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Abstract Let A be a unital AF-algebra (simple or non-simple) and let o be an automor-
phism of A. Suppose that a has certain Rokhlin property and A is a-simple. Suppose also
that there is an integer J > 1 such that aly =idg,(a). The author proves that A x, Z has
tracial rank zero.
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1 Introduction

The Rokhlin property in ergodic theory was adopted to the context of von Neumann algebras
by Connes [1]. It was adopted by Herman and Oeneanu [2] for UHF-algebras. Rgrdam [13]
and Kishimoto [6] introduced the Rokhlin property to a much more general context of C*-
algebras, then Osaka and Phillips studied integer group actions which satisfy certain type of
Rokhlin property on some simple C*-algebras (see [12]). More recently, Lin studied the Rokhlin
property for automorphisms on simple C*-algebras (see [10]).

Phillips proposed how to introduce appropriate Rokhlin property for automorphisms on
non-simple C*-algebras. In this paper, we attempt to introduce certain Rokhlin property for
automorphisms on non-simple C*-algebras; when C*-algebra is simple, this Rokhlin property
is weaker than the Rokhlin property in [10, 12]. If an integer group action of a C*-algebra has
this Rokhlin property, we can conclude that its crossed product is in the C*-algebra class of
tracial rank zero. In particular, these algebras all belong to the class known currently to be
classifiable by K-theoretic invariants in the sense of the Elliott classification program. We hope
that this case will lead us to more interesting in the Rokhlin property for automorphisms on
non-simple C*-algebras.

The organization of this paper is as follows. In Section 1, we briefly recall the notion of
C*-algebras, then we introduce certain Rokhlin property and discuss some property of crossed
product A X, Z when an automorphism « of a C*-algebra A has the Rokhlin property. In
Section 2, we show that if A is a unital AF-algebra, suppose that o € Aut(A) has the tracial
cyclic Rokhlin property and A is a-simple, suppose also that there is an integer J > 1 such
that o, =idg,(a).- Then A x, Z has tracial rank zero.
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2 The Tracial Rokhlin Property

We will use the following convention:

(1) Let A be a C*-algebra, a € A be a positive element and p € A be a projection. We
write [p] < [a] if there is a projection ¢ € aAa and a partial isometry v € A such that v*v = p
and vv* = q.

(2) Let A be a C*-algebra. We denote by Aut(A) the automorphism group of A. If
A is unital and v € A is a unitary, we denote by adu the inner automorphism defined by
adu(a) = u*au for all a € A.

(3) Let z € A, ¢ >0 and F C A. We write x €. F, if dist(z, F) < ¢, or thereis ay € F
such that ||z —y|| <e.

(4) Let A be a C*-algebra and a € Aut(A). We say that A is a-simple if A does not have
any non-trivial a-invariant closed two-sided ideals.

(5) A unital C*-algebra is said to have real rank zero, written RR(A) = 0, if the set of
invertible self-adjoint elements is dense in self-adjoint elements of A. Note that every unital
AF-algebra has real rank zero.

(6) A unital C*-algebra A has the (SP)-property if every non-zero hereditary C*-subalgebra
of A has a non-zero projection. Note that every C*-algebra A with real rank zero has the (SP)-
property.

(7) Let T(A) be the tracial state space of a unital C*-algebra A. It is a compact convex
set.

(8) We say that the order on projection over a unital C*-algebra A is determined by traces,
if for any two projections p,q € A, 7(p) < 7(q) for all 7 € T'(A) implies that p is equivalent to
a projection p’ < q.

Definition 2.1 We denote by IO the class of all finite dimensional C*-algebras, and
denote by ") the class of all unital C*-algebras which are unital hereditary C *-subalgebras of
C*-algebras of the form C(X)®F, where X is a k-dimensional finite CW complex and F € T(9),

We recall the definition of tracial topological rank of C*-algebras.

Definition 2.2 (cf. [8]) Let A be a unital simple C*-algebra. Then A is said to have
tracial (topological) rank no more than k if for any € > 0, any finite subset F C A, and any
non-zero positive element a € A, there exist a mnonzero projection p € A and a C*-subalgebra
B e IW® with 15 = p such that

(1) |lpz —axp|| <e for all x € F,

(2) paxp € B for allx € F,

(3) [1-p] <[d]

If A has tracial rank no more than &, we will write TR(A) < k. If furthermore, TR(A) £ k—1,
then we say TR(A) = k.

Definition 2.3 Let A be a unital C*-algebra, o € Aut(A), a € A be a positive element,
and p € A be a projection. We say [p] <. la] if there exist the mutually orthogonal projections
pi, the mutually orthogonal positive elements a; and s; € Z for i = 1,2,--- ,n such that p =

n

> pis{ai}?, belong to the hereditary C*-subalgebra generated by a, and [o® (p;)] < [as], i =
i=1
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1....

s ,n.

By this definition, we can compare nonzero positive elements with full positive elements by
the action of a.

Example 2.1 Let A = Ay®Ag, where Ay is an infinite dimensional unital simple C*-algebra
with real rank zero, and let & € Aut(A) such that a(ag, bo) = (bo, ap), where ag, by € Ag. Then
for any non-zero projection ¢ € A, there exists a projection p = (p1,p2) € A, p1 # 0, p2 # 0
such that [p] <, [g].

Definition 2.4 Let A be a unital C*-algebra and a € Aut(A). We say that « has the
tracial Rokhlin property if for every e > 0, every n € N, every nonzero positive element a € A,
every finite set F C A, F ={p1,+* y,Pm,a1, - - ,as}, where {p;},i =1,--- ,m are the mutually
orthogonal projections, there are the mutually orthogonal projections ey, ea,- -+ , e, € A such that

(1) lla(e;) —ejpall <e for1 <j<n-—1,

(2) |lejb—bej|| <e for1<j<n andallbe F,
(3) |lewpjer]| > 1—¢ forl <j<m,
(4)

4) withe= > e;, [1 —e] <4 [a].
j=1

When A is a unital simple C*-algebra, the tracial Rokhlin property of the above definition
is weaker than the Rokhlin property as in [10, 12], we weak the condition (4) to only require
that the positive element 1 — e can be compared with the given positive element a by the action
of a.

We define a slightly stronger version of the tracial Rokhlin property.

Definition 2.5 Let A be a unital C*-algebra and let o € Aut(A). We say that o has the
tracial cyclic Rokhlin property if for every e > 0, every n € N, every nonzero positive element

a € A, every finite set F C A, F={p1, -+ ,Dm,a1, -+ ,as}, where {p;}, i =1,--- ,m are the
mutually orthogonal projections, there are the mutually orthogonal projections ey, ea,- -+ e, € A
such that

(1) |la(ej) —ejp1]] <e for 1 < j <mn, where e,11 = e,
(2) lejb—bejl| <e for 1 <j<n andallbeF,
(3) [leipjer]| =1 —¢ for1 < j <m,
(4) with e = Ze]7 [1_6] Sa [CL]
j=1

The only difference between the tracial Rokhlin property and the tracial cyclic Rokhlin
property is that in condition (1), we require ||a(e,) — e1]| < e.

Theorem 2.1 Let A be a unital C*-algebra with real rank zero, and let o € Aut(A) have
the tracial Rokhlin property. Then A is a-simple if and only if the crossed product A X, Z is

simple.

Proof Let I be an a-invariant norm closed two-sided ideal of A. Then, by [3, Lemma 1],
I x4 Z is a norm closed two-sided ideal of A x,, Z .

Conversely, let a be a positive element of the C*-algebra A, F = {a;;i = 1,2,---,n}
elements of A, s; € N, i =1,2,--- ;n and € > 0. We prove that there exists a positive element
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x € A with ||z|| = 1 such that
|lzaz|| > |la]| — &, |zaa® (z)|| <e, |za;i—ax| <e, =1,2,--- n. (%)

Because A has real rank zero, let € > 0, by [9, Theorem 3.2.5], there are mutually orthogonal

m
projections p1,pa, - - , pm and positive real numbers Aj, Ao, - -+, A, such that Ha = > \pi|l <
i=1
m
S . Let ap = Y Aipi, C = max{|la1], [Jaz|, -, |lanll}, N = max{si,s2,---,s,} and g =
i=1

M £ 13
min{ gpeoy o )

Apply the tracial Rokhlin property with N in place of n, with £ in place of £. We can
obtain eq, eq, -+, en, such that

(1) JJalej) —ejpill <epfor1 <j< N-—-1,

(2) |leja; —aiej|| <epfor 1 <j< Nandl<i<n,

(3) Jleipjer|l > 1—¢g for 1 < j<m.

m
Then |ejaper| = || D Mieipier ’ > | Nepier]] > Ni(1 —eg), i =1,2,--- ,m.
i=1
We get
€
lleraoer|| > [laol[(1 — €0) > [laoll — 3
Then
lleraer|| = |leraper + erae; — eraper]|| > ||leraper] — |leraer — erapeq ||
> leager|| - = > llaoll — = — = > flafl — 5 = = — = = Jlal| — ¢
eraper|| — = all — = — = al|l—=— = — = = |la|| -
= HR0E T g = Tl T g Ty = 3 3 3 ’
llera;a® (e1)]| = llera;a® (e1) — elaiasrl(eﬂ + elaiasrl(el)

—e1a;0% % (e1) + - -+ + era;at (eq)|
< [lerazat (ex)]| + (si = Deollasl|

< ||aielo<1 (e1)|| + sicolla:ll < (si + 1)egllai| < e.

So we get (*). Applying this condition and noticing that A is a-simple, we can complete
the proof the same as [5, Theorem 3.1]. We omit the details.
Applying (x) and the same proof of Theorem 4.2 in [4], we can get the following result.

Theorem 2.2 Let A be a unital C*-algebra with real rank zero and let oo € Aut(A) have
the tracial Rokhlin property and A is a-simple. Then any non-zero hereditary C*-subalgebra of

the crossed product A X, Z has a non-zero projection which is equivalent to a projection in A.

Lemma 2.1 Let B = M, 1) ® M3 @ --- @ M, be a finite dimensional C*-subalgebra of
a unital C*-algebra A, and let egfj) € B be a system of matriz units for My, s =1,2,--- 1.
Then for any § > 0, there exists o > 0 satisfying the following: If Hpegi-) — ez(-)si)pH < o and
||pez(-i»)p|\ > % fors=1,2,--- 1, i=1,2,--- 1r(s), then there is a monomorphism ¢ : B — pAp
such that ||pbp — ¢(b)|| < 6|[b]| for all b € B.

Proof Tt follows from the arguments in [9, Section 2.5] and [11, Proposition 2.3].

Proposition 2.1 Let A be a unital C*-algebra. Suppose that o € Aut(A) is approzimately
inner and has the tracial Rokhlin property. If for any closed two-sided ideal I of C*-algebra A,
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there is an n € N, here n only depends on I, such that Ko(A/I) is not n-divisible, then A is

a-simple.

Proof Suppose that A is not a-simple, so there exists a closed two-sided ideal I of C*-
algebra A such that «(I) = I. By the hypothesis, there is an n € N such that K(A/I) is not
n-divisible.

Let a € I be a non-zero positive element, and 0 < € < 1. There are the mutually orthogonal
projections ey, es, -+ , e, € A such that

(1) flaes) — ejpall <efor1<j<n—1,

(2) withe=3 e, [1 ¢ <a [dl.

j=1

Because « is approximately inner and by (1), we have [e1] = [ea] = - -+ = [e,] in K(A).

If p € A is a projection such that [p] < [b], where b € I is a positive element, then there
is a v € A such that v*v = p and vo* € bAb C I. If 7 : A — A/I denotes quotient map,
m(v)r(v*) =0in A/I, w(v) =0in A/I, then p € I.

In (2), [1 — €] <, [a]. By the definition of <,, a € I and the discussion above, we have
l—eecl,son(l—e)=0,[1—¢]=0in Ko(A/I), then nle;] = [1] in Ko(A/I). This contradicts
that Ko(A/I) is not n-divisible.

3 Main Results

In the proof of Theorem 3.2, we first prove TR(A %, Z) < 1, then use the following Lemma
3.1 to prove RR(A x4 Z) = 0. The following lemma is similar to [12, Lemma 2.5].

Lemma 3.1 Let A be a unital C*-algebra with real rank zero, and let o € Aut(A) have the
tracial Rokhlin property. Suppose that A is a-simple and the order on projection over A X, Z
is determined by traces. Let v : A — A X4 Z be the inclusion map. Then for every finite set
F C AxyZ, every € > 0, every nonzero positive element z € A X, Z, and every sufficiently
large n € N (depending on F,e and z), there exist a projection e € A C A X4 Z, a unital
subalgebra D C e(A x4, Z)e, a projection p € D, a projection [ € A, and an isomorphism
w: M, ® fAf — D, such that

(1) with (e; ) being the standard system of matriz units for M, we have p(e11®@a) = t(a)
foralla e fAf and p(err @ 1) € L(A) for 1 <k <mn,

(2) with (ej k) as in (1), we have ||p(ej; @ a) — o= (u(a))| < ellal| for all a € fAF,

(3) for every a € F, there exist by,ba € D such that ||pa — bi|| < e, |lap — b2|| < €, and
[[b1]], [1b2]] < [lall,

(4) there is an m € N such that 22 < ¢ and p = nzm plej; ®1),

Jj=m+1
(5) the projection 1 — p is Murray-von Neumann equivalent in A X, Z to a projection in

the hereditary subalgebra of A x4, Z generated by z and 7(1 — p) < & for all 7 € T(A x4 Z).

Proof Let e >0, F C A X, Z be a finite set, and let z € A x4 Z be a nonzero positive
element.

Let u be a standard unitary in the crossed product A x, Z. We regard A as a subalgebra
of A X4 Z in the usual way. Choose m € N such that for every x € F there are a; € A for

m
—m < | < m such that H:v - > alulH < % For each « € F, choose one such expression,

l=—m
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and let S C A be a finite set which contains all the coefficients used for all elements of F'. Let

M =1+ sup|lall
acs
Since Ax,Z has (SP)-property and is simple, by Theorems 2.2 and 2.1, we can use [9, Lemma

3.5.7] to find nonzero orthogonal Murray-von Neumann equivalent projections go, g1, - , gam €
2(A X0 Z)z.

Since A %, Z is simple, g is a nonzero projection, and the tracial state space T(A x4 Z)
of A x,, Z is weak-* compact, we have § = inf  7(go) > 0. Now let n € N be any integer

TET(AXAZ)

such that n > max(}, (N + 2)(2m + 1), 12).

Set g9 = 10(2m4f1)n2M'

Choose €1 > 0 so small that whenever eq, es, - -+ , e, are mutually orthogonal projections in

a unital C*-algebra B and w € B is a unitary such that |ue;u* — ejy1|| < &1 for 1 < j < n,
then there is a unitary v € B such that ||v — u|| < g9 and vejv* =e;41 for 1 < j <n. We can
use [9, Lemma 3.5.7 ] to find nonzero orthogonal Murray-von Neumann equivalent projections
hi,ho, -+ hpyo € m which are Murray-von Neumann equivalent in A x,, Z. Further
use Theorem 2.2 to find a nonzero projection ¢ € A which is Murray-von Neumann equivalent
in A x, Z to a projection in hy (A x4 Z)hq.

Apply the tracial Rokhlin property with n — 1 in place of n, with min(1,ep,e1) in place of
g, with S in place of F, and with ¢ in place of z. Recall the resulting projections ey, es, - , ey,

mn
and let e = ) ej, [1 —¢e] <, [gq]. Apply the choice of €1 to these projections and the standard
j=1
unitary u, and obtain a unitary v € A X, Z as in the previous paragraph.

We can get Conditions (1)—(4) by the same proof of Lemma 2.5 in [12]. We omit them.
It remains to verify Condition (5) of the conclusion. We have

m n
l—pzl—e—l—Zej—i- Z €;.
j=1

j=n—m-+1

By construction, we have [1 — €] <, [h1] < [go]. Now let 7 be any tracial state on A X, Z.
Then 7(e;) = 7(e1) for all j, whence 7(e;) < L. The inequality n > § > % therefore implies
7(ej) < 7(go). Since all g; are Murray-von Neumann equivalent, it follows that for any tracial
state 7 on A X4 Z, we have 7(e;) < 7(g;) and 7(ep—;) < 7(gm+;) for 1 < j < m. So the order on

projection over A x, Z is determined by traces implies that e; < g; and e,,—; < g5 in AXo Z

2m
for 1 < j < m. Thus [1 — p] <, [ > gj] which is a projection in the hereditary subalgebra
j=0

2(A X0 Z)z.

u = 1 2m
T(l—p)ZT(1—€)+T(;6j+ Z €j)§m+7<€.

Jj=n—m-+1
This is Condition (5) of the conclusion.
Theorem 3.1 Let A be a unital C*-algebra with real rank zero, and let o € Aut(A) have

the tracial Rokhlin property. Suppose that A is a-simple and the order on projection over Ax,Z
1s determined by traces. Then A X, Z has real rank zero.

Proof By applying Lemma 3.1 and the same proof of Theorem 4.5 in [12], we get the
theorem.
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Theorem 3.2 Let A be a unital AF-algebra. Suppose that o € Aut(A) has the tracial
cyclic Rokhlin property and A is a-simple. Suppose also that there is an integer J > 1 such
that o)y =idgc,(a). Then TR(A x4 Z) = 0.

Proof By Theorem 2.1, A %, Z is a unital simple C*-algebra.

Let 0 < e < 1and F C Ax,Z be a finite set. To simplify notation, without loss of generality,
we may assume F = Fy U {u}, where Fy C A is a finite subset of the unit ball which contains
14 and w is a unitary which implements «, i.e., a(a) = u*au for all @ € A. Choose an integer k
which is a multiple of J such that 2% < &. Put Fi = Fo U {u'a(u*)’ : a € Fo, —k < i < k}.

Fix by € (A x Z):\{0}. Tt follows from Theorem 2.2 that there is a nonzero projection
ro € A which is equivalent to a nonzero projection in the hereditary C*-subalgebra generated
by bo.

Let 0 = 17=- Since A is a unital AF-algebra, denoted by A = U Ay, where A,, is a finite-

dimensional C*-algebra for m = 1,2,--- , there is a lager enough m € N such that b €5 A4,,

forall b € F; and 14 € A,,. Let A,,, = Mr(l) S Mr(2) S Mr(l)- Note [(u ) euk] = [ ] in Ko(A)
for all projection e € A,,. By [9, Theorem 3.4.6], there exists a unitary w € U(A) such that
w* (uF)*buFw = b for all b € A,,. Because A is an AF-algebra, w € Uy(A). By [10, Lemma 2.6],
we have the unitaries w;, 1 = 1,2,--- ;k—1 associated with finite dimensional C*-subalgebra A,
such that w = wyws - - - wg—_1, ||w;— 1H < 755 Since b €5A,, for all b € F, there is an a(b) € A,

such that [|a(b) — al| < 0. Let e(s) be a system of matrix units for M, (s =1,2,---,1, i,j =
1,2---r(s)), and let Gy = {a(b )|b€.7:1}U{e ls=1,2,---.,1, 1,7 =1,2---7r(s)}.
Define Fp = {u'bu=": b € Gy, —k <i < k} and let wy = 1.

.7:3 = {(wilwilﬂ . --wi)a(wizwiﬁl . -wi)* ra € .7:1 U .7:2, 1 S i,il,ig S k, il S i, ig S Z}

Note that w,w; € F3, 1 =1,2,--- ,k — 1.

Since « has the tracial cyclic Rokhlin property, 653) € A,, is a system of matrix units
for M5, s = 1,2,---,1, let 0 > 0 be associated with A,, and § in Lemma 2.1, and let
7 = min{d, o}. Then there exist projections ey, eq, - , e € A such that

(1) |lale:) — el < £ for 1 <i <k, epq1 = e,

(2) ||eza - aelH < Z for a € Fs,

(3) ||ele 61H>1——for3—12 S li=1,20-001(s),

g
(@) [1- % e <alrol

i=1

Set p = 3 e;. From (1) above, one can estimate
i=1

k k k k
|up — pul| = H D uei— Y e ’ < ueirr —equl| =3 [lueirs — uale)|| < 7.
=1 =1 =1 =1

By (1) above, one can see that there is a unitary v € A such that |jv — 1| < 27" and

v'ureuv = ejy1, ¢ = 1,2,--- k. Set w; = wv. Then uje;ur = €41, ¢ = 1,2,--- ,k and
er+1 = e1. In particular, u’fel = elu’f. For any a € F3 N A,,, since w € F3,

erw*ey (ulf)*elaelulfelwel Ry e1aeq.
k
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By (2) and (3) above, it follows from Lemma 2.1 that there is a monomorphism ¢ : A,, — e; Ae;
such that ||p(a) — eraeq|| < d|al| for all a € A,,.
By applying [10, Lemma 2.9], we obtain unitaries z, z1, 22, - ,25_1 € Up(e1 Aey) such that

|z — eqwer || < 8, ||z — erwier|| < 8, ¥ = x1m2 - 21 and 2" (uf)*aukz = a for all a € p(A,,).

k .
Let Z =Y equt™ 'z (uf~")* + (1 — p)uy. Define B = ¢(A,,). Then
i=1

|1Z —uy| < mam{”:zcZ —e} < mam{”:zcZ —eqw;er|| + |lerwier —er||} <6 —|— —i— k: 5

(Z*)*bZ* = b for all b € B and
(ZYe1Z' < eirr, Z'=ub(mime---x) (W i=1,2,-- K, epi1 = €.

Write B = C1®Cy®- - - Oy, let {cg)} be the matrix units for C;, j =1,2,--- | N, where C; =
k=1 _
Mp;) and put ¢ = 1p. Define Dy = B@ @ Z**BZ*, and denote by D; the C*-subalgebra
i=1
generated by B and ¢) 7!, s =1,2,---  R(j), j=1,2,--- ,Nandi=0,1,2,--- ,k — 1. Then
D1 = B® M, anle D Dy.

k—1
Define ¢ = Z 7z 71, q) = Z ¢t and Q = Z ¢") = 1p,. Note Q = 3. (ZV)*qZ'
1= 1=0
and
k—1 k—1
¢z = (Zzi*cgJQZZ)Z ZZ (ZH1y*eld) 7i+1 = Z(Zzi*cgﬂgzi +cgg>) = Zq9).
1=0 1=1

It follows from [10, Lemma 2.11] that c%), c%) Z" and c%)Z kcgjl) generate a C*-subalgebra which
is isomorphic to C(X;) ® My for some compact subset X; C S'. Moreover, qgjs)qujs) is in
the C*-subalgebra. Let D be the C*-subalgebra generated by Dy and ¢ Z*cl?). Then D =

@ C(X;) ® B® Mj. Tt follows that ¢\) and @ commutes with Z. Therefore QZQ € D. Thus,

[Qu —uQ| < [[Qu — Qual| + [[Qus — QZ| + |1 2Q — w1 Q| + [[u11@ — uQ|

4n 27
<?+25+m<8

From QZQ € D, we also have QuQ €. D
For b € Fo, we compute
Rks+2n (Zl) qub (wyws - - w;) (WP *b
= (Z")*quy (wiws - - - w;) (W) bl (wiws - - w;i)* (uf)*
: [Uk_i(w1w2 R wz)*(ulf)*]*
Let ¢; = (u*~")*bu*~%. Then ¢; € F;. There is an a; € Gy C A, such that ||c; — a;]| < 6.

Since (wyws - - w;)F1(wiws - - -w;)* C F3, we have

(Z%)*qul (wywy -+ w) (W) buF T (wywy -+ wy)* (uf) [uF T (wywg - wg)* (uf) T
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= (Z")* qui (wrws - - w;)es (wiwa - - w;)* (uf)* [ub = (wrwy - - w;)* (uf)*]*

~ 5(Z0) qui (wiws - - wi)ag (wiws - - w;)*(uf)* [uh (wiws - - w;)* (uf)*]*

~ §(Z2") eru (wiws - - wi)ag(wiws - - wy)* (uf) [ (wiws - - w;)* (uf)*]*
2 (27 ul (wiwy - - wi)a; (wiws - - w;)* (uf) *er [uh~ (wiws - - wi)* (uf)*]*

5(Z°) uf (wywy -+ wy)es(wywy - wi)* (uh)*q[ub " (wrwy - - wy)* (uf)*]*

s (Z' ) uf (wywy -+ wy) (W) buF T (wyws - w;)* (uf) *guF T (wiwg - wg)* (uf) T

ko+2nb(Z)*qZ".

Q

Hence

1(Z20)*qZb — b(Z1)*qZ1|| < 2(k6 + 27 + 6 + 5) + % < % i=0,1,- k-1

Therefore, for b € Fo, ||Qb—bQ| < k- ($) = e. It follows that ||Qa — aQ|| < ¢ for all a € F.
For any b € Fy, a same estimation shows

1gZ°6(Z")*q — qui (wiws - - w;) (W) but " (wyws - w;)* (uf) *ql| < 2k8 + 4.

However, qub(wyws - --w;)(uF~)*bub = (wiws - - w; ) * (uf)*q €542544n B. It follows that, for
be Fo,
(Z)qZ'0(Z")*qZ" €< (Z')*BZ', i=0,1,--- ,k—1.

We obtain QbQ €. D1 C D and then QaQ €. D for all a € F.
k

Because {1 -> ei] = [1 — p] <q4 [ro] in A, there exist the mutually orthogonal projections
i=1
pi, the mutually orthogonal positive elements a; and s; € Z for i = 1,2,---,n such that
n

p =" pi,{a;}"_, belong to the hereditary C*-subalgebra generated by ro, and [a* (p;)] < [a4],
i=1

k
i=1,---,n. Because [a® (p;)] = [u®p;(u®)*] = [p;] in A X Z, we obtain {1 -5 el} < [ro] in
i=1
A Xy Z.

By computation we can get

a1 -3 <o <t
i=1
So TR(A%,7Z) < 1. The order on projection over A X, Z is determined by traces by [9, Theorem
3.7.2].
By applying Theorem 3.1, we have RR(A %, Z) = 0. By [10, Lemma 3.2], we conclude
TR(A x4 Z) = 0

Corollary 3.1 Let A be a unital AF-algebra. Suppose that o € Aut(A) has the tracial
cyclic Rokhlin property and A is a-simple. Suppose also that there is an integer J > 1 such
that oy =idg,(a). Then the restriction map is a bijection from the tracial states of A X Z to

the a-invariant tracial states of A.

Proof Since A has real rank zero and A x, Z also has real rank zero by Theorem 3.2, the
corollary follows from [7, Proposition 2.2].
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Example 3.1 Let A = Ay @ Ap, where Ay is an infinite dimensional unital simple AF-
algebra. Let 8 €Aut(Ap) be an approximately inner automorphism of Ay and have the traical
cyclic Rokhlin property as in [10]. Define o € AutA by «(a,b) = (8(b), B(a)).

Obviously, A is a-simple. Because ( is an approximately inner automorphism of Ay, there-
fore .o = idg,(a,), then we have a?y = idg,(a)-

Because 3 is an approximately inner automorphism of Ay and has the traical cyclic Rokhlin
property as in [10], furthermore by applying [10, Lemma 2.8], it is easy to verify that « has the
traical cyclic Rokhlin property in this paper.

So (A, «) satisfies the conditions of Theorem 3.2, then we have TR(A x4 Z) = 0.

Acknowledgement The author is grateful to Professor Huaxin Lin and Professor Yifeng
Xue for their helpful comments.

References

[1] Connes, A., Outer conjugcy class of automorphisms of factors, Ann. Sci. Ecole Norm. Sup., 8, 1975,
383-420.

[2] Herman, R. and Ocneanu, A., Stability for integer actions on UHF-C*-algebras, J. Funct. Anal., 59, 1984,
132-144.

[3] Jang, S. and Lee, S., Simplicity of crossed products of C*-algebras, Proc. Amer. Math. Soc., 118(3), 1993,
823-826.

[4] Jeong, J. and Osaka, H., Extremally rich C*-crossed products and the cancellation property, J. Austral.
Math. Soc. Ser. A, 64, 1998, 285-301.

[5] Kishimoto, A., Outer automorphisms and reduced crossed products of simple C*-algebra, Comm. Math.
Phys., 81, 1981, 429-435.

[6] Kishimoto, A., The Rohlin property for shifts on UHF-algebras and automorphisms of Cuntz algebras, J.
Funct. Anal., 140, 1996, 100-123.

[7] Kishimoto, A., Automorphisms of AT-algebras with the Rohlin property, Operator Theory, 40, 1998,
277-294.

[8] Lin, H., Tracial topological ranks of C*-algebra, Proc. London Math. Soc., 83, 2001, 199-234.
[9] Lin, H., An Introduction to the Classification of Amenable C*-Algebra, World Scientific, Singapore, 2001.

[10] Lin, H., The Rokhlin property for automorphisms on simple C*-Algebras, Operator Theory, Operator
Algebras, and Applications, Contemp. Math., Vol. 414, A. M. S., Providence, RI, 2006, 189-215.

[11] Lin, H., Tracially Quasidiagonal Extensions, Canad. Math. Bull., 46(3), 2003, 388-399.

[12] Osaka, H. and Phillips, N. C., Stable and real rank for crossed products by automorphisms with the tracial
Rokhlin property, Ergodic Theory Dynam. Systems, 26(5), 2006, 1579-1621.

[13] Rgrdam, M., Classification of certain infinte simple C*-algebras, J. Funct. Anal., 131, 1995, 415-458.



