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Abstract The author determines the real-analytic infinitesimal CR automorphisms of
a class of non-homogeneous rigid hypersurfaces in C¥*! near the origin, and the con-
nected component containing the identity transformation of all locally holomorphic auto-
morphisms of these hypersurfaces near the origin.
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1 Introduction

It is well-known that the set of all locally holomorphic automorphisms of the hyperquadric
Spi1 = {(z,w) € C" x C | Imw = |z|?} is the group of SU(n + 1,1) given by fractional linear
transformations. This group plays an important role in the study of spherical CR manifold (cf.
[19]). It is interesting and important to determine all locally holomorphic automorphisms of a
real submanifold in C™ (cf. [7]). A criterion for the finite dimensionality of the automorphism
group of a hypersurface was given by Stanton [17, 18]. Baouendi, Ebenfelt and Rothschild
[3, 4] also studied the condition under which the Lie algebra of locally defined infinitesimal
CR automorphisms of a real submanifold is finite dimensional. On the other hand, Beloshapka
[5] obtained a description of the Lie algebra of infinitesimal automorphisms of any quadric Q.
Shevchenko [16] constructed canonical forms for nondegenerate CR-quadrics of codimension two
in a complex space and gave a complete description of the algebra of infinitesimal holomorphic
automorphisms. Ezov and Schmalz [9] realized arbitrary automorphism of a non-degenerate
(n,2)-quadric by a rational map of degree not more than two. For higher codimension, it is
known that each (3,3)-quadric possessing non-linear automorphisms is equivalent to one of
eight quadrics (cf. [13, 14]), whose automorphism groups are determined in [1].

For higher degree model surface, Beloshapka considered the surface Q3 in the space C" &
C"” @ CF with coordinates (z € C", wy € (C"2, ws € CF), given by the equations Imwy =
(2,%Z), Imws = 2Re®(z,%), where (2,%) is an n? scalar linearly independent Hermitian form,
and ®(z,%) is a homogeneous C*-valued form of degree three, and gave the structure of the
automorphism algebra of the cubic (cf. [7] and references therein). See [6, 15] for results for
the polynomial models of even higher codimension and degree. It is also interesting to consider
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the case when the domain and the image of a holomorphic mapping are different, e.g. from B™
to BN, n # N. Huang, Ji and Xu classified the proper holomorphic mappings f : B” — BN
between the unit balls in C* and CV with N >n > 1 (cf. [10, 11]).

All models above are homogeneous, i.e., the holomorphic automorphisms act on them tran-
sitively. Moreover, these models can be given the structure of nilpotent groups. Kolar [12] gave
a complete description of local automorphism groups for Levi degenerate hypersurfaces of finite
type in C2. Here we consider a class of non-homogeneous rigid hypersurfaces in CN*1.

Let M be a real rigid hypersurface through the origin in CV*1!, i.e., there are coordinates
(21, -+, zNn,w) such that M is given by an equation of the following form:

Imw = F(z,%). (1.1)

Consider the non-homogenous rigid hypersurfaces of the form

N
D= {1 2now) € CVF Imw = 37 |52, (12)

j=1

where n; € Z4 and n; > 1.

By a germ at the origin of holomorphic automorphism of I'; we mean a local biholomorphism
of CN*! defined in a neighborhood U of the origin that maps U N T into I'. We denote by
Aut(T,0) the set of germs at the origin of holomorphic automorphisms of I'. Also denote by
hol(T, 0) the set of real-analytic infinitesimal CR automorphisms of I" at the origin, i.e., hol(T", 0)
consists of all germs at the origin of vector fields X tangent to I' such that the local 1-parameter
group of transformations generated by X are biholomorphic transformations of CN*! preserving
I'. From [2, Proposition 12.4.22], hol(T",0) can be written in the following form:

Y ) )
hol(T",0) = {X(z,w) =2Re (Z fﬂ(z,w)g + g(z,w)%) }, (1.3)
p=1 a

where X is tangent to I', f,(z,w) and g(z,w) are holomorphic functions near the origin and
z = (21,22, ,2n). By AutoT' we denote the set of germs in Aut(T',0) preserving the origin.
Denote by holy I' the set of vector fields in hol(I",0) vanishing at the origin.

In this paper, we obtain an explicit formula of hol(T, 0).

N
Theorem 1.1  Suppose X = 2Re [ > fulz, w)% —I—g(z,w)%} € hol(T",0). Then locally
p=1

in a neighborhood of the origin, the functions f,,g can be written in the following form:

n1 . ni
fulz,w) = (—a1 + lﬁu)zu + —z,w,
ny, ny,

g(z,w) = njaow? + 2n1a1w + as,

(1.4)

whereak, 6H€R7 k:172737 le,,N

We also get the connected component of the identity transformation of Aut(I',0), which is
denoted by Autiq(T,0).
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Theorem 1.2 (I, - ,Fy,G) € Autiq(I',0) if and only if functions F,, and G can be
written in the following form:
ni
7w i0 )\2711
Fu(zw) = 222251 Gz w) = w

(1 + ylw) R

where A € Ry, v1,72,0, € R, p=1,--- N.

We will prove Theorem 1.1 in Section 2. In Section 3, we obtain a representation of Aut(T", 0),
and get the connected component of the identity transformation of Aut(I',0) by using this

representation.

2 Real-Analytic Infinitesimal CR Automorphisms of I

By definition (1.2), I" is defined by the equation

N —
- njon; W W
p(z,w,z,W) = sz e 0. (2.1)
=1
N
Since any X = 2Re [ fulz,w) 8(3 + g(z,w)a%} € hol(T', 0) is tangent to I', we have
p=1 *
N N N
Re fig(su+ 13015 + 230 masfe E (s ut i )| =0 (22
j=1 p=1 j=1

N
for w=wu+i3" |2j/* and (z,u) € U, where U is a small neighborhood of the origin in CV x R.
Jj=1

Proof of Theorem 1.1 The theorem is proved by solving equation (2.2) in the class
of formal power series. This method was originally used by Beloshapka [7] for homogeneous

models.
Let X =2Re [ g: fulz, w)%—i—g(z, w)a%} € hol(T", 0). By Taylor’s expansion with respect
to variable w at thlé:;ioint w = u, we have
N m
Mmﬂ;wmzzm%w =,

m=0
m
N i ( |2 |2nj)

ozt i l5) = 3 g )

j=1 m=0

(2.3)

(o

Il
-

where fﬁm) (z,u), g™ (z,u) indicate differentiation with respect to w. Since f,(z,u) and g(z, u)

are holomorphic in z, we can write

f#(zvu):Zf#k(Zau)v g(z,u):ng(z,u), (24)
k=0 k=0
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where
f,uk(tzvu> :tkf,uk(zvu)a gk(tzvu) :tkgk(zau)'
Now substitute (2.3) and (2.4) into (2.2), we get

0=- Z [Qk(Z,U)—i-lg;C(z,u)A — igg(zju)A _ _gg/( )AS +- :|

2 P 6
i — , 1 S
~5 kgo {gk(z,u) —igp(z,u)A - §gk(z u)A2 + 69;“”(2 u)A3 4+ - }
s TE Y e w) + il w)A = S ik w)A £
k=0

e . 1
+niZt 12 [flk(z,u)—lf{k(z,u)A 3 (2, u)A2—|—~-.}

1
+ Nz TR E [ka z,u) +ifyi(z,u)A 3 ]/\/fk(zau)AQ'i_"'}
k=0

+ NN EN T Z {ka(z,u) —ifye(z,u)A - %fj’\’,k(z,u)A2 + e }, (2.5)

N

where A = > |2;]?", /7 indicates differentiation with respect to w, and “--” denotes the
j=1

other terms of %% with |3] > 3. Here a = (a1, ,an), 3 = (B1,---,Bn) are multi-indices

N
with ay, B; > 0 and 2% := 201297 -+ 20N, 27 = Eﬁlz[b . E?VN, |8 := > ;. In the following,
j=1

we call a term is of type (k,1) if it has the form > hZ(u)2%Z° for some function b (u).
lal=k
=

Let us collect terms of type (k,1). Firstly, we consider the terms of type (k,0) in (2.5). Note

that gr(z,u) and fur(z,u) are terms of type (k,0) and gi(z,u), fur(z,u) are terms of type
(0, k). Consider terms of type (m,0), m > 0 for example. Since n; > 1, j =1,---, N, terms in
the third to the last rows in (2.5) contain the factors Z” with |3| > 1, and in the second row all
terms but (0,0) include the factors Z° (|3| > 1), therefore terms of type (m,0) only appear in
the first row. Furthermore, in this row, the terms concerning g( )( u) (6 > 1) also contain the
factors 27 with |3| > 1. So they only exist in the first summation in this row, i.e., %gm(z,u).
Therefore, on the right-hand side in equation (2.5),

(0,0) term : —Im go(z,u),
(m,0) term : %gm(z,u), m > 0.
So we have

Imgo(z,u) =0, gm(z,u)=0, m>0. (2.6)

To determine f,i(z,u) (p=1,---,N), let us consider all terms of type (k,,n,) (k, > n, —1)
which contain zﬁ“flfz“ on the right-hand side of (2.5),

(ny —1,n,) term : n#zﬁ“_liz“fﬂo(z,u),
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1 -
(s ) term s = 2 (go(2,u) + g6 (2, w) 2™
+npfu(z, u)z:f“_liz“ +npfu(z, u)zﬂ“%ﬁ“_l
= —gé(z,u)|zu|2"“ —i—nuful(z,u)z"“_liﬁ'* (2.7)

“w
+npfu(z, u)zﬁ“%ﬁ“il,

1
(k+nu —1,n,) term: ~ — 59;9—1(27U)|Zu|2n“ + ”ufuk(27“)23“7122“
= nufuk(z,u)zﬁ“AEZ“, k> 2.
We have used (2.6) in (2.7). Therefore,
qu(Zuu):Oa fuk('zvu)zou k227 (28)
90(z, u)|zu|2 —nufu(z, W)z, —nufu(z,u)z, =0, p=1,---,N. (2.9)
To determine f,1(z,u), we consider all terms of type (2n,,2n,) which contain zin“_lii"“_l in
(2.5), i.e.,
i STV n . n,—l=n n
0= —7(90(z,0) = g5 (z,w) )|zl "™ + iy fia (2, w) 2~ 200 [P
—inufl, (z,u)zﬁ“?ﬁ“_1|zu|2"“. (2.10)
Then by (2.6), we get
fua ()2 = [l (z,u) 2, = 0. (2.11)

Now let us collect all terms of type (3n,,,3n,) which contain zﬁ"“flfi"“il in (2.5). We have

YR n 1 n,—lzn n
0= (68 () + G )Nl — S fi (2 w) = 27
1 LI oSS — n
- En#f;t’l(z,u)zu“zu“ 1|z#|4 ", (2.12)
Therefore,
1 ~ _
ggg'(z,u)|zu|2 —nufin (2,02, —nuflh(z,u0)2, =0, p=1,--- N. (2.13)
From (2.9), (2.11) and (2.13), we get
90 (z,u) =0, fii(z,u)=0, p=1,---,N. (2.14)
It is easy to see from (2.9) that each f,1(z,u), p = 1,---, N, can not contain the factor zj

with k # pu. Now we conclude that

fih(zu) =0, p=1,--- N,
fur(z,u) =0, k#1,
Imgo(z,u) =0, g¢'(zu)=0,
gm(z,u) =0, m # 0.
Since fu(z,w) and g(z,w) are holomorphic functions near the origin, and fui(z,u) (1 =
1,---,N) cannot contain the factor z, with k # p, together with (2.15), we find that f,
and g must be written in the following form:

(2.15)

fulz,w) = fu(z,w) = apzy +bpzpw, p=1,--- N,

, (2.16)

g(z,w) = go(z,w) = v+ Pw + aw
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for some o, 3,7 € R, a,,b, € C.
N
Since X = 2Re [ S fulzw) 52 + g(z,w)a%] € hol(T', 0) is tangent to I', f, and g given
p=1 *

by (2.16) satisty (2.2), i.e.,

N
Re {1(7 + Bw + aw?) + 2 Z nuz 2 (a2, + buzuw)} =0 (2.17)

p=1

N
for w =u+1Y" |2;/* and (z,u) € U. Then
j=1

N N
2
0=Re [17+15(“+12|Zj|2nj) +ia(u+iZ|zj|2"f)

j=1 j=1
N N
+2 Z N (au +buu by, Z |Zj|2nj) |Zu|2n”}
p=1 Jj=1
N
= > [(2n Rea, — B)[z, ™ + (2m, Reb, — 2a)ulz,
p=1
N
—2n,, Imb#|z#|2"“(z |zj|2"j)}. (2.18)
j=1
Thus,
8 =2n,Rea,, a=nyReb,, Imb,=0, p=1,--- N. (2.19)

Let aq, a2, ag and 3, € R denote Reaq, by, and Ima,,, p=1,---, N, respectively. Then

n n
a, = n—1a1+iﬁu, b, = n—1a2, pw=1,---,N. (2.20)
W Iz

Thus, (1.4) follows from (2.16) and (2.20). This proves Theorem 1.1.

3 Locally Holomorphic Automorphisms of I
Let (z,w) — (Fu(z,w), -, Fni(z,w), Gi(z,w)) be a one-parameter group generated by
N
X =2Re [ > fﬂ(z,w)% +g(z,w)%} € hol(T',0) with Fjo(z,w) = 2., Go(z,w) = w, ie.,
p=1

F,; and G; are solutions to the initial problem of the following ordinary differential equation,

dF;
—d:t = fulF1e,  Fne, Gy) = (%041 + iﬂu)F#t + %O‘QFMG“
i H
dG
d_tt — g(Flt7 . 7FNt7 Gt) = ’]’L10(2Gt2 =+ 2n1a1Gt + a3, (3]‘)
F,U.O(Zaw) = Zus
Go(z,w) = w,

where ay, 8, € R, k =1,2,3, p =1,---,N. Recall that holyI' is the set of vector fields in
hol(T", 0) vanishing at the origin.
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Proposition 3.1  The transformation (Fy,--- ,Fn,G) : T — T generated by any X =
N
2Re [ > f#(z,w)% +g(z,w)2 } € holg T can be written in the following form:
p=1 .

ow
ny o,
AT i§n Ain
F#(z,w) = LZT) G(va) = Y ) (32)
(1 + yw) ™ L+qw

where A€ Ry, v,§, €R, p=1,---,N.

Proof Since X € holyI' vanishes at the origin, f,, ¢ can be written as (1.4) with az = 0.
Now let us solve the ordinary equation (3.1) with ag = 0.
(I) When a; =0, the second equation in (3.1) can be written as

dG
d—tt = nlang (33)
with Go(z,w) = w. So we have
Gz, w) = ———— (3.4)

1l —njastw’
Then substitute (3.4) into the first equation in (3.1) to get
dF,;

. ni . ni1oWw
_ ™M G ) P, = ( —) 3.5
dt (16“4_ nHOé2 b)omt i+ nu (1 — niastw) Kt (35)
It is easy to see that
elfut 5
Fui(z,w) = E . (3.6)
(1 — nyagtw)™s
Denote &, = B,t, 61 = —niast. Then
el z w
Fu(z,w) = ——— Gi(z,w) = , (3.7)
' (1+ 6yw) ™ L+ dw
where &,,61 € R.
(IT) When «; # 0, the second equation in (3.1) can be written as
dG
d—tt = nlonG? + 27110[1Gt. (38)
By multiplying G; 2 on both sides in (3.8) and setting X = G; !, we have
dXx
E = —27’L10[1X — N0 (39)
with initial data X (0) = w~!. Now solving this linear ordinary equation of first order, we
obtain
1 (0%} _ 9
X = (=4 2 )eramart - 22 3.10
w + 201 ¢ 2001 ( )
Therefore,
2 2niaqt
Gy =X"1= . (3.11)

- 20[1 + 042(1 — einalt)w'



208 Q. Y. Wu

Then substitute (3.11) into the first equation in (3.1) to get

dF#t (nl . ny
= (= 2LasGy ) F,
ar nual +16”+nua2 t ) Fut
ni . ni 20 pe?1 1ty }
=|— — F, 3.12
[nu a1 +if, + ny 201 + as(l — e2rmient)y H (3.12)
with Fj,0(z,w) = z,. So we have
L (HLag+iB)t
201 ) e e e 2
Fu(z,w) = (201) L (3.13)
201 + ag(1 — e2ment)y] e
Since a1 # 0, we get
(Z_la‘lJFiﬁu)t 2njait
e " z e w
F(z,w) = " , Gi(z,w) = — (3.14)
H [1+ 205721(1—627110‘116)“)]% 1+ﬁ(1—62n1a1t)w
Denote A = ¢! € Ry and ds = 52 (1 — ¢"*1") € R. Then
ni1 .
N7 el A\2n1
Fui(z,w) = eizﬁ, Gi(z,w) = iy (3.15)
(1_’_52“})@ 1+ dow

From (3.7) and (3.15) we have (3.2). The proposition is proved.

Let M C C" be a CR submanifold and py € M. Then M is said to be of finite type m at
po if the tangent space of M at point pg is spanned by commutators of length m of sections of
TYOM & T%*M and is not spanned by commutators of length up to m — 1. By of finite type
we mean that the type at each point p € M is less than a fixed positive integer.

The complex tangential subbundles T*°T of the CR manifold T is spanned by

8 . n;i—1l_n; 8 .
Zj:a—zj—i-%njzjj ij%, j=1,--- N, (3.16)
and T%'T" = T1OT, which is spanned by Z; = % - 2injz;j2?j_l%, j=1,---,N. We have
(Z;, Z;] = —2in3|2;|*™ T,
- . n;—2_n;—1
Z;,1Z;,Z]| = —2m§(nj —1)z7 7z T,
125,125, Z5)), Z;] = 2in} (n — 1)|*™ T,
(3.17)
[[ZJ Tty [Zja [Zja7j]]a e a]aZJ] = (_1)71]21(”][)2777
n; n

where T' = % + %.
By taking oy = ap = 0 in (3.1), it is easily to see that (Fi(z,w),- -, Fn(z,w), G(z,w))
with F, and G satisfying
F.(z,w) = 2,6,  G(z,w) = w +ty, (3.18)

where §,,t1 € R, u=1,---, N, is a biholomorphic transformation from I' to I'. Let 7" denote
the group of such transformations.
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Proposition 3.2  Aut(I",0) =7 o AutoI'.

Proof Suppose that H is an arbitrarily chosen element in Aut(T",0). We claim that H
maps (0,---,0) to (0,---,0,¢;) with ¢; € R. Let

P:={(0,--,0,t)| t € R}. (3.19)

N
Clearly, P C T'. By (3.17), we see that I is of type 2 at the points (21, -+, zn5,w) with > |z,] #
p=1

0, and is of type n = 2min{nq,--- ,ny} > 2 at the points in P. Since the type is preserved
under locally biholomorphic transformations, there is no biholomorphic transformation mapping

N
(0,---,0) to (21, ,2n,w) with Y |z,| # 0. Consequently, for H € Aut(T,0),
p=1
H(Oa 70) = (07 aovtl)

for some t; € R. Set Hy = (Fi,---,Fn,G) with F),, G given by (3.18). Then H; is a
biholomorphic automorphism of I" mapping (0,---,0) to (0,---,0,¢1). So we have

H = H, o Hy, (3.20)
with Hy := H; ' o H € Aut(T,0). Since
Hy(0) = H; ' o H(0) = H; ' o Hy(0) = 0,
therefore, Hy € AutoI'. Hence,
Aut(T,0) C T o AutgI'. (3.21)

Obviously, 7 o Autg I’ C Aut(T',0). The proposition is proved.

Proof of Theorem 1.2 From (3.17) we can see that the real-analytic hypersurface T is of
finite type. Hence, by [8, Corollary 1.6], Auto I is a Lie group. It is obvious that holy I is its Lie
algebra. Therefore, holgI' can generate a connected component of AutoI'. From Proposition

N
3.1, the transformation generated by any X =2Re | > fu(z, w)% +9(z, w)%} € holp I' can
p=1 "

be written as

They(z,w) = (Fi(2,w), Fo(z,w), -, Fn(z,w), G(z,w))

(3.22)

] 1

_( Aelé1 2 )\%ei&zg )\:_leeigNzN )\2"1w)
(1 +w) i (1+yw)m (1 +yw)in L+w

forsome A€ Ry, ,,v€R, p=1,---,N. Consequently,

T={T\ | NER,, £ = (&, - ,&n) €ERY, yER}

is a connected component of AutgI'. Then by Proposition 3.2, 7 oT is a connected component
of Aut(T',0), whose elements can be written as (1.5). Clearly, the identity transformation is in
this component. This proves Theorem 1.2.
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Remark 3.1 We use I'* to denote (1.2) with n;, = -+ =n;,, = 1, where 1 < i; < N.
We can also determine the real analytic infinitesimal automorphism of I'* near the origin and
the connected component of the unit of Auty['*, which is more complicated and will appear
elsewhere.
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