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Strong Convergence for Weighted Sums of

Negatively Associated Arrays∗∗
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Abstract Let {Xni} be an array of rowwise negatively associated random variables and

Tnk =
kP

i=1

iαXni for α ≥ −1, Snk =
P

|i|≤k

φ( i

nη ) 1

nη Xni for η ∈ (0, 1], where φ is some

function. The author studies necessary and sufficient conditions of

∞X
n=1

AnP
�

max
1≤k≤n

|Tnk| > ǫBn

�
< ∞ and

∞X
n=1

CnP
�

max
0≤k≤mn

|Snk| > ǫDn

�
< ∞

for all ǫ > 0, where An, Bn, Cn and Dn are some positive constants, mn ∈ N with mn

nη → ∞.
The results of Lanzinger and Stadtmüller in 2003 are extended from the i.i.d. case to the
case of the negatively associated, not necessarily identically distributed random variables.
Also, the result of Pruss in 2003 on independent variables reduces to a special case of the
present paper; furthermore, the necessity part of his result is complemented.
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1 Introduction

Let {Xn, n ≥ 1} be a sequence of independent and identically distributed (i.i.d.) random

variables (r.v.s). In this case the tail behavior of
n
∑

i=1

Xi has been discussed by many authors.

Since many useful linear statistics, e.g., least-squares estimators, nonparametric regression func-

tion estimators and jackknife estimates among others (see [13, 20]), are weighted sums of random

variables, the limit properties of the weighted sums of the i.i.d. r.v.s have received considerable

attention from scientists in probability and statistics. See, for example, [4, 5, 7–9, 16]. In par-

ticular, Lanzinger and Stadtmüller [8] considered the asymptotic behavior of the distribution

function of
n
∑

i=1

iαXi for α ≥ −1 in the so-called Baum-Katz laws (see [3]). These theorems

reflect exactly the moment conditions on X1. Also, some authors discussed precise asymptotics

for complete convergence of sums of random variables (see [15, 21]) in recent years.
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In this paper, our aim is to study again the results on weighted sums of Lanzinger and

Stadtmüller [8] under not necessarily identically distributed negatively associated arrays as-

sumptions. First we give the definition of negatively associated r.v.s.

Definition 1.1 A finite family of r.v.s {Xi, 1 ≤ i ≤ n} is said to be negatively associated

(NA), if for every pair of disjoint subsets A and B of {1, 2, · · · , n}, we have

Cov(f1(Xi, i ∈ A), f2(Xj , j ∈ B)) ≤ 0,

whenever f1 and f2 are coordinatewise increasing and the covariance exists. An infinite family

of r.v.s is NA if every finite subfamily is NA.

The notion of negative association was first introduced by Alam and Saxena [1]. Joag-

Dev and Proschan [6] showed that many well-known multivariate distributions possess the

NA property. Some examples include: (a) the multinomial, (b) the convolution of unlike

multinomials, (c) the multivariate hypergeometric, (d) the Dirichlet, (e) the Dirichlet compound

multinomial, (f) the negatively correlated normal distribution, (g) the permutation distribution,

(h) the random sampling without replacement, and (i) the joint distribution of ranks. Because

of its wide applications in multivariate statistical analysis and system reliability, the notion of

negative association has received considerable attention recently. We refer to [6] for fundamental

properties, [14] for the three series theorem, [18] for moment equalities, [19] for the law of the

iterated logarithm, [2, 10, 11] for complete convergence, [12] for some strong law, and [17] for

the central limit theorem of random fields.

The layout of the paper is as follows. In Section 2, we give the main results. The proofs of

the main results will be provided in Section 3, and the proof of a preliminary lemma is put in

Appendix.

2 Main Results

In this section, let {Xni, 1 ≤ i ≤ n, n ≥ 1} be a triangular array of rowwise NA random

variables, and X be some random variable. {Xni} ≺ X means that for all x > 0 and some

K > 0 such that

1

n

n
∑

i=1

P (|Xni| ≥ x) ≤ KP (|X | ≥ x).

{Xni} ≻ X stands for 1
n

n
∑

i=1

P (|Xni| ≥ x) ≥ CP (|X | ≥ x) for all x > 0 and some positive

constant C. Define a weighted sum by Tnk =
k
∑

i=1

iαXni for α ≥ −1.

In the sequel, let C > 0 and c > 0 denote generic constants whose value may change from

one place to another; a = O(b) means a ≤ Cb; log+ x = max(1, log x). Our main results are as

follows.

Theorem 2.1 Let α ≥ 0.
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(a) Assume γ > 0 and β > max{0, γ−1 − 1}. If {Xni} ≺ X and E|X |γ < ∞, then

∞
∑

n=1

nγ(β+1)−2P
(

max
1≤k≤n

|Tnk| > ǫnα+β+1
)

< ∞ for all ǫ > 0. (2.1)

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when γ(β + 1) < 2, then (2.1)

implies E|X |γ < ∞.

In particular, assume that {Xni = Xi, i ≥ 1} is a sequence of identically distributed NA

random variables, then (2.1) is equivalent to E|X1|
γ < ∞.

(b) Assume γ > 1 and max{− 1
2 , γ−1 − 1} < β ≤ 0. If EXni = 0, {Xni} ≺ X and

E|X |γ < ∞, then (2.1) remains true.

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when γ(β + 1) < 2, then

(2.1) implies E|X |γ < ∞ and n−(α+β+1) max
1≤k≤n

∣

∣

∣

k
∑

i=1

iαEXni

∣

∣

∣
→ 0, further EXni = 0 when

{Xni} are identically distributed.

In particular, assume that {Xni = Xi, i ≥ 1} is a sequence of identically distributed NA

random variables with EXi = 0, then (2.1) is equivalent to E|X1|
γ < ∞ and EX1 = 0.

Corollary 2.1 (a) Let 0 < t < 1, r > t. If {Xni} ≺ X and E|X |r < ∞, then

∞
∑

n=1

n
r
t
−2P

(

max
1≤k≤n

∣

∣

∣

k
∑

i=1

Xni

∣

∣

∣
> ǫn

1
t

)

< ∞ for all ǫ > 0. (2.2)

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when r
t

< 2, then (2.2) implies

E|X |r < ∞.

(b) Let 1 ≤ t < 2, r > t. If EXni = 0, {Xni} ≺ X and E|X |r < ∞, then (2.2) remains

true.

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when r
t

< 2, then

(2.2) implies E|X |r < ∞ and n− 1
t max

1≤k≤n

∣

∣

∣

k
∑

i=1

EXni

∣

∣

∣
→ 0, further EXni = 0 when {Xni} are

identically distributed.

Remark 2.1 If {Xni, 1 ≤ i ≤ n, n ≥ 1} is a triangular array of independent random

variables with {Xni} ≺ X , Pruss [16] proved the sufficiency part of Corollary 2.1. Therefore,

Corollary 2.1 extends the result of Pruss [16] from independent variables to the NA setting and

complements his necessity part.

Theorem 2.2 Let −1 < α < 0. Set

(A1) 0 < γ < 1
|α| ; (i) β > max{0, γ−1 − 1} or (ii) γ > 1, max{ 1

2 , γ−1 − α} − 1 < β ≤

0, EXni = 0,

(A2) γ = 1
|α| ; (i) β > 0 or (ii) γ > 1, max{ 1

2 , γ−1 − α} − 1 < β ≤ 0, EXni = 0,

(A3) γ > 1
|α| ; (i) β > 0 or (ii) γ > 1, max{ 1

2 , γ−1 − α} − 1 < β ≤ 0, EXni = 0.

(a) Assume that (A1) is satisfied. If {Xni} ≺ X and E|X |γ < ∞, then

∞
∑

n=1

nγ(β+1)−2P
(

max
1≤k≤n

|Tnk| > ǫnα+β+1
)

< ∞ for all ǫ > 0. (2.3)
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Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when γ(β + 1) < 2, then

(2.3) implies E|X |γ < ∞, and n−(α+β+1) max
1≤k≤n

∣

∣

∣

k
∑

i=1

iαEXni

∣

∣

∣
→ 0 under (ii), further EXni = 0

under (ii) and {Xni} are identically distributed.

(b) Assume that (A2) is satisfied. If {Xni} ≺ X and E|X |γ < ∞, then

∞
∑

n=1

nγ(α+β+1)−1

log+ n
P

(

max
1≤k≤n

|Tnk| > ǫnα+β+1
)

< ∞ for all ǫ > 0. (2.4)

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when γ(α + β + 1) < 1, then

(2.4) implies E|X |γ < ∞, and n−(α+β+1) max
1≤k≤n

∣

∣

∣

k
∑

i=1

iαEXni

∣

∣

∣
→ 0 under (ii), further EXni = 0

under (ii) and {Xni} are identically distributed.

(c) Assume that (A3) is satisfied. If {Xni} ≺ X and E|X |γ < ∞, then

∞
∑

n=1

nγ(α+β+1)−1P
(

max
1≤k≤n

|Tnk| > ǫnα+β+1
)

< ∞ for all ǫ > 0. (2.5)

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when γ(α + β + 1) < 1, then

(2.5) implies E|X |γ < ∞, and n−(α+β+1) max
1≤k≤n

∣

∣

∣

k
∑

i=1

iαEXni

∣

∣

∣
→ 0 under (ii), further EXni = 0

under (ii) and {Xni} are identically distributed.

Theorem 2.3 Let α = −1.

(a) Assume 0 < γ < 1 and β > γ−1 − 1. If {Xni} ≺ X and E
[

|X|γ

(log+ |X|)2γ

]

< ∞, then

∞
∑

n=1

nγ(β+1)−2

(log+ n)γ
P

(

max
1≤k≤n

|Tnk| > ǫnβ log n
)

< ∞ for all ǫ > 0. (2.6)

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when γ(β + 1) < 2, then (2.6)

implies E
[

|X|γ

(log+ |X|)2γ

]

< ∞.

(b) Assume β > 0. If {Xni} ≺ X and E
[

|X|
(log+ |X|)2

]

< ∞, then

∞
∑

n=1

nβ−1

(log+ n)2
P

(

max
1≤k≤n

|Tnk| > ǫnβ log n
)

< ∞ for all ǫ > 0. (2.7)

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when β < 1, then (2.7) implies

E
[

|X|
(log+ |X|)2

]

< ∞.

(c) Assume γ > 1 and β > 0. If {Xni} ≺ X and E
[

|X|γ

(log+ |X|)2γ

]

< ∞, then

∞
∑

n=1

nγβ−1

(log+ n)γ
P

(

max
1≤k≤n

|Tnk| > ǫnβ log n
)

< ∞ for all ǫ > 0. (2.8)

Conversely, if {Xni} ≻ X, and assume Xni = Xi for 1 ≤ i ≤ n when γβ < 1, then (2.8) implies

E
[

|X|γ

(log+ |X|)2γ

]

< ∞.
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Theorem 2.4 Let 0 < η ≤ 1, and let φ : R → R be positive, continuous, decreasing and

integrable on [0,∞). Assume that {Xni, i ∈ Z, n ≥ 1} is an array of rowwise NA random

variables with P (|Xni| ≥ x) ≤ CP (|X | ≥ x) for all x > 0, i ∈ Z and n ≥ 1. If one of the

following conditions (a)–(c) is satisfied:

(a) Let γ ≥ 1, β > 0. Then E|X |γ < ∞;

(b) Let γ > 1, max{− η
2 , η(γ−1 − 1)} < β ≤ 0. Then E|X |γ < ∞ and EXni = 0;

(c) Let 0 < γ < 1, β > η(γ−1 − 1) and
∫ ∞

0 (φ(t))γdt < ∞. Then E|X |γ < ∞,

then for mn ∈ N with mn

nη → ∞,

∞
∑

n=1

nγ(η+β)−1−ηP
(

max
0≤k≤mn

∣

∣

∣

∑

|i|≤k

φ
( i

nη

) 1

nη
Xni

∣

∣

∣
> ǫnβ

)

< ∞ for all ǫ > 0, (2.9)

∞
∑

n=1

nγ(η+β)−1−ηP
(∣

∣

∣

∞
∑

i=−∞

φ
( i

nη

) 1

nη
Xni

∣

∣

∣
> ǫnβ

)

< ∞ for all ǫ > 0. (2.10)

Conversely, assume that {X, Xni, |i| ≤ mn, n ≥ 1} is an array of identically distributed rowwise

NA random variables, and further that Xni are independent when γ(η + β) − 1 − η < 0. Then

(2.9) implies (a), (b) and (c).

Remark 2.2 Assume that Xni = Xi for all n ≥ 1, and that {Xi} is a sequence of i.i.d.

random variables. Then Theorems 2.1–2.4 reduce to the results of Lanzinger and Stadtmüller

[8]. So, Theorems 2.1–2.4 extend the results of Lanzinger and Stadtmüller [8] from the i.i.d. case

to the case of negatively associated, not necessarily identically distributed random variables.

3 Proofs of Main Results

We now give two lemmas, which will be useful later in the section.

Lemma 3.1 Let {Xi, i ≥ 1} be a sequence of NA random variables and {ani, 1 ≤ i ≤

n, n ≥ 1} an array of real numbers. Then there exists some constant A > 0 such that, for

n ≥ 1,

1

2

n
∑

j=1

P (|anjXj| > ǫ) ≤ (1 + A)P
(

max
1≤j≤n

|anjXj | > ǫ
)

+
n

∑

j=1

P (|anjXj | > ǫ)P
(

max
1≤j≤n

|anjXj| > ǫ
)

.

Further, if lim
n→∞

P
(

max
1≤j≤n

|anjXj | > ǫ
)

= 0, then there exists some constant C > 0 such that

for n large enough we have
n
∑

j=1

P (|anjXj| > ǫ) ≤ CP
(

max
1≤j≤n

|anjXj | > ǫ
)

.

The proof of Lemma 3.1 can be found in the proof of Theorem 2.1 in [10].

Lemma 3.2 Let {Yni, 1 ≤ i ≤ kn, n ≥ 1} be a triangular array of rowwise NA random

variables, where {kn, n ≥ 1} is a sequence of positive integer numbers, and let {an, n ≥ 1} be
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a sequence of positive constants. Suppose that for every ǫ > 0 there exists q ≥ 2 such that for

δ = ǫ
72q

,

( i )
∞
∑

n=1
an

kn
∑

i=1

P (|Yni| > δ) < ∞;

( ii )
∞
∑

n=1
an

( kn
∑

i=1

EY 2
niI(|Yni| ≤ δ)

)q

< ∞;

(iii) in the case lim inf
n→∞

an = 0,
kn
∑

i=1

P (|Yni| > δ) → 0 and
kn
∑

i=1

EY 2
niI(|Yni| ≤ δ) → 0, as

n → ∞.

If max
1≤k≤kn

∣

∣

∣

k
∑

i=1

EYniI(|Yni| ≤ δ)
∣

∣

∣
→ 0 as n → ∞, then

∞
∑

n=1

anP
(

max
1≤k≤kn

∣

∣

∣

k
∑

i=1

Yni

∣

∣

∣
> ǫ

)

< ∞ for all ǫ > 0.

The proof of Lemma 3.2 is given in Appendix.

Remark 3.1 (i) and (ii) in Lemma 3.2 imply that when lim inf
n→∞

an > 0,

kn
∑

i=1

P (|Yni| > δ) → 0 and

kn
∑

i=1

EY 2
niI(|Yni| ≤ δ) → 0, as n → ∞. (3.1)

Therefore, (i), (ii) and (iii) in Lemma 3.2 show that (3.1) holds.

Proof of Theorem 2.1 (a) Sufficiency We apply Lemma 3.2 here. Set

Yni = n−(α+β+1)iαXni.

We now verify that Yni satisfy the conditions of Lemma 3.2.

(i) We observe for all ǫ > 0,

∞
∑

n=1

nγ(β+1)−2
n

∑

i=1

P (|Yni| > ǫ) = O(1)

∞
∑

n=1

nγ(β+1)−2
n

∑

i=1

P (|X | > ǫnα+β+1i−α).

Note that

∞
∑

n=1

nγ(β+1)−2
n

∑

i=1

P (|X | > ǫnα+β+1i−α) < ∞

iff

∫ ∞

1

xγ(β+1)−2dx

∫ x

1

P (|X | > ǫxα+β+1y−α)dy < ∞.

Let u = xα+β+1y−α, v = y. Then

∞ >

∫ ∞

1

xγ(β+1)−2dx

∫ x

1

P (|X | > ǫxα+β+1y−α)dy

=
1

α + β + 1

∫ ∞

1

u
γ(β+1)−(α+β+2)

α+β+1 P (|X | > ǫu)du

∫ u
1

1+β

1

v
αγ(β+1)−α

α+β+1 dv

=
1

(αγ + 1)(β + 1)

[

∫ ∞

1

uγ−1P (|X | > ǫu)du −

∫ ∞

1

u
γ(β+1)−(α+β+2)

α+β+1 P (|X | > ǫu)du
]

,
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which is equivalent to E|X |γ < ∞. Therefore

∞
∑

n=1

nγ(β+1)−2
n

∑

i=1

P (|Yni| > ǫ) < ∞. (3.2)

(ii) Note E|X |γ < ∞ and γ(β + 1) − 1 > 0, so

n
∑

i=1

P (|Yni| > ǫ) = O(1)
n

∑

i=1

P (|X | > ǫnα+β+1i−α)

≤ O(1)ǫγn−γ(α+β+1)E|X |γ
n

∑

i=1

iαγ = O(n−[γ(β+1)−1]) → 0. (3.3)

(iii) If γ ≥ 2, then EX2 < ∞. Therefore we have

n
∑

i=1

EY 2
niI(|Yni| ≤ ǫ) ≤ n−2(α+β+1)EX2

n
∑

i=1

i2α = O(n−(2β+1)).

If 0 < γ < 2 and E|X |γ < ∞, then

n
∑

i=1

EY 2
niI(|Yni| ≤ ǫ) ≤ ǫ2−γn−γ(α+β+1)E|X |γ

n
∑

i=1

iαγ = O(n−[γ(β+1)−1]).

Hence, according to β > max{0, γ−1 − 1} we have
n
∑

i=1

EY 2
niI(|Yni| ≤ ǫ) → 0 and there exists

q ≥ 2 such that

∞
∑

n=1

nγ(β+1)−2
(

n
∑

i=1

EY 2
niI(|Yni| ≤ ǫ)

)q

< ∞. (3.4)

(iv) Similarly to the arguments as in (iii), one can verify

max
1≤k≤n

∣

∣

∣

k
∑

i=1

EYniI(|Yni| ≤ ǫ)
∣

∣

∣
→ 0, as n → ∞.

Therefore, from (i)–(iv), according to Lemma 3.2, we have

∞
∑

n=1

nγ(β+1)−2P
(

max
1≤k≤n

|Tnk| > ǫnα+β+1
)

< ∞ for all ǫ > 0.

Necessity If (2.1) holds, then when γ(β + 1) ≥ 2,

P
(

max
1≤k≤n

|Tnk| > ǫnα+β+1
)

→ 0 for all ǫ > 0 as n → ∞. (3.5)

When γ(β + 1) < 2, noticing Xni = Xi, we find

∞ >

∞
∑

n=1

nγ(β+1)−2P
(

max
1≤k≤n

|Tnk| > ǫnα+β+1
)

=
∞
∑

j=1

∑

2j−1≤n<2j

nγ(β+1)−2P
(

max
1≤k≤n

∣

∣

∣

k
∑

i=1

iαXi

∣

∣

∣
> ǫnα+β+1

)
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≥ C

∞
∑

j=1

2j[γ(β+1)−1]P
(

max
1≤k≤2j−1

∣

∣

∣

k
∑

i=1

iαXi

∣

∣

∣
> ǫ2j(α+β+1)

)

,

which follows from γ(β + 1) − 1 > 0 that

P
(

max
1≤k≤2j−1

∣

∣

∣

k
∑

i=1

iαXi

∣

∣

∣
> ǫ2j(α+β+1)

)

→ 0 for all ǫ > 0 as j → ∞. (3.6)

For any n ≥ 1, there exists some j ≥ 1 such that 2j−1 ≤ n < 2j. Therefore, from (3.6) it yields

that

P
(

max
1≤k≤n

∣

∣

∣

k
∑

i=1

iαXi

∣

∣

∣
> ǫnα+β+1

)

≤ P
(

max
1≤k≤2j

∣

∣

∣

k
∑

i=1

iαXi

∣

∣

∣
> ǫ · 22(α+β+1) · 2(j+1)(α+β+1)

)

→ 0 for all ǫ > 0 as j → ∞,

i.e., (3.5) holds for γ(β + 1) < 2. Hence, according to (3.5) and Lemma 3.1, we have

n
∑

i=1

P (|iαXni| > ǫnα+β+1) ≤ CP
(

max
1≤i≤n

|iαXni| > ǫnα+β+1
)

. (3.7)

Note max
1≤k≤n

|kαXnk| ≤ 2 max
1≤k≤n

|Tnk|. Therefore, from (2.1), (3.7) and {Xni} ≻ X we find

∞
∑

n=1

nγ(β+1)−2
n

∑

i=1

P (|iαX | > ǫnα+β+1) < ∞ for all ǫ > 0.

Hence, similarly to the arguments in (i), we have E|X |γ < ∞.

(b) Sufficiency Since max{− 1
2 , γ−1−1} < β ≤ 0 implies 2β +1 > 0 and γ(β +1)−1 > 0,

(i)–(iii) in (a) are still true. So, according to Lemma 3.2, it suffices to show

max
1≤k≤n

∣

∣

∣

k
∑

i=1

EYniI(|Yni| ≤ ǫ)
∣

∣

∣
→ 0, as n → ∞.

By EXni = 0 and E|X |γ < ∞ (γ > 1) we have

max
1≤k≤n

∣

∣

∣

k
∑

i=1

EYniI(|Yni| ≤ ǫ)
∣

∣

∣
≤

n
∑

i=1

E|Yni|I(|Yni| > ǫ) ≤ ǫ1−γ

n
∑

i=1

E|Yni|
γ

= O
(

n−[γ(β+1)−1]
)

→ 0, as n → ∞.

Necessity Similarly to the arguments in (a), we have E|X |γ < ∞. Thus, from the

sufficiency we know

∞
∑

n=1

nγ(β+1)−2P
(

max
1≤k≤n

|Tnk − ETnk| > ǫnα+β+1
)

< ∞ for all ǫ > 0. (3.8)
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From (2.1) and (3.8) it follows that
max

1≤k≤n

∣

∣

kP
i=1

iαEXni

∣

∣

nα+β+1 → 0. Further if {X, Xni, 1 ≤ i ≤ n, n ≥ 1}

is an array of identically distributed random variables, then

max
1≤k≤n

∣

∣

∣

k
∑

i=1

iαEXni

∣

∣

∣

nα+β+1
=

|EX |
n
∑

i=1

iα

nα+β+1
∼

|EX |

(1 + a)nβ
→ 0.

Since β ≤ 0, EXni = EX = 0.

Proof of Theorem 2.2 We only prove (b). The proofs of (a) and (c) are analogous.

Sufficiency We apply Lemma 3.2. Set Yni = n−(α+β+1)iαXni. We now verify that Yni

satisfy the conditions of Lemma 3.2.

(1) We observe that for all ǫ > 0,

∞
∑

n=1

nγ(α+β+1)−1

log+ n

n
∑

i=1

P (|Yni| > ǫ) = O(1)

∞
∑

n=1

nγ(α+β+1)−1

log+ n

n
∑

i=1

P (|X | > ǫnα+β+1i−α).

Note that

∞
∑

n=1

nγ(α+β+1)−1

log+ n

n
∑

i=1

P (|X | > ǫnα+β+1i−α) < ∞

iff

∫ ∞

1

xγ(α+β+1)−1

log+ x
dx

∫ x

1

P (|X | > ǫxα+β+1y−α)dy < ∞.

Let u = xα+β+1y−α, v = y. Then

∞ >

∫ ∞

1

xγ(α+β+1)−1

log+ x
dx

∫ x

1

P (|X | > ǫxα+β+1y−α)dy

=

∫ ∞

1

uγ−1P (|X | > ǫu)du

∫ u
1

1+β

1

1

v log+(uvα)
dv

=
1

α

∫ ∞

1

uγ−1P (|X | > ǫu) · log(log+ u + α log+ v)|v=u
1

1+β

v=1 du

=
1

α

∫ ∞

1

uγ−1
(

log+ α + β + 1

1 + β
+ log log+ u − log log+ u

)

P (|X | > ǫu)du

=
1

α
log+ α + β + 1

1 + β

∫ ∞

1

uγ−1P (|X | > ǫu)du,

which is equivalent to E|X |γ < ∞. Therefore

∞
∑

n=1

nγ(α+β+1)−1

log+ n

n
∑

i=1

P (|Yni| > ǫ) < ∞.

(2) Note γ(β + 1) − 1 = −α+β+1
α

> 0 and β > 0 under (i), 2β + 1 > 0 and γ(β + 1) − 1 >

−γα > 0 under (ii). So
n
∑

i=1

P (|Yni| ≥ ǫ) = O(n−[γ(β+1)−1]) → 0,

n
∑

i=1

EY 2
niI(|Yni| ≤ ǫ) =

{

O(n−(2β+1)), if γ ≥ 2,

O(n−[γ(β+1)−1]), if γ < 2
→ 0
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and further there exists some q ≥ 2 such that

∞
∑

n=1

nγ(α+β+1)−1

log+ n

(

n
∑

i=1

EY 2
niI(|Yni| ≤ ǫ)

)q

< ∞.

(3) Since γ > 1,

max
1≤k≤n

∣

∣

∣

k
∑

i=1

EYniI(|Yni| ≤ ǫ)
∣

∣

∣
=

{

O(n−β), under (i),

O(n−[γ(β+1)−1]), under (ii)
→ 0.

Therefore, according to (1)–(3), (2.4) holds by using Lemma 3.2.

Necessity Following the line used in the proof of Theorem 2.1, the necessity can be proved

similarly.

Proof of Theorem 2.3 We only prove (a). The proofs of (b) and (c) are similar.

Sufficiency We apply Lemma 3.2. Set Zni = i−1n−β(log n)−1Xni. We now verify that

Zni satisfy the conditions of Lemma 3.2.

(1) We observe that for all ǫ > 0,

∞
∑

n=1

nγ(β+1)−2

(log+ n)γ

n
∑

i=1

P (|Zni| > ǫ) = O(1)

∞
∑

n=1

nγ(β+1)−2

(log+ n)γ

n
∑

i=1

P (|X | > ǫinβ log n)

= O(1)
∞
∑

n=1

nγ(β+1)−2

(log+ n)γ

n
∑

i=1

∑

k>inβ log n

P (k − 1 ≤ |X | < k)

= O(1)

∞
∑

n=1

nγ(β+1)−2−β

(log+ n)γ+1

nβ+1 log+ n
∑

k=nβ log+ n+1

kP (k − 1 ≤ |X | < k)

+ O(1)

∞
∑

n=1

nγ(β+1)−1

(log+ n)γ

∞
∑

k=nβ+1 log+ n+1

P (k − 1 ≤ |X | < k)

:= O(1){In1 + In2}.

Note that if f(x) = xβ log x then f−1(x) ∼ ( βx
log x

)
1
β as x → ∞, where f−1 is the inverse function

of f . Hence

In1 ≤
∞
∑

n=e

nγ(β+1)−2−β

(log n)γ+1

nβ+1 log n
∑

k=nβ log n+1

kP (k − 1 ≤ |X | < k) + C

≤ C +

eβ+1
∑

k=eβ+1

kP (k − 1 ≤ |X | < k)

( βk
log k

)
1
β

∑

n=e

nγ(β+1)−2−β

(log n)γ+1

+

∞
∑

k=eβ+1+1

kP (k − 1 ≤ |X | < k)

( βk
log k

)
1
β

∑

n=( (β+1)k
log k

)
1

β+1

nγ(β+1)−2−β

(log n)γ+1

≤ C + C

∞
∑

k=eβ+1+1

kP (k − 1 ≤ |X | < k) ·
1

(log k)γ+1
·
( k

log k

)

γ(β+1)−1−β

β+1
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≤ C + C

∞
∑

k=eβ+1+1

kγ

(log k)2γ
P (k − 1 ≤ |X | < k)

≤ C + CE
[ |X |γ

(log+ |X |)2γ

]

< ∞.

Similarly

In2 = C +

∞
∑

n=e

nγ(β+1)−1

(log+ n)γ

∞
∑

k=nβ+1 log+ n+1

P (k − 1 ≤ |X | < k)

≤ C + CE
[ |X |γ

(log+ |X |)2γ

]

< ∞.

(2) Since E
[

|X|γ

(log+ |X|)2γ

]

< ∞ and γ(β+1) > 1, and noticing |x|γ

(log |x|)2γ is increasing function

for |x| > e, we have

n
∑

i=1

P (|Zni| ≥ ǫ) = O(1)

n
∑

i=1

P
( |X |γ

(log+ |X |)2γ
≥

ǫγiγnβγ(log+ n)γ

(log+ ǫ + log+ i + β log+ n + log log+ n)2γ

)

= O(1)
(log+ n)2γ

nβγ(log n)γ

n
∑

i=1

i−γ = O(n−[γ(β+1)−1] log n) → 0.

(3) Since E
[

|X|γ

(log+ |X|)2γ

]

< ∞ and γ(β + 1) > 1, there exists some δ > 0 such that

(γ − δ)(β + 1) > 1 and E|X |γ−δ < ∞. Hence

n
∑

i=1

EZ2
niI(|Zni| ≤ ǫ) ≤ ǫ2−(γ−δ)

n
∑

i=1

E|Zni|
γ−δ = O(n−[(γ−δ)(β+1)−1](log n)−(γ−δ)).

Therefore
n
∑

i=1

EZ2
niI(|Zni| ≤ ǫ) → 0 and there exists q ≥ 2 such that

∞
∑

n=1

nγ(β+1)−1

(log+ n)γ

(

n
∑

i=1

EZ2
niI(|Zni| ≤ ǫ)

)q

< ∞.

(4) Since 0 < γ < 1, similarly to the arguments in (3) we find

max
1≤k≤n

∣

∣

∣

k
∑

i=1

EZniI(|Zni| ≤ ǫ)
∣

∣

∣
→ 0, as n → ∞.

Therefore, according to Lemma 3.2, from (1)–(4) we obtain (2.6).

Necessity If (2.6) holds, similarly to the arguments in Theorem 2.1 we get

P
(

max
1≤k≤n

|Tnk| > ǫnβ log n
)

→ 0, as n → ∞.

Thus, by using Lemma 3.2, we have

∞ >

∞
∑

n=1

nγ(β+1)−2

(log+ n)γ

n
∑

i=1

P (|i−1X | > ǫnβ log n)
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≥
∞
∑

k=e

P
(

kβ+1 log k <
|X |

ǫ
≤ (k + 1)β+1 log(k + 1)

)

k
∑

n=e

nγ(β+1)−1

(log n)γ
.

We find

k
∑

n=e

nγ(β+1)−1

(log n)γ
∼

∫ k

e

xγ(β+1)−1

(log x)γ
dx ∼

1

γ(β + 1)
·

kγ(β+1)

(log k)γ
, as k → ∞.

Therefore
∞
∑

k=e

kγ(β+1)

(log k)γ
P

(

kβ+1 log k <
|X |

ǫ
≤ (k + 1)β+1 log(k + 1)

)

< ∞,

which is equivalent to E
[

|X|γ

(log+ |X|)2γ

]

< ∞.

Proof of Theorem 2.4 We only prove (2.9). The proof of (2.10) is similar.

Sufficiency We apply Lemma 3.2. Set Wni = φ
(

i
nη

)

1
nη Xni. We now verify that Wni

satisfy the conditions of Lemma 3.2.

(1) We observe that for all ǫ > 0,

∞
∑

n=1

nγ(η+β)−1−η

mn
∑

i=−mn

P (|Wni| > ǫ) ≤

∞
∑

n=1

nγ(η+β)−1−η

∞
∑

i=−∞

P (|Wni| > ǫ)

= O(1)
∞
∑

n=1

nγ(η+β)−1−η

∞
∑

i=−∞

P
(

|X | > ǫ
nη+β

φ( i
nη )

)

. (3.9)

Following the line of Theorem 4 in [8, p. 997], we find

∞
∑

n=1

nγ(η+β)−1−η

∞
∑

i=−∞

P
(

|X | > ǫ
nη+β

φ( i
nη )

)

≤ C

∞
∑

k=1

kγP
(

k − 1 ≤
|X |

ǫ
< k

)

≤ CE|X |γ . (3.10)

Hence, (3.9) and (3.10) yield

∞
∑

n=1

nγ(η+β)−1−η

mn
∑

i=−mn

P (|Wni| > ǫ) < ∞.

(2) According to E|X |γ < ∞, the integrability of φ( · ) and
∫ ∞

0
(φ(t))γdt < ∞ when

0 < γ < 1, we have

mn
∑

i=−mn

P (|Wni| > ǫ) = O(1)
∞
∑

i=−∞

P
(

|X | > ǫ
nη+β

φ( i
nη )

)

≤
∞
∑

i=−∞

ǫ−γn−γ(η+β)E|X |γ
(

φ
( i

nη

))γ

= O(n−γ(η+β)+η)

∫ ∞

−∞

(φ(t))γdt = O(n−γ(η+β)+η).

Note γ(η + β) − η > 0 under (a) or (b) or (c). Therefore
mn
∑

i=−mn

P (|Wni| > ǫ) → 0.
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(3) When γ ≥ 2, since E|Xni|
2 ≤ CE|X |2 < ∞, we have

mn
∑

i=−mn

EW 2
niI(|Wni| ≤ ǫ) ≤ C

∞
∑

i=−∞

1

n2(η+β)
φ2

( i

nη

)

≤ C
1

nη+2β

∫ ∞

−∞

φ2(t)dt ≤ Cn−(η+2β);

when 0 < γ < 2, we have

mn
∑

i=−mn

EW 2
niI(|Wni| ≤ ǫ) ≤ ǫ2−γ

∞
∑

i=−∞

E|Wni|
γ = O(n−γ(η+β)+η)

∫ ∞

−∞

(φ(t))γdt

= O(n−γ(η+β)+η).

Since η + 2β > 0 when γ ≥ 2, and γ(η + β) − η > 0 when 0 < γ < 2,

mn
∑

i=−mn

EW 2
niI(|Wni| ≤ ǫ) → 0

and there exists q ≥ 2 such that

∞
∑

n=1

nγ(η+β)−1−η
(

mn
∑

i=−mn

EW 2
niI(|Wni| ≤ ǫ)

)q

< ∞.

(4) Under (a), i.e., γ ≥ 1, β > 0 and E|X |γ < ∞, we have

max
0≤k≤mn

∣

∣

∣

∑

|i|≤k

EWniI(|Wni| ≤ ǫ)
∣

∣

∣

≤

∞
∑

i=−∞

E|Wni| ≤ Cn−β

∫ ∞

−∞

φ(t)dt = O(n−β) → 0, as n → ∞.

Under (b), by γ > 1, γ(η + β) − η > 0 and EXni = 0, we have

max
0≤k≤mn

∣

∣

∣

∑

|i|≤k

EWniI(|Wni| ≤ ǫ)
∣

∣

∣

≤

∞
∑

i=−∞

E|Wni|I(|Wni| > ǫ) = O(n−γ(η+β)+η) → 0, as n → ∞.

Under (c), according to 0 < γ < 1, γ(η + β) − η > 0 and
∫ ∞

−∞
(φ(t))γdt, we have

max
0≤k≤mn

∣

∣

∣

∑

|i|≤k

EWniI(|Wni| ≤ ǫ)
∣

∣

∣
= O(n−γ(η+β)+η)

∫ ∞

−∞

(φ(t))γdt → 0, as n → ∞.

Therefore, according to Lemma 3.2, from (1)–(4) we obtain (2.9).

Necessity Let (2.9) hold. Note that mn

nη → ∞ implies that there exists some positive

integer N0 such that mn ≥ nη for n ≥ N0.

Since {X, Xni, |i| ≤ mn, n ≥ 1} is independent and identically distributed random variables

when γ(η + β) < 1 + η, following the line of Theorem 4 in [8, p. 998], we find

∞ >

∞
∑

n=1

nγ(η+β)−1−ηP
(

max
0≤k≤mn

∣

∣

∣

∑

|i|≤k

φ
( i

nη

) 1

nη
Xni

∣

∣

∣
> ǫnβ

)
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≥ C

∞
∑

n=1

nγ(η+β)−1P
(

|X | > c
nη+β

φ(1)

)

,

which is equivalent to E|X |γ < ∞. When γ(η + β) ≥ 1 + η, (2.9) implies

P
(

max
0≤k≤mn

∣

∣

∣

∑

|i|≤k

φ
( i

nη

) 1

nη
Xni

∣

∣

∣
> ǫnβ

)

→ 0, as n → ∞.

Thus, by using Lemma 3.2, we have

∞
∑

n=1

nγ(η+β)−1−η

mn
∑

i=−mn

P
(∣

∣

∣
φ
( i

nη

) 1

nη
Xni

∣

∣

∣
> ǫnβ

)

< ∞ (3.11)

and

∞
∑

n=1

nγ(η+β)−1−η

mn
∑

i=−mn

P
(
∣

∣

∣
φ
( i

nη

) 1

nη
Xni

∣

∣

∣
> ǫnβ

)

≥

∞
∑

n=N0

nγ(η+β)−1−η

nη

∑

i=−nη

P
(
∣

∣

∣
φ
( i

nη

) 1

nη
Xni

∣

∣

∣
> ǫnβ

)

≥

∞
∑

n=1

nγ(η+β)−1P
(

|X | > c
nη+β

φ(1)

)

. (3.12)

(3.11) and (3.12) yield E|X |γ < ∞.

For the case (b), E|X |γ < ∞ follows from

∞
∑

n=1

nγ(η+β)−1−ηP
(

max
0≤k≤mn

∣

∣

∣

∑

|i|≤k

φ
( i

nη

) 1

nη
(Xni − EXni)

∣

∣

∣
> ǫnβ

)

< ∞. (3.13)

(2.9) and (3.13) yield EXni = EX = 0.

Appendix

Lemma A.1 (see [18]) Let {Xi, 1 ≤ i ≤ n} be a sequence of NA random variables with

zero means and finite second moments. Let B2
n =

n
∑

i=1

EX2
i . Then for all x > 0, α > 0 and

0 < β < 1,

P
(

max
1≤k≤n

∣

∣

∣

k
∑

i=1

Xi

∣

∣

∣
≥ x

)

≤ 2P
(

max
1≤k≤n

|Xk| > α
)

+
2

1 − β
exp

(

−
x2β

2(αx + B2
n)

·
{

1 +
2

3
ln

(

1 +
αx

B2
n

)})

.

Proof of Lemma 3.2 Define Y ′
ni = −δI(Yni < −δ) + YniI(|Yni| ≤ δ) + δI(Yni > δ),

Y ′′
ni = Yni − Y ′

ni. Then

∞
∑

n=1

anP
(

max
1≤k≤kn

∣

∣

∣

k
∑

i=1

Yni

∣

∣

∣
> ǫ

)
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≤
∞
∑

n=1

an

{

P
(

max
1≤k≤kn

∣

∣

∣

k
∑

i=1

Y ′
ni

∣

∣

∣
>

ǫ

2

)

+ P
(

max
1≤k≤kn

∣

∣

∣

k
∑

i=1

Y ′′
ni

∣

∣

∣
>

ǫ

2

)}

:= I3n + I4n.

Obviously, from (i) we find I4n ≤
∞
∑

n=1
an

kn
∑

i=1

P (|Yni| > δ) < ∞. Note

max
1≤k≤kn

∣

∣

∣

k
∑

i=1

EY ′
ni

∣

∣

∣
≤ δ

kn
∑

i=1

P (|Yni| > δ) + max
1≤k≤kn

∣

∣

∣

k
∑

i=1

EYniI(|Yni| ≤ δ)
∣

∣

∣
→ 0.

So, to prove I3n < ∞, it suffices to show

I∗3n :=

∞
∑

n=1

anP
(

max
1≤k≤kn

∣

∣

∣

k
∑

i=1

(Y ′
ni − EY ′

ni)
∣

∣

∣
>

ǫ

3

)

< ∞.

Since {Y ′
ni−EY ′

ni, 1 ≤ i ≤ kn, n ≥ 1} is still a triangular array of rowwise NA random variables

from the definition of Y ′
ni and the NA property, we apply Lemma A.1 here for x = ǫ

3 , β = 1
2

and α = 2δ = ǫ
36q

. Note max
1≤k≤kn

|Y ′
ni − EY ′

ni| ≤ 2δ = α, so we have

I∗3n ≤ 4
∞
∑

n=1

an exp
{

−
x2

4(αx + B2
n)

}

·
( B2

n

αx + B2
n

)
x2

6(αx+B2
n)

,

where B2
n =

kn
∑

i=1

E(Y ′
ni − EY ′

ni)
2. We observe

B2
n ≤

kn
∑

i=1

E(Y ′
ni)

2 ≤ δ2
kn
∑

i=1

P (|Yni| > δ) +

kn
∑

i=1

EY 2
niI(|Yni| ≤ δ) → 0.

So, B2
n ≤ αx for n large enough, and

exp
{

−
x2

4(αx + B2
n)

}

·
( B2

n

αx + B2
n

)
x2

6(αx+B2
n)

≤ exp
{

−
x

8α

}

·
(B2

n

αx

)
x

12α

= exp
{

−
3q

2

}( ǫ2

108q

)q

(B2
n)q.

Therefore, there exists a constant C > 0 such that

I∗3n ≤ 4 exp
{

−
3q

2

}( ǫ2

108q

)q
∞
∑

n=1

an(B2
n)q + C

≤ 2q+1 exp
{

−
3q

2

}( ǫ2

108q

)q[

δ2q

∞
∑

n=1

an

(

kn
∑

i=1

P (|Yni| > δ)
)q

+

∞
∑
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∞
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(
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∑
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EY 2
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