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Abstract This paper is concerned with the problem on the global existence and stability
of a subsonic flow in an infinitely long cylindrical nozzle for the 3D steady potential flow
equation. Such a problem was indicated by Courant-Friedrichs in [8, p. 377]: A flow
through a duct should be considered as a steady, isentropic, irrotational flow with cylindri-
cal symmetry and should be determined by solving the 3D potential flow equations with
appropriate boundary conditions. By introducing some suitably weighted Holder spaces
and establishing a priori estimates, the authors prove the global existence and stability of
a subsonic potential flow in a 3D nozzle when the state of subsonic flow at negative infinity
is given.
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1 Introduction and Main Results

In this paper, we are concerned with the problem on the global existence and stability of a
subsonic flow in an infinitely long cylindrical nozzle for the three-dimensional steady potential
flow equation. Such a problem was indicated in [8, p. 377]: A flow through a duct should be
considered as a steady, isentropic, irrotational flow with cylindrical symmetry and should be
determined by solving the 3D potential flow equations with appropriate boundary conditions.
With respect to the global existence of subsonic flows in 2D nozzles, there have been many
results (see [15, 20-23] and the references therein). However, for the 3D case, due to the
multidimensional reason (i.e., the standard stream function method which is extensively used in
2D case, does not work for the 3D case in general), there are few results except some asymptotic
analysis and computational examples (see [14] and references therein). In the present paper, we
will focus on the 3D subsonic flow problem in an infinitely long cylindrical nozzle (see Figure
1).

We use the potential flow equation to describe the motion of the subsonic gas in a 3D nozzle.
Let ¢(x) be the potential of velocity v = (u1,us2,us), i.e., u; = d;. Then it follows from the
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Bernoulli’s law that

1
§|V‘P|2+h(/’) = Co, (1.1)

where V = (01,02, 03), h(p) = % is the specific enthalpy for the polytropic gas with the state
equation P = Ap” (1 < v < 3) and the sonic speed c(p) = \/P'(p), Co = 2q& + h(po) stands for
the Bernoulli’s constant, where the far velocity field (go, 0, 0; pg) at minus infinity of the nozzle

is subsonic, i.e., go < ¢(po) holds true.

“ X2

o X

Figure 1 The 3D subsonic flow problem in an infinitely long cylindrical nozzle

By use of (1.1) and the implicit function theorem, the density function p(z) of gas can be
expressed as

p=17"(Co- 3IVel) = H(Vy). (12)

3
Substituting (1.2) into the mass conservation equation . 9;(pu;) = 0 of gas yields
j=1

3
Y@ =)o +2 > 000070 =0, (1.3)

i=1 1<i<j<3

where ¢ = ¢(H(Vp)).

Assume that the 3D infinitely long nozzle Q is bounded by the wall ¥: (/23 + 23 = 1+
eg(x1,x2, x3), where g(x1, z2,23) € C§°((—Xo, Xo) X (—00, +00) X (—00,+00)) for some fixed
positive constant Xy, and € > 0 is a suitably small constant.

Due to the fixed wall condition, one has
- E@mg) =0, on¥.  (L4)

(010, 0200, O30) - ( — &0y, 9, — €01,9,

i) T3
\/xg—l—:cg \/xg—l—:cg
In addition, suppose that the state of subsonic flow at minus infinity satisfies

lim (¢(z) —qgor1) =0 for x e Q. (1.5)

1 ——00
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On the other hand, from the physical point of view (see [2, 3, 6, 811, 16-18] and the
references therein), when a subsonic flow in an unbounded domain is called to be stable, it
should admit a determined state at infinity, namely,

lim Ve(z) exists for z € Q. (1.6)

xr1—+00
The main result in our paper can be stated as follows.

Theorem 1.1 If the 3D infinitely long cylindrical nozzle Q is bounded by X: \/x3 + x3 =
1+ eg(xy, w2, x3), where g(x1,x2,23) € C§°((—Xo, Xo) X (—00, +00) X (—00,+00)) for some
fized positive constant X, then there exists a small constant ey > 0 such that the problem
(1.3)—(1.6) has a global smooth solution p(x) as € < g, which admits

(1) |Ve| < c(H(Vp)), namely, the flow is globally subsonic in the whole domain €;

(ii) For 1 < 0 and x € Q, there exist a suitable constant 5o > 0 and a constant Cy > 0
such that

(6(2) — doma| + ¥ ((z) — qoan)| < Coee ol

(iii) For 1 > 0 and x € 82, there exists a constant Cy > 0 such that
lp(2) — goz1| < Coe(1 + 21);

(iv) lim Ve(x) = (g0,0,0) holds true. Moreover, for x1 > 0 and x € Q, there exists a
w1 —+oo

TEQ

constant Cy > 0 such that
|VI27I3</)(x)| < C()Eeiaoxlv

where 69 > 0 is given in (ii).

Remark 1.1 We emphasize that the assumption on the compact support of g(z) is only
for the convenience to stating our problem. In fact, g(z) can be permitted to suitably decay at
infinity.

Remark 1.2 If the Mach number of the subsonic flow is sufficiently small, then the variation
of the nozzle wall can be permitted to be suitably large. Since the proof procedure is completely
analogous to that in Theorem 1.1, we omit the details.

Remark 1.3 Although there have been many results on the weighted W2?(Q) (1 < p < o0)
estimates of solution to the second order linear elliptic equation in an unbounded strip domain
Q or half-space  (see [1, 13] and the references therein), it is difficult for us to use these
results to treat the existence of solution to the quasilinear elliptic equation (1.3) as well as the
asymptotic state and asymptotic behavior of solution at minus or positive infinity since the
related weighted Sobolev spaces in [1] or [13] can not be imbedded into the suitable Holder
space C°(Q) with some positive constant § > 0.

Remark 1.4 So far there have been many papers (see [27] and the references therein)
to treat the global existence problems for the incompressible or compressible Navier-Stokes
equations and Euler equations in suitable function spaces.

It is noted that there have been extensive works on the global subsonic flows or subsonic-
sonic flows for the gas past bounded obstacles/curved infinite surfaces or through 2D nozzles
(see [2-11, 15-18, 20-23] and the references therein). For examples, in [2, 4, 6, 9, 11, 17, 18],
for the case of the gas past an obstacle, by use of the Kelvin transformation, the authors can
reduce the exterior problem on the 2D or 3D potential flow equation into a boundary value
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problem in a bounded domain. From this, together with the maximum principle, some a priori
estimates on the solutions to second order linear elliptic equations in bounded domain and
Schauder fixed point theorem, the authors can show that the global subsonic flow fields exist
uniquely outside the obstacles. In [10], by use of the “good” geometrical property of half-
plane, the author established the global existence and uniqueness of the plane subsonic flow.
In addition, with respect to the 2D subsonic nozzle flow case, the authors in [15, 23] used the
stream function method to reduce the 2D potential flow equation or 2D full Euler system so
that a second order quasilinear elliptic equation with a Dirichlet boundary value or a first order
nonlinear elliptic system with suitable boundary values can be obtained. From this, by use of
the maximum principle and the theory of second order linear elliptic equations, the authors
established the global existence and stability of a global subsonic flow in a 2D nozzle. However,
for the 3D subsonic nozzle flows, the streamline function method does not work (this is also
illustrated in [8, Chapter VI]), we have to directly treat the 3D potential flow equation with
the fixed nozzle wall condition, which is described by the Neumann boundary value condition.
In this case, the crucial comparison principle on second order elliptic equations can not be used
directly; consequently, the L> norm and further C'**-norm of ¢ — goz; can not be obtained
correspondingly. This implies that we have to use some new ingredients to overcome such
essential difficulties.

We now comment on the proof of the main result in this paper. By introducing some suitable
coordinate transformation and linearizing the nonlinear equation (1.3), we can actually get a
Laplacian equation Au = f in an unbounded cylindrical domain Q= {(21,22,23) : —00 < 21 <
00, 23 + 23 < 1} together with the Neumann boundary condition on 23 + z3 = 1, one Dirichlet
boundary value condition at minus infinity (i.e., 27 — —o00) and one restriction condition on the
existence of ZILiIEOO V.u(z). In order to solve such a Laplacian equation in ?2, our ingredient

is to use Sturm-Liouville theorem and the separation variable method to write out formal
expression of u(z). From this, together with some delicate analysis, we can show that this
formal expression is actually a solution of Au = f and its derivatives will decay at the rate of
e%lz1] (09 > 0 is a suitable constant) for z; < 0; on the other hand, for z; > 0, the solution
u(z) increases at the rate of (1 + z1) meanwhile its partial derivative 0,,u is bounded and the
partial derivatives (0.,u,d,,u) decay at the rate of e~%%. In terms of these properties, some
inhomogeneous weighted Holder spaces will be introduced by us and further be used to treat
the regularity and existence of solution to the second order nonlinear elliptic problem in an
unbounded cylindrical domain. In this procedure, some detailed analysis on the expression
of solution will be required; moreover, a priori estimates with different weighted norms are
required to be established. Subsequently, by use of the continuity method, we can complete the
proof of Theorem 1.1. It should be mentioned that our approach is influenced by the work in
[26], yet some analysis there (especially, the analysis on the linearized equation with different
boundary conditions in cuboid domain which are treated in [26]) can not be applied here due
to the different geometric properties of nozzles.

Our paper is organized as follows. In Section 2, first we reformulate the problem (1.3)
with (1.4)—(1.6), and then give a more precise descriptions on Theorem 1.1 in some suitably
weighted Horder spaces. In Section 3, we linearize the nonlinear problem (1.3) with (1.4)-
(1.6). By such a linearization, we essentially obtain the Laplacian equation Au = f(z) in the
cylindrical domain Q = {z = (21, 2, 23) : —00 < 2, < 00, 22 4 22 < 1} with Neumann boundary
condition on z3 + 23 = 1, together with lim w(z) = 0 and the requirement on the existence

21 ——00

of lim V,u(z). By use of Sturm-Liouville theorem and the separation variable method, we

21—00
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can derive the formal expression of u(z) in Q. Subsequently, it follows from some detailed
estimates that we can obtain the existence and regularity of u(z) in Q. In Section 4, based on
the crucial estimates and properties given in Section 3, by use of the suitable iteration scheme,
we can complete the proof of Theorem 1.1 and further obtain the asymptotic behavior of V¢
at negative and positive infinity in the nozzle domain 2 respectively.

2 The Reformulation on (1.3)—(1.6) and More Precise
Descriptions on Theorem 1.1

In this section, we first introduce some notations and weighted Holder norms as in [26] so
that Theorem 1.1 can be given a more precise description.

Let Q C R3 be an open set including the origin O = (0,0,0). If u € C"™*(Q) with 0 < a < 1,
then we define the following weighted Holder norms for z,y € 2, some positive constant § > 0
and m € NU{0}:

6 1
W0 = supe | Du(a)),

18— mEQ
DB —_ DB
[u]g)a.g = Z sup e%dew | D7u(z) - u(y)|, where d,, , = min(|z1|, |y1]),
Y Mﬂ:mm,yeﬂ |517 - y|
_ () (%)
|u|maﬂ_ Z [Wli0.0 + [Ulm o
0<k<m

g —
lullmag = sup e u(@)| + sup (1+ 1)~ u(@)| + sup o"|d,, u(z)|
x€E TE zE

x1<0 z1>0 z1 <0
. 5 5
+ sup |9z, u(@)] + sup 1 (|0,,u(@) + |0y u@)) + > 10+ 10 g
PAN z€Q 2<k<m

and the corresponding function spaces are defined as

HY)(9) = {ul(z) € C™(Q) : Jul(), < +oo},
H(‘” o(Q) = {u(@) € C™(Q) « [[ull 3, < +o0).

By the definitions of the above spaces and norms, we can arrive at the following lemma.

Lemma 2.1 For u(x) € C™%(Q), one has
(i) Hiva () H s @,
(i) [Be,ulD ) oo < Jullt

m—1,a;2
(111) |D2u|m—2aﬂ = HU‘H ,a;02 fOT m > 2.

5y fori=2,3 and m > 1,

ma(

Proof S1nce these properties can be directly verified by use of the definitions of the norms
| - | o and || - ||m o, We omit them.

By use of the weighted Holder norms introduced in the above, Theorem 1.1 can be stated
more precisely as follows.

Theorem 2.1 Under the assumptions of Theorem 1.1, in the nozzle Q, the problem (1.3)—
(1.6) has a unique solution p(z) € C®*(Q) (any fized constant 0 < o < 1), which admits

(1) |le(z) — qoxlﬂé Q)Q < Ce, where 8y > 0 is some suitable constant,

(i) lim  Ve(z) = (9,0,0).

x]—+oo
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Remark 2.1 By the results on the interior regularities and boundary regularities of solu-
tions to second order elliptic equations (see [12, Chapter 6]), we know that p(z) € C*°(Q) holds
true in Theorem 2.1.

For the requirements to show Theorem 2.1, we intend to introduce the following transforma-
tion so that the domain  can be changed into a standard nozzle domain Q = {z = (21, 22, 23) :
—00 < 21 < 00,25 +22 <1}

21 = T1,
€2
2y = ,
S eg(xq, 22, x3) (2.1)
T3
z3 =

1 +€g($1,$2,iE3)'

In this case, for the notational convenience, we still denote the solution by ¢(z) instead of
©(x) under the transformation (2.1). It follows from a direct computation that the problem
(1.3)—(1.6) can be changed into

3 ~
Z Al](’z?stD)azlzjgo—’—B(Zuvzgo)azzsp = 07 in Qu

ij=1

b1(2)0.,0 + b2(2)0.,0 + b3(2)0.,0 = 0, on 22 + 22 =1,

. 2.2
ZILHEOO(@(Z) — qoz1) =0, (2.2)

lim V,.p(z) exists,

z€Q

21— +o0

where

All(za VzSD) = CQ(H(VLESD)) - (81190)27
3

0zk \ 2 Oz 0z
Ai(2, V) = D (PHVop) = 0e ) (5 ) =2 Y. OnbOnpme g, k=23,
i=1 ‘ 1<i<j<3 v

0z 0z 0z
A1k(2, Vo) = A1 (2, Vo) = (CQ(H(VI@)) - (8961(?)2)6—,; - 811%0812(?5—:62 - 811%0813(?8—;;’

As3(2, Vo) = Asa(2, V. p)

3
Bz 0z 0z 0% 029 0%
= Y (FHVLp) — Or) o5 = > 0Oy (fo + i)

8171 8171 1<i<j<3 8171 8Ij 8Ij 8171
& 2 9 0?2y, Bzzk
Bi(2,V0) = 3_(P(H(V2) = 0n0)) gy =2 D, dapluyog 5o, k=23,
i=1 1<i<j<3
bl (Z) = _56m1ga
29 sz
bp(z) = ——— Oz, k=23,
#(2) 25 + 23 83172 \/z + 22 83173 ; 93
with
822 823 822 823

8$1<P:8Z190+8Z2906—$1+822@8—w15 3@%’:3@%7%4'@#7 7'2253

8:@» ’

By the transformation (2.1), together with the properties of g(x) and the definition of the
norm || - ||5£?a, in order to show Theorem 2.1, we only need to establish Theorem 2.2.
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Theorem 2.2 Under the assumptions in Theorem 1.1, the problem (2.2) has a unique
solution ¢(z) € C6*(Q) which satisfies

(i) lle(z) = qozll )5 < Ce,

(i) lim Vie(2) = (9,0,0).

21— +o0

In next sections, we will focus on the proof of Theorem 2.2.

3 Solvability and a priori Estimates for the Linearized Problem of (2.2)

In order to solve the nonlinear problem (2.2), we first consider its linearized case, which
corresponds to a mixed boundary value problem of a second order linear elliptic equation in
an infinite nozzle domain €. In terms of the smallness of perturbed nozzle walls and by use of
direct computations, the linearized problem of (2.2) can be essentially expressed as

_ 3
Lw)a= > ai;(z, vzv)a;zju
ij=1
3 , ~
=Y (PH(Vw)) = (0,0)2)020—2 Y 0,v0,,002, i=f, inQ,
i=1 1<i<j<3 !
Opti =g, omn 23423 =1, (3.1)
lim 4(z) =0,
lzefz
lim V.u(z) exists,
21 —fo0
z€Q

where v € Hé‘?g) (€) with [ — qozlﬂééz)_ﬁ < g and do(> 0) is a suitably fixed constant.

It is easy to verify that the coefficients of the problem (3.1) satisfy the following uniformly
elliptic condition in Q:

3
MéP? < Z aij (2, Vo0)&& < A€)? for all € = (&,6,63) € R® and z € Q, (3.2)
ij=1
where A and A are two appropriate constants.

Next, we study the solvability of problem (3.1) as well as the regularity and a priori estimates

of solution (z) to (3.1). To this end, we first study the Laplacian equation in R® with the
following boundary conditions:

LouzAu:f, inﬁ,

_ = 2,2 _
Opu=1y9, onz;—+z5=1,

lim wu(z) =0, (3.3)
21— —00

lim V,u(z) exists.
z1—+00

In order to study the existence and regularity of solution to (3.3), we need to give some
estimates on the eigenvalues and eigenfunctions to the following equation with n € N U {0}:

R"(r) + %R’(r) + (1/ - n—Q)R(T) =0,

R(1) = n

(3.4)
R(0) is bounded.
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First, we show that v > 0 holds true.
In fact, multiplying r»R(r) on two hand sides of (3.4) and integrating over [0, 1] yield

/01 (I/TR2(T‘) - n—2R2(T))dr = /01 r(R'(r))*dr > 0. (3.5)

r

Thus,
v>0.

For notational conveniences, we set v = A2 with A > 0. Next we give a result on the
estimates of the eigenvalues and eigenfunctions of (3.4).

Lemma 3.1 For the following Bessel’s equation with n € NU {0} :

R"(r)+ %R/(T) + ()\2 — Z—z)R(r) =0,

R'(1) = R(0) is bounded,

(3.6)

there exists a countable eigenvalues \*’s for each fivedn (n =0,1,2,---), which are denoted by
AMn < dop < - < A < -+ formn >1 and Moo < Ao < -+ < Ao < -++ for n =0, where
An >0, Ago =0, and lgn A = +00.

Additionally, Ay >mn ?olds true for n > 1.

Moreover, the corresponding eigenfunctions { Ry, (r)}S0_, are orthogonal in the following

weighted sense:

1
/ T Rypn (1) R (r)dr = 6y for myk =1,2,--+ |
0 (3.7)

1
/ 7 Ryo(r)Rio (r)dr = 0y for myk=0,1,2,--- |
0

which admit the following estimates:

ROQ(T) = \/5, (38)

3
Rmn < _)\?nnu - 1727 B 3.9
B < Ak m (3.9
C

Bon(1)] < & (310)
1 C s C s C

_Rmn < _)\12nn7 RI < _)\12nn, R/I < —Afnn > 1, 311
|~ Ronn(1)] < = Ry () < R0 < Mo forn (3.11)
1 C oz 2 c oz

‘—R;m(r)’ < 2k ’%Rmn(T)‘ <N forn>2, (3.12)
' mn T m

where C' > 0 is a generic constant.

In order to prove Lemma 3.1, next we list some useful properties of Bessel functions, where
the Bessel functions are defined by the ordinary differential equation y”(z) + 1¢/(z) + (1 —

52)y(@) = 0.

Lemma 3.2 Denote by Jp,(z) and N, (x) the Bessel function of the first kind and the Bessel
function of the second kind of order n respectively. Then we have

(i) Julz)=21 [ cos(nf — zsinf)db;

G
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i ) Jy() = —Ji(2), Ji(2) = 5(Ja-1(2) = Jn41(2)) = Ju-1(2) = FIn(@) = FTu() —

x

2= and N, (z) ~ —M(%)f’l forn>1, No(z) ~ 2In%, as z — 0;

(i) Jn(2) ~ 56 —
(iv) Ju(z) ~ /2 cos(x — gnm — 17), as @ — +oo;

(v) fox tJ, (at)J, (bt)dt = ﬁ(‘fn(ax)%‘]n(bx) — Jn(b:c)%Jn(ax)), here a® # b?;

(vi) Ji(2) = 5(Ja(2) = Jo(2)), JV(2) = =Ji(2) + 5J3(x), J}/(2) = 3 (Ju-2(@) = 2Ju(2) +

Vi) LJ1(@) = gy (Fuea(@) + Ju(@)) — gy (Ja (@) = Jusa(@), n > 2
Vill) 23 (@) = T2 () Ju (@) + g (Fa-a() + I () — gy (@) = o)), n > 2.

Let {Amn}2_1 stands for the countable zeroes of J| (x) =0 with n > 1. Then
(ix) If J).(Amn) =0 forn >1 and \2,, > %(47? + 4+ V48n2 4 13), then Jp(Amn) >

—~

2 .
TAmn

(X)) Apn > /n(n+2) formn>1.
In addition, if we denote by J,(x) the Bessel function of the first kind of order v which is a
solution of y" (x) + %y’(z) +(1- ;—z)y(x) =0 withv > —1 and v € R, and write { \m, }5o_; as

the countable zeroes of J,(x) =0 with v > 0, then -

. ~ v v )\m,u
(xi) If Ju(Am,y) =0 form >1 and v > 0, then L), , = m Jomr pIE(t)dt:;

(xii) For —3 < v < 1, the positive zeroes of J,,(x) lie in the intervals (mm—Im+ svm, mm—
T+ Fum);

For % <v< g, all Xm,,, lie in the intervals (mm — %w + %l/w,mw — %w + %I/F);

(xiii) The zeroes of J/, () are interlaced with those of J,11(x).

Proof (i)—(v) and (ix)—(xiii) can be found in [19].

(vi) follows from (ii) directly. We only need to show (vii)—(viii).

For n > 2, it follows from (ii) that

x x

!

Jua(@) = S (al@) = Tha(0) = s (o) - a(e)),

1
(Jn () + Jnta(2)).

x

n+1

Jng1(z) = (Jn(z) = Jpya(2) = m

Thus, one has for n > 2,

éjﬁ(iﬂ) = %(Jn—l — Jnt1(2))
1 1
= oD (Jn—2(x) + Jn(x)) — m(Jn(x) — Jnsa(2)).

Namely, (vii) is proved.
Next, we verify (viii).
It is noted that the first Bessel function J,(z) satisfies

n2

o)+ T+ (1= ) ) =0,

which together with (vii) yields (viii).

Based on Lemma 3.2, we now start to prove Lemma 3.1.
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Proof of Lemma 3.1 If A = 0, then it follows from (3.5) that n = 0 holds when (3.6) has
the nontrivial solution. In this case, it is easy to verify that A\go = 0 is an eigenvalue, and the
corresponding eigenfunction is Roo(r) = v/2. Namely, (3.8) is proved.

Next, we consider the case of A > 0.

Set t = Ar and y(t) = R(r). Then (3.6) is changed into the following Bessel equation of
order n (n € NU{0}):

" 1.7 n’
y'(A) =0, y(0) is bounded.

Its general solutions can be expressed as
Yn(t) = C1Jp(t) + CaN, (1), (3.14)

where J,(t) and N, (x) are the Bessel functions of the first kind and the second kind of order
n respectively.

From the properties (iii) of Lemma 3.2, one has }iH(l) N, (t) = oco. This, together with the
boundary conditions in (3.13), yields Co = 0 in (3.14). In addition, it follows from y,,(A) =0
that J/(A) = 0 holds. By the properties of Bessel function in Lemma 3.2, J/ () has countable

zero points { Ay 1o0_ 1, which satisfies 0 < A,y < Aoy <+ < Ay < -++ ,and im Ay, = +00.
Thus, returning to R(r) in (3.6), we obtain the corresponding the eigenfunction
Jn )\mn
Ry (1) = — (Amnr) - (3.15)
(Jo rJ2(Amnr)dr)®

This together with Lemma 3.2(v) yields
1
/ 7Ry (1) R, ()dr = 0y, myk=1,2,-+-
0
1
/ 7 Romo(r)Rio (r)dr = 0, m,k=0,1,2,---.
0

Next, we start to estimate the bound of eigenfunctions R, (r).
Multiplying 272 R!. () on two hand sides of (3.6) and integrating over [0, 1] yield

1
/0 (20 R (1) (r Ry (1)) + 20025, — 10%) R (1) Ry, (7)) dr = 0.

This derives

1 1 2 a2\R2 (1
| R = o (O = )2, (1) 22, 0) = DT )0
0 mn mn
Substituting (3.15) into (3.16) yields
1 2 2y 72

/0 rJ2 (A r)dr = A 2712)J"(/\m"). (3.17)

Combining (3.17) with (3.15), we arrive at

2 mnYn mn

Ry (1) V2 Ann o (Amn) (3.18)

T2 020 ()
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By use of Lemma 3.2(ii) and (iv), for large A and fixed n, we have

/ Sl Ll
J; (M) — o5 ()\ 5T + 47r). (3.19)

Thus, for sufficiently large m and for n < 7, it follows from J/, (Ap,yn) = 0 that

1 1
)\mnw(m+k(n))7r+§mr+ 7 n=20,1,---,7, (3.20)
where k(n) is some fixed positive integer depending only on n.

On the other hand, in terms of Lemma 3.2(iv), we have

In(Amn) ~ 3 cos(m + k(n))r for large m.
i mn
This yields
1
[T (Amn)| = C P m=1,2---,n<T7.

When n > 7, by use of Lemma 3.2(x) and direct computation, one has

2

Afm>n(n+2)>4’; 5 (4n® 4+ V/48n% - 13).
e

This, together with Lemma 3.2(ix) and the estimate on |J,, (Amy)| in the case of n < 7, yields

1

3
)\mn

[T Amn)| > C m=12---,n=0,1,---. (3.21)
We now estimate the more precise upper and lower bound of A\, .
Since J, (x) satisfies

J1(#) + %Jl’,(t) +(1- Z—j)J,j(t) —0, (3.22)

multiplying 2¢2J/(t) on two hand sides of (3.22) and integrating over [O,XWU], where Xm,,,
denotes the zero point of J,(x), we have

/ " QUL EILOY + 2067 — )0 (0) = 0.
0

This derives

)\me ~
/ tJ2(t)dt = 15 J?Nmw).
0

2m,1/u

Due to J,(Amv) = =T (Amp) — Jos1(Amw) = —Jut1(Am,), one has

Am,v

A
m,v 1~ ~
/0 tJ2(t)dt = 5/\3717,]‘]3“(/\,”71,). (3.23)

Combining (3.23) with Lemma 3.2(xi) yields

b A
d ~ 2 >\7n,u 1 . m,v lJQ t dt
v Amwdiii(Amw) Joo t Stz ()ae
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This implies

ix - foliJE s)ds v
d " mv fO SJE )dS )\my
and
d ~
—(Am)?>1
dy2( v)

Thus, we have
Ny Z Ao +v7 =1

This together with Lemma 3.2(xii) yields

X = Vm272 +n2 + C. (3.25)

Consequently, it follows from Lemma 3.2(xiii) and (3.25) that

Amn > Vm2m2 +n2 4+ C. (3.26)

On the other hand, multiplying ¢.J,(t) on two hand sides of (3.22) and integrating over

[0, Apn.,] yield
X v 2 X
/ (t - —)J,,(t)dt = / tJ'?(z)dz > 0.
0 t 0

Combining this with (3.24) yields

dy N [ 22 J2(8)dt _ N
dv I N 10
This implies
an S S\/mln-

By use of Lemma 3.2(xii), we arrive at
Amn < Cm(n +1).
Thus, together with Lemma 3.2(xiii), one has
Amn < Cm(n +1). (3.27)

Based on (3.26)—(3.27), we now show (3.9)—(3.12).
Substituting (3.26) into (3.18), one has

C
mnl < — mn- 2
B (D] < =X (3.28)

On the other hand, by use of Lemma 3.2(i), we can deduce |J,,(z)| < 1. Combining (3.21)
and (3.26) with (3.18) yields

31Q

b
Swlw
3

[ Rn (r)] < (3.29)
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In addition, it follows from (3.18), (3.21) and Lemma 3.2 that

2
‘lRmn(r) _ V2 L Ounr)
T gnn — RQJH(/\mn) )\mnr
V2N, : C.:
= (1) + Tt Oomnr))| € = Ao,
2 /
R ()] = |22 TaConar) | Oz
3 " 7
R (1) = | 22 Oon) | C 33

VA2, —n?d, (A
In the case of n > 2, by (3.15), (3.21) and Lemma 3.2, we can also obtain
1 200 1
o] =
A2 —n2d, (A

c
J;(Amnr)‘ < 2 i
T mn

n2 V2 N3 n2 C .z
" _ mn < 22
|5 R ()] = | FoRE=T TN WAt TQJ(Amm\_mAmn

Thus, we complete the proof of Lemma 3.1.
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In order to solve (3.3) and for the requirement later on, we now give a lemma on the function

f(z) € HO ().

Lemma 3.3 For f € H(JO)( Q), if we set
1 1 2m
me(Zl) - % / / Tf(Zl, r, G)Rmo(’l”)dod’l”,
2
n(21) = o / / f(z1,7,0) Ry (1) cos nfdédr,
T

2w
(1) = —/ / rf(z1,7,0)Rmn(r) sin nfdodr
2m Jo Jo

for m,n € N, then

(6 —do|z
|fm0(2’1)| < /\2 |f|4 ((;)Qe ol 1|,
i (s 602 .
[frn(z1)] < - mn2|f|4 Z)Q Solaf i =1, 9.

Proof Multiplying 7 on both sides of (3.6) yields

(rR'(r)) + r(/\2 — n—2)R(r) =0.

-2
This implies

rR(r) = — (- RO + "—QR(T))

A2 r '

In this case, we have

2
fmo(z1) = 27T/\2 // f(z1,7m,0)(rR,,o(r)) dédr.

(3.30)
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By integration by parts, we arrived at

27
o) = g [ (R0 1m0 -
m0

2 1
:ﬁ/ (Rmo(1)0(21,1.0) - / Run(r) (0, + 2 )dr ) do.

/ 1 Runo(r)(8,f + 162 f)dr) a9
0

Due to f € Hfgé)(ﬁ) and Lemma 3.1, we have

1
‘/ TRmo(r)(?ffdr <
0

Since
27 1
/ / R0 (r)0, fdrdd
o Jo
1 2
= / Ryno(r) / (0., f cos0 + 0., f sin 0)dldr
0 0
1 27
= / / 7 Roo(r) f sin? @ — 2sin @ cos § zzzgf + 82 f cos? §)dodr
0
and
’ / R (r)(02, f sin® 0 — 2sin 60 cos 002, f + 02, f cos® B)dr
! 3 3
< (/ rR?nO(r)dr) (/ (02, f sin® @ — 2sin 6 cos 002, f + 02, f cos® 9)2dr)
0 0

—6olz1]| £1(d0)
S Ce |f|4,o¢;§’

it follows from (3.31)—(3.34) and Lemma 3.1 that

C L 60) sl
| fmo(21)] < )\2—|f|fl;?§e olza]
m0 T

Next, we estimate fi  (21) for i = 1,2.
It follows from (3.30) and integration by parts with respect to r that

fL() = //R 0 F(or 1-6) 4152 f (or. 1 ) cos milrdd
! 271'/\2 mn (1) (O f (21,7, 0) +10; f(21,7,0)) cos nfdr

Rmn(l) 2
27T)\2 arf(Zl, 179) cosnfdd
271'
o 27r)\2 / ; Tf(zlﬂ” 0) Ry (1) cos nfdrde.

By integration by parts with respect to 8, we can obtain

R (1) 2m
1 o mn
mn (21) o /\2 7’L2

2
tome n2/ / wn(r) (98 (00 + 39)]"(21,1"9)

+ 0202 f (21,1, 9)) cos nfdrde.

0,03 f(21,1,0) cosnhdo

(3.31)

( /0 1 erno(r)dr)%( /0 1 (92 f)zdr)l < Ce Pl (3.32)

(3.33)

(3.34)

(3.35)
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Note

1
O f + =05 f =r(sin® 002, f — 2sinfcos 002, ,, f + cos® 002, f). (3.36)
r

Z2%3

Due to f € Hfg)(ﬁ) and Lemma 3.1, we have

‘/ ()03 (0. + 203 £ (21,1, 0) + 10203 £ (21,1,6) )|
b }
< ( /0 rR2, (r)dr ) ( /0 r(03(sin® 002, f — 2sin 0 cos 00, f + cos? 002, f) + 0202 f)2dr)
< O |05 el (3.37)

Thus, it follows from (3.35)—(3.37) and Lemma 3.1 that
C

A mmn?

[ fn (21)] <

(60) —d0|21|
|f|41a;§e .

Analogously, |f2,,(z1)] < |f|(6°) e~%l=1l can be shown.

)\mnmn2

Lemma 3.4 If f € Hfg)(ﬁ) and g € Héf;gt) () with 0 < 8y < min{Ao,1}, then equation
(3.3) has a solution u € C%(Q), which admits the following estimate:

@ [ ~1 (6
lullye < CUFIS + 1157 5). (3.38)

Proof We intend to use the method of separation variables to study the solvability and
regularities of solution u to (3.3). To this end, we firstly introduce such cylindrical coordinate
transformation

21 =21, 29 =rcosl, z3=rsinb, (3.39)

where 7 = /23 + 23.

Thus, (3.3) is changed into the following equation:

1 1 ~
Lou= 82 u+ 0+ -0wu+ —0u=f, inQ,
T T

ou=g, onr=1, (3.40)
lim u =0, lim Vu exists.
zZ1——00 z1—+0o0

Let us consider the nontrivial solutions of the following problem:

1 1 ~
02 u+ 02u+ —dpu + —289% =0, inQ,
r r
Oru=0, onr=1.

(3.41)

Set u(z) = Z(z1)R(r)O(0). Then it follows from (3.41) that

0" (0) + u0(6) = 0,
{@(9 +2m) = 0(0), (3.42)

R"(r) + %RI(T) + (1/ - T%)R(T) =0,
R'(1) =0, R(0) is bounded

(3.43)



178 G. Xu and H. C. Yin

and
Z"(z1) —vZ(z1) = 0, (3.44)
where v, u € R.
By a simple computation, we know that the eigenvalues of (3.42) are pu, = n? (n =

0,1,2,--+), and the corresponding eigenfunctions are cos nf and sin nf respectively. In addition,
by Lemma 3.1, we obtain that the eigenvalues of (3.43) are vy, = A2, (m,n = 0,1,2,---),
and the corresponding eigenfunctions are R, (7).

We now solve equation (3.40) by use of the eigenfunction expansion method in terms of the
complete weighted orthogonal basis { Roo, Rmo(r), Rimn €018, Ry sin n9}|m NP

Set h(z1,7,0) = 3r2g(21,0) and v(z1,7,0) = u(z1,7,60) — h(z1,7,0). Then it follows from
(3.40) that v(z1,r,0) satisfies

1 1 ~ ~
Lov:(?glv%—@fv—l——8Tv+—28§v:f—L0hEf, in Q,
r r
Ov=0, onr=1,

hnj v(z1,71,0) =0, (3.45)
:glfrloo Vou(z1,r,0) exists.
Let
v(z1,7,0) = Zoo(21) + i Zmo(21) Rino (1)
m=1
+ i (Z}L . (21) Rnn (r) cosnf + Z2, (21) Ry (1) sin nd) (3.46)
m,n=1
and
f(2) = foo(z1) + i Fmo(21) Rino ()
m=1
+ i (fyin(20) R () cos nf + f7,,,(21) Ry (1) sin n),
m,n=1
where

1 27
Joo(z1 =—/ / f(z1,7,0)d6dr,
7T

1 2
.me Zl = —/ / Zl,’l” 9 mO( )d@dT

27
o (21) = 27r/ / f(z1,7,0) Ry (1) cos nBdédr,

2m
o (21) = 27r/ / f(z1,7,0) Ry (1) sin nfdodr.

Next, we start to determine the terms Zoo(21), Zmo(21), Z8,(21) and Z¢,,,(z1) (i = 1,2) in
(3.46).
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It follows from (3.45) and (3.46) that we can formally obtain

{Z(/J/O(Zl) = foo(21),

lim  Zyo(z1) =0, lu}rl Zlo(z1) exists,
21— —00 z1—

Zto(21) = Moo Zmo(21) = fmo(21),
lim Zmo(zl) =0, z11_i)r£_1oO Z!.0(21) exists,

zZ1——

(Z3n)"(21) = N Zyn (21) = frun(21),
lim Z!, (21) =0, liI}i_l (Z%,,) (1) exists.

Z21——00

Solving these ordinary differential equations directly yields

Zoo(#1) / / foo(&)dédt,

zZ1 t
Zmo(z1) = e*mo# / e~ 2Amot / e?mos £ o (6)dedt, m > 1,
—+oo — 00

. #1 t .
Ziple) = [Pt [ dmtpl (agat, mon 1.
+oo —o00

As in [26], together with Lemmas 3.1-3.3, we can show the following properties:

d0) @ [ [
(A) 1Zoo(=0)l16%) < CIA) S, 1Zbo ()% < CIAIEY)
and 1 “+o0 27 1
zlli}}kloo Zlo(21) = %/_Oo /0 /0 rf(t,r,0)drdodt.
(30) ¢ (d0)
(B) | Zmo(21)]0,0" < m“h)aﬁ,
(80) ¢ (%)
| Z30(21) 10,0 Smlflgm
and
lim Z/,,(z1) =0.
21—00
G C (6 (5
(©) 2268 < Sgmzon 5 (i * 1)
i 50) C (s
(Zhn) IR < 53— (g + 8l g
and

lim (Z%,,) (z1) = 0.

21—00

179

(3.47)

(3.48)

(3.49)

(3.50)
(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

Based on (A)—(C), we now show that the formal solution (3.46) is actually a classical solution

of (3.45). For the convenience, we set

v(z) = Zoo(z1) + 1(2),

(3.61)
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3
where I(z) = > Tj(2) with
k=1
11(2) Zla Z ZmO /r')7
m=1

Z Z71nn(zl)Rmn(7") COS’II@,
m,n=1
Z Zn mn (1) sin nG.
m,n=1

We now show that Ix(z) (1 < k < 3) is convergent for (z1,7,0) € (—o0, +00) X [0,1] x [0, 27].
Indeed, by (A)—(C), we have

+oo
C m —00% —00%
RICIED I ac e < Ul g e, (3.62)
= C Amn

T2(2)] + [T3(2)] < (17100 4 [5)%) ) e=dol=1l

o A 22 (Mg, — 8) 1 e 5,0:0
< OIS + 1315005 ) eolesl. (3.63)

Then
(2l < CUAY) S + 151 5)  for k= 2,3. (3.64)

Thus, the series I(z) and further v(z) are continuous due to the uniform convergence of I (z)
in any compact subset of {2 = (—o0, +00) X [0, 1] X (—00, 400).

Next, we show 1(2) € C1(Q) and further v(z) € C1(Q).

Note

+oo
C\/ m - _
011 (2)] < ZI o2l < 3 s W e e S G e

mo — 00 4,0:0

It follows from Lemma 3.3 that

012 (2) = |01 (2) cosd = Lauma(2)sng] < 3 Ao Zmer)
2 11(Z)| = Z) COS Tglzsm ~ mol14mo(Z1

+oo
e ] )
<O T G i e < (g e

Amo — 00)

Analogously, 6
|0:511(2)] < O|f|i)(‘;);§ e—d0lz,

Therefore, 1;(z) € C1() holds true, and admits the following estimate:
3 3
VL)l < OIS
Analogously, I(z) € CH(Q) (k = 2,3) holds true. Moreover, we have

1 50 50 —00|Z1
V1) < CUTIS) s + G150 e ool
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and

VAIE@)5e < CUT s + 13100))- (3.65)

Finally, we show I(z) € C2(Q) and further v(z) € C2(€).
By use of the expression of I (z) and (3.13), we have
+oo

82 Il Z ZNO 2’1 7”) = Z (A?noZmO(zl) =+ fmo(zl))RmO(T)'

m=1

It follows from Lemma 3.3 and (B) that

+oo
c CvVAm 0 0 bolz1
AR 2 (T o * g ) Wi ) ™

(6 ~ (6 —5o0lz
< O(F1) 5 + 13100 eolesl.

m=1

Analogously, one has

+oo 3
CA\; CvVam
9 9 mn (do 750\Z1\
ELEI+EBEIS Y (amn =g+ e ) s+ 3l e

m,n=1

(%0) (o) e
(|f| Q+||5aﬂ)e 01'

This derives
(80) (4 ~ (5
02, 12)l6%) < CUFIL + 1315 5).
Similarly, we can arrive at

1(2)[$% (60) < C(|f|(60) +1g |(‘50 _) for1<j<3. (3.66)

(50)
( ) | 2jz1 4,002 2

| 212

Next, we treat 8Z2izj1(z) (1,5 =2,3).
Since

2 1 2 1
02, = cos® 007 — = sin 6 cos 097, + — sin” 00 + = sin 6 cos 69y + — sin” 00,
r r r r
we have
021, (2)| = \ § :Zmo 2 ( o(7) cos? 0 + R o(r )sin29)‘

C (o) 4 500 7o) | |1(%0)

Next, we consider 92 I5(2).
For n =1, it follows from 1R/ (r) — % Ry1(r) = =R, (r) — A2,  Rim1 (r) that

3 3
|02, (Rum1(r) cos 0)] = | cos® ORI, (r) + . sin? @ cosOR!, | (r) — ) sin? 6 cos O R, (1)

= |cos® ORY, | (r) — 3sin? O cos O(R, (1) — N2, R (1))] < O)\Eu- (3.68)
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Analogously,

102, (Ry () sin )] < CAZ . (3.69)

z22

For n > 2, it follows from Lemma 3.2 that

1
|02, (Rpn (r) cosnb)| = | cos® @ cosnbRL,, (r) + nsin 20 ( sinnf-R,,, (1)
r

1 1 2
— o8 n9r—2Rmn(r)) + sin? 0 cos n@(;R;nn(r) — %Rmn)
C .z
< 2\ (3.70)
Analogously,
C .z
0 — Ainn.- 3.71
0%, (Bunn(r) sinnd)] < © (371)
Thus,
S Cvtn (60) +(60) (50)
2 Ta(r)] < W(ULQQ 1915 va) < Ol o T 1915 00)- (3.72)
m,n=1 mn
Analogously,
2 71(60) ~1(do) Co
102, 1a(r)] 102, 1) < COFIC + 3™ ). 45 =23 (3.73)
This yields
5 50) ~ (5 -
02, 1)l < CUFI G +1310)5) for 1<, j<3. (3.74)

Collecting the estimates above yield (3.38).
On the other hand, we have

—+o00 27 +oo 27
lim  9,,u(z / / / rf(t,r,0)dodrdt — —/ / q(t,0)dodt (3.75)
z1—+00 27T

and

lim 0, u(z)=0 fork=2,3.

z1—+00

Thus we completed the proof of Lemma 3.4.

Next, we intend to establish the higher regularities and higher order norm (i.e., ||ul| 50))

estimates of u(z) to (3.3) and further treat the nonlinear problem (3.1) in the unbounded nozzle
domain . For notational convenience, we use a weighted Holder norm which is introduced in
[12, Chapter 6] and the references therein as follows.

Let D C R? be an open set. For z,y € D, we define 7, ,, = min(|z|,|y|). For m € NU {0},
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a€RT peRY up,pue € R and v € C"™%(D), we define

Wi = 3 supla™ D7)
16]=m "

|DPv(z) — DPu(y)|

[Wlp = D sup et ,
) mz—:m e v =yl
I =3 W, + I b,
0<i<m
[0]]43%5) = max { sup Z a4 D u(z)], sup Z [al 42| D u(a)| },
o [z]<1 || >
|B]= \ﬁl
B8 _nB
(1 p2) u1+m+a|D ’U(:L') D U(y)|
Ullm,a:p = Max sup [ > ,
[llats IBZ_ Y T—
sup Z TH2+m+a|DﬁU($)_DﬁU(y)|},
T,y >1 |x_y|a
|B]=
ol = S uvn%t#’+uvn£5;;f‘5’-
0<i<m

Now let us consider the following equation:

1 1 ~
92w+ 0fw + ~ 0w + T—Qagw =f, inQ,

Ow=0, onr=1, (3.76)
lim w(z)= lim w(z)=0,
zZ1——00 z1—400

where f € H(JO)(Q).

Lemma 3.5 Ifw € Hfg) () is a solution of (3.76), which satisfies

sup(e® = |w(z)]) < C|FIS, (3.77)
zEQ o
then we have
(8 6
[l < CIFI 5.

Proof First, we introduce such a coordmate transformation:
y1 = €e*tcosr, yg=e€"'cosfsinr, y3 =€ sinbsinr. (3.78)

In this case, the cylindrical domain Q is changed into an unbounded domain D which is

bounded by infinite cone {y : y1 = (cot 1)\/y5 + v3 }.
It follows from the transformation (3.78) that (3.76) can be changed into the following
problem:

3
Za” &Jw—l—Zb )0;w=F(y), inD={y:0<y < (cotl)y/y3+v3},
ig=1
3.79
Opw =0, onylz(cotl)\/yQ—i—yg, (379)

w(0,0,0) = lim w(z1, 22, 23) = 0,
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where

. 1o, yiys v . 1 /o, yivs Y3

(l22=—(y + + ), a33=—(y + + ),
2\ " g3 +43 ly2\"% " 3 +y2 N

arctan arctan

2 VYsty3
Y1 Y1
_ _ ~ - - ~ ~ 1 yi y2y3 Y2Y3
a1 =1, a2 =as =a13=a3 =0, as3=az = —2(y2y + 21 - )
lyl Y3 + 3

arctan? YY2tus
Y1

o L Vwtw o1 iy )

- 2 [ 402 - 2 /242 f2+2 )]

g arctan y;ily* vl VY3 + y3 arctan % arctan? y;I Y5
by = L Y1ys B Y3 ) po L 7
Y2\ 7 arctan Y8R rotan? Y¥EHE ) ly[?
Y2 Y3 Y1 Y1

In addition, it follows from (3.77) and the transformation (3.78) that

do (60)
sup gl | < OIF). (3.80)
As in [25, 26], we can show the following estimate
50) (8
[l i) p < CIFIS)s. (3.81)
Returning to the coordinate z = (21, 22, 23) for [D4w]]863)_D, we can derive
D? D?
Z Supeéo.n'Dﬁ |+ Z sup eéomm 21,21) | w( ) _ zw(z)l < C|f| (80) (382)
= 228 |Z — Z|0¢ 2,0 Q
|B|<4 €9 |8l=4 *.25
On the other hand, if we introduce such a coordinate transformation:
y1 =e “tcosr, ys=-e€ “tcosfsinr, ys3=e “'sinfsinr, (3.83)

then by using the same method to deduce (3.82), we can arrive at

DB —_ DB ~
Z Su?eéomlDﬁ |+ Z sup e50max(z1,z1)| zw(’z) = zw(zﬂ < C|f|;5(r;)§ (384)

<4 €0 =1 70 o =4
Combining (3.82) with (3.84) yields
(s 3 .
[’U}]ZOO)Q = |f|;24),5~2’ 221727"' 74- (385)
and
. _ D4 _ D4
sup cfomintl=alml D702 = D@ <CIfi.. (3.86)
z121>0 |Z - | &

For the case of 2121 < 0 in (3.86), it follows from an analogous analysis that we can get

min{—z1,z D4’LUZ— 4’LUZ 71 (0
660 {—21, 1}| (|Z)_ ~|a (N)| < O|f|;1;),§
Thus, it is proved that
s s
[wlyog < Clfly g (3.87)

Namely, by use of (3.80) and (3.87), we complete the proof of Lemma 3.5.

Based on Lemmas 3.4 and 3.5, we now give the estimate of ||u||éf;((;)ﬁ to the solution of (3.3).
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Lemma 3.6 Under the assumptions of Lemma 3.4, the solution u(z) of (3.3) satisfies the
following estimate:
el

5 < OUTI) S + 1315

Proof In order to prove Lemma 3.6, by use of Lemma 3.4, it suffices to prove

(d0) @
02l < CUFI S + 1310, )
0:,.ul(™) Qs0<|f|5° +[3005), k=23

Set w(z) = 02 v, where v(2) is a solution of (3.45). Then it is easy to know that w(z)
satisfies the equation (3.76) with f(z) = 92, f(z). Therefore, by Lemma 3.5, we have

02,005 < CITIY S < Clpl)s, (3.89)

Due to u(z) = v(z) + h(z) with h(z) = rg(z1, 0), then it follows from (3.89) and the interior
estimate on the second order elliptic equation that

2 1(d0) (50 (o)
820l ™ < C(F® +131%),). (3.90)

Next, we consider |8zku|(6°) (k = 2,3). For this end, we will divide this procedure into
three steps.

Step 1 Multiplying r on two hand sides of equation (3.45) and subsequently taking the
partial derivative on r, we have

831 (rov) + 0%(rov) + %Bg(rarv) + Bflv — %Bgv =f+7ro.f. (3.91)
r r
Set w = rdyv. Then by use of (3.45) and (3.91), we have

1 1 .
83111) + 0%w + ;&w + r—28§w =2f+7ro.f — 28311), in Q,

w=0, on r=1, (3.92)
Iim w= lim w=0.
zZ1——00 z1—+00

By use of the similar method in Lemma 3.5, we can arrive at

Ird, ol < Cl2f +10,f = 282,01 < CIfI

and further

S (0) (8
[rd,ul™s < CUTI S +19100)5)- (3.93)

Step 2 Differentiating (3.45) with respect to 6 and writing w = dpv, we have

a2w+a2w+1w+ — 30 = pf, inQ,
Orw =0, onr_l, (3.94)

lim w= lim w=0.
21— —00 z1—+0o0
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Analogous to the proof in Step 1, we can obtain

(5 (5 ~(5
@1 < CUTIS S +13150)5)- (3.95)
Thus, combining (3.93) with (3.95), we have for £ <r <1,
(60) 71(60) ~1(d0)
|6Ziu|5,a;{zeﬁ:%§\/m§1} < C(|f|47a;ﬁ + |9|51a;§)' (3.96)

Step 3 In order to treat the singularity of solution on » = 0, which is induced by the
cylindrical coordinate transformation, we return to the original equation (3.45).
Differentiating (3.45) with respect to z2 and writing w = 9,,v, we obtain

AW =0,,f, in/z5+23<

W(z) = 0.,v(2), on /22 +z (3.97)

lim w=0.
z1—to0

Similarly to the proof on Lemma 3.5, and by use of (3.97), one has

(d0) 71(00) ~1(60)
|6Z2u|5,a;{ze§:\/m§%} < C(|f|41a;§ + |9|51a;§)- (3.98)

Combining (3.96) with (3.98) yields

5 7108 ~1 (6
0:ul s < CUTI S + 115 5). (3.99)
Analogously,
S 7108 ~1 (6
0:0uly s < CUTI) S + 13150 5). (3.100)

Thus, we complete the proof of Lemma 3.6.

Based on Lemma 3.6, we now derive the uniform estimates on the solution 4 (z) to problem
(3.1).

Lemma 3.7 Suppose that the assumption (3.2) holds true, and u € C*? (6) is a solution of
(3.1). Then there exists a positive constant oy such that for any f € Hf(‘;) (Q), g€ Héi[;)(ﬂ),
we have i € Hé‘?g[) () with

- 11(80) +1(80) ;1 (0)
)5 < A S +101%). (3.101)
where C' > 0 depends only on the constants A and X\ in (3.2).

Proof Firstly, we introduce a coordinate transformation as follows:

21 = klzl, 52 == k222, 23 = ngg (3102)

andk2=k3=#

with kl = <(po)"

1
Ve (po)—a3 B

Under this transformation, the domain Q is changed into the domain @ = {(2) : z; €
(—00,+00), /25 + 235 < @}, and equation (3.1) can be rewritten as

Ai=f, inQ,
Opi =7, ony/z5+z23=1, (3.103)
_lim 4=0, _lim Vzu exists.

zZ1——00 z1——+o0
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3
where [ = ﬁ and f = Z(l — k7 (2(Vv) — 92,0))02 i — 2 > kikj0,00.,v0z,z,14,
i=1 1<i<j<3
g =c(po)g-
For simplicity and without loss of generality, we assume [ = 1 in (3.103).
By the assumption ||v — q0z1|\( =~ < ¢ and Lemma 2.1, we have
I < 0@ lalge) s + £ (3.104)
4,0 Q 6,0;92 4,0 Q
On the other hand, by use of Lemma 3.6, one has
-11(%0) (60)
12185 < T + 1519 ). (3.105)

Substituting (3.105) into (3.104) yields (3.101).
Moreover, it follows from (3.75) and (3.76) that

lim [0, < C(fI0) 5 +13105).

21—400 1 4,050 5o¢Q (3106)
11I£r1 0,,u=0, 1=23.

z1—

Therefore, we complete the proof of Lemma 3.7.

Based on Lemma 3.4 and Lemma 3.7, the next theorem follows from the standard continuity
method (one can see [12, Theorem 5.2]).

Theorem 3.1 There exists a unique solution i € Hé‘?gé) () to problem (3.1) for some 6y > 0,
which admits the following estimate

@
lall$s < CUTIE S +191505). (3.107)

4 The Proofs of Theorems 2.3, 2.2 and 1.1

In this section, first we intend to use the contraction mapping principle to show Theorem 2.3.
To this end, we define the space K = {¢(z) : ¥(2) — po(z) € (60)( Q), |¥(2) - @0(2)”252).5 <e}

with @o(2) = qon.
Set ¢ = ¢ + po. Then ¢ satisfies

3 . ~
LW)SD: Z GU(Z D’Q/J) zlz]sb:f(szvazlb)? iIl Qv

7,7=1

G)p = Onp = 3(2, DY), on \/ZE+ B =1, (4.1)
lim ¢ =0, 11I£ V.¢ exists,
zZ1——00 z1—+00

where
3

f(z, D, D*)) = (L(go)po — L($)po) + Y (ai(2, V) = Aij(2, V) Dy, ¥

i,j=1
3
- ZBi(Zu Vlﬁ)azﬂﬁa
=2
. o : 22 ; Z3 ;
g(Dl/)) = —bl(Z)azﬂ/) + (m - bQ(Z))aZ21/) + (m - bg(z))az31/}

with 1/) =1 — .
Define the nonlinear mapping J by J(v) = ¢. Then we have the following lemma.
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Lemma 4.1 Suppose that o and dy are the positive constants given in Lemma 3.7. Then
there exists an €9 > 0 such that for any e € (0,eq), J is a mapping from K to itself.

Proof By the definitions of A;;(z, Vi) and B(z, V) in (2.2), we arrived at

[(ais (2, Vo) = Auj (2, V) ayn, 100 5 < sy (2, Vo) = Aij (2, V)LL) SIS < Ce?

R GQQ_

and

|Biz, V)9l ) < |Biz, VI SN < Ce?.

404(2 Gaﬂ_

In addition, by use of ¢y = qoz1, we have

L(o)po — L(¢))po = 0.

Thus, we arrive at

m% < Ce?, (4.2)
Analogously, one has
M%géce (4.3)
It follows from Theorem 3.8 that
(%0) (%0) 2
16195 < COA®) S + 1% 5) < 02 (4.4)

where C' > 0 depends only on A and .
Choosing g9 = 55, for any 0 < o < & < g, by (4.4), we obtain

2 1(60)
16185 <. (4.5)
This means that the mapping J is from K into itself.
Next we show that the mapping J defined above is contractible.

Lemma 4.2 Under the assumptions of Lemma 4.1, the mapping J is a contractible mapping
from K to itself.

Proof Take 91,92 € K. Let ¢; = J; and ¢; = ¢; — ¢g. Then we have

L(12)(p2 — 1) = f(z, Diba, D*3) — f(z, Dip1, D*1) — (L(th2) — L(¥1))¢1, in Q,

6"(902_@1) ( Q/J ) (27w1)7 on Z§+Z§:17 (46)
lim (o2 — 1) =0, lim V.(p2 — 1) exists.

21— —00 z1—+00

As in Lemma 4.1, a direct computation yields
|z, Dibz, D*2) = f(z, Doy, D) |\ < Cellp — |,
[9(2,102) = (2, 90)| )5 < Celln — |,
(L) = L)l ) < Celln = ]|

It follows from Theorem 3.8 that

_ (60)
o2 = a5 < Cel — 0|,
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Choosing appropriately small €5 and letting 0 < € < g yield

17 () — <>|\<“°Q_2||w — )

This means that J is a contractible mapping.
Based on Lemmas 4.1 and 4.2, we now show Theorem 2.3.

Proof of Theorem 2.3 By Lemmas 4.1 and 4.2, we know that the mapping Ji = ¢ has
a unique fixed point in Hé a) ().

Next, we show hril Vzw(z) exists as in [26].
z1—+00

Since for Z; > Z5 > 0, we have |0, 0(Z1, 22, 23)— 02, 0(Z2, 22, 23)| = (Z1—Z3) ‘fo > w071+

(1 = 0)Zs, 22, 23)df| < Ce=%%2. This means that there exists a function ¢(z2,23) such that

D.,¢(21, 22, 23) converges to q(z2, z3) uniformly as z; — +oo. On the other hand, |02 ,, ¢(z1,

29,23)| < Ce™%% for k = 2,3. Thus, we can derive q(z2,23) = ¢, where ¢ is a constant

which will be determined later on. In addition, due to |0, ¢(2)| < Ce~%l=1l (k = 2 3), then
hm 8zkgo( ) = 0. From the analysis above, we can also obtain under the z-coordinates

Z1~>

lim 0., =¢q and hm Oz, p =0 fori=23. (4.7)

@1 —o0 P
We now show that ¢ = ¢gp holds true.
Integrating the mass conservation equation 23: Oz; (p(IV@])0z,0) = 0in Qr = QN {z :
—R < x1 < R} yields =

0=—/ PW@@M®+/1 p(V¢)ds, pdo. (4.8)
11:—R

I1:R

Using (4.7) and letting R — +o0 in (4.8), we arrive at

p(a)q = p(q0)qo- (4.9)

In addition, it is easy to verify that p(g)q is an increasing function of ¢ for ¢ < ¢(po), then
we derive ¢ = qq.
From the analysis above, we complete the proof of Theorem 2.3.

Proofs of Theorems 2.2 and 1.1 Since the proofs come from Theorem 2.3 directly, we
omit them.
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