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Strong Convergence for Weighted Sums of
Negatively Associated Arrays**

Hanying LIANG* Jingjing ZHANG*

Abstract Let {Xm-} be an array of rowwise negatively associated random variables and
k .

Tok = Y. i%Xni for a > =1, Spe = Y ¢(%) = Xni for n € (0,1], where ¢ is some
i=1 li|<k

function. The author studies necessary and sufficient conditions of

ZAnP( max |Thx| > eBn) < oo and ZC’nP( max |Spr| > eDn) < 00
— 1<k<n bt 0<k<mn

for all € > 0, where A,,, By, Cy, and D,, are some positive constants, m,, € N with ’Z{; — 00.
The results of Lanzinger and Stadtmiiller in 2003 are extended from the i.i.d. case to the
case of the negatively associated, not necessarily identically distributed random variables.
Also, the result of Pruss in 2003 on independent variables reduces to a special case of the
present paper; furthermore, the necessity part of his result is complemented.
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1 Introduction

Let {X,,n > 1} be a sequence of independent and identically distributed (i.i.d.) random

variables (r.v.s). In this case the tail behavior of En: X; has been discussed by many authors.
Since many useful linear statistics, e.g., least-squarégéstimators, nonparametric regression func-
tion estimators and jackknife estimates among others (see [13, 20]), are weighted sums of random
variables, the limit properties of the weighted sums of the i.i.d. r.v.s have received considerable
attention from scientists in probability and statistics. See, for example, [4, 5, 7-9, 16]. In par-

ticular, Lanzinger and Stadtmiiller [8] considered the asymptotic behavior of the distribution
function of 3~ i*X; for & > —1 in the so-called Baum-Katz laws (see [3]). These theorems

i=1
reflect exactly the moment conditions on X;. Also, some authors discussed precise asymptotics

for complete convergence of sums of random variables (see [15, 21]) in recent years.
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In this paper, our aim is to study again the results on weighted sums of Lanzinger and
Stadtmiiller [8] under not necessarily identically distributed negatively associated arrays as-

sumptions. First we give the definition of negatively associated r.v.s.

Definition 1.1 A finite family of r.v.s {X;,1 < i < n} is said to be negatively associated
(NA), if for every pair of disjoint subsets A and B of {1,2,--- ,n}, we have

Cov(fl(Xivi € A)an(vaj € B)) <0,

whenever f1 and fo are coordinatewise increasing and the covariance exists. An infinite family
of r.v.s 1s NA if every finite subfamily is NA.

The notion of negative association was first introduced by Alam and Saxena [1]. Joag-
Dev and Proschan [6] showed that many well-known multivariate distributions possess the
NA property. Some examples include: (a) the multinomial, (b) the convolution of unlike
multinomials, (¢) the multivariate hypergeometric, (d) the Dirichlet, (e) the Dirichlet compound
multinomial, (f) the negatively correlated normal distribution, (g) the permutation distribution,
(h) the random sampling without replacement, and (i) the joint distribution of ranks. Because
of its wide applications in multivariate statistical analysis and system reliability, the notion of
negative association has received considerable attention recently. We refer to [6] for fundamental
properties, [14] for the three series theorem, [18] for moment equalities, [19] for the law of the
iterated logarithm, [2, 10, 11] for complete convergence, [12] for some strong law, and [17] for
the central limit theorem of random fields.

The layout of the paper is as follows. In Section 2, we give the main results. The proofs of
the main results will be provided in Section 3, and the proof of a preliminary lemma is put in

Appendix.

2 Main Results

In this section, let {X,;,1 < i < n,n > 1} be a triangular array of rowwise NA random
variables, and X be some random variable. {X,;} < X means that for all x > 0 and some
K > 0 such that

n

LS P(1Xal > 1) < KP(X] 2 7).

i=1
{Xni} = X stands for 2 > P(|X,;| > ) > CP(|X| > =) for all z > 0 and some positive
i=1

k
constant C. Define a weighted sum by Ty, = > 1*X,,; for a > —1.
i=1
In the sequel, let C' > 0 and ¢ > 0 denote generic constants whose value may change from
one place to another; a = O(b) means a < Cb; log"™ 2 = max(1,logz). Our main results are as

follows.

Theorem 2.1 Let o > 0.



Strong Convergence for Weighted Sums 275

(a) Assumey >0 and 3 > max{0,y ' —1}. If {X,;} < X and E|X|" < oo, then

> n’ywﬂ)dp( max [Tog| > enaJrﬁH) <00 for all e > 0. (2.1)
n=1 =

Conversely, if {Xni} = X, and assume X,,; = X; for 1 <i <n when y(8+ 1) < 2, then (2.1)
implies B|X |7 < c0.

In particular, assume that {X,; = X;, 1 > 1} is a sequence of identically distributed NA
random variables, then (2.1) is equivalent to E|X1]|7 < oo.

(b) Assume v > 1 and max{—2,7"' =1} < 8 < 0. If EXy; = 0, {Xni} < X and
E|X |7 < o0, then (2.1) remains true.

Conversely, if {X,:} = X, and assume X,; = X; for 1 < i < n when v(f+ 1) < 2, then

k
(2.1) implies E|X[? < oo and n~ @8+ max S I*EX,;

i=1

— 0, further EX,; = 0 when

{Xy:i} are identically distributed.
In particular, assume that {X,; = X;, 1 > 1} is a sequence of identically distributed NA
random variables with EX; = 0, then (2.1) is equivalent to E|X;|7" < co and EX; = 0.

Corollary 2.1 (a) Let 0 <t <1, r>t If{X,;} <X and E|X|" < oo, then

oo
E n?72P( max
1<k<n
n=1

Conversely, if {Xni} = X, and assume X, = X; for 1 <i <n when % <2, then (2.2) implies
E|X|" < co.

(b) Let1<t<2, r>t IfEX, =0, {Xn} <X and E|X|" < oo, then (2.2) remains
true.

Conversely, if {Xni} = X, and assume X,y = X; for 1 < i < n when 7 < 2, then
k

k

Xni| > en%) < oo foralle>0. (2.2)
1

1=

(2.2) implies E|X|" < oo and n~* max

— 0, further EX,; = 0 when {X,;} are
1<k<n

1

identically distributed. -

Remark 2.1 If {X,;,1 < i < n,n > 1} is a triangular array of independent random
variables with {X,;} < X, Pruss [16] proved the sufficiency part of Corollary 2.1. Therefore,
Corollary 2.1 extends the result of Pruss [16] from independent variables to the NA setting and

complements his necessity part.

Theorem 2.2 Let —1 < a < 0. Set

(Al) 0<~v < ri‘; (i) 8 > max{0,7~' =1} or (i) v > 1, max{3,7 ' —a} -1 < B <
07 Ean = 07

(A2) v=pp () B>00r (i) v > 1, max{z, 7' —a} ~1< B <0, EX, =0,

(A3) v > s () B>0o0r (i) v > 1, max{3,7"' —a} -1 <3 <0, BEX,; = 0.

(a) Assume that (A1) is satisfied. If {Xn;} < X and E|X|Y < oo, then

> n’ywﬂ)dp( max [Top| > enaJrﬁH) <00 for all e > 0. (2:3)

n=1
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Conversely, if {Xni} = X, and assume X,; = X; for 1 < i < n when v(6+ 1) < 2, then
k
ST i*EX,i| — 0 under (i), further EX,; =0

1=1

(2.3) implies E|X |7 < oo, and n~(@+0+1) max
1<k<n

under (i) and {X,;} are identically distributed.
(b) Assume that (A2) is satisfied. If {X,i} < X and E|X|Y < oo, then

> pr(et+p+1)—1
n P(

Z log™ n

n=1

max |Tpr| > eno‘JrﬁJrl) < oo foralle> 0. (2.4)
1<k<n

Conversely, if {X,;} = X, and assume X,; = X; for 1 <i < n when y(a+ 4+ 1) <1, then

k
ST i*E X, — 0 under (ii), further EX,; =0

i=1

(2.4) implies E|X|" < oo, and n~ (@A) max
1<k<n

under (i) and {X,;} are identically distributed.
(¢) Assume that (A3) is satisfied. If {Xni} < X and E|X|Y < oo, then

Z n’V(O‘JrﬁJrl)*lP(lrél?é( |Toke| > eno‘JrﬁJrl) < oo foralle>0. (2.5)
n=1 srsn
Conversely, if {X,;} = X, and assume X,; = X; for 1 <i < n when v(a+ 4+ 1) <1, then
k
(2.5) implies E|X|" < oo, and n~(+0+1) ax ST i*EX | — 0 under (ii), further EXp; =0

i=1
under (i) and {X,;} are identically distributed.

Theorem 2.3 Let o = —1.
(a) AssumeO0<~vy<1landB>~"1—1. If{Xn} <X and E[L} < 00, then

(log™ |XT])?7
20 (B+1)-2
Z ﬁP(lrggg |Toi| > en” logn) < oo foralle>0. (2.6)
n=1 108 T ==

Conversely, if {Xn:} = X, and assume X,,; = X; for 1 <i <n when v(8+ 1) < 2, then (2.6)

implies E[%} < o0.
(b) Assume > 0. If {X,;} < X and E[ﬁ} < oo, then
) nﬁ_l 5
,;1 WP(lrgnggn |Thk| > en 10gn> < oo foralle>0. (2.7)

Conversely, if { X} = X, and assume X,; = X; for 1 <i <n when 8 <1, then (2.7) implies

[X]
B et | < o

(c) Assume~y>1and 8>0. If {X,;} <X and E[ﬁ} < 00, then
e n'YB_l
Z fP( max |T,| > en” logn) < oo foralle>0. (2.8)
et (log™ n)Y 1<k<n

Conversely, if { X} = X, and assume X,,; = X; for 1 < i <n wheny0 < 1, then (2.8) implies

X"
B | gy iyer ] < oo
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Theorem 2.4 Let 0 < n <1, and let ¢ : R — R be positive, continuous, decreasing and
integrable on [0,00). Assume that {X,:, @ € Z, n > 1} is an array of rowwise NA random
variables with P(|X,;| > x) < CP(|X| > z) for all x > 0, i € Z and n > 1. If one of the
following conditions (a)—(c) is satisfied:

(a) Lety>1, 8>0. Then E|X|7 < o0

(b) Lety>1, max{—#%,n(v* —1)} < 8<0. Then E|X|" < 0o and EX,; = 0;

(c) Let 0 <y <1, B>n(y ' =1) and [;°(¢(t))7dt < co. Then E|X|" < oo,

then for m, € N with =2 — oo,
S e, | 3 6 ) ] > ) oo porattez 0. 09)
n=1 T i<k
oo oo ; 1
va(nﬂi)fl*np(’ Z ¢)(%)EXM > enﬁ) < oo foralle>0. (2.10)
n=1 i=—00

Conversely, assume that {X, X, |i| < mp,n > 1} is an array of identically distributed rowwise
NA random variables, and further that X,; are independent when y(n+ () —1—1n < 0. Then
(2.9) implies (a), (b) and (c).

Remark 2.2 Assume that X,,; = X; for all n > 1, and that {X;} is a sequence of i.i.d.
random variables. Then Theorems 2.1-2.4 reduce to the results of Lanzinger and Stadtmiiller
[8]. So, Theorems 2.1-2.4 extend the results of Lanzinger and Stadtmiiller [8] from the i.i.d. case

to the case of negatively associated, not necessarily identically distributed random variables.

3 Proofs of Main Results

We now give two lemmas, which will be useful later in the section.

Lemma 3.1 Let {X;, i > 1} be a sequence of NA random variables and {an;,1 < i <
n,n > 1} an array of real numbers. Then there exists some constant A > 0 such that, for
n=>1,

1 n
5 2 PlawX;| >0 < (14 AP max o, X[ > c)
Jj=1 T

+ 3 P(lan; X5 > e)P( max o, X;| > e).

j=1
Further, if lim P(lréla<x lan; X ;| > 6) = 0, then there exists some constant C > 0 such that
n—oo sSisn

for n large enough we have Y P(lan; X;| > €) < CP(lrila<x |an; X ;| > e).
i=1 jsn

The proof of Lemma 3.1 can be found in the proof of Theorem 2.1 in [10].

Lemma 3.2 Let {Yy;,1 < i < ky,n > 1} be a triangular array of rowwise NA random

variables, where {k,,n > 1} is a sequence of positive integer numbers, and let {a,,n > 1} be
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a sequence of positive constants. Suppose that for every € > 0 there exists ¢ > 2 such that for
0= =
72q°

(1) 3 an 3 P(|Y| > 6) < o0

n=1 i=1
(i) 3 an( % Y%I<|Ym|s5>)q<oo;

(iii) in the case liminfa, = 0, Z P(|Yni| > 6) — 0 and Z EY2I(|Yni] <6) — 0, as

n—oo
n — oo.
If max il ([Yni| <0) ’ — 0 as n — oo, then
1<k<kn

>e)<oo for all e > 0.

9] k

(g, |2

n=1 i=1
The proof of Lemma 3.2 is given in Appendix.

Remark 3.1 (i) and (ii) in Lemma 3.2 imply that when liminf a,, > 0,

n—oo

kn kn,
> P(Yuil >6) =0 and > EYZI(|Yni| <6) =0, asn— oo, (3.1)
=1 1=1

Therefore, (i), (i) and (iii) in Lemma 3.2 show that (3.1) holds.

Proof of Theorem 2.1 (a) Sufficiency We apply Lemma 3.2 here. Set
Y, = n_(o“"ﬁ*l)io‘Xm

We now verify that Y,,; satisfy the conditions of Lemma 3.2.
(i) We observe for all € > 0,

Zn7(5+1)—22p(|ym| > €)= 0(1) va(6+1)—2 ZP(|X| > ena-'rﬁ-'rli—a).
n=1 i=1 n=1 i=1

Note that

Zn'y([”l)*z ZP(|X| > en®TPTi—) < oo

n=1 i=1

iff / :107(5+1)_2d:v/ P(|X| > ex®tPHly=)dy < oo,
1 1
Let u = z*tA+ly=e ¢ =y. Then

00 >/ x”<3+1)_2dx/ P(|X| > ex® TPy~ dy
1 1

_ 1 / uww%);éﬁwz) P(X| > eu du/ Mé‘fglﬁl aulbtlze
1 [/ -1 /°° 2B+ (ot 6+2)
= P(|X| > eu) U X| > eu)dul,
(ay+1)(B+1) (X1 1 P(|IX| > eu)
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which is equivalent to E|X|? < co. Therefore
o0 n
> TN P(|Yni] > €) < oo (3.2)
n=1 i=1

(ii) Note E|X|" < oo and y(f+1) —1 >0, so
> P([Yail > €) =0(1) > P(IX| > en®tFH1im)
1=1 =1

<OM)n I EIX Y "7 = O(n~ D) — o, (3.3)
i=1

(iii) If v > 2, then EX? < co. Therefore we have

Z EY2I(|Yyi| <€) < n~2etit) px? Z 20 = O(n~ (30D,

=1

If 0 <y <2and E|X|" < o0, then

3 EYAH1al ) B S ofa 8

i=1

Hence, according to 3 > max{0,7~! — 1} we have > EY,2I(|Y,;| <€) — 0 and there exists
i=1
q > 2 such that

Zm(ﬁ“ (ZE I(|Yoi] < e))q < 0. (3.4)

(iv) Similarly to the arguments as in (iii), one can verify

— 0, asn — oo.

k
Ly
AP CCED

Therefore, from (i)—(iv), according to Lemma 3.2, we have
Zrﬂ A+1)- 2P( max |Tnk| > ena+5+1) < oo forall e>0.

Necessity If (2.1) holds, then when (5 + 1) > 2,

P(11<nkax |Toke| > en“*ﬁ“) —0 foralle>0 asn— oo. (3.5)

When «(8 4+ 1) < 2, noticing X,,; = X, we find

00 > Zrﬂ A+1)- 2P( max |Tose| > ena+5+1)
1<k<

k
X X w3 ] )

J=12i-1<n<2i i=1
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> CZ 2]’[V(B+1)—1]p( max

1<k<2i—1

k
3 i“Xi‘ > €2j(a+ﬁ+l))7
i=1

j=1

which follows from (8 + 1) — 1 > 0 that

P( max
1<k<2i-1

k
Ziaxi} > 62j<a+ﬁ+1>) 0 foralle >0 asj— oo. (3.6)
i=1

For any n > 1, there exists some j > 1 such that 271 < n < 27, Therefore, from (3.6) it yields
that

k
e Ve a+£+1
P | ] > )
k
< P( max Zio‘Xi‘ > ¢ 22(@tB+D) 2<J+1)(a+5+1)) —0 foralle>0 asj— oo,
1<k<2i

i.e., (3.5) holds for (5 + 1) < 2. Hence, according to (3.5) and Lemma 3.1, we have
3 P(liX ] > en®t0t) < cp( max [ X > ena+ﬁ+1). (3.7)
i=1 ==

Note max [k“X,x| <2 max |T,k|. Therefore, from (2.1), (3.7) and {X,;} = X we find
1<k<n 1<k<n

Z nY(B+1)—2 Z P(li“X| > en““”l) < oo forall e >0.

n=1 i=1
Hence, similarly to the arguments in (i), we have E|X |7 < oco.
(b) Sufficiency Since max{—3,7 ! —1} <3< 0implies 26+1 > 0 and y(8+1)—1 > 0,
(i)-(iii) in (a) are still true. So, according to Lemma 3.2, it suffices to show

— 0, asn — oo.

k
iy
s | S BYat (il < 0

By FX,; =0 and E|X|" < oo (7 > 1) we have

k

max
1<k<n

EYoiI(|Yoi <€) <D BVl I([Ynil > €) < €77 B[V,
1 i=1 i=1

1=

= O(n_h(m'l)_”) — 0, asn— oo.

Necessity Similarly to the arguments in (a), we have E|X|" < oco. Thus, from the

sufficiency we know

3 n'v(ﬁJrl)*?p( e [Ty — BT > enaﬂm) <oo foralle>0. (3.8)

n=1
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k
max | > i“EX,;

From (2.1) and (3.8) it follows that lgkgnn;jgﬂ — 0. Further if {X, X,,;,1 <i<mn,n>1}

is an array of identically distributed random variables, then

k
Y E X i
2 EX|

ot T ettt T (It a)nf

max
1<k<n

EX] Y i
=1

Since 3 <0, EX,; = EX = 0.
Proof of Theorem 2.2 We only prove (b). The proofs of (a) and (c) are analogous.

Sufficiency We apply Lemma 3.2. Set Y,; = n— (841X . We now verify that Yj,;
satisfy the conditions of Lemma 3.2.
(1) We observe that for all € > 0,

ny(at+p+1)—1 nY(atB+1)—
P(|Yyi| > P(|X| > enotPHlj—«
S e Y PVl > 0 = 00 3 T S P > )
Note that

> prlatftl)—-1 7
Z = ZP (1X] > en®+5+Li72) < 00
log™ n

2 (etp+1)— ®
iff / dx/ P(|X| > ex®TPTly=)dy < oc.
log T 1

Let u = z*tF+ly=e ¢ =y. Then

oo py(atBt -1 pe
00 > / 7+d:v/ P(|X| > ex® TPy dy
1 1

log™ z
= W TP(|X| > eu du/ S 1)
e s g [T
1 s
= —/ W P(IX] > eu) - log(log™ u + alog™ v)[?Z% " du
@ J1
1 [~ 1
- 5/1 u’yil(long % +loglog™ u — loglog™ u)P(|X| > eu)du
1 a+B+1 [
= —log" ———— P(|IX d
o 08 1+58 J, u (IX| > eu)du

which is equivalent to E|X|?” < co. Therefore

>

n=1

p(atBtn—1 2

j{:})|};1|> €) < 0.
log™

(2) Note y(B+1) —1= -2+ > 0 and 8> 0 under (i), 26+1 >0 and y(B+1) — 1 >

—~a > 0 under (ii). So Y P(|Yyi| > €) = O(n~0B+H=1]) 0,
i=1

O(n=(28+D), ify=>2,
ZE |Yn7,| < 6) {O(n[’Y(ﬁ+1)1]), 1f ")/ < 2 - 0
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and further there exists some ¢ > 2 such that

ny(etp+)—1 , 1

q
nzl — (ZE I([Yu <€) < 0.
(3) Since v > 1,

max
1<k<n

k -B .
ZEYmI(|Ym| <¢g|= {O(n ) under (i), 0.
=1

O(n~b D=1 under (ii)
Therefore, according to (1)—(3), (2.4) holds by using Lemma 3.2.

Necessity Following the line used in the proof of Theorem 2.1, the necessity can be proved
similarly.

Proof of Theorem 2.3 We only prove (a). The proofs of (b) and (c) are similar.

Sufficiency We apply Lemma 3.2. Set Z,; = i 'n"P(logn) ' X,;
Zn; satisfy the conditions of Lemma 3.2.
(1) We observe that for all € > 0,

. We now verify that

Z o ZP |Zni| > €) =O0(1 )ZﬂZP |X| > ein” logn)

lognl1 (lognl1

V(B+1)—2
:0(1)2" =3 Y P-1<IX|<k)
o pr(p+1-2—p "7 g n

=1 k>inf logn
- A 1<
omd log™ )71 > kPk-1<|X|<k)

n=1 k=nP logt n+1

log n)Y

o0 A (B+1)-1 >
+0(1)ZW > Pk—1<|X|<k)
n=1

k=nf+1logt n+1

= O(1){In1 + In2}.

. o ﬁ —1 Bw 1 —1 - . .
Note that if f(z) = 2" logx then f~*(z) ~ (£;5)7 as & — oo, where f™ is the inverse function
of f. Hence

nftllogn
> (B+1)—2-7 g
In1§ZW > kP(k-1<|X|<k)+C

n=e k=n?log n+1
1
CB+1 (%)E
& nY(B+1)—2-p
<C+ > kPh—1<|X|<k) Y “logn) T
k=eB+1 n=e s
1
00 (loﬁgkk)ﬁ
nY(B+1)—2-p
+ Y. kPE-1<|X|<k) > “(logn)
h=ef 141 n—({GEDk) 7T
. R
<C4C EP(k—1<|X|<k)- (
<C+ Z ( <|XI<#k) (log k)7+1 \logk
k=eft141
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<ot0 Y o PR-1<|x|<H

X\
<C+CE| X1 | <.
(log™ [X[)*Y
Similarly
nY(B+1)—1 i
=C+ Plk—1<|X|<k
PO T D DI

k=nBf+1logt n+1

x|
<C+(CE|l—————| <
= [aog* |X|)2J e

(2) Since E {%} < oo and y(8+1) > 1, and noticing m is increasing function

for |x| > e, we have

- - | XY Yi'nP7 (log™ n)7

P2l 2 ) = 0 3 PG 2 o o i log” )

p —  \(log™ |X[)** T (log" e+ log™ i+ Blog™ n + loglog™ n)*Y
(log" n)*" <~

Zf’y = O(n~ DBV~ 10gn) — 0.

= 00, i 3

(3) Since E[%} < oo and (B + 1) > 1, there exists some ¢ > 0 such that

(y=68)(B+1)>1and E| X"~ < co. Hence

ZE I(Zni| <€) <0 ‘”ZE|ZM|V 5 = O(n~1-DB+D-1) (g 1)~ (-9)),

=1

Therefore Y EZ2,1(|Zni| < €) — 0 and there exists ¢ > 2 such that

i=1

nyB+H-1 0

(ZE |Zm|<e))q<oo.

(4) Since 0 < 7 < 1, similarly to the arguments in (3) we find

S

nllogn

max — 0

1<k<n

, asmn — oo.

k
> EZpi(|Zni] <€)

Therefore, according to Lemma 3.2, from (1)—(4) we obtain (2.6).

Necessity If (2.6) holds, similarly to the arguments in Theorem 2.1 we get
P( max [Ty > en” logn) — 0, asn— oo.
1<k<n

Thus, by using Lemma 3.2, we have
N(B+1)—2 ™
00 > Z ZP li71X| > en”logn)

logn p
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n’Y(BJ"l)_l

- k
X
> Zp(kﬁ-i-l logk < |_€| < (k+1)"log(k + 1)) Z “(logn)"

k=e n—=e

We find

as k — oo.

kL pr(B+1)-1 k x7(6+1)—1d 1 kY (B+1)
— (logn)7 N/e (logz)” 3B +1) (ogh)’

Therefore

> ) | X|
§ Pkt ok < 2 < (B + 1) log(k + 1
(log k)Y ( 08 h < € = (k+1) og(k + )) <0

which is equivalent to F [%} < 00.

Proof of Theorem 2.4 We only prove (2.9). The proof of (2.10) is similar.
Sufficiency We apply Lemma 3.2. Set W,; = ¢(n%)n%Xm. We now verify that W,,;

satisfy the conditions of Lemma 3.2.
(1) We observe that for all € > 0,

anynJrﬁ —1-n Z (W] > ) < Zn'ynJrﬁ —1-n Z (IWhi] > €)

i=—"My i=—00

nn+B
_ annw) 1y Z (|X|>e¢(i)). (3.9)

1=—00

Following the line of Theorem 4 in [8, p. 997], we find

Zn’ynﬂi - Z (|X|>e¢ ) OZMP( —1<|X| k:)gCE|X|7. (3.10)

1=—00

Hence, (3.9) and (3.10) yield
va (n+B)—1-n Z (Wil > €) <

(2) According to E|X|? < oo, the integrability of ¢(-) and [°(¢(t))?dt < oo when
0 <y <1, we have

. - nn+e
i:;npuwm >€) = O(l)i—Z_:OOPOXl > Eé(%))
< i 6777177(’7+ﬁ)E|X|’Y(¢(7%))7
= O(n*’Y(nJrﬁ)Jrn) /°° (¢())dt = O(nfv(nﬂi)m)_

Note v(n+ B) —n > 0 under (a) or (b) or (c). Therefore i P(|Whpi| >¢€) — 0.

i=—mMy
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(3) When v > 2, since E|X,;|> < CE|X|* < 0o, we have

Mn oo

2 , 2( L RS e —(n+28).
S EWRI(W.l<e <C Z nw e (nn) <O /ﬂoqb (£)dt < Cn=+28).

T=—Mp

when 0 < v < 2, we have

3 BWAI(Wul £ £37 Y BWp = 009 [~ oy
o _ O(njj(;ioﬁﬁrn).
Since n+ 23 > 0 when v > 2, and v(n + 8) —n > 0 when 0 < v < 2,
Z EW2I(|Whni| <€) —0
and there exists ¢ > 2 such that n
inv(vwﬁ)—l—n( Z EW2I(|Wy| < 6)) < o0,
n=1 i=—mn,
(4) Under (a), i.e., ¥y > 1,6 > 0 and E|X|" < oo, we have
s | 5 P <
< Z E|Wm|<Cn_B/ o(t) O(n™") =0, asn— oc.

Under (b), by v > 1,y(n+ ) —n > 0 and EX,,; = 0, we have

max
0<k<mn,,

> EWni I (Wil < e)
[i|<k

< Y EWail I([W| > €) = O(n Y041 -0, as n — oo.

Under (c), according to 0 <y < 1, y(n+8) —n >0 and [ _(4(t))7dt, we have
<6 = —Y(+8)+n - ¥ )
oJnax Z EWo I([Wyi| <€)l =0(n ) (¢(t))Ydt — 0, asn— oo

— 00

|| <k
Therefore, according to Lemma 3.2, from (1)-(4) we obtain (2.9).

Necessity Let (2.9) hold. Note that 2= — oo implies that there exists some positive
integer Ny such that m,, > n" for n > Ny.

Since {X, X,,;, |i| < my,n > 1} is independent and identically distributed random variables
when v(n + 3) < 1+ n, following the line of Theorem 4 in [8, p. 998], we find

DYCSERNEN

o
oo>§ nv(n+ﬁ)—1—np( max
0<k<mp
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> B ni+B8
> C;n'ymﬂj) 1P(|X| > CW),

which is equivalent to E|X | < co. When ~v(n+ 3) > 1+, (2.9) implies
i\ 1

> {55 ) o

i<k

Thus, by using Lemma 3.2, we have

P( max
0<k<mn

>enﬁ)—>0, as n — oo0.

Mn

I (O

i=—my

ﬁ) < 00 (3.11)

and

va(n-irﬁ) 1-n Z (‘ (Z ) 177X"i

i=—Mn

’)

2\ 1
>>£E;Onvw+ﬁ>l-nzgg%n (‘ ( ) — X ﬁ)
> 7;m<"+ﬁ>1p(|x| > CZZ)B) (3.12)

(3.11) and (3.12) yield E|X|" < cc.
For the case (b), F|X |7 < oo follows from

> 0(-5) s (i = BXo)
i<k

(2.9) and (3.13) yield EX,; = EX = 0.

Z n'y(”Jrﬁ)*l*"P( max > enﬁ) < o0. (3.13)

0<k<mn

n=1

Appendix
Lemma A.1 (see [18]) Let {X;,1 <i <n} be a sequence of NA random variables with
zero means and finite second moments. Let B2 = > EXZ. Then for all z > 0, a > 0 and
i=1
0<p<1,

( max
1<k<n

=

<2P( max |X;€|>a)+1zﬂexp(—2(a§;fB%).{l+§l (1-1-%)})

Proof of Lemma 3.2 Define V!, = —01(Yy < —0) + Yo I(|Yni| < 8) 4+ 0I(Yni > 9),
Y =Y, —Y/,. Then

oo
E anP( max
1<k<kn
n=1

k
E:}%i >(J
i=1
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© k
< / f) ( ‘ . )}
< Lo{Plim [l 3) v ZY

=13, + 14

e’} kn
Obviously, from (i) we find Iy, < > a, > P(|Yni| > §) < oo. Note
i=1

n=1

k
: <5)
é}%’én’;”" < g (IYni] > ) +  max ’ZEYMI Vil < 8)| — 0.

So, to prove I3, < oo, it suffices to show

00 k
. o I €
I, '_;a"P(é%ag’;in 2(1’,” EY)| > 3) < .

Since {Y,!, — EY,

ni’

1<i<ky,n>1}isstill a triangular array of rowwise NA random variables
from the deﬁnltlon of Y, and the NA property, we apply Lemma A.1 here for z = §, = %
and a = 26 = 5. Note  ax Y, — EY].| < 2§ = «, so we have

22

15 ) (i)
QA X — : "
sn = — P 4(ax + B2) ax + B2

where B2 = Z E(Y!, — EY,!,)?. We observe

kn
Z <5QZP|YM|>6 +ZE I(|Yni] <6) —

So, B2 < ax for n large enough, and

e 2 )
P 4(cx + B2) ax + B?

B2\ w3 3 2 \a
o () —on{ -2 ) 0
8 az 2 108¢q

Therefore, there exists a constant C' > 0 such that

13”§46Xp{ }(108q) ga" (Br)"
}(108(]) {%ian(ipuymps))q

n=1 i=1

< 9atl exp

QAp

n
NE

1(|Yos| < 5))q] C

3
Il
-

HMW‘ /
?

P(|Yi] > 0) +CZan(ZE (Yl <9)) +C

Mg

3
Il
-
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