueness of the inverse problem is obtained.

The conclusions are given in Section 5.

2 Mathematical Formulation

The problem is discussed in the bounded domain © € R3, which is shown in Figure 1. The
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Figure 1 Q= Ql UQQ UQg

mathematical model is described as

Opur (x,t) = anAus(x,t), x €y, t€(0,T), (2.1)
Opua(x,t) = agAus(x,t), x €, t€(0,T), (2.2)
Ouus(x,t) = azAug(x,t), xe€Qs, t€(0,T), (2.3)

where 0€); is C' continuous, i = 1,2,3, and J; denotes the derivative %. The boundary

conditions and interface conditions are defined as follows

ur(x,t) = un, x €T, (2.4)
— MO ur(x,t) = o1 (uf(x,1) — uj(x,t)), x€Ty, (2.5)
A0, u1(X,t) = —A20p,us(X, 1), x eIy, (2.6)
— X2Opyua (X, 1) = oo (us(x,t) —uz(x,t)), x €Ty, (2.7)
A20n, U2 (X, 1) = —Ag0n,us(X, 1), x € Iy, (2.8)
— A30n,uz(x,t) = o3(uj(x,t) —uh), x €T, (2.9)

where n; is the outward unit normal of §2;, 9,,; denotes the normal derivative %, and a; > 0,
J

Aj > 0,05 >0, upr,ua > 0 are constants for j = 1,2 and 3. The initial value is set as
u(x,0) = a(x), x€ QU U, (2.10)
and we assume the compatibility condition for a(x),

a(x) S C2+H(Ql UQQUQ3), K € (O,l),

a(x) > 0, X € (Ql Uy U 93), (211)
a(x) = un, x €T,
—/\38n3Q(X) = 0'3(@4(X) - uj), X e F3-
And all the following results are discussed in the class of
Uy € Cl([O,T],CQ(ﬁl)), U € Cl([O,T],CQ(ﬁQ)), us € Cl([O,T],C2(ﬁ3)) (212)

Now we introduce our forward problems and inverse problems.
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Problem 2.1 (Forward Problems) Assume that (2.1)-(2.12) are satisfied. Determine

u(x,t) = (u1, ug, us), if a(x), uar, va, Q4 @iy N, 05, @ = 1,2,3 are given.

Problem 2.2 (Inverse Problems) Assume that (2.1)—(2.12) are satisfied. Determine u(x, t)
= (u1,ug,u3) and Lo, if upr, wa, 1, Qo, oy, Ai, 04, = 1,2,3 and the Dirichlet condition on

I's are given,
us(x,t) = f(x,t), xeTls, te(0,T). (2.13)
Actually, with (2.9) and (2.13), we have the Neumann condition on I's for Problem 2.2,

o
Ongus(x,t) = g(x,t) = —/\—z(ué(x,t) — ui), x € I's.

Therefore, the inverse problem we consider here is to reconstruct the inside boundary I'g by
the Cauchy data on the outside boundary I's, while the initial value a(x) is not given.
We list our main results of the paper. For Problem 2.1 (forward problems), we have the

following theorems.

Theorem 2.1 (Global Uniqueness and Existence in Time) Assume that a(x) satisfies
(2.11). Let T be arbitrarily given. Then there exists a unique solution u(x,t) of the problem
(2.1)~(2.10) within the class of (2.12).

And for Problem 2.2 (inverse problems), we have the result as follows.

Theorem 2.2 (Uniqueness) Assume that T = oo, and there exist constants M,~vy > 0,
such that || f||, lgll < M, |If — unl| = 0. If there exist {To,u(x,t)} and {To,u(x,t)} which
satisfy Problem 1.2 respectively, then I'g = Ty and u(x,t) = u(x,t) must hold.

3 Well-Posedness of the Mathematical Model

3.1 Green’s functions

In subdomain €y, the Green’s function G1(x, t; €, 7) is the solution of the following problem
(see [14, 22]):

— 0:G1 — a1 A¢Gy = 0(& — x)d(T — t),
Gi(x,t;§,7) =0, &€y,
On,G1(x,;&,7) =0, &eTy,

Gi=0, 7>t

By this Green’s function, we have
t
uq (X, t) = —/ / (Gl (6Tu1 — alAgul) + ul(aTGl + OélAgGl))deT. (3.1)
0 Q1

On the other hand, we have

t
- / /Q (G10,1-+ w0 Gr)dedr = [ Galxt:€,0)us (€.0)d€ = | Galoxts€ 0)al€)de,
0 1 1 1
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as well as

t
— / / al(—GlAgul =+ UlAgGl)dédT
0 J
t
= Q1 / / (Glanlul — ulﬁanl)dEdT
0 Jo

t t
= 041/ / (Glanlul — ulam Gl)dng + al/ / (Glanlul — ulam Gl)dng
0 Fl 0 F0

t ¢
= 041/ / G10p, urdédr — a1/ / UpOp, G1dEdT.
0 Ty 0 To

Here Green’s formula is used in the first equality. Combining with (3.1), we get the expression

t t
i (%,1) = ay / 10, urdédr — / / wunBn, Grdédr + [ Gh(x, 1€, 0)a(€)de
0 Fl 0 FO

Q4
t
= a1(X;t) + / Gl(X,t;é,T)fl (éaT)dnga (32)
0 JIy

where w7 is

Tt = [ Gilxtig0a(€)de — o [ /F wr1n, GrdEdr.
0 0

Q1

Similarly, G; (i = 2,3) are the Green’s functions on 2; respectively,
- 0;G; — azAng = 5(€ - X)5(T - t)a
8niG’L'(X; t7€77-) = 07 6 S Fiflv
aniGi(xu t;SvT) = 07 5 € Fiu
G;i=0, 7>t

and let

Q;

Then uz(x,t) can be expressed as

us(%,8) = ia(%,£) + s / Galx, t:€,7) fo &, 7)dgdr
0 T's
. / / | G2<x,t;s,7>§—;f1<ar>deda (3.3)
t
ws(x, 1) = Tia(x, 1) + s /0 /F G (x, 1 €,7) fa(€, 7)dedr
t

- 043/0 . Gs(x,t; €, T);—ifl (&, 7)déedr. (3.4)

Now let f; be the normal derivatives on the interfaces I'; respectively, i.e., f;(x,t) = O, u; (X,
t), for x € T;. According to the definition of f;(x,t) and the interface conditions (2.5), (2.7),
(2.9), we obtain

fi = %(u;*(x,t) —ui(x,1))
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01
Y
t 4
- [al +ay / G fldng} } (3.5)
0 Iy

02

fa = T x.1) — wd(x,)

= { [ s /0 . Gusiear o /0 | 0552 paigar]

fs = 32 = uix,1))

AB{UA— u3+043/ /F G3f3d€d7'—o¢3/ /F G?,—desdT] G

Based on the integral equations, the local uniqueness of the solution will be proved by fixed

t t )\ 4
{ [W +as / Go fod€dT — as / Go2L frdedr
0 T's 0 I )\2

point theorem.
3.2 Local uniqueness and existence in time

Proposition 3.1 Assume that a(x) satisfies (2.11). Then there exists a sufficiently small
to > 0, such that problem (2.1)—(2.10) has a unique solution u(x,t) = (u1,us,us) with uy €
Ol([()’to]’ 02(51))7 u2 € Ol([o,tOLCQ(ﬁg)), and us € Ol([05t0]702(§3))'

We need the following lemma to prove Proposition 3.1.

Lemma 3.1 For all € > 0, there exists to € (0,1) such that

to
/Gi(x,t;é,T)d7'<e, 1=1,2,3.
0

Proof It follows from [2, 11] that the Green’s function G(x,&, ) satisfies the following

inequality

x— ¢
OSG(X,g, )ST—ZQXP( CT )7

where C' is a constant, d represents the dimension, and x,& € R%. In our 3D case, d = 3,

therefore, we have

to to _ 2 to
G,dr < — exp |X El dr <4 % exp | — % dr
3
0 0 T4 0 T2 T

to )
§O1/ %exp(—@)dT:Clexp(—%) Ozclexp(—%),
o T T T /10 to
where C7 = C%, C5 = min —I " Tt is clear that exp(—t—z) — 0 as tg — 0T. Then the proof is

complete.

In order to use the fixed point theorem, we need one mapping relation. From (3.5)—(3.7),

we define the mapping K by
(fl’f27f3) = K(f15f25f3)7
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and define the set A as

A={(f1 Lo f) | f: € C@ x [0,1)) Hfl——(u‘%( =i )| < M,
Hf——ug(xt) 3(x, 1)) H<N2, ‘fg (uA—ugxt H<N3}
where N; > 0 are constants, and || - || denotes the norm in C(€; x [0,t]). We introduce some

notations to simplify the expressions

t

t
X =up + ag/ G fod€dT — ag/ GgﬁfldeT,
0 Ty 0 Iy AQ
t
Y = 171 + (5] / / Glfldnga
I
= 'LL2 + 012/ / GQdeédT — O[Q/ / Gg—fldng
Fz l—‘1
Y = + oy / Gy frdédr.
0 Iy

It can be shown that for arbitrarily small M > 0, there exists to € (0, 1), such that

max Haz/ /F2G2f2d§d7— az/ /F2G2f2d§d7— az/ /FIG2 fdedr|,
a2/ /Flaz fidedr], al//FIGlfldﬁdT al//rlGlfldédTH}<M

for 0 <t < to. Since f1, fa, ]71, f; are bounded due to the definition of set A, we can conclude
the results above by Lemma 3.1. Therefore, we know that X, Y, X , Y will be bounded by
some constant M > 0 when 0 < ¢ < tg,

max{|| X|, [V, [| X, Y]]} < M.

Similarly, for arbitrarily small M > 0, there exists tg € (0,1), such that for all 0 < t < tg

and f;, fi € A,
al/ / GldngH}

max Hag//ngEdTH Hag// G2 dEdT

Lemma 3.2 Ift € (0,1) is sufficiently small, then
(1) KAC A,
(2) there exists an h € (0,1), such that for all f;, fi € A,

|‘K(f17f27f3) _K(ﬁv.ﬁaﬁ)” < hH(f17f2uf3) - (ﬂvﬁv.ﬁ)”v (38)

i.e., K is a contraction mapping.

Proof Let 0 <t < ty. Firstly, we prove KA C A, and we just consider K(f1) since the

rest parts are similar. From the definition of K,

k()= [atos [ [ aagar—os [ [ @:3tnagar]’
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_ [ﬂl—i—al /Ot : GlfldeTr}.
Then

k() - e 1) — (. )|

g1 ~ ¢ ¢ )\1 4
= Sef[7e o [ [ caretgir oo [ [ Gt pagar]
t 4
[mran [ [ Ginagar] - @t -
_ H a2/ /F GQdeng—OQ/ /F Gz—fldgdr} (X + ) (X2 + 22)
_al/o i Glfldng(Y+u1)(y2+ul)H
< ZLRRE(M + [Tl (M? + 7)) + M + 3 )M + 7]
= M/\ [2(M + || (M? + |Ja2]|*) + (M + [[us]))(M? + |[ua]?))-

Since M can be arbitrarily small, and all other parts are bounded, it is obvious that there exists
a tg € (0,1) such that, for all 0 < ¢ < to,

K(fi) = T (a(x,0) - @(x,1))|| < Nu.
A1

As for K(f2) and K(f3), we can make the similar conclusion, while it is easy to know that
K(f;) € C(9Q; x [0,t]). Thus the first part of Lemma 3.2 is proved.

Next, we prove the second part of Lemma 3.2.
IK(f) — K(f1)| = H . uQ + a2/ / Go fodédr — a2/ / Gz—fldédf}
Fz 1_‘1

— ﬂl +Oél/ / Glfldng
0 JI'y

~ t . t )\ . 4
. ﬂ{ [m +as / Go fod€dr — / Gy 2L fldng}
A1 0 Jr, o Jr, A2

- [a1+a1 /Ot /F GlﬂdédTr}H
- %H(QQ /Ot /F2 Ga(fz — f2)dédr — ay /Ot /Fl GQi\\_;(fl - :fvl)dédT)

(X + X)(X2+ X2) — oy /t

) G- F)dedr (Y +Y) (V2 + 172)H

o ~ t = =
< 2{if2 - Rolaz [ [ Gadgar]|ix + K2+ 22
1 0 JI'2
ry ' A1 Y 2, y2
= Rllfas [ [ Gatagar]ix + Eyixc + %2
0 Jr, Az

= Rlllos [ [ cragar|iy + Fiie +74)
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91 (o7 as3 7 IYave: ra
< SUSITAP| fy — il + 430 £~ Fal)
= Cillfr = full + Ca| f2 = fal,

where € = SMM?3$t, and Cy = AMM?$-. As for ||K(f2) — K(f2)|| and | K(f3) — K (fs)||, the

following results can be argued similarly:

1K (f2) — K(f2)l < Csllfs — Fill + Call f2 — Foll + Csll f3 — fll,
1K (f3) — K(f3)]| < Csllf2 — foll + Crll f5 = fll-

Therefore we can obtain

K (f1, for f3) — K (fi, for )l < B (fi, foo £3) = (fu, Fou F))-

Then we can conclude that K is a contraction mapping (see [23]).

Now we can complete our proof of Proposition 3.1. With Lemma 3.2 and the Banach
fixed point theorem, we know that there exists a unique f = (f1, f2, f3) such that K f = f,
fi € C(Q; x [0,t0]). By the Volterra integral equations, we can improve the regularity of f;,

fj € OIJFK(QJ' X [OvtO])a ] = 172537 K€ (Oa 1)

Then by Theorems 5.2 and 5.3 (see [21, pp. 317-323]), we can conclude that there exists
a unique solution u = (ug,us2,uz) to problem (2.1)-(2.10) with u; € C*([0,t0], C?(£2;)) for
1 =1,2,3. The proof of Proposition 3.1 is completed.

By the local existence and uniqueness result of Proposition 3.1, we can directly obtain the

global uniqueness.

Proposition 3.2 Assume that a(x) satisfies (2.11). Let T be arbitrarily given. If the
solution u(x,t) to the problem (2.1)—(2.10) exists, then it should be unique within the class of
(2.12).

Proof Assume contrarily that the theorem is not right. Then we will have two different
solutions u(x, t), u(x,t) satisfying the problem (2.1)-(2.10). We can also make the assumption
that there exists a ¢; > 0, such that u(x, ) # u(x,t) while ¢ > ¢;. Then we can set the initial
value of the time interval to ¢;, and make the following conclusion with Theorem 2.1: there
exists a to € (0,1), such that the problem (2.1)—(2.10) has a unique solution in ¢ € [t1,t1 + to],

which is obviously a contradiction to our previous assumptions.

3.3 Global existence in time

By the maximum principle of the parabolic equation (see [22]), we have the following lemmas.

Lemma 3.3 Let u; satisfy (2.1)~(2.10). Then w; attains its mazimum or minimum value

only on the parabolic boundary, i.e.,
(1) for ui(x,t): {xe€To},{x e}, or uili=o = a(x),

(2) for ua(x,t) : {x €1}, {x e}, or usli=o = a(x),
(3) for ug(x,t) : {x € Ty}, {x € s}, or us|t=o = a(x).
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Lemma 3.4 Let u; satisfy (2.1)-(2.10). Then

U1|xeTy, Ul |xeT, s U2|xery , U2|xely s Us|xeTs, Us|xery > 0.

Proof Assume contrarily that the lemma is not correct. From the continuity of wui,us,us,
at least one or more u;(x;j, t;) on the corresponding boundary would equal zero at some time .
Set to = min{t,}. Without loss of generality, we consider the boundary I';, and assume that
there is one point x € I'y which gives u;(x,t9) = 0. Then we have the following three cases:

(1) u1(x,to) equals zero while us(x,to) does not. Then by the equality from (2.5),
—)q@nlul(x, to) =01 (u‘ll(x, to) — ué(x, to)), xeTly.

We get On,u1(x,t0) > 0. By the continuity of uj, there must exist x3 € 1, such that
u1(x1,tp) < 0, which is a contradiction to Lemma 3.3.

(2) wua(x,tp) equals zero while uq(x,to) does not. Similarly, as the first case, it is impossible.

(3) wi(x,tg) and wua(x,tp) both equal zero. From the equalities we used above, we can
derive 0y, u1(x,t9) = 0, but by the Strong Maximum Principle for parabolic equation we know
that it is impossible.

Therefore, u1|xer, and us|xer, cannot equal zero. And we can similarly prove that u1|xer,,
Uz|xerys Us|xers, Uslxers cannot equal zero. Since a(x) > 0 and w; are continuous, we can
conclude that they must be positive.

Lemmas 3.3 and 3.4 lead us to the following proposition, which is essential for the theorem
of global existence.

Proposition 3.3 Let u = (u1, ug,u3) satisfy (2.1)=(2.10), and T > 0 be arbitrarily fived.
Then we have

max{[|ull o, <o, 12llo@,x o, 1usllc@s <o)

< max{||allc(e,u,u,); [unl, [ual}-

Proof Set M; = max{ a(x), unr, uA}. We first prove

XEQ LRI
uj(x,t)<My, x€Q;, tel0,T], j=1,2,3. (3.9)

Set u < 0 and vj(x,t) = e (uj(x,t) — My). Then for i = 1,2 and 3, we have

Ovi(x,1) = o Avg(x, 1) + pvi(x, ),

and (v1,v2,v3) remains in the class defined by (2.12). Assume that v; attains the maximum at
X0 € Q1 U Qs UQ3, to € (0,7]. By Lemma 3.3, we know

U1 (Xo,to) or UQ(Xo,to), if Xg € Fl,
max max vj(x,t) = .
J=1,23 t’;‘ﬁf?%] v2(Xo, to) or v3(Xo,tp), if xo € I'a.

Define M, = max - max vj(x,t). If My < 0, then v;(x,t) = e (uj(x,t) — My) < 0, we
j=12,3 x€Q,
te[0,T]

have proved (3.9). If My > 0, without loss of generality, we assume xo € I', then

{—/\18711’01()(0, to) = ale“to (U%(Xg, to) — ’U,%(Xo,to)),

(3.10)
A10n, 01 (X0, t0) = —A20n,v2(X0, to).
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If My = v1(Xo0,t0), then 9,,v1(x0,t0) > 0 since v1(-,tp) attains maximum in Qq at zg. Now
if Op, v1(X0,%0) > 0, then ui(xo,t0) < u2(Xo,to) due to (3.10) and Lemma 3.4. This implies
v1(X0,to) < v2(Xo, o), which is a contradiction since vy (Xg, ) is the maximum. Otherwise, if
On,v1(X0,t0) = 0, we have d;v1(X0,t0) > 0 and Awvs(Xg,t9) < 0, moreover, vy (Xg,tp) < 0. It

is also impossible since
0 < 0y (Xo, to) = o1 Ay (Xo, to) + puy (Xo, to) < 0.

Similarly, it is impossible that My = va(X0,t0). We can get the same conclusion for zy € T's.
Thus, My cannot be positive, so that (3.9) is proved.
Next, set

mlzmin{ min a(xX), ups uA}
xEQ1UQUN3 ( )7 ’ ’

with 1 < 0 and w;(x,t) = e (u;j(x,t) —m1). We can argue similarly to see that
uj(x,6)>mq, x€Q;, tel0,T], j=1,2,3. (3.11)

Combining this inequality with (3.9), the proof of proposition is complete.
Now we finish the proof of Theorem 2.1.

Proof of Theorem 2.1 With Propositions 3.1-3.3, by referring to [16, Theorem 3], we can
conclude that there exists a unique solution to problem (2.1)-(2.10) within the class of (2.12),
when a(x) satisfies (2.11).

4 Uniqueness of Inverse Problem

4.1 Some lemmas

In this subsection, we introduce several important lemmas for the proof of our theorem. For
the constant @ > 0, denote the operator L = 0; — a/A. In this section, the convergence v — u

is in the sense of L? norm, i.e., ||u — v||zz = 0.
Lemma 4.1 For any bounded domain Q@ € R® with piecewise smooth boundary O0S), if

function u(x,t) satisfies

Lu=0, x€Q, t>0,
u(x,t) =C, x€dQ, t>0,

where C is a constant, then we have
u(x,t) = C, x€, t— oo.

The result of Lemma 4.1 can be derived by the theorem of eigenvalues and eigenfunctions
of the operator, or one can refer to [15].

Next, we introduce a Carleman estimate for parabolic equations, obtained by Imanuvilov
and Yamamoto (see [17, Theorem 2.1]).
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Let (t,x) € @ = (0,T) x Q2. We assume that the boundary 99 is sufficiently smooth.
Let w C £ be an arbitrarily fixed subdomain, @, = (0,7) x w and wy C w be an arbitrary
fixed subdomain of  such that @y C w. Then there exists a function ¢ € C?(Q) such that
PY(x) > 0,x € Q, Plag = 0, and |Vip(x)| > 0 for x € Q\ wp. The weight functions o(t,x) and

a(t,x) are

e M (x) q M (x) _ 2AIY o) i1

where A > 0 is a parameter. Consider the initial boundary value problem
Lu=0, (t,x)€Q, (4.2)
ulog =0, w(0, -) = uo. (4.3)

Lemma 4.2 (Carleman Estimate) Let functions ¢ and « be defined by (4.1). Then there
ezists a number A > 0 such that for arbitrary A\ > :\\, we can choose so(N\) > 0 satisfying: there
exists a constant Cy > 0 such that for each s > so(\) the solution u € L*(Q) to the problem
(4.2) and (4.3) satisfies the following inequality:

/ ((s0) 2 Vul? + (sp)> 2 u?)e?**dxdt < Cl/ (s)> 2 ue? ™ dxdt, (4.4)
Q

w

where £ € [0,1], constant Cy is dependent continuously on A and independent of s.

Remark 4.1 We would like to mention that the functions ¢, o defined by (4.1) satisfy the
following for any k > 0,

ltlfg (Pk (t, X)QQSa(t,x) _ %1%1 (Pk (t, x)e2so¢(t,x) —0.

With Lemma 4.2, we can derive the following proposition.

Proposition 4.1 Let domain w C Q, function u(x,t) satisfy
Lu=0, x€Q, t>0.
If we have the following estimation in w,
u(x,t) - C, X€Ew, t— o0,
where C is a constant, then we can conclude the following in €,
u(x,t) = C, x€, t— oo.
Proof Set v(x,t) = u(x,t) — C. Then v(x,t) satisfies
du(x,t) = aAv(x,t), xe€Q, t>0.

By the assumptions, we know that for any € > 0, there exists Ty > 0 such that for any
t > Tj the function u(x,t) satisfies

Hu(xat)_c||L2(w) <g, Xew, t>TOa
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which means
lox, 2wy <& x€w, t>Tp.
For the simplicity of the proof, we set t = ¢ — T and have
||U(x,tA)HLz(w) <& X€Ew, t>0.
By Lemma 4.2, we get

/((scp)1_2é|Vv|2+(scp)3_2év2)e2so‘dxd?§ Cl/ (S(p)3—2é,u2e2sadxda
Q

w

where @ = (0,7) x Q, Qo = (0,T) X w, £ € [0,1] and T > 0 is an arbitrary constant. We can

choose ¢ = 1 above, and then obtain the following since s, ¢ > 0,

/s<pv262so‘dxth§ C’l/ spv?e?sedxdt. (4.5)
Q

w

Now we estimate both sides of the inequality (4.5) respectively, and we consider the right-
hand side (RHS) first. Let Cy = CyseM¥lea | —pr = 25(MVlle@ — PWlle@) Then M > 0

and we get

RHS = 01/ sgpvQGQSo‘dxth
Qu

T oAp(x) N M (x) _ 2AMYlle@) N
= / / s——=v%(x,1 ) exp {23 = }dxdt
wJo t(T —t )

HT —1)
T  \p(x) . Mp(x) _ 2M1Yl e N
SCls// ,\eiAzﬂ(x,t )exp{2se _— }dxdt
wJo HT 1) HT—1)

o~

dt

T AMldlle@ 2AMYllc@
_ 1 —~ e c@ — e c@)
< CyselVllea / / ~——v%(x,t )exp{2s — ~ } x
wlo T —1) tHT —1)

| N M -
=C! ﬁ2 ,t — =———— pdxdt.
2/UJ/O r-1)" (x )eXP{ t(T—t)}X

For the function f( ?) = ﬁ exp { — %} in the integral part, it is clear that f( tA) >0

holds true for any 7 € (0, 7). Besides, we know from Lemma 4.2 that

lim f(¢) = lim f(7 ) = 0.

t10 0T
And further analysis shows
- T —2t)(M+t(t—T)) M
! t == ( —~ - =<_ =~_ .
£ BT —1)3 p{ t(T—t)}

Since s > sp(A) in Lemma 4.2 can be arbitrarily chosen, we can find an M > 0 which is
sufficiently large to ensure that M +#(% — T) > 0 holds true for any ¢ € (0,T). Then we get

_ R T
/ E—
F(E)>0, fe 0,2),
_ T
/
t) = -
=0 =1

fl(t)y<o, te

)

~—~
2N

,T).



158 X. Y. Hu and W. B. Chen

Therefore the range of function f(%) is (0, e Tjg) in (0,7"), where its maximum is reached
when 7 = % Thus,

T
RHs<02// A%UQ(xt)exp{ L}dxdﬁ
oo UT—7) T —1)
—Cg//f? (x, )dxdt
402 ”// 7 )dxdt.

Next, we consider the left-hand side (LHS) of inequality (4.5). Denote N = —2s(1 —
AMYle@) Then N > 0 and we have

LHS = / spv?e?*dxdt
Q
T Ap(x) =N Mp(x) _ (2AMY @) =N
= / / s,\eiAzﬂ(x,t ) exp {256 _—° }dxdt
aJo HT—1) (T —1t)
T 2A¢lle@
1 ~ 1-— c() ~
> / / sﬁvz(x,t ) exp {QSAeiA}dxdt
) HT —t)
~ N ~
—s// — x,t)exp{—,\iA}dxdt
—1) HT—1)
T . N -
>s// (x,t)exp{—ﬁ}dxdt.
Q HT —t)

N t(T t) P{ = t)} in the integral part, f( ) > 0 holds
true for any € (0,7). We also have lim g(f) = lim g(¢) = 0 and
10 nrT

Similarly, for the function g(t) =

~ (T-2)(N+Ht-T N
(@) = g( A(3 ))exp{_A 1
3T —t) (T —t)
In the same way, since s > so(A) in Lemma 4.2 can be arbitrarily chosen, we can find an N > 0
which is sufficiently large to ensure that IV + tA(tA— T) > 0 holds true for any te (0,7"). Then
we get

~ ~ T
"T)=0, t=—,
g'(t) 5
~ ~ (T
g'(t) <0, te(?T).
Therefore, the range of function g() is B e_%, %e_%} in [E, 37] where its maximum is
reached when { = 5 and its minimum is reached when ¢ = % 3L Thus

a7 - N _
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s [ / (3, T)dxclf

E
> ;;S — 5 / /4 (x, t)dxdt

Combining the estimations above for both sides of inequality (4.5), while choosing a suffi-

ciently large s > so(\) in Lemma 4.2, we have

3T
165 m//z 40_4M//T2A ~
1)dxdt < —e 7 v (x,t )dxdt.
372° T2 o

3C. (16N —12M) 1 . .
Let C3 = (5g2e” 572 )2. By taking square root on both sides above we have

HU(XatA)HN((%,%)xQ) < Callv(x, 8 ) L2 (0.1 xw) -

Since

16T )2 0.1y 0y = / [ v - / o, T )22y < T,
letting Cy = OgT%, we get
e, F)ll oz 52y < Cae- (4.6)

Recalling the variable replacement ¢ = t —Tj we have made in the beginning part, (4.6) tells
us that, for any € > 0, there exists Tp > 0 such that [|v(x, )|/ L2((g, 12 1,4 22)x0) < Cae when

t > Ty. Because € can be arbitrarily chosen, we can conclude
v(x,t) =0, x€Q,t— 0.
By the definition of v, we have
u(x,t) = C, x€, t— oc.

The proof of Proposition 4.1 is completed.

4.2 Uniqueness proof of inverse problems

With the lemmas and proposition in last subsection, we are now able to provide the unique-

ness of the inverse problems.

Proof of Theorem 2.2 First, we have the equality on I's C 093,
us(x,t) = us(x,t), Opgus(X,t) = Op,uUs(x,t), x €T3

By the uniqueness of the Cauchy problem (Holmgren theorem, refer to [18, 19]), we have
the following results in 3,

U3(X,t) :ag(X,t), XEQg,
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which already prove the uniqueness of u(x,t) in Q3. Moreover, we get
us(x,t) = us(x,t), Opgus(x,t) = Op,us(x,t), x €Ty

With the boundary conditions (2.7) and (2.8) on interface I's, we know
u2(x,t) = ua(x,t), Op,uz(x,t) = dp,u2(x,t), x€Ts.

Repeating the process above, we can prove the uniqueness of u(x,t) in 9, and we obtain

the following on I'y,
u1 (X7 t) = al (Xa t)v anlul(xa t) = 877.1171 (X7 t)a x € I'.

Suppose contrarily that boundary I'g # fo. Then by the uniqueness of Cauchy problem we
have

wy(x,t) =y (x,1), x€(Q\ Q) C Q.
Since uy (x,t), U1 (x,t) satisfy (2.4) on I'g, Iy respectively, we know
uy(x,t) = upr,  x € 9(Qo\ Qo).
Then we can conclude with Lemma 4.1 that
uy(x,t) — up, x € (Qo\ Q) €, t— o0
And by Proposition 4.1, we derive
uy(x,t) = upr, X € Qy, t— 0.
Thus, we obtain the following on I'y,
ui(x,t) = upr,  Opyur(x,t) -0, xeTly, t— oco.
Again, with the boundary conditions (2.5) and (2.6) on interface I';, we get
ug(x,t) — upr, Opyu2(x,t) — 0, xeTly, t — 0.
Assume that o (x,t) satisfies

(%ﬂg(x, t) = agAﬂg(X, t), x €0y, tE (O,T),
EQ(X,t):UM, 8n2ﬂg(x,t):O, xely, te (O,T)

Then by the uniqueness of Cauchy problem, we know that ws must satisfy
U = upns, X € o, tE(O,T).

Due to the work of Bell [3, p. 785], the similarity between us and Uy is defined in the sense
that

e? = |lus — uM”%Il(Fl) + [|Onyuz — OH%z(rl) + [[(Oruz — a2 Auz) — 0”%?(92)7
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and there exists a domain D, C 5 which is contiguous with I';, such that us and s satisfy

the following estimate inequality:

2M? 1
(ug — Ug)zdxdt < 0{52(170‘)M20‘ + } , O0<a<l.
//Da 1og(]g—22) log(]\g—;)

Since € — 0 as t — oo, it indicates that
us(x,t) = upr, X E Dy C Qo t— 0.

Thus, by Proposition 4.1 we get

ug(x,t) — ups, X € Qo, t — 00.
Therefore we have the following results on I's,

ug(x,t) — upr, Opyu2(x,t) — 0, x €Tl t— 0.
Similarly, repeating the analysis process in {23, we can finally derive
us(x,t) = up;, x €T3, t— o0,

which is clearly a contradiction to the assumption | f — uas| = [Jus(x,t) — unp] > v > 0.
u(x,t) = u(x,t) can be obtained by the uniqueness results of the Cauchy problems if the
domain is uniquely determined.

5 Conclusion

In this paper, we mainly focus on the heat transfer problem with Stefan-Boltzmann con-
ditions on the boundaries or interfaces, which is considered in the multi-dimensional case and
in composite material situation. We provide the theorem of global existence and uniqueness in
time for the forward problem, as well as the uniqueness theorem for the related inverse problem

of boundary determination.
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