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Abstract This paper is concerned with the decay estimate of high-order energy for a
class of special time-dependent structural damped systems represented by Fourier mul-
tipliers. This model is widely used in the fields of semiconductivity, superconductivity,
electromagnetic waves, electrolyte and electrode materials, etc.
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1 Introduction

Fractional order equations are useful models for the description of anomalous dynamic be-
haviors, such as charge carrier transport in amorphous semiconductors, nuclear magnetic reso-
nance diffusometry in percolative and porous media, transport on fractal geometries, diffusion
of a scalar tracer in an array of convection rolls, dynamics of a bead in a polymeric network,
transport in viscoelastic materials, etc. For the Cauchy problem of the fractional order operator
& = 07 + (—A)? in the sense of Fourier multipliers, we define the o-energy (o > 0) of the
solution as

1 1
Eo(u)(t) = §HUH2' omy) T §||ut||2L2(RN)'

It is clear that the energy conservation law holds as in the case of classical wave equations.
Generally speaking, a moderate damping term will engender energy decay; for instance, in the
field of electromagnetic waves, a kind of polynomial decay has been observed for the damped
wave equations which describe the voltage and the current on an electrical transmission line
with distance and time: B

1
E; - —AE+ —E, =
w= o BT pE =0,

where E = (V,I)T, V denotes the voltage, I the current, L the distributed inductance, C' the
capacitance, R the distributed resistance of the conductors. We know that, except for supercon-
ductors below critical temperature, in the physical world, metals, semiconductors, insulators,
ionic liquids and electrolytes all generate distributed resistance and inductance arising from the
movement of electrons. As times goes on, the electromagnetic field energy will be changed into

Manuscript received May 14, 2008. Revised May 7, 2009. Published online February 2, 2010.
*Department of Mathematics, Zhejiang University, Hangzhou 310027, China. E-mail: dyf@Qzju.edu.cn
**Corresponding author. Department of Mathematics, Zhejiang University, Hangzhou 310027, China.
E-mail: lvxiaojun1119@hotmail.de
***Faculty for Mathematics and Computer Science, TU Bergakademie Freiberg, Priiferstr. 9, 09596
Freiberg, Germany. E-mail: reissigQmath.tu-freiberg.de
****Project supported by the National Natural Science Foundation of China (No. 10871175).



238 D. Y. Fang, X. J. Lu and M. Reissig

thermal energy. At the same time, the electric resistance of a typical metal increases linearly
with rising temperature, while the electrical resistance of a typical semiconductor decreases
with rising temperature. Consequently, R is not a constant any more, but is a function of time.
With [7, 8] one has considered the energy decay of the operator . = 8?2 — A + 6(t)0; which
explains the above phenomenon. As a matter of fact, when we apply a certain viscoelastic effect
to the damped term, the situation will change. This is demonstrated in [5]. For Fj(u)(t) of
the operator .Z = 02 — A — Ad;, there is no decay any more due to the viscoelastic influence.
This shows an important fact of the alkaline cells. The more electrolyte and electrode material
there is in the cell, the greater the capacity of the cell, and the longer the discharge time.

Denote A = —A. In this paper, we mainly consider the time-dependent viscoelastic damped
system of fractional orders:

{utt +0(t)A%up + A% u =0, in (0,00) x RV, (1.1)

(u(0,2), 0,u(0, 7)) = (uo(x),u1(x)), in RN,

Next we introduce three types of 6(t) as a classification of damping effects.

I'® (Constant Structural Dissipation): 0(t) = u, u € (0, +00);

'™ (Strictly Decreasing Structural Dissipation): 6(0) € (0,2), (t) € C'[0,00) strictly
decreases to 0, and

t
/ O(r)dr > 1, as t— +oo;
0
r@ (Strictly Increasing Structural Dissipation): there exists a critical point 7. > 0, such

that 6(T.) € (2,+0o0), and when t € [0,7,), 6(t) = 0, 0(t) € C?[T., 00) strictly increases to +0o
and

t

/0*1(7)d7'>1, as t — +oo.

Moreover, when t > T,

( " 0(t) \?
0" (t)] < d20(t)| ==

o 17 01<00(5e)

with ©(t) := f:ﬁc 0(7)dr, and the constants dy,d1,ds > 0 are all independent of ¢.
Accordingly, we define the homogeneous high-order energy of the solution as

do

EZ(u)(t) == HUHZI\NH%(RN) + ||ut|‘§—'[\n\(RN)
with |k| > 0.

Remark 1.1 When o = %, this model is frequently used in the determination of lifespan
for primary or rechargeable batteries. When o = 1, this is the Petrowsky system.

Remark 1.2 Typical 0(t) for the strictly decreasing or increasing structural dissipations
are classified as
(1) 0(t) = (14 t)0(log(e + )~ - (log™ (el™ + )= with p € (0,2), nonnegative
o (0] [m+1]
Yis

=1, z = loglog!™ z and
e[erl] — e°

1,---,m and vy € (0,1]. In particular, log

[m]

x = =z, log

(2) 0(t) =l +1¢)7, e (2,+0), v€(0,1].
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Remark 1.3 The case I'® models the typical superconductivity phenomenon occurring
in certain materials generally at very low temperatures, characterized by exactly zero electrical
resistance and the exclusion of the interior magnetic field (the Meissner effect), including tin
and aluminium, various metallic alloys and some heavily-doped semiconductors. Generally
speaking, the electrical resistivity of a metallic conductor decreases gradually as the temperature
is lowered. However, in ordinary conductors such as copper and silver, impurities and other
defects impose a lower limit. Even near absolute zero, a real sample of copper shows a non-zero
resistance. This is why we assume 6(7,) > 2, T, = 0 for this model. And the resistance of a
superconductor, despite these imperfections, drops abruptly to zero when the material is cooled
below its critical temperature. In this case, T, > 0.

Now we denote H* as H*(R"™) (s > 0) and turn to the main result.

Theorem 1.1  For Cauchy problem (1.1) with a positive 0(t) satisfying T, T or 1),
for large time t, we have

P _ Irl+20 _ sl

PO By w)(t) S 5 Juolsas +17 % a3 (1:2)
t _lxl420 t _lxl

P E5@) S ([ 00r) T ol + ([ 6)ar) " (1.3)
0 0
t _ rl+20 t _ Il

P B0 S ([ 070dr) 7 ol + ([ 07 0ar) T Juall . ()
Te Te

Remark 1.4 When we choose 6(t) = u(1 +t)°, |5 € (0,1], u > 0, for sufficiently large
time, we have the following polynomial decay and log-type decay respectively:

_Qa—]sDIkl
”uO”iﬂsza +t 7 ||U1||§1\~\7

_a=1spU~xl+29)

0] € 0,1) + Eg(u)(?)
ol =1:  EZ(u)(t)

o~

|~

= Ol -

N
_ Inl+20
Slog™ 7 (O)uolljiee0 + log

The rest of the paper is organized as follows. Section 2 is devoted to the constant structural
dissipation, while Section 3 is for strictly decreasing structural dissipation and Section 4 for
strictly increasing structural dissipation. Some powerful tools from micro-local analysis and
WKB analysis will be used to obtain the precise decay estimates. In the final analysis, some
concluding remarks concerned with engineering applications and open problems complete this
paper.

2 Constant Structural Dissipation

In this section, we deal with the constant structural dissipation, which corresponds to the
constant distributed resistance of the conductors.

Denote v(t, &) = u(t,£). After partial Fourier transformation, (1.1) becomes

¥m+uM%M+KWU—Q
(0(0,€),0:(0,6)) = (v0(£), v1(£))-

Let

_ —1)etl /2 —
nig) = VTV e 219
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Then apply the basic principles for ordinary differential equations, we have the following explicit
representations concerned with the solution:

(1) For p# 2,
0(t,€) = (A1 exp(Xat) — Ag exp(Ait)) (A1 — A2) " oo (€)
+ (exp()\lt) — exp()\gt))()\l )\2) U1 (S) (2 2)
ve(t,€) = (exp(Aat) — exp(At)) A1 A2 (A1 — Aa) "o (€) '
+ (A exp(A\it) — Agexp(Aat)) (A1 — A2) Loy (€);
(2) For p =2,
v(t,€) = (1 — \it) exp(Mt)vo(§) + texp(Ait)vi (), (2.3)

vi(t, &) = —tAT exp(Art)vo(€) + (1 4 tAr) exp(Ait)vr ()

with A\; + Ao = —p[€]?7, A\ — Ao = /2 — 4|€[>7 and A\ A2 = [€]*9. Actually, according to the
mean value theorem, when we choose a fixed 0 < e < 1,for2—e<pu<2and 2 < pu <2+e¢,
(2.2) can be transformed into

u(t, €) = (exp(Mit) — Aitexp(At))vo(€) + t exp(At)vy (€),

- N 2.4
ve(t, &) = —tA1 dg exp(At)vg(§) + (exp(Aat) + tA1 exp(At))v1(€), 24

X lies between A; and Ag. In particular, in C, only the imaginary part changes accordingly, i.e.,
A1 and A2 have the same real part. hy may be not identical in (2.4); since no confusion appears,
we keep the same notation. For the intervals 2 —e < p < 2 and 2 < p <2+ ¢, we deduce from
(2.4) respectively (c is independent of ¢ and p):

€11 ot )] < exp(—culg*7t) (1€ *[oo(€)] + €117 ur (§)]), (2.5)
€115 e (2, )] < exp(—cul€l ) (€427 uo (€)] + [&]]vs (€)]),

€110t )1 S exp(—eu = /i = DIEP )1l (O] + Il Pn O,
€l (8, €)] S exp(—c( — v/uZ = DIEPTE)(1E]+27 o0 (€)| + €] o1 (£)]).

When p = 2, one easily finds out that the estimates are just the limit case of u — 2 in (2.5)

r (2.6). This indicates the continuity of the estimates for 2 — e < u < 2 + €. For the other
intervals, we apply the same procedure and reach similar conclusions. Finally, the property of
exponential functions and the Parseval’s formula jointly show (1.2).

3 Strictly Decreasing Structural Dissipation

In this section, we consider the strictly decreasing structural dissipation, which corresponds
to the nonconstant distributed resistance of typical semiconductors. Define D; := —id; and the
micro-energy:

V(t,€) = (vi(t,€), v2(,€))" = (I€1*70(t,€), Deo(t,€))T.
We tackle this problem by virtue of the fundamental system of

D,V — AV := DtV—( 0 €1 ) =0 (3.1)
' €177 i0()[€1> ' '
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The characteristic roots for A are

N 0 o VA 2 O R[S
1 T 2 ) - ) M

The system of the corresponding eigenvalues is

1 1
°09= (3,006 01>
with ||®(¢,&)|| = 1. Moreover,

det B(t, &) = —VCOIER + g —62(t) + 4.

€12

From the monotonicity of § and 6(0) € (0,2), we conclude that |det ®(¢,£)| ~ 1. This fact
indicates that ®(¢,&) is invertible and its inverse is

. _ L N9~
o7t 8) = _92(t)+4<—A1(t,§)|£|‘2“ 1>

with [|®~1(£,€)|| ~ 1. Let V(t,£) = ®(t, &)V (¢, £). Then

D/ V,:=92V, - BV, =d A0V, — &1 D,dV,.

And the concrete forms are

D1 4D — ding (\/—92@ + 4|§2|2° + ie(t)lﬁl%, —/=02(t) + 4|2§|20 - i@(t)|§|2‘7)7

7LD, ® = (det ®(t, €)[¢]>7) ! (—Dm(t,g) _Dt)\Q(t,f;)

DiAi(t,€)  Dida(t, €
0'(t) __0@me'() 0'(t) + - 0()0'(t)
o V-02(t)+a 103D+ N O S RO
o\l __om + ()0’ (t) 0@ __o@e')
\/—02(16)-1—4 i(—02(t)+4) \/_92(,5)+4 i(—02(t)+4)

The fundamental solution for this equation is £ = E;Q with
1
Ei(t, 5,61 = exp / V—02(t) + 4)¢)2dr — 5 9 |§|2"d7
By (5.6 = exp (i / VO + Al - / o(mle>7ar).

Eq(t,s,6)1?) = By (t,s,§><2” = 0.

=

And Q satisfies
DiQ+ Ei(t,5,) ' B(L OB (t,5,)Q =0, Q(s,s,8) =1.

In fact, the method of successive approximation enables us to construct the fundamental solution
of the system D, E(t,s,&) = A(t,§)E(t,s,£), E(s,s,£) = 1. More precisely, FE(t, s, &) is given in

the form of matrizant representation:

E(t,s,f)z]—l—ooik tA(t,g) tlA(t,g)-u tkilA(t,g)dt o dty.

Actually, we have the following result.
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Lemma 3.1 For k € N, it holds that

| [ 460 [ 4o [ Awgan--an] < ([ 1 olar)”

As a matter of fact,

t t1
/ 1A, ) / | A(t2, ©)l|dtadty
t

-/ ta%( / Y A ) At )an
_ /:%8%(/:1 A1, ) dts) dty = %(/t A )lar)”

By the induction method the statement follows immediately.
It is obvious that ||Q(t,s,&)|| < C, which leads to E(t,s,£) < exp (— 3 fst 0(r)|¢[*dr). We
have

1t -
VOl Sexp (- 5 [ 6IEP7ar) IV O (32)
The energy estimate (1.3) follows immediately.

Remark 3.1 In this case, the division of the phase space is of no significance, and one
step of diagonalization is sufficient. But for the strictly increasing structural dissipation, the
situation becomes more complex, and we need a further step of diagolization based on the
theory of normal forms.

4 Strictly Increasing Structural Dissipation

In this section, we deal with the strictly increasing structural dissipation, which corresponds
to the nonconstant distributed resistance of typical superconductors or metals. First and fore-
most, we introduce some useful tools from micro-local analysis. We choose sufficiently large
numbers N and Ty, which will be determined later, and define the following three zones:

ZL(N) ={(t,€) € [0,00) x {£ € RV \ 0} : O(1)[¢*” < N},
Zm(N,To) = {(t,€) € (0,To] x {£ € RV \ 0} : ©(1)[¢]*” = N},
Z1(N,To) = {(t,€) € [T, 00) x {¢ e RV \ 0} : O(1)[¢[*” = N}.

The separating lines are defined by O(t¢)|([** = N and t = Ty. In these zones, as usual, we
define the micro-energy as

V(t,€) = (vi(t,€), va(t,€))" = (IE[*7(t, €), Div(t,€))T,
and in Zy (N, Tp) the classes of symbols as

Se{m1, ma, ms} :{a(t, I€]) € C*([Tp, 00); C=(RN \ 0)) :

0(1) \mate
50)

for all multi-indices oz and non-negative integers ¢ < k}

ID{DZa(t[€])] < Crale™ 1l0m2 1)
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Our considerations are based on the following properties of the symbols:
(1) Sk{mi,ma,ms} C Sp{mi + 20, ms+ ¢, mg — £} for £ € N;
(2) if a € Sp{m1,ma, ms} and b € Si{k1, ko, k3}, then ab € Sg{mi + k1, ma + ko, ms3 + ks };
(3) if @ € Sp{mi,ma,m3}, then Dfa € Sp_¢{m1,ma,ms + £} and Dga € Sp{mi —|al,
ma,ms} for £ < k;
(4) if a(t,|&]) € So{—20,—1,2}, then ftts la(, [€])|dT < C for all (t,&) € Zy (N, Tp).

4.1 Consideration in Zr,(IN)

We tackle this problem by virtue of the fundamental system of (3.1). Apply the transfor-
mation V=MV, M = (% 7%) Then

_ - _ (€17 + 50)lg* 0
DtVl @Vl + BV] — DtVl ( O _|€|20- + %9(t)|§|20 Vl

i (0 1N\«
- 500 (3 5)va=o,

The fundamental solution for this equation is £ = E1Q with

515,000 e ([ lePar— 5 [ ojear)

t 1 t
El@,aé>@2>::exp(-—ij/|§F”d7——§(/'9<TM£F“dT),
Ei(t,s,6)"?) = Eq(t,5,6)@) = 0.

And Q satisfies
DiQ + Ey(t,s,€) "' B(t,§)Er(t, 5,€)Q = 0.

It is obvious that

B2t 9)l < o~ 5 [ o(rear).

Consequently, applying the definition of Z(NN), we have ||Q(¢, s,&)|| < C. This leads to
1t )
VOl Sexp (- 5 [ 6IEPar) V(O (41)

4.2 Consideration in Zy; (N, Tp)

Change the characteristic roots in Section 3 into

\ = 0@+ (17702 — 4l
Jj = 5 , J=1,2.

Applying the same procedure as in the treatment of noneffective dissipation, we get
DVi — 9PV, + BV, := DV, —® 1AdV, + & 'D,®V, =0, (4.2)

with

D-1AD — diag (i\/92(t) - 4|§|22" + iH(t)|€|2"7 —iy/02(t) — 4|§2|2f’ - i@(t)|§|2")
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and

_ - ov—1 [ —DiM(t, &) —DiXa(t,€)
[} 1Dt‘1> = (det @(t,§)|§|2 ) ! ( Dt/\11(t,§) Dt)\z(t,f)>

0’ (t) + 0(1)0'(t) 0'(t) OO
/602 (-4 = 1(07(1)—4) /02(t)—a  1(07(1)—4)
0w 6w 0 0t
iW/02(—4 i(07()-4) iW/02()—4 = 1(02(0)-4)

N =

After coordination, we have

0

30()E[>
DV :=91V, — BV = |2 i -
tV1 1VvV1 1Vvi ( 0 59(t)|§|2

> V1 — B1V1.

Applying the same discussion for fundamental systems, we have
I I
IV9) | Sexw (5 [ VRO - algar -5 [ o) Vsl @3
4.3 Consideration in Zg (N, Tp)

Note that in (4.2), 2 € S2{20,1,0} and B € 51{0,0,1}. To carry out a further step of
diagonalization, we follow the procedure of asymptotic theory of ordinary differential equations.
Namely, we look for a matrix Ni(t,€) := I + NW(t, ), where B(O) := B, F() .= diag B,

B{Y

Tq— Tr

Nq(i) = , ¢ #r and Nq(;) =0, 7 = \i, k=1,2, are the characteristic roots,
BW .= (D, — 2+ B) I+ NW) - (I +NYYD, — 2+ FO).

According to the properties of symbols, we have NV € §;{—20, —1,1} and F(© € §,{0,0,1}.
As for B, we obtain the following relation:

BW =B+ [NW, 9] - FO + D,N® 4 BNO - NDFO),

The construction principle implies that the sum of the first three terms vanishes, hence B e
So{—20,—1,2}. Finally, let

Ry =N 'BW = N7Y(D; = 2+ B)YI + NV) — (I + NOYD; — 2 4+ F©)).
This definition means R; = N; 'BW € Sp{—20,-1,2}. Actually, due to the definition of
symbols, NV € §;{—20,—1,1} indicates |N¢§p| < % Consequently, a sufficiently large N
assures |[N; — I]| < % in Zy(N,Ty), which implies the invertibility of N7. As a result, we have
the following system after the second step of diagonalization:
(Di — 2+ B)N1 = Ni(D; — 2+ F + Ry), where Ry € Sp{—20,-1,2}.

Now we consider the system

(D — 2+ F9 + RV, = 0.
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After coordination, we have

D:Vy: =91 Vo+ B1Vy — RV,

0()0’ (t) i -
- <_ SN e 0(£)0'(t) | i ) Vs
1 20
0 ORI 50(t)[¢]
~r T VIO e 0
’ 0 v i) Y
EN ORI (t) — 4[¢]

The fundamental solution Es(t,s,§) for D;Vy = 2,V is of the form:

Bt = exp (-} [ e 108 (S,
B0 —exp (- [ oleinae 1 (0=,

Ey(t, 5,6 = Ey(t, 5,6 = 0.
It is clear that

1Ba(t,5,6)] < %exp(—é [ owerear).

and for the remainder term, we have

eXP(/:|B1 —R1Hd7') < exp (% /St\/mm%(h) eXp(/t L(ﬁ)

s 24/0%(1) — 4
ot I
< Q exp (— / 0%(1) — 4 |§|2Ud7).
0(s) 2 Js
These lead to the following estimate for large time:

Vol Sew (5 [ VET - dgPrar -5 [ omlean) Vel @)

Summarizing (4.1), (4.3) and (4.4), we have the following lemma.
Lemma 4.1  For the strictly increasing structural dissipation of the Cauchy problem (1.1),
we have
Lt " Lt "
VOl sexn (5 [ VT dlar =g [ omioan) VT ol @)

For sufficiently large ¢, we notice the fact that 3(/62(t) —4 — 6(t)) < 6~(t). The energy
estimate (1.4) follows immediately.

5 Concluding Remarks

For the over-damping and under-damping coefficients, many problems still remain open (see
[1]). In the viscous damped systems, it is also very interesting to tackle the self-adjoint positive
definite operator with compact resolvent by the application of spectral theory (see [2]). As
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for the engineering applications of this kind of models, in 1986, the discovery of a family of

cuprate-perovskite ceramic materials known as high-temperature superconductors, with critical

temperatures in excess of 90 kelvin, spurred renewed interest and research in superconductiv-

ity for several reasons. Nowadays, new materials with even higher critical temperature have

been discovered and more commercial applications are feasible, for instance, mag-lev trains in

Shanghai, etc. For further information in this aspect, please refer to [6].
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