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Weighted Profile Least Squares Estimation for a Panel
Data Varying-Coefficient Partially Linear Model****

Bin ZHOU* Jinhong YOU™ Qinfeng XU** Gemai CHEN****

Abstract This paper is concerned with inference of panel data varying-coefficient par-
tially linear models with a one-way error structure. The model is a natural extension of the
well-known panel data linear model (due to Baltagi 1995) to the setting of semiparamet-
ric regressions. The authors propose a weighted profile least squares estimator (WPLSE)
and a weighted local polynomial estimator (WLPE) for the parametric and nonparametric
components, respectively. It is shown that the WPLSE is asymptotically more efficient
than the usual profile least squares estimator (PLSE), and that the WLPE is also asymp-
totically more efficient than the usual local polynomial estimator (LPE). The latter is an
interesting result. According to Ruckstuhl, Welsh and Carroll (2000) and Lin and Car-
roll (2000), ignoring the correlation structure entirely and “pretending” that the data are
really independent will result in more efficient estimators when estimating nonparametric
regression with longitudinal or panel data. The result in this paper shows that this is not
true when the design points of the nonparametric component have a closeness property
within groups. The asymptotic properties of the proposed weighted estimators are derived.
In addition, a block bootstrap test is proposed for the goodness of fit of models, which can
accommodate the correlations within groups. Some simulation studies are conducted to
illustrate the finite sample performances of the proposed procedures.

Keywords Semiparametric, Panel data, Local polynomial, Weighted estimation,
Block bootstrap
2000 MR Subject Classification 62H12, 62A10

1 Introduction

Panel data arise frequently in biological and economic applications. Various parametric
models and statistical tools have been developed for panel data analysis (see, for instance, [1,
15] and the references therein. It is true that parametric models are very useful for analyz-
ing panel data and for providing a parsimonious description of the relationship between the
response variable and its covariates. However, they are often subject to the risk of introduc-
ing modeling bias. To relax the assumptions on parametric forms, Ruckstuhl, Welsh and [12]
proposed a nonparametric panel data regression model, which allows one to explore possible
hidden structures in the data and to reduce modeling bias of the traditional parametric meth-
ods. Such nonparametric models, however, have several shortcomings including the curse of
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dimensionality, difficulty of interpretation, and lack of extrapolation capability. To overcome
these shortcomings, semiparametric panel data regression models have been considered recently
which embody a compromise between a general nonparametric specification and a fully para-
metric specification. In this paper, we focus on a panel data varying-coefficient partially linear
model defined as

with a one-way error structure

Eij:Mi+Vij7 izla"'ukaj:17"'un0' (12)
In (1.1), Yi1,---,Yin, represent repeated response measurements from individual i, X;; =
(Xij1s - Xijp)Y, Zij = (Zij1,-++, Zijq) and U;; are referred to as the design points, 3

is an unknown p-dimensional vector of regression coeflicients for the parametric component,
a(-)=(a1(+), ,a4(+))T are unknown functions to model the nonlinear and nonparametric

components, and T denotes the transpose of a vector or matrix. In (1.2), u; and v;; are i.i.d.

2
©w

are independent. With the one-way error structure (1.2), the observations Y;1,---,Y;,, from

random variables with mean zero and variances o2 and o2, respectively. Moreover, p1; and v;;
the same individual ¢ share a common variable p; and thus are allowed to be dependent.

Obviously, model (1.1)—(1.2) includes many usual parametric, semiparametric and nonpara-
metric regression models. When a(-) = (a1(+), -+ ,aq(+))T = (a1, ,a,)T, model (1.1)-
(1.2) reduces to the traditional panel data linear model (see [1]), where ay, - - - , a4 are unknown
constants. When ¢ = 1 and Z;; = 1, model (1.1)-(1.2) becomes the panel data partially linear
model. Zeger and Diggle [19] used this model to study CDE cell number in HIV seroconverters.
Other applications can be found in [8]. From the form of model (1.1), we can see that it permits
the interaction between the covariates U and Z in such a way that a different level of covariate
U is associated with a different linear model. This allows one to examine the extent to which
the effect of covariate Z varies over different levels of the covariate U, making model (1.1)—(1.2)
more flexible than the panel data partially linear model. When ng = 1, which corresponds
to independent errors, model (1.1) reduces to the non-panel varying-coefficient partially linear
model, which has been widely studied in the literature (see, for example, [9, 20]). When p = 0,
model (1.1)—(1.2) becomes the panel data varying-coefficient regression, which has been studied
by Fan and Zhang [5], Huang, Wu and Zhou [7] among others. Moreover, the nonparametric
panel data regression model in [12] is a special case of model (1.1)—(1.2) as well.

In this paper, we study the inference for the panel data varying-coefficient partially linear
model (1.1)—(1.2). We propose a weighted profile least squares estimator (WPLSE) of the
parametric component and a weighted local polynomial estimator (WLPE) of the nonparametric
component when random effects are present. We show that the WPLSE is asymptotically
more efficient than the usual profile least squares estimator (PLSE), and that WLPE is also
asymptotically more efficient than the usual local polynomial estimator (LPE). The latter is an
interesting finding. Ruckstuhl, Welsh and Carroll [12] and Lin and Carroll [10] found that when
estimating nonparametric regression with longitudinal or panel data, ignoring the correlation
structure entirely and “pretending” that the data are really independent will result in more
efficient estimators. Our finding shows that this is not always true. When the design points
of the nonparametric component have a closeness property within groups, the WLPE has the
same asymptotic bias as the LPE but smaller asymptotic covariance matrix. Here the closeness

t that Uy; — min U;;| = O(k~tlogk). The followi t
property means tha 1%1?3){1@ 12}?20 ij 12210 ”’ ( ogk) e following are two

examples in which the closeness property is satisfied.
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Example 1.1 U;;’s are generated as U;; = F_l(%), i=1,---,k, 7 =1,---,ng,
where F(-) is a distribution function on ¢ which has a Lipschitz continuous density p(-) =

agg) satisfying 0 < irl}{fp( )< Sllj.{p p(+) < 0o, where U is the bounded support of U. According

o [11], it holds that

log(k log(k
O{iog( nO)} S inf inf |U1 — Uij71| S sup sup |Uz — Uij71| = O{iog( nO) }
kno 1<i<k 2<j<no 1<i<k 2<j<no kno
Example 1.2 Covariate U is measured repeatedly, that is, U;; = Uz = -+ = Uy, for

i=1,- k.

An important issue in fitting model (1.1)—(1.2) is whether there exist parametric structures
for a;(-), j=1,---,q. This amounts to testing if c;(-)’s are with a certain parametric form.
A test is proposed based on the comparison of the residual sum of squares under the null and
alternative models, and a block bootstrap method is used to find the null distribution of the
test statistic. This block bootstrap test can accommodate the one-way error structure. Our
simulation shows that the resulting testing procedure is indeed powerful and the bootstrap
method does give the right null distribution.

The rest of the paper is organized as follows. The unweighted profile least squares and
local polynomial estimations of the parametric and nonparametric components are presented
in Section 2. A deleting block cross-validation method for bandwidth selection is proposed in
Section 3. Estimations of the error variances are discussed in Section 4. A weighted profile least
squares estimator of the parametric component and a weighted local polynomial estimator of the
nonparametric component are proposed in Section 5. A block bootstrap test for the goodness
of fit of model (1.1)—(1.2) is developed in Section 6. Some simulation studies are conducted in
Section 7. Some remarks are given in Section 8. Proofs of the main results are relegated to the
Appendix.

2 Unweighted Profile Least Squares and Local Linear Estimation

Throughout this paper, we assume large k and small ng. This is typical for labor or consumer
panel data (see [11]). We also assume that the design points X;; and Z;; are random and Uj;
are fixed as in [6, 16] etc. Extending our results to the case of both (X;;,Z;;) and U;; being
fixed or random is conceptually straightforward.

If we neglect the error structure, we can construct a profile least squares estimator (PLSE)
of the parametric component 3. Assume that {X};, Z;-Fj, Uij, Yij; i =1,---,k, j=1,-- ,no}
satisfy model (1.1). For any given 3, model (1.1) can be written as

E‘j—ng‘-ﬁ:Z?ja(Uij)—f—Eij, i=1,---,k, j=1,---,nog, (21)

which is a version of the usual varying-coefficient regression model. Among the various pro-
cedures available, we use a local linear regression technique to estimate the varying coefficient
functions {as(-),s =1,---,q} in (2.1). For u in a small neighborhood of ug, we approximate
as(u) locally by a linear function

Oés(u) ~ OCS(UQ) +a./9(u0)(u —’LLQ) = Qs +bs(u_u0)7 s = 17" *5 4,

where o (u) = %‘5—5”). This leads to the following weighted local least squares problem: find
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{(as,bs),s =1,--+ ¢} to minimize
k  no q )
Z Z {(YW - X3B8) — Z{as +bs(Uij —u0)} Zijs| Kn(Uij — uo), (2.2)
=1 j=1 s=1

where K (-) is a kernel function, h is a bandwidth and Kp(-) = Kgf). The solution to problem
(2.2) is given by

(@1(u), - ,@q () bi(w), -+ by(w)" = (Dfw,Dy) ' Diw, (Y — XB),

where - . .
Yiu X1 Z;, (Un—-wu)Zy
Y = Ylno , X = Xrlrno , Dy = Zrlrng (Ulno - u)z’lfno
Ykﬂo Xrlgng Zrlgno (Ukno - U)Zg’ng
and
Wy = diag(Kh(Ull - u), ce ,Kh(Uan - ’U,), s ,Kh(UknO - ’U,))
Substituting (@ (u),- - -, d,(u))T into (2.1) as an estimate of a(u), we obtain

}/ZJ:X};ﬁ_'—E* Zzlavka]:157n07 (23)

YR

Where?:(}/}llv"' 7}/>1n07"' ;}/}kno)T:(Ikno_s)Yv X:(Xllv"' 7X1n07"' ;ano)T: Ikno_
S)Xa er = (EYlv T ’EYno’ e ’Ezno)T = (Ikno - S)&’, with € = (511, 5 E€ngs 7€kn0)T3

(Zrlrl OE)(DEanUDUu)_1D511wU11

S = (Zrlrno OqT)(DanowUlnoDUlno)71D5M0‘*’U1n0
(ZEHO Og)(ngnowU’moDUkno)ingknowU’mo

and 0, is a ¢ x 1 vector of zeros.

If we take ¢f; as the residual errors, then (2.3) is a version of the ordinary linear regression
model. Applying the least squares method to (2.3) results in the following (unweighted) profile
least squares estimator (PLSE) of 3:

N k no R R 1 k no R R
Bo- (L3 %%0) SR, 2
i=1 j=1 i=1 j=1
Correspondingly, a( - ) is estimated by a local linear estimator (LLE)
ak(u) = (Iib quq)[al(u)v e 7aq(u)a bl(u)v e 7bq(u)]T
= (Iy, Oqu)(Dgquu)_lwau(Y - Xak)v
where 04y 4 is a ¢ X ¢ matrix of zeros.
In order to derive the asymptotic properties of 3, ay(-) = (@1(+), - ,a4(+))" and other
estimators proposed in the following sections, we make the following assumptions. These as-

sumptions are quite mild and can be easily satisfied. They are also used by Fan and Huang [4]
except Assumption 2.1(ii).
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Assumption 2.1 (i) Uj;’s are generated from a distribution with bounded support U and
density function p(-) that is Lipschitz continuous and satisfies 0 < in{{p(u) < sup p(u) < .
u€ uel

(i) Uij’s satisfy a closeness property within groups, namely,

max | max U; — min U = Ok 'logk).
1<i<k 11<j<no 1<j<no

Assumption 2.2 Zz = (Zﬂ," . ,ZinO)T and Xz = (Xﬂ," . ,XinO)T (Z = 1," . ,k) are
i.i.d. random matrices and E(ZTZy) is non-singular.

Assumption 2.3 There is an s > 2 such that E||X1]|** < oo and E||Z1||* < oo and

k*=1h — 0o as k — oo for some § <2 — s~ 1.

Assumption 2.4 {a(-), s = 1,---,q} have continuous second derivatives on U. Let
o/ (1) =(ay(+), -, a(+))T, and & (+) = (af(+), - ag(- )"
Assumption 2.5 The kernel function K (-) is a density function with compact support and

the bandwidth h satisfies k2h® = 0 and % — 00 as k — oo.

Theorem 2.1 Suppose that Assumptions 2.1(i) and 2.2 to 2.5 hold. Then we have
VEBy = B) —=p N(0.37'S:211),  ask — oo,
where —p denotes convergence in distribution,
31 = B(X{Xy) — B(X{Z1)(E(Z{Z1))" ' E(Z{X1),
By = E[{X] — E(XTZ1)(BE(Z121) " Z1} - (0ptngtn, + 001n,)
AXT - B(X{Z1)(E(Z{Z1))"'Z1 }7],
where Ly, is an ng x 1 vector of 1’s, and UZ and o2 are the variances of j; and v;j, respectively.

Theorem 2.2 Suppose that Assumptions 2.1(i) and 2.2 to 2.5 hold. Then we have

R B2 (10)2 — 10,0
V knoh{ak(uo) — a(ug) — 7%“”(“0)} —p N(0,33), ask — oo,
2 1

provided p(ug) # 0, where

2.0 0. 2,0
(cgrg + 2cocrvy + civg)ng

sy = (G20 1)) DA il + 021 20 BT Z)
13 —p} 0 ® g 0 R

= —F——2+=, ¢ =—F—""", ! = w K(uw)du, v; = w! K*(u)du.

e = R IO Ay B

Theorem 2.3 Suppose that Assumptions 2.1(i) and 2.2 to 2.5 hold. Then we have

1
sup [[a (u) — a(w)l| = 0, {h* + (ighk) 1
ueU

Since Bk and ayg(-) do not take the correlation within groups into account, they may not
be asymptotically efficient. However, according to Theorems 2.1 and 2.2 they are consistent
estimators of B and (). Therefore, based on Bk and ay(-) we can estimate the residuals in
(1.1) and use them to test the one-way error structure (1.2), to fit the error structure of (1.2),
and to construct asymptotically more efficient estimators. In the following sections, we discuss
these issues.
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3 A Leave-One-Subject Cross-Validation Criterion

The PLSE and LLE depend on the choice of the bandwidth. We note that there exist
correlations within groups. Therefore, we propose to use the leave-one-subject cross-validation
technique to determine an appropriate value of the bandwidth. Let e, —;(-) and ﬁ,h_i be the
local linear and profile least squares estimates, omitting the ith subject. Define the delete block
squares cross-validation function by

CV(h) = (kno)~" (Yij = XEBy_i — Zhéun,—i(Ui))>. (3.1)

i=1 j=1

Depending on the bandwidth h, CV'(h) is used as an overall measure of the effectiveness of the
estimation scheme. The leave-one-subject cross-validation bandwidth selector is the one that
minimizes (3.1), namely

hey = arg m}}n CV(h).

4 Estimating the Error Structure

The variances aﬁ and o2 describe the noise level. Apart from the intrinsic interest as
parameters of the model, estimating them is essential in the construction of efficient estimators
of the regression coefficients, confidence regions, model-based tests, model selection procedures,
signal-to-noise ratio and so on. Since E(eij,ij,) = 05, when ji # jo and E(e3;) = 07, + 0

2
vy We

. 9 5
estimate o, and o7 by
1 k no 1 E no
02 = - 2.2 52 _ 22 =2
O, = kno(no—l)zz Z €ij1€ija and o, = knozzaw O (41)
i=1 j1=1 ja#j1 i=1 j=1
respectively, where &;; = Yj; — X;S‘Bk — ZT e (Usy), i =1,k and j =1, ,no.

The theorem below provides the asymptotic normality of the estimators o 7, and 7 2.

Theorem 4.1 Suppose that Assumptions 2.1(i) and 2.2 to 2.5 hold. Then it holds that

40252 204
kl ~2 2 N(O Vi 2 nov v ) k 49
2 (O.:U' O.,U,) —D ) a’r(lu’l) + no no(no _ 1) ’ as — ( )
and
1.9 2 2 20’3
(kn0)2 (UV - Uu) —D N(O,V&Y(Vll) + —_1)7 as k — oo. (43)

In order to use Theorem 4.1 to make statistical inferences, we need consistent estimators of
the asymptotic variances of 3% and 7 2.
Define

1 k no 1 k no
~4 ~2 22 ~4 ~4 ~4
I :75 E g gz g7 and vV :—E E E— ",
kno(no — 1) iy T2 kno — Y
i=1 j1=1ja#j1 i=1 j=1

The following theorem gives consistent estimators of the asymptotic variances of k2 (82 — aﬁ)

and (kng)2 (62 — o2).
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Theorem 4.2 Suppose that Assumptions 2.1(i) and 2.2 to 2.5 hold. Then we have

2 4 40202 204
~4  ~4 ~4 ~2~2 2 nv v
. S 1} (— . 2) Vi 44
=gt [y E o ( —2)7 080 e Ve + = R (1)
and
~ o~ 25 204
4_4012/Ui no—l —>p Var(l/%l)—i—ﬁ, (45)
as k — o0.

Combining Theorem 4.2 with Theorem 4.1, we get the following corollary, which can be

used to construct tests and confidence regions for UZ

Corollary 4.1 Suppose that Assumptions 2.1(1) and 2.2 to 2.5 hold. Then we have

2
and 0.

—p N(0,1), ask — oo

and
(kno): (32 - 02)

—~1
~4 ~9~9 20
\/V —4O'VO'H+—U

n()—l

—p N(0,1), ask — oc.

5 Weighted Profile Least Squares and Local Linear Estimations

The unweighted profile least squares estimator Ek and local linear estimator au(-) are
not asymptotically efficient since they do not take into account the error structure. In order
to construct more efficient estimators, we first derive the inverse of the covariance matrix of
€=1(E11, " ,E1ngs" " » €kny)- According to (1.2), we have

Q=E(ee") =L @ (0ptngtn, + 0olkn,); (5.1)

where ® denotes Kronecker product. Let @ be the inverse of 05 tp,tn, + 02Lkn,, ie.,

_ —2 LnULEO 72E 2
w =7 n—o—l-a,j nos (5.2)

T
tng Lno
no

where 1?2 = noaﬁ +o02and E,, =1, — . It is easy to see that the inverse of 2 is
Q=1 0w (5.3)

Then a consistent estimator of Q! is given by

O—1 ~olnobng | Ao
Q :Ik®(77 n—0+o'y E’n,());

with 2 = noai +02. From (1.1) and the procedure of constructing the PLSE Bk in Section
2, we propose a weighted profile least squares estimator (WPLSE) of 3 as

BZ’ _ (XwTﬁ—le)—leTﬁ—l?w,
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where X = (I, — S*)X, Y* = (Ixn, — S*)Y and

(Zrlrl OqT)(Drlljllelln_lDUll)_ngllellﬂ_l

w o T T T oO—1 —17T -1
S - (Zl’n,[) Oq )(DUanwUlnoﬂ DUan) DUlnowUln()Q

~

T T T 0O —'1 -1nT -1
(ano Oq )(DU;mOwUknoﬂ DUk:nO) DU;mOwUknoﬂ
Correspondingly, the nonparametric component a( -) is estimated by

ail:(u) = (Iq7 Oqu)[aqlu(u)v T aaZ}U(U)a bilu(u)v T 7b:1U(u)]T
= (I, 0q><q)(DgwuﬁilDu)ilDEwuﬁil(Y - XB:)
Remark 5.1 From its definition, we see that ﬁ: is not a simple weighted estimator from

the transformed model (2.3). Besides, by adding Q! into the construction, the form of X is
also changed into X".

Theorem 5.1 Suppose that Assumptions 2.1(i) and 2.2 to 2.5 hold. Then we have

VEB, —B8) —p N(0,Z7Y),  ask — oo,

where
3= EXTwX,) - EX]wZ)(BE(Z]wZ,)) ' E(ZT wX,).
Remark 5.2 Let Z = (Z11,-++ ,Zing, -+ , Zgn,) " . For any ng x ng positive definite matrix

32, there is

XT(L o2 HX XTI, @=HzZ) '

Z7 I, o )X ZTI, 02 1)Z

XTX XTz\ ' (XTI, @ 2)X XTI, @%)Z) (XTX XTz) '

<l T T T T T T a.s.

YAD SV AY / T, o2)X 2T, oX)Z)\2"X Z'Z

From

Al = <A11 A12>1 _ < f*ﬁl,z ) X —Agll.zAlz%Ezl 1>
Az A _A2_2 A21A1_1.2 A2_2 +A2_2 A21A1_1.2A12A2_2 '

where A11_2 = A11 — A12A2_21A21, we have

(XTI o2 H)X - X", o2 HZ[ZT1, o = HZ] 1271, @ )X} !
<[XTX - XT7(272)'2TX] M XT - XTZ(Z27Z2)71Z)
(LeD)XT -X"Z2(2"2)'Z)"X"X - XTZ(Z27Z) 127X,

This implies 21_12221_1 > EZI. Therefore, B;: is asymptotically more efficient than Bk in the
sense of having a smaller asymptotic covariance matrix. In fact, Carroll, Ruppert and Welsh [3]
showed that 221 is the semiparametric information bound. Hence, the weighted profile least
squares estimator BZJ is semiparametrically efficient.
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Theorem 5.2 Suppose that Assumptions 2.1 to 2.5 hold. Then we have

- B2 (1402 — 1,00
V knoh{ak (uo) — a(uo) — 7%(}”(%)} —p N(0,%5), ask— oo,

where X5 = {(3vf + 2cocrr) + 1) p(u )}{E ZTwZ)} L, u, 63, 18, 00,109,018, co, 1 are de-
fined in Theorem 2.2.

Theorem 5.3 Suppose that Assumptions 2.1 to 2.5 hold. Then we have

sup [ (u) ~ a(w) = 0, {n* + (2EE)*)

uel

Remark 5.3 From the definition of = and
{E(Z{wZ1)} " <{E(Z1Z,)} "E(Z{w 'Z){E(Z]Z1)} "

we have X5 < 3. Therefore, the weighted local linear estimator &, is asymptotically more
efficient than the local linear estimator ay. This is an interesting result. According to [10,
12], ignoring the correlation structure entirely and “pretending” that the data are really inde-
pendent will result in more efficient estimators when estimating nonparametric regression with
longitudinal or panel data. This observation was termed “working independence”. However, we
find this not true when the design points of the nonparametric component have the closeness
property within groups.

T
To estimate X4 and X5 consistently, let @@ = ﬁ_2% +5,?E,, and define
k

Y xrwn iy aen) (1 sie)

i=1

NI}—‘
NI}—‘

k
- YT,

and

k
s, - (BB 2ucn t ) (1 gy
p(uo) kng “ —

Theorem 5.4 Suppose that Assumptions 2.1 and 2.4 hold. Then we have 24 —p 24 and
35 —p X5 as k — oo.

6 A Block Bootstrap Goodness of Fit Test

To test whether model (1.2) holds with a specified parametric form such as panel data linear
regression models, we conduct a goodness of fit test based on the comparison of the residual
sum of squares (RSS) from both parametric and semiparametric fittings.

Consider the null hypothesis

Ho:aj(u):aj(u70)7 .7:17 ‘D (61)
where a;(-, ) is a given family of functions indexed by an unknown parameter vector 6. Let
0. be an estimator of @. The residual sum of squares under the null hypothesis is

k no

RSSo = (kno) " Y > (Vij — X8y — Z5a(Ui;, 0x))%,

i=1 j=1
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where a(Us;, ék) = (a1 (U, /O\k), -, aq(Uijs 5k))T, and the residual sum of squares correspond-
ing to model (1.1) is

kE  no
RSS; = (kno) ™' > > (Vij — X558, — Zha(Uij))°.
i=1 j=1
We define our statistic to be
RSSy; — RSS; RSSo
D, = = - 2
F RSS; RSS; (62)

and reject the null hypothesis (6.1) for large values of Dy. The following theorem supports our
test.

Theorem 6.1 Suppose that Assumptions 2.1(1) and 2.2 to 2.4 hold. Then under Hy, Dy, —
0 in probability as k — co. Otherwise, if igf[fu () — a(u, 0)]|2du]z > 0, then there exists a
0 > 0 such that, with probability tending to one, Dy > 6.

Since there exist correlations within groups, the usual nonparametric bootstrap approach
(see [2]) can not be used to evaluate p-values of the test. We here propose to use the block
bootstrap approach to evaluate p-values of the test which can accommodate the correlations
within groups.

(1) By fitting the panel data varying-coefficient partially linear model we estimate the
residuals {g;}X_, by {€;}F_, where &; = (i1, ,€ing) T, € = (Ei1,- -+ ,Eing) T and

iy =Yy —X5By —Z5ai(Uy), i=1,---k j=1,--- no.
(2) Generate bootstrap residuals {e}}*_; from the empirical distribution of the centered

~ _ k
residuals {€; —€}5_; where € = k=1 Y &;. Define
=1

Y5 = XEB, + ZEan(Uy) + <

5 fori=1,--- kand j=1,--- no,
where €7; is the jth entry of €.

(3) Calculate the bootstrap test statistic Dy based on the sample {U;;, Xyj, Z;;, Y;%} and
(6.2).

(4) Reject the null hypothesis Hy at level & when Dy, is greater than the upper-a percentage
point of the conditional distribution of D} given {U;;, X;;, Z;;, Yi; }.

The p-value of the test is simply the relative frequency of the event {Dj > Dy} in the
replications of the bootstrap sampling. For the sake of simplicity, we use the same bandwidth
in calculating Dy as that in Dj. Note that we bootstrap the centralized residuals from the
semiparametric fit instead of the parametric fit, because the semiparametric estimate of the
residuals is always consistent, no matter which of the null or the alternative hypothesis is true.

7 Some Simulation Studies

In this section, we carry out some simulation studies to demonstrate the finite sample
performances of the estimators and tests proposed in the previous sections.

The data are generated from the following panel data varying coefficient partially linear
model:

Yij = Tij1 1 + Tijofa + zijouig) + €45, €5 = pi +vig, i=1,---k j=1,--- ng,
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where w1 ~ iid. N(2,1), zp ~ iid. N(2,1), u; = EHeti=05 15 — 15 3, = 2,
pi ~ iid. N(0,0%) and v; ~ i.i.d. N(0,07). Moreover, we take a(u) = 2sin(2mu), 2sin(4mu),
ng = 2,4 and (07,,07) = (2.25,0.25), (2.25,1), respectively.

In each case, the number of simulated realizations is 10,000. We use Gaussian kernel, and

select bandwidth by the leave-one-subject cross-validation criterion proposed in Section 3.

7.1 The finite sample performance of the weighted estimation

Samples of size kng = 200, 400 and 600 are drawn repeatedly. We calculate the sample
means and standard deviations (SD) of the PLSE and WPLSE for the parametric components
(1 and B2, and of the estimators of the error variances Ui and o2. We also calculate the sample
means and SDs of the benchmark estimator of 31 and (32, which is defined as

BZ’ _ (jV(wTQ—liw)—l:inQ—l?w, (7'1)

where X® and Y® have the same definitions as X* and Y¥ except that Qs replaced by
Q. Moreover, we report the relative efficiencies (RE) of the PLSE and WPLSE defined as the
ratio of the mean square error (MSE) of the estimator in question to that of the benchmark
estimator. Some representative results are listed in Table 1 and Table 2. We see that

(1) The PLSE, WPLSE and the estimators for the error variances are asymptotically
unbiased.

(2) The WPLSE has smaller standard deviation than that of the PLSE. This is consistent
with our theoretical results.

(3) The relative efficiency of the WPLSE is very close to 1. As for the PLSE, since it
ignores the error structure, its relative efficiency is not close to 1. In some cases, the MSE of
the PLSE is more than twice as large as that of the WPLSE.

(4) In general, increasing k and/or ng improves the performance of the WPLSE, but this
is not true for the PLSE.

In addition, we also demonstrate the finite sample performances of the estimators of the
nonparametric components. An estimator a(-) of a(-) is assessed via the square root of
average squared errors (SRASE) defined by

SRASE = [(kno)_l i i{&(uij) - a(uij)}z} :

i=1 j=1

Some representative results are listed in Table 3, in which R1 is for the SRASE of the unweighted
local polynomial estimator, R2 for the SRASE of the weighted local polynomial estimator with
estimated weights, and R3 for the SRASE of the weighted local polynomial estimator with the
known weights. From Table 3, we see that the WLPE outperforms the LPE.

7.2 The power of the block bootstrap goodness of fit test
To study the power of the proposed bootstrap test, we consider the following null hypothesis:

Hy:a(uy)=60 foralli=1,---,k, j=1,---.ng,
namely a linear regression model, against the alternative

Hi :a(ui;) #6 for at least one pair of ¢ and j.
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Table 1 Finite sample performance of the estimators of the
parametric components and error variances with ng = 2

Bk B BY By B Pu G2 52
a(u) = 2sin(2mu) o) = 2.25, o7 = 0.25

k=100 Mean 1.4993 1.9989 1.5021 1.9973 1.5025 1.9976 1.9921 0.3184
SD 0.0838 0.0866 0.0503 0.0496 0.0510 0.0500 0.3070 0.0549

RE 1.6429 1.7318 0.9862 0.9920 - - - -
=200 Mean 1.4995 2.0000 1.4981 2.0007 1.4980 2.0007 2.1275 0.2892
SD 0.0626 0.0629 0.0328 0.0319 0.0329 0.0320 0.2293 0.0334

RE 1.9025 1.9656 0.9969 0.9969  — - - -
=300 Mean 1.4959 1.9994 1.5037 2.0025 1.5041 2.0031 2.2303 0.2820
SD 0.0434 0.0480 0.0242 0.0253 0.0244 0.0250 0.1908 0.0274

RE 1.7782 1.9193 0.9917 1.0119 - - - -

op =2.2500=1.0

k=100 Mean 1.4883 2.0085 1.4901 2.0041 1.4896 2.0041 1.9970 1.0153
SD 0.0999 0.1006 0.0779 0.0795 0.0777 0.0796 0.3710 0.1446

RE 1.2857 1.2645 1.0024 0.9987 - - - -
=200 Mean 1.5022 1.9905 1.4938 1.9951 1.4937 1.9956 2.1429 1.0305
SD 0.0645 0.0693 0.0520 0.0502 0.0522 0.0504 0.2585 0.1016

RE 1.2348 1.3763 0.9961 0.9961  — - - -
k =300 Mean 1.5049 1.9903 1.4984 1.9949 1.4982 1.9950 2.1735 1.0111
SD 0.0610 0.0632 0.0458 0.0468 0.0460 0.0467 0.2323 0.0904

RE 1.3265 1.3546 0.9956 1.0022 - - -

a(u) = 2sin(4nu) of = 2.25,00 = 0.25

k=100 Mean 1.5106 2.0030 1.5031 2.0002 1.5020 1.9993 2.0129 0.3519
SD 0.0960 0.0886 0.0548 0.0520 0.0553 0.0531 0.3235 0.0727

RE 1.7379 1.6687 0.9911 0.9793 - - - -
=200 Mean 1.5007 1.9999 1.4964 2.0001 1.4962 1.9996 2.1430 0.3274
SD 0.0628 0.0621 0.0331 0.0343 0.0336 0.0350 0.2554 0.0476

RE 1.8683 1.7743 0.9851 0.9800 - - - -
k =300 Mean 1.4997 2.0011 1.5007 1.9998 1.5006 1.9996 2.1090 0.2917
SD 0.0502 0.0491 0.0290 0.0277 0.0295 0.0275 0.1952 0.0252

RE 1.7017 1.7855 0.9831 1.0073 - - - -

op =2.2500 =1.0

=100 Mean 1.4864 2.0004 1.4869 2.0007 1.4870 2.0011 1.8170 1.0147
SD 0.1020 0.1050 0.0847 0.0843 0.0857 0.0844 0.3625 0.1552

RE 1.1900 1.2441 0.9884 0.9988 - - - -
=200 Mean 1.5000 1.9990 1.5002 2.0001 1.5006 1.9996 2.0106 1.0256
SD 0.0718 0.0733 0.0540 0.0572 0.0537 0.0573 0.2591 0.1039

RE 1.3370 1.2792 1.0056 0.9983  — - - -
k =300 Mean 1.5141 1.9861 1.5102 1.9920 1.5104 1.9920 2.0933 1.0204
SD 0.0471 0.0491 0.0395 0.0357 0.0395 0.0358 0.1672 0.0946

RE 1.1942 1.3744 0.9999 0.9972 - - - -

Note Mean, SD and RE denote the sample mean, standard deviation and relative efficiency,
respectively. sk, Ba, and B are the PLSE, WPLSE and benchmark estimators of (3s, respectively,
where s =1 and 2.
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Table 2 Finite sample performance of the estimators of the
parametric components and error variances with ng = 4
Biw P B4 BY B P G2 52
a(u) = 2sin(27ru) of, = 2.25,00 = 0.25
k=50 Mean 1.5051 1.9964 1.4996 2.0030 1.4995 2.0030 1.9882 0.3183
SD 0.0981 0.0964 0.0443 0.0485 0.0445 0.0496 0.4364 0.0467
RE 2.2039 1.9445 0.9947 0.9783  — - - -
= 100 Mean 1.4893 2.0023 1.4964 1.9983 1.4963 1.9982 2.0994 0.2896
SD 0.0634 0.0603 0.0324 0.0302 0.0322 0.0304 0.3039 0.0294
RE 1.9744 1.9802 1.0071 0.9925 — — — —
= 150 Mean 1.5016 1.9938 1.4995 1.9998 1.4996 2.0000 2.1225 0.2853
SD 0.0545 0.0570 0.0256 0.0245 0.0257 0.0245 0.2372 0.0238
RE 2.1234 2.3252 0.9980 0.9996 — — — —
op =2.2500 =1.0
k=50 Mean 1.5012 1.9951 1.4957 1.9985 1.4948 1.9983 1.9586 1.0268
SD 0.1052 0.1120 0.0719 0.0790 0.0724 0.0789 0.4904 0.1248
RE 1.4518 1.4197 0.9925 1.0018 — — - -
= 100 Mean 1.5029 1.9988 1.5015 2.0013 1.5017 2.0014 2.1111 1.0174
SD 0.0782 0.0681 0.0524 0.0438 0.0525 0.0440 0.3394 0.0857
RE 1.4892 1.5483 0.9987 0.9947 — — — —
k =150 Mean 1.4968 2.0006 1.5002 2.0088 1.4999 2.0089 2.1140 1.0297
SD 0.0523 0.0531 0.0370 0.0371 0.0371 0.0372 0.2526 0.0668
RE 1.4105 1.4234 0.9985 0.9969  — - - -
a(u) = 2sin(4ru) of = 2.25,07 = 0.25
k=50 Mean 1.5080 1.9930 1.4998 1.9980 1.4994 1.9980 1.9360 0.3533
SD 0.1103 0.0944 0.0524 0.0486 0.0523 0.0493 0.4435 0.0649
RE 2.1113 1.9158 1.0022 0.9859  — - - -
= 100 Mean 1.5022 1.9959 1.5018 1.9959 1.5018 1.9959 2.0399 0.3092
SD 0.0664 0.0625 0.0337 0.0319 0.0339 0.0319 0.3133 0.0328
RE 1.9613 1.9572 0.9964 0.9987 — — — —
k =150 Mean 1.4846 2.0082 1.4989 1.9985 1.4992 1.9986 2.0839 0.2904
SD 0.0511 0.0525 0.0283 0.0295 0.0283 0.0293 0.2477 0.0257
RE 1.8156 1.7966 1.0002 1.0098  — - - -
op =2.250, =1.0
k =50 Mean 1.5025 2.0010 1.5018 1.9981 1.5022 1.9979 1.9264 1.0503
SD 0.1102 0.1018 0.0710 0.0706 0.0716 0.0708 0.4132 0.1176
RE 1.5402 1.4377 0.9924 0.9964  — - - -
= 100 Mean 1.4979 2.0003 1.4992 2.0001 1.4992 2.0002 2.0699 1.0357
SD 0.0747 0.0758 0.0520 0.0483 0.0522 0.0481 0.3270 0.0856
RE 1.4304 1.5777 0.9957 1.0056 — — — —
k =150 Mean 1.5284 1.9920 1.5068 2.0026 1.5070 2.0030 2.1862 1.0229
SD 0.0539 0.0663 0.0344 0.0440 0.0346 0.0440 0.2847 0.0529
RE 1.5819 1.5059 0.9951 0.9992  — - - -

Note Mean, SD and RE denote the sample mean, standard deviation and relative efficiency,
respectively. sk, Ba, and B are the PLSE, WPLSE and benchmark estimators of (3s, respectively,

where s = 1 and 2.
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Table 3 Finite sample performances of the estimators
of the nonparametric components

on or k no a(u) Mean(R1) SD(R1) Mean(R2) SD(R2) Mean(R3) SD(R3)
2.25 0.25 200 2 2sin(27u)  0.0536 0.0239 0.0130 0.0061 0.0130 0.0061
2.25 1.00 200 2 2sin(27u)  0.0746 0.0378 0.0411 0.0251 0.0414 0.0251
2.25 0.25 200 2 2sin(47u)  0.0930 0.0338 0.0248 0.0088 0.0248 0.0086
2.25 1.00 200 2 2sin(47u) 0.1097 0.0367 0.0685 0.0250 0.0683 0.0249
2.25 0.25 100 4 2sin(27u)  0.0720 0.0381 0.0105 0.0045 0.0105 0.0045
2.25 1.00 100 4 2sin(27u)  0.0886 0.0528 0.0332 0.0150 0.0334 0.0158
2.25 0.25 100 4 2sin(47u)  0.0804 0.0283 0.0231 0.0080 0.0231 0.0079
2.25 1.00 100 4 2sin(47u) 0.1063 0.0555 0.0513 0.0207 0.0515 0.0207

Note R1, R2 and R3 denote the SRASE of the LLE, WLLE with estimated weights and WLLE
with known weights, respectively.

Table 4 The size and power of bootstrap goodness of test of models

c 0 0 0 0.35 0.50 0.65
level of significance | 5% 10% 20% 5% 5% 5%
aﬁ a'g k no size power

225 1.00 200 2 |58% 87% 23.3% | 59.7% 87.1%  96.7%
225 1.00 100 4 | 52% 102% 21.8% | 66.6% 92.5%  100%

Specifically, we evaluate power under a sequence of alternative models indexed by c,

Hy @ a(uiy) zao—l—c(ao(uij) —@0) foralli=1,---,k, j=1,---,ng,

k no
where a(u;;) = 2sin(27u;;) and @° = (kng) ™! 3> > a®(uy;). For each realization, we repeat
i=1j=1
bootstrap sampling 500 samples. The results are listed in Table 4. From Table 4, we can see
that the proposed bootstrap test behaves well under the null hypothesis and is powerful under

the alternative hypotheses.

8 Concluding Remarks

Semiparametric regression modeling has become a mainstay recently due to its flexibility.
This paper studies the test and estimation problems of a semiparametric panel data varying
coefficient partially linear model with one-way error structure. For the parametric component
we have proposed a weighted profile least squares estimator (WPLSE) and shown that it is
asymptotically more efficient than the usual profile least squares estimator (PLSE). For the
nonparametric component, we have proposed a weighted local polynomial estimator (WLPE)
and shown that the WLPE is also asymptotically more efficient than the usual local polynomial
estimator (LPE). This is an interesting result which is a complement of the finding by Ruckstuhl,
Welsh and Carroll [12] and Lin and Carroll [10]. The asymptotic properties of these weighted
estimators have been established. In addition, we have proposed a block bootstrap test for the
goodness of fit of models. These results can be used to make asymptotically valid statistical
inferences.

We focused on the case of equal error variance. In practice, however, the error variances
may differ substantially. For example, heteroscedasticity in the disturbance term has been
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observed in gasoline demand across Organization for Economic Co-Operation and Development
(OECD) countries. Interesting topics for future study include extending our results to look after
heteroscedasticity.

Appendix Proofs of the Main Results
In order to prove the main results, we first introduce several lemmas.

Lemma A.1 Suppose that Assumptions 2.1(i), 2.2 to 2.4 hold. Then, as k — oo we have

k  no mno R s
o 555 5 it (552 5,2, s )

uel i=1 j1=1ja=1

‘ =0(cg) a.s.

and

~of(52)1] us.

k ng no
1 Uii, —u\*
sup | 22 20 2 KU = 0)(Z5) B

ueld i=1 j1=1jo=1

1
where s = 0,1,2,4, ¢, = h? + (%)2.

Lemma A.2 Suppose that Assumptions 2.1(i), 2.2 to 2.4 hold. Then, as k — oo, we have

1 k no k no
T T —1
nok § E § Kh(Uizjz - Uiljl)d2q751 (DUiljl WU 5 DU'Lljl )
0 i1=1 j1=1ia#i1 j2=1

[N

'd2q)52<1(1j151<1(2j252 = O(k_
where 1 < 51,82 < q, dag s 15 a 2q-vector with the sth entry being 1 and other entries being 0,
Go = Zigscig and Go = Gonlye ity = Bl <ty ise)-

) as., (A1)

Lemma A.3 Lel ey, - -, e be independent random wvariables with mean zero and finite
variance, and sup Ele;|” < ¢ < oo (r > 2). Assume {al(-f),i,j =1,---,k} to be a sequence
1<i<k

k
of positive numbers such that sup |az(-;€)| < k7Pt for some 0 <p; <1 and > |a1(.;€)| = O(kP?)
1<ij<k i=1

for p2 > max (0,2 — p). Then

k

max ‘ a(k)e-
: E ij €i
1<5<k

=O0O(k™%logk) fors=—(p1 —p2) as. (A.2)

N | =

Lemma A.4 Let {&}5 | be independent random wvariables with zero means and finite
absolute moments of order s > 2. Then

k
B[y &
i=1

k
S s—2
SCS]CT § E|§’L|Sa
=1

where ¢cg 18 a constant.

The proofs of Lemmas A.1-A.3 are similar to those of Lemma A2 in [17], Lemma 4.3 in [21]
and Lemma 1 in [13], respectively. We here omit the details. Lemma A.4 can be found in [14].
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Lemma A.5 Suppose that Assumptions 2.1 to 2.4 hold. Then we have
laors 1~ ~
EXTX —, 31 and Ewan—lxw —p B4, as k— o0, (A.3)
where 31 and X4 are defined in Theorems 2.1 and 5.1, respectively, Xw = (Tgno — g“’)X, Sw

has the same definition as S* in Section 5 except that € is replaced by €.

Proof By applying Lemma A.1 and the form of Q7! it is easy to show that Lemma A.5
holds. We here omit the details.

Denote &’ (u) = (I;,0qxq)(DTw, 27 'D,) ' DTw, Q-1 (Y — X3, ) with 3, as (7.1). For

B;: and &y (u) = (a4 (u), -+, @ (u))”, we have the following results.

Lemma A.6 Suppose that Assumptions 2.1 to 2.5 hold. Then we have
VEB), —B) —p N(0,2;1), ask — oo (A.4)

and
w B2 (10)2 — 4,0,,0
V knoh{ak (uo) — a(ug) — —(M%)i/f)lé%a”(uo)} —p N(0,35), ask—o0, (A5)
2 py—(19)
where X4 and X5 are defined in Section 5.

Proof Here, we write ® = (E(ZTwZ,))"! and = = (o 3112)
cording to the definition of ,BZJ, it can be verified that

i j,—1 for convenience. Ac-

BZ’ -B= (Xanfliw)fl{inﬂfl(Ikno . gw)M + inﬂfl(Ikno . §M)5}7
where~1\/I = (Zrlrla(Ul}v), e ,Zrlrnoa(ano), e ,Z',fnoa(Ukno)N)T, and € is defined in Section 5.
Since XTQ 1 (I, —SY)M = [X+ (X% — X)]TQ 1 (Ix,, — S*)M, the sth entry of this matrix
can be written as

Z Z Z oM (X, 25, — B(dY X wZ,)®Z;;, 27, }

i=1 j1=1j2=1

{a( Uz) (Iqaquq)(Dg»- injzﬂ_lDUijz)_1D5ij2injQQ_1M}

+Z Z Z oI XY~ Xy s+ L) ®E(ZTwXd,,,)}

i=1 j1=1ja=1
AZ,aUi,) = (Z,,0)(Dy,, wu,,, @ 'Du,, ) "Dy, wu, @ 'M} =11 + I,

)27 7 q

where X _is the sth entry of 5(131

175

no
i J1J T _ T xT T ;s .
Since Z > oM {Xy5,.2;;, — E(d, [ X{ wZ)®Z;; Z;, }'s are i.i.d. random vectors with
J1=1j2=1
mean zero and finite covariance matrix and

T —1 —1nT -1 _
1r£11a<xk 1<r§12a<xn0 ”a( 172) (qu Oqu)(DUijszijQQ DUijQ) DUijszijgn M” - O;D(ck)v

it holds that I = o, (k). Further,

Xijis = Xijys + L3, (B(Znj,Z3;,)) E(Zij, Xij, )
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=0, {(“E5Y Vix,.. - 2] 3BT X0, )

and
Z;,a(Ui,) = (Z3,,0)(Dy,, wo,, 2 'Du,, ) ' Dy, wu,, @ "M = O,(ci) - Zij,a(Us,).
This implies Iy = 0, (k?) as well. So we have
XTIy — S“)M = 0, (k?). (A.6)

Moreover, the sth entry of X*TQ~1(I,,, — S*)e can be written as

k no

no
SN 0 Xijs — 2, ®E(Z wXydy o) e,
i=1 j1=1jo=1

k no

no
- Z Z Z o2 (X 2L~ 2T ®E(ZT wX1d, )2} }

=1 j1=1j2=1

: (Iq7 quq)(Dgij2inj2 Q_lDUijg )_1D5ij2inj2 Q_le

k no no
+ Z Z Z g1z {qu;ls — Xijls + Z;El @E(Zrlerldpys)}am

i=1j1=1j2=1

kK no no
_ Z Z Z gz {X};{ls — Xijys + Zile @E(wadep,s)}

i=1 j1=1j2=1
T T - ~'Df,
' (Z )(DUijngij2Q 1DUiJ'2) 1DUiJ'2wU

ij2? ij2971€:K1+K2+K3+K4'
We first show that Ko = op(k%). Denote

Cijugos = XijisZijy — 25, ®E(Z] wX1d)Zij,

iJ1
and
gijz = (Iqa quq)(Dg”Q WuU,j, QilDUiJé )71D5ij2 wWu,j, Qile'
Then we have
k no no q k  no q no
“Ko=Y "3 N 07 i = D D D Gigass D, 07 Cijass
i=1 j1=1ja=18,=1 i=1 jo=1s1=1 ji=1

where (j, j,ss; and &ij,s, are the sith entry of (;;, 4,5 and §&;;,, respectively. It is easy to see

log k

max max max |Ej,s,| = Op{
1<s1<q1<i<k 1<j2<no

no L.
For i = 17 U akv J2 = 15 N and 51 = 17 4, put ﬁijzm = gijzm Z UJ1J2<ij1j25517
ji=1

no ’ no
Jije ... — Jijz2 .
( E o Cmpsm) = E o <1J132551I{

Jji=1 Jji=1

no o 5.1
‘ 20 0II2G55 jassy | SO 12}

j1=1
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and
no
E Jijz2 . § o
( 7 thssl) ol CZJIDSSII{’ 52 giviag >52-%}
. [ok id1 9 1
jim1 ji=1 i ij1i2ss1

for any § > 0, where Ip denotes the indicator function B. Then

"
E J1Je E J1j2
Vijosy = &ijasa ( g <1J132551) + &ijos: ( o <13132551) .

Jji=1 Jji=1

2

Since max max max F < 00, by the three-series theorem we obtain

1<i<k 1<j2<np 1<s1<q

Z ohd 2Gij1jasst

Ji=1
k "
> Z ( E oIz thssl) < 00, and consequently,
i=1 jo=1

L k no no o 7"
D03 (X0 o ) | = o)) s
i=1j2=1 ji=1
!/
Fori=1,--- k,ja=1,---,ngand sy = 1,--- ,q, let ¥}, . = {}hsl( Z g2 <1]1J2581) . Note
Jji=1

that {97145 Pings b s {P%1s,5 7 s Vkngs, } are independent of the given €. It is easy to

show that E(¥j,s,|€) = 0,

max max max |U,s | < max max max |§”251|52k2
1<i<k 1<j2<np 1<s1<q 1<i<k 1<j2<ngp 1<s1<q

2
and E(93,,,1e) = &, {( Z aJl]QQJUzSSl) } By the Bernstein inequality, we have

17281

o

SUUE1)5) 5 SUIMEY ED SECS 95 ) SESUAMERYS)

k>m i=1 jo=1s1=1 k>m =1 jo=1

<.

k o q 1
- #leo{ - g
§2Zk_2—>0, as m — oQ.
k>m

By combining Borel-Cantelli lemma, it holds that }k E Z Z Vijysy| — 0 as. So Ko =

i=1jo=1s1=

op(k%). By the same argument we can show K3 = op(ké ). Moreover, by applying Lemma A.1,

it is easy to see that Ky = op(k:%). Therefore, we have

k
X (T, —SW)e =D > > 012 {Xy, — B(XTwZ1)®Zyj, }eij, + 0p(k?). (A7)

=1 j1=1jz2=1
For any nonzero vector A = (A, - -+ ,/\p)T, we have

P k
_AT Z Z Z oM {Xij, — B(X{wZ)®Zij, Jeij, = % DA s,
s=1 i=1

i=1 j1=1ja=1
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ng ng o

where ;s = 'Zl '21 o172 { X, — Z%léE(Z?ledpys)}am. Note that for i = 1,--- |k, 1;s’s
Ji=1j2=

are independent random variables with mean zero. It is easy to check that {1, le satisfy the

Linderberg condition. Moreover,

Var{%ATXanfl(Ikno - §“’)e} S ATSA, ask — oo (A.8)

Therefore, combining Lemma A.5 and (A.6)—(A.8), we see that (A.4) holds.
Now, we begin to prove the result for &y (u). Let o (u) = (@ (u), -, @ (u))", by, (u) =
(5711} (u)7 T 757;(“))T and

(@ (u)™, (b, (u)")" = (DFw, 2 'D,) ' Djw, Q7 (Y - XB).

By the root-k consistency of B:, it is easy to show @}’ (u) — &}. (u) = o(h?). Therefore, in order
to complete the proof, we just need to show

B2 (10)2 — 1040
V knoh{a?(uo) — afug) — 7(/;2())_#%1)?)’&”(“0)} —p N(0,35), ask— oo.
2 1

We write %MDEOquQ_lDuO = (g; gj) According to Assumption 2.5 on kernel function
K(-), Assumption 2.1 on the mechanism of generating U,;, and Lemma A.1, we have the

following results. First,

kono o . logk\ 2
v, = kino Z DY 2 28,07 P K (U, —wo) = R O”{( C;cgh )2}

n
i=1 j1=1jo=1 0

where @1 = i i E(Zyj,Z];,)077> according to the definition of ®. Then

Jj1=1j2=1

k  mno no
1 .
‘I’Q = —]{,‘no E E E Zijl Z};QO’JIDK}I(UUI — ’U,())([]ij2 - UO)

1=1 j1=172=1

k o no
— k—no Z Z Z Zijl Zij20"h‘]2Kh(Uij1 — uo)(lT)

1=1j1=1j2=1

h k_no no . U.. —U.
* ke YD ZiZi, 0" K (U, — UO)(%) =J1+ 2.

=1 j1=1j2=1

Obviously, by Lemma A.1,

=) e 0,{(555)') a3 o() 0, (528) )

This implies
hp(uo)
no

U, = pi® ! 4 0,(1).

By the same argument, we can show

k no no
1 o hp(ug _
Vs = e DX 22,07 K (Ui, — o) (Ui, — uo) = 720 )H?‘I’ o op(1).

i=1 j1=1j2=1
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Further,

Uy = kno Z Z Z Zij 25,07 Kp(Usj, — uo)(Usj, — o) (Usj, — uo)

i= 1]1 1j2=1

- 3 S g, - (L)

1=1 j1=1752=1

U. —u Ui — Uss
T 7, 0 7, X
kno Z Z Z Zijy 25,07 K (U, — Uo)( th )( B h h) =J3+Ja.

i=1j1=1 ja=1

By the same reason as before, we can show

h? 1 log k

J3 —p %ugéfl, ask — oo and Jy= O(—) + Op(i).

So it holds that
_DT

k uo UO

0
Q-'D,, —, MU0 (hlo :;%) ®® 1, ask — oo (A.9)
1o HA H2

Since the coeflicient functions «;(u)’s are conducted in the neighborhood of |U;; — ug| < h,
by Taylor’s expansion,

Za(Uj) = ZFa(ug) + Uiy — uo)Z} o (uo) + W (Ui — o 2Z-T-a"(u ) + 0,(h?)
ij ij ij 0 ij 0)#i 0 2 L ij 0 D :

This implies

1 1 1[A
—D} w,, 2 'M=-—D! w, Q2 'D,, (a(u0)> +3 ( 1) o’ (ug) + 0,(h*),  (A.10)

kno ug 7 Uo kno a/(uo) A2
where
kn Z Z Kh ZJI B Z O.jlj2 ZZJI ZJ2 (U'sz - u0)2
0 i=1 j1=1 Jo=1
Ui‘ — Up 2
S 3 Kt ) 3 oz (L)
=1 j1=1 jo=1
Uij, — up\2 Uij, — UO)QH
HEE) - (5 s
and

kno Z Z En(Uijy — uo)(Usj, — Z 07 Zij, 23, (Uij, — o).

=1 j1=1 jo2=1
It is easy to see
Js = Op(kflh”) =0,(1).
This implies that as k£ — oo,

h2p(u h3p(u
A —, #u%@fl and Ay —, #u%@fl. (A.11)
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Therefore, by (A.9)-(A.11) we have

@5((;‘2))) :(k—DEO uon—lDuo)fl(k—oDT wuoﬂ_l)(l\/l—i-e)

—1
a(uo) 1 1 hid h? s "
= + = ®1I
(a”(uO)> 2 l (hu? h il g ) ()
AN
no M1 * 2
+ | —— ® P + op(h7), A12

where

Tia kng
k  ng n,
1 z; j12::1 Z'LJIKh(U'LJI - U‘O) ]22::1 UJIDEZJ
k—no ng no
21 Zl Zij, Kn(Uij, — uo)(Usj, — uo) -21 o/t 2ey
i=1j1= Ja=

From (A.12), we know

ng H9®Ty o — uih ' ®TL,  h? (ud)® — pdud
p(uo) g — (19)? 2 py— ()2

a (ug) — a(ug) = o (ug) + 0, (h?),

the second term of which is the asymptotic bias of @}’ (ug), obviously. Let

no

ij1 — U0 L
k kn Z Z {CO + cl( th )}Zlh Kh(Uijl - UO) Z Ujlhgijzu
0 =1 ji=1 jam1
0 0
where ¢y = W and ¢ = 7#” e It follows that
2

—w B2 (19)? = pfpg _n
Vnoh{@ (uo) - a(uo) = 5 Wa (o) } = Sty & VRO Q.+ 0p(1)

Denote P = {Zy; (L442), . - 7zln0(U1"‘;;u°), B ,ano(wn. The covariance matrix of

Vknoh Qp, is

he2 he?
Cov(v/Eknoh Q) = CO E{ZTqu (I ® @)wau, Z} + —1E{Pqu (I, ® @ )w,y, P}
2h0100
e
_ pluo)

== (cavd + 2coc1v) + Ev)@ ! + o(1).
0

E{Pw,, (1) @ @)wy,Z}

For any nonzero g-vector A, let

=Vh Z {co - Cl(Umh— )}ATZUIKh(Um ~ ) Z iz,

Jji=1 J2=1
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k
and B = Y Ea?. Then

i=1
B? = kp(uo)(cavg + 2cociv) + Ev)AT® LA + o(k).

Simple calculation shows

k no

3 ijp — U —1

ZEI%I‘”’<0 IS 0E S [leol +leal - [P | K U, — o) = O( ).
i=1 ji=1

k
It follows that klim B;* 3 Ela}| = 0. By the central limit theorem the proof of (A.5) is
—00 i=1
complete.

We are now ready to prove the main results. The proofs of Theorems 2.1 and 2.2 are similar
to Lemma A.5. We here omit the details. By applying the vk-consistency of B}, the proof of
Theorem 2.3 is the same as that of Theorem 3.1 in [17].

Proof of Theorem 4.1 According to the definition of &2 1> it can be written as

k

Gh=———— i n0—1 ZZ D igcip + e n0—1 ZZ > X5 (B-B)XE, (8- B

i=1 j1=1j2#j1 i=1 j1=1ja#j1

~ T s
T Fnolno = 1) no_l ZZ S 28 (@(Us,) — 8 (Uig)ZE, (lUsy,) — @(Usz,)

i=1 j1=1 joF#j1

kno (np —1) Z Z Z Xm (B - ﬁk)gijz

i=1 j1=1jaF#j

kno no — 1 Z Z Z Zm ZJ1 ak(Uijl))Eij2

i=1 j1=1 joF#j1

k”o (ng — 1) Z Z Z X'LJI (B - ﬁk) ’L]z( (Uijz) - ak(Uijz))'

i=1 j1=1jaF#j

By combining the root-k consistency of 3, and sup |la(u) — @ (u)| = O, {h2 + (I%ghk)%}, it is
ueU
easy to show that

k
\/E(ai_oi):%Z{( '_0 +_ZM1V17 o(no — 1 Z Z ’/U1V172}+0p(1)
i=1

J1 12751
1 k
— ﬁ Z a; + Op(].)
=1

It is easy to show that

4 2
E 2:V 2 2 2 4'
a; ar(ﬂ’l) + no Uuau + nO(nO . 1)Uu

Hence B} = E Ea? = ck for some positive constant c¢. From Lemma A.4, E|u;|*T% < oo and
i=1
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E|v11|*%2 < oo, simple calculations show

5 2 242 1 -0 2+%2
i <o B2 5 <o B L3 S [ <
no ‘= no(no — 1) =T
- P J27J1
" k 24352
for some positive constant do. Therefore, >~ Fa; * = O(k). It follows that

i=1

=3
Nl'\’

k
1 2+ _5
mZEai =0(k"7)—0, ask— oo.
B, * i=1
Thus the first result of Theorem 4.1 follows the central limit theorem.
By the same argument, we can show that (4.3) holds.
Proof of Theorem 4.2 The proof of Theorem 4.2 is trivial. We here omit the details.

Proof of Theorem 5.1 According to the definition of ﬁ:, B: and the fact ajas — bi1by =
(a1 — b1)(az — b)) + (a1 — b1)ba + bi(az — b2), we have
By =B =B, —B+{X"TQ X" - (X2 X)

AXTQ (I, — SY) - XUTQ (T, — SY)IM
H{XWTQIXY) T — (XUTQIXY) X T (L, — SY)M
+ (XYTQTIXY) T HX Y TO (L, — S) — XUTQ (I, — S¥)IM
+H{XYTQIXY) T - (XTI IX )
AXTQ (T, — SY) - XUTQ (1, — SY)}e
H{XYTQIXY) T - (XTI IXY) X TR (I, — SY)e
+(XTQXY) X TQ T (T, — SY) — XU Tk, — S) e,

where B: is defined in (7.1), M and € is defined in the proof of Lemma A.6, and S is defined in

Section 2. Therefore, in order to prove Theorem 5.1, combining Lemma A.5 and the following

fact
(A+aB) ' =A"'—aA'BA + O(d?), asa—0,

we only need to show

1 oma 1o ~ ~ N
k—no(wanflxw - XvTQIX") = 0,(k™2), (A.13)
L 2% O Y = 1
k—nO{XWPTQ_l(IknO —8Y) = XTI, — SY)IM = 0, (k™ 2), (A.14)
1 e ~ ~ N
k—nO{X”TQ’l(Im —8¥) = X“TQ (11, — S¥)}e = 0,(k™2), (A.15)
kno(XUTQIX™) "1 = 0,(1) (A.16)

and

1 < ~ . 1 < ~ .
— XTIy, — SU)M =0, (k72), —X"TQ (I}, —S¥)e=0,(k72). (A.17)
kng kno
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The (s1, s2)th entry of the matrix in the left-hand side of (A.6) is

1 _ _
k—no{ Z Z Z XUlSl 1J252 - 2+0 ? Z Z Z ij181 1]282}

i=1 j1=1jo=1 i=1 j1=1j2=1
~ -2 72
+ ( ZZXUSI ijsa ZZ ijs1 st2) J1+J2;
=1 j=1 =1 j=1

where )A(lw and )N(l“js are the sth entry of }A(Z“J’ and }NCZ“J’, respectively. It is easy to see that

]S

_ ’\—2 w w —2 w
kno ZZ 1351 1]51)(X1J52 leSQ ZZ z;sl 1]51)X1352
i= 1] 1 =1 j=1
> 1
—2 A72
T 3 S5 TIe TS R D D) SE I
=1 j=1 =1 5=1

= Jo1 + Joo + Jag + Jou.

Denote
A, = (Df,wu, Q7 'Dy,)~", Ay =Dy wy, Q' Xd,

A, = (D, ,wu, Q2 'Dy,,) ", Ay =Dg wy, Q7 'Xd, .

By the root-k consistency of 5% and & 2, we can show

max  max kHAl A1H=Op(k_%), max max k '[|Ay — Ayl =0 p(k_%),

1<i<k 1<5< 1<i<k 1<j<no
max max kA; = Oy(1), max max kA = 0,(1).
1<i<k 1<j<no 1<i<k 1<j<no

Thus,

_ T AT w
Jog = kno ZZ (ZEOT)(A1As — A AL)XY,,

=1 j=1

< max max (|A; - Ayl|- [ Az — Aof| + | Ar — Ar]l - | Azl + [|A] - [ Az — Az])
1<i<k 1<J<n
T vuwT~wwy -1
kno ZZ Z;;Z; + X5 Xi5) = Op(k™2).
=1 j=1
By the same argument we can show that Jo; = O,(k~2) and Jo3 = O,(k~2). Moreover,

combining the root-k consistency of 2 and Lemma A.5 we can show that Joy = O (K _l).
This implies that Jo = O, (k™ 2). Followmg the same line, we can obtain J, = O, (k™ 2). Thus,
(A.13) holds.

According to the proof of (A.4) and the root-k consistency of 33 and 7 2, we have
1

1 ST Sw _
k—nox T Ty, — S“)YM = 0, (k™2

N[
~—

1 o m
) e X (L, — SYIM = o (K

and

1 W —-1Qqw -1
k_noX TQ™1SYe = 0,(k™2),
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This implies that (A.14) and (A.17) hold. In order to prove (A.15), it is sufficient to show

1 aoma 1 2 1
— XvTQ e - —X¥TQ e = 0, (k™ 2). A.18
kno € kno € OZD( 2) ( )

Note that the sth entry of (A.18) is

kno Z Z Z{ N2 46, )XE . — (0 4 0, )XE, H i + vigy)

i= 171 1j2=1

’\ —2 yw 2 vw o
knozz XUS_U st)(:ui_"yij)—JS‘i‘JAl

i=1 j=1
and
1 k  no 1 k  no
Ji=(6,%-0,7) k—ZZ ijs (Wi t+vij) +0 ;2k—’rLOZZ(X7:L_l])S X8 (it vig) = Ju + Jaz.

=1 i=1 j=1

By the root-k consistency of 7,2 and the proof of Lemma A.6 we have Jy = Op(k™') =
op(k:’%). Moreover, it is easy to see that

o o

k k
1 T 0T)A, A 1 _
42 = k— ZZ szvoq A1A2(,UJ1 + V’Lj - k— ZZ R q AlAQ(uZ + Vlj) - Op(k

=

).

So (A.15) holds.
At last, Lemma A.5 implies that (A.16) holds. Thus, the proof is complete.

Proof of Theorem 5.2 According to the root-k consistency of ,Bk, and 72 and (A.5)
in Lemma A.6, it is easy to complete the proof.

Proof of Theorem 5.3 Applying the v/k-consistency of BZ), the proof of Theorem 5.3 is
the same as that of Theorem 3.1 in [17].

Proof of Theorem 5.4 According to the root-k consistency of Gi and 72 and Lemma
A.5 we can complete the proof.

Proof of Theorem 6.1 It is easy to see that

k  no
RSSo — RSS1 = (kno) ™' Y N [X5(8 - By) + Z5a(Ui;, 0) — Z5a(Us;, 0))?

i=1 j=1

k  no
— (kno) ™ D" XE(B - By) + Zia(Uy;, 0) — 26 (Uyy))?

i=1 j=1
k no R
2(kno) 122 (8- Br) ) + Zj; a(Ui;,0) — Z};‘a(Uijvok)]TEij
i=1 j=1
k no
2(kno) ™t > D XL(B - By) + Zha(Uy;, 0) — Z5an(U;)) "y
=1 j=1
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Under the null hypothesis, applying the consistency of Bk, 0, and ag (), it is easy to show
that J; —, 0 as & — oo for s = 1,2,3 and 4. This implies that under the null hypothesis
RSSy —RSS; —, 0. Therefore, in order to complete the proof of the first result, we just need to
show that RSS; is bounded away from zero and infinity. According to the proof of Theorems
4.1 and 4.2, we can show

k  mno
RSS; = (kng) " ZZE% +0,(1) —, UZ + o2
i=1 j=1
Thus, the proof of the first result is complete. The proof of the second result is the same and
we omit the details here.
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