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Abstract Using the convex functions on Grassmannian manifolds, the authors obtain the
interior estimates for the mean curvature flow of higher codimension. Confinable properties
of Gauss images under the mean curvature flow have been obtained, which reveal that if
the Gauss image of the initial submanifold is contained in a certain sublevel set of the
v-function, then all the Gauss images of the submanifolds under the mean curvature flow
are also contained in the same sublevel set of the v-function. Under such restrictions,
curvature estimates in terms of v-function composed with the Gauss map can be carried
out.
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1 Introduction

For a hypersurface, there are support functions which play an important role in the hyper-
surface investigation. This technique would also be used for a general submanifold in Euclidean
space. We can define generalized support functions related to the generalized Gauss map whose
image is the Grassmannian manifold. The Pliicker imbedding of the Grassmannian manifold
into Euclidean space gives us the “height function” w on the Grassmanian manifold.

In the case of positive “height function”, we can define the function v = w~" on an open
subset U in the Grassmannian manifold. Now, the key issue is the estimates of Hessian of
v-function. In our previous paper [18], a quite accurate lower bound of the Hess(v) has been
given. The estimates also give the corresponding convex region of the function.

In the previous work of the first author with Jost [6], the largest geodesic convex set Byx
in the Grassmannian manifold was found. It is interesting to note that the convex region of
the v-function is just Byx. Based on it, we can define auxiliary functions which enable us to
carry out the Schoen-Simon-Yau type curvature estimates and Ecker-Huisken type curvature
estimates for minimal submanifolds in higher codimension (see [18]), and for submanifolds with
prescribed Gauss image and mean curvature (see [17]).

Now, we continue to explore applications of those convex functions on the Grassmannian
manifolds to other related problems.

We consider the deformation of a complete submanifold in R”**" under the mean curvature
flow. For codimension one case, there are many deep results given by Ecker-Huisken [4, 5, 7, 8].
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In recent years, considerable attention has been paid to higher codimensional mean curvature
flow (see [1-3, 9-12]). In previous papers, we studied mean curvature flow with convex Gauss
image (see [16]) and curvature estimates for minimal submanifolds (see [19]). Some results in [4]
has been generalized to higher codimension. Now, the convex v-function on the Grassmannian
manifold can be used in the interior estimates for mean curvature flow in higher codimension
and some results in [5] can be generalized to the higher codimensional situation.

We obtain the confinable properties (see Theorem 4.1). This is an interesting feature which
tells us that if the Gauss image of the initial submanifold is contained in a certain sublevel
set of the v-function, then all the Gauss images of the submanifolds under the MCF are also
contained in the same sublevel set of the v-function. In particular, if the initial submanifold
is an entire graph, then the graphic situation is always remained under the MCF. Moreover,
v-function composed with Gauss map is just the volume element. If its value is less than 2
initially, then their values are always less than 2 under the MCF.

Under such restrictions, we can carry out the curvature estimates under the MCF (see
Theorems 5.1 and 5.2) in terms of ¥ = v o 7 with the Gauss map 7.

2 Convex Functions on Grassmannian Manifolds

Let R™*" be an (m + n)-dimensional Euclidean space. All oriented n-subspaces constitute
the Grassmannian manifold G, .

Fix Py € Gy, in the sequel, which is expressed by a unit n-vector €; A --- A €,. For any
P € Gy, n, expressed by an n-vector e; A --- A ey, we define an important function on Gy, ,

WL (P R)=(er A Aen,er A Aey) = det W,

where W = ({e;, ¢;)).
Denote
U={P e Gy, :wP) >0}

Let {€n1a} be m vectors such that {¢;, €14} form an orthornormal basis of R™*". Then we
can span arbitrary P € U by n vectors f;,

fi = € t Zia€nta,

where Z = (z;o) are the local coordinates of P in U. Here and in the sequel we use the
summation convention and agree the range of indices:

1<i,j<n, 1<a,B<m.
The Jordan angles between P and Py are defined by
0o = arccos(Ay ),
where A\, > 0 and A2 are the eigenvalues of the symmetric matrix WTW. On U we can define
v=w

Then it is easily seen that

v(P) = [det(I, + ZZT)]% = H secO,.
a=1
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The canonical metric on G, , in the local coordinates can be described as (see [14, Chapter
VII))
g=tr((I, +2Zz") 'z (I, + 2z Z)"tdz"). (2.1)

Let E;, be the matrix with 1 in the intersection of row 7 and column « and 0 otherwise.
Denote i jp = (Eia, Ejp) and let (¢°*77) be the inverse matrix of (gja,;). Then
(L+A7)2(1+X2)% Eia

form an orthonormal basis of TpGy, 1, where A\, = tanf,. Denote its dual basis in TpGp m
by Wia-
A lengthy computation yields (see [18])
Hess(v)p = Z W, + Z(l + Ao, Fovtdv @ do
[e3

m+1<i<n
«@

£ 3 [+ Aado (R s+ )

a<f

+(1— )\(y/\g)v(g(wag - wga))Q} . (2.2)

Define

Byx(Py) = {P € U : sum of any two Jordan angles between P and Py < g}

This is a geodesic convex set, larger than the geodesic ball of radius \/T§7T and centered at Fp.

This was found in a previous work of Jost-Xin [6]. For any real number a, let V, = {P €
Goym, (P) < a}. From [6, Theorem 3.2], we know that

Vo C Byx and VQQEJ)(#@.

Hess(v)p is positive definite if and only if 0, +65 < § for arbitrary a # 3, i.e., P € Byx(Fo).
From (2.2), it is easy to get an estimate

Hess(v) > v(2 —v)g + v 'dv®@dv, on Vs.

For later applications, the above estimate is not accurate enough. Using the radial compen-
sation technique, the estimate could be refined.
Theorem 2.1 (see [18]) v is a convex function on Byx(Py) C U C Gy, and
v—1 +1
——+7
pv(vr —1) PV

Hess(v) > v(2 —v)g + ( )dv@dv

on Vy, where g is the metric tensor on G,m and p = min(n,m).
Remark 2.1 For any a < 2, the sub-level set V,, is a convex set in Gy, .

Remark 2.2 The sectional curvature varies in [0, 2] under the canonical Riemannian metric
on G, ,,. By the standard Hessian comparison theorem, we have

Hess(p) > v2cot(v2 p)(g — dp @ dp),

where p is the distance function from a fixed point in Gy, 1.
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3 Evolution Equations

Let M be a complete n-submanifold in R”*". Consider the deformation of M under the
mean curvature flow, i.e., there exists a one-parameter family F; = F(-,t¢) of immersions
F; : M — R™*™" with corresponding images M; = F;(M) such that

d
—F(x,t) = H(z,t), x€ M,

dt (3.1)
F(z,0) = F(x),
where H(x,t) is the mean curvature vector of M, at F(x,t).
From equation (3.1), it is easily known that
d
= A)|FP =-2n. 3.2
(55— 2)1F = —2n (3:2)

Let B denote the second fundamental form of M; in R™T". It satisfies the evolution equa-
tion.

Lemma 3.1 (see [16, Lemma 3.1])
d
(a - A) IB|2 < —2|V|B]|| + 3|B|*. (3.3)
The Gauss map v : M — Gy, », is defined by

y(x)=ToM € Gy

via the parallel translation in R™*" for all x € M. The Gauss map under the MCF satisfies
the following relation.

Proposition 3.1 (see [12])

)] (3.4)

where T(y(t)) is the tension fields of the Gauss map ~(t) from M.

Let h : V. — R be a smooth function defined on an open subset V C G, ,,, and denote
h=ho ~. Then
dh  d(hov)
dt — dt
On the other hand, by the composition formula,

Ah = A(ho~y) = Hess(h)(y«ei,v«€:) oy + dh(7(7)),

= dh(7(7)).

where {¢;} is a local orthonormal frame field on M;. Then we derive

(% - A)E = —Hess(h)(y+ei, vx€i) 0. (3.5)

4 Confinable Properties

Now, we consider the convex Gauss image situation which is preserved under the flow, so
called confinable property.
Let r : R"™™ x R — R be a smooth, nonnegative function, such that for any R > 0,

Mg ={x € M :r(z,t) < R*}

is compact.
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Lemma 4.1 Assume that r satisfies (& — A)r > 0. Let R > 0, such that v(Mo,z) CV C
Gy,m- Define o = R%2—r and ¢ denotes the positive part of . h: V — R is a smooth positive

function such that
Hess(h) > Ch™'dh ® dh (4.1)

with C' > % Then we have the estimate

he? < sup he?,
MD,R

where h = h o 5.
Proof Denote n = goi. Then at an arbitrary interior point of the support of ¢, we have
<0, i) =4, and 9" =2, (4.2)

where ’ denotes differentiation with respect to r. By (4.1) and (3.5), we have
d T T—11v72
- _ < — .
(dt A)h < —Ch Y|Vh| (4.3)
and moreover

(i—A)( hy) = (%—A)E-mﬁ(di—A) V-V

dt
< —Ch YVh|*y +7L(n (& - A) 77"|Vr|2) —2Vh -V
< —Ch™|Vh|*n — 2h|Vr|> = 2Vh - V1. (4.4)
Observe
—2Vh-Vn = (2C —2)Vh-Vn—2CVh-Vn
= (2C = 2)y~ " (V(hn) — hVn) - Vi — 20V h - Vi
< (2C = 2)p~ 'V - V(hn) — (2C = 2)hy [ Vn|? + Ch~ VR[> + Chy~ |V ?
= (2C = 2)~ 'V - V(hn) + Ch~Y|Vh|*n + (8 — 4C)h| V|2 (4.5)
Here (4.2) has been used. Substituting (4.5) into (4.4) gives
(5 = 8) () < (20— 2090 V() + (6~ 4C)R|V P, (4.6)

on the support of . The weak parabolic maximal principle then implies the result.

Lemma 4.2 Assume that v satisfies (% —A)yr > 0. If v(My) C V for arbitrary t €
[0, 7] (T > 0), and h : V — R is a smooth positive function satisfying (4.1) with C > 1, then
for arbitrary a > 0, the following estimate holds:

sup h(1+7)"% < suph(1+r)~% (4.7
M, Mo
Proof By (% —A)r >0,
(i - A) 1+7)"% = —a(l + )"} (g - A)r —ala+1)(1 +r) 2| vr)?
dt dt

< —ala+1)(1+7)"*2|Vr]% (4.8)
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In conjunction with (4.3), we have

(% ~ A) A+ )]
< —Ch M1 +7)"%|Vh|]* = ala+ Dh(1 + 1)~ 2|Vr]> = 2Vh- V(1 +7) "¢

= —Ch ' (1 +7)"YVh]? —ala+ Dh(1 4+ )" 2|Vr> + 2aVh- (1 + )" 'Vr. (4.9

C > 1 implies Ca(a + 1) > a®. Then by Young’s inequality,
(i - A) h(1+7)"9 <0
dt -

Hence (4.7) follows from the maximal principle for parabolic equations on complete manifolds
(see [4]).

Theorem 4.1 If the initial submanifold is an entire graph over R™, i.e., My = graph fy,
where fO = (f(%v ,f(')m)’ f(()l = f(()l(xlv"' ’xn), and
Afo < 2,

where ofe o .
3
Ap(z) = [det (5ij+ o (x)w(x))} ,
then the submanifolds under the MCF are still entire graphs over the same hyperplane, i.e.,
M; = graph f;, and

Aft < 2.
Moreover, if (2— Ay,)~' has growth

(2= Ap) " (@) < Colla? +1)%,
where Cy, a are both positive constants, then the growth of (2 — Ay, )~ can be controlled by
(2—Ap) " <2C0( |z + 2nt + 1)
Proof Define h = v%(2 — v)~2. Then on {P : v(P) < 2}, we have (see [18, inequality
(4.6)])

Hess(h) = h'Hess(v) + h''dv @ dv > 3hg + ;h_ldh ® dh. (4.10)

Define r(z,t) = |F|?> + 2nt. Then (% — A)r = 0. Hence, the estimate in Lemma 4.1 holds.
For arbitrary z9 € My,, choose R > 0, such that r(xg,ty) < R2 Then ¢y (z0,t9) > 0 and
Lemma 4.1 implies

h(zo,to) < sup Egpi < +o00. (4.11)

o+ (w0, t0) 77, ,

Noting that h — 400 when v — 2_, we have v(zg,tp) < 2 and the first result follows.
For x € R™, it is not difficult to see that

(% - A)(|x|2 +2nt) > 0.

Now, we define r = |x|? + 2nt and the second assertion easily follows from Lemma 4.2.



Mean Curvature Flow 321

Choose
h = sec*(V/2p)

and by the similar argument, we can improve the previous result of the first author [16] as
follows.

Theorem 4.2 If the Gauss image of the initial complete submanifold My is contained in

an open geodesic ball of the radius Ry < %w in G n, then the Gauss images of all the

submanifolds under the MCF are also contained in the same geodesic ball. Moreover, if

(?W _ p)_l < Co(IF2+1)%, on Mo,
where p denotes the distance function on Gy, ., from the center of the geodesic ball, and Cy,a
are both positive constants. Then

(\/Tiﬂ — p)71 < 2Co(|F|? + 2nt +1)°
for arbitrary a > 0.

Let v : M — R* be a surface. Let 7 : Goo — 52 be the projection of G2 into its first
factor, and w9 be the projection into the second factor. Define v; = m; 0 y. We also obtain that
if the partial Gauss image of an initial surface M in R* is contained in a hemisphere, then the
partial Gauss images of all the surfaces under MCF are in the same hemisphere.

5 Curvature Estimates

Let h : V — R be a smooth function defined on an open subset V C Gy, ,,, and h > 1.
Suppose that Hess(h) is nonnegative definite on V and has the estimate

Hess(h) > 3hg + gh_ldh ® dh, (5.1)
where ¢ is the metric tensor on Gy, . 7 is a smooth, non-negative function on R"*™ x R
satisfying
d
‘(a - A)r‘ <C(n) and |Vr]* <C(n)r. (5.2)

Theorem 5.1 Let R > 0 and T > 0 be such that for any x € M r, where t € [0,T], we
have v(x) € V. Then for any t € [0,T] and 0 € [0,1), we have the estimate

sup B2 <Cm)1-6)2(t +R?) _sup W2 (5.3)

TEM ¢ oR €M, Rr,s€[0,t]

where h = ho-.

The proof of Theorem 5.1 will be given later. At first, we will see several applications of it.
Let r = |x|? for x € R". Then

(=8|~ 5 ) ] <0

|Vr|? = 22"V |? = 4(2%)?| V' |? < 4r.

Hence Theorem 5.1 yields the following corollary.
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Corollary 5.1 Let R > 0 and T > 0 be such that for any t € [0,T], M;N((Br C R™)xR™)
is a graph over Bg, i.e., My N ((Br C R™) x R™) = {(z, fi(z)) : x € Br}, and Ay, < 2. Then
the following estimate holds for arbitrary t € [0,T] and 6 € [0,1) :

sup |B|2 < C(n)(1l - 92)*2@71 + R*Q) sup sup (2 — Afs)*?’,
(z,ft(z))EK (t,0R) s€[0,t] (@, fs(x)) €K (s,R)

where
K(s,R) = {(z, fs(z)) : v € Br}.
Combining Corollary 5.1 and Theorem 4.1 yields the following corollary.

Corollary 5.2 If the initial submanifold is an entire graph over R™, i.e., My = graph fy,
and Ag, <2, (2 — Ag)~ = o(|z]**), then we have the estimate

sup |B|> < C(n)(1—60*)72(t " + R™?)(R* 4 2nt + 1)3,
(z, fe(x)) €K (,0R)

where 6 € [0,1) and the denotation of K(-, -) is similar to that in Corollary 5.1.
Similarly, if
r = |x|? + 2nt,
then it is easy to check that r satisfies (5.2). Applying Theorems 5.1 and 4.2, we have the

following corollary.

Corollary 5.3 Let R > 0 and T > 0 be such that for any t € [0,T], if v € M, satisfies
|F|? + 2nt < R?, then v(x) lies in an open geodesic ball centered at a fized point Py of radius
%ﬂ in Gum. Then the following estimate holds for arbitrary t € [0,T] and 6 € [0,1) :

2 -3
sup |B]? <C(n)(1—-6*)"%"" sup sup <£7T - p) ,
€K (t,0R) 0<s<tzcK(s,R) \ 4

where
K(s,R) = {x € M, : |F|> + 2ns < R?}.

Corollary 5.4 If the Gauss image of the initial complete submanifold My is contained in

an open geodesic ball of radius %7‘(‘ in Gp,m, and (%TF —p)~ ! has growth

\/5 -1
(TW - P) = 0(|F|2a),
then we have the estimate

sup |B]? < C(n)(1 —6*) "2 H(R? + 1),
zEK(t,0R)

where 6 € [0,1) and the denotation of K(-, -) is similar to that in Corollary 5.3.
Remark 5.1 When x € K(¢,0R),

ont < |F|* +2nt < 0*R* < R?,

SO

1
R2< —t 1,
—2n

Hence in the process of applying Theorem 5.1 to Corollary 5.3, t—! + R~2 could be replaced by
tt
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Proof of Theorem 5.1 Let ¢ = @(ﬁ) be a smooth nonnegative function of h to be
determined later, and ’ denotes the derivative with respect to h. Then from (3.3), (3.5) and
(5.1), we have

(& —a)BPe= (5 —a)BP- o+ B2 (S~ A)e 28] vy
< (~2AVIBIP +3|B1) +BP (¢ (&~ A)h - ¢IVAP) —2V|B1- Ve
< (-2VIBI? + 3|BI*)p — B’ (3F|BP + 57 [VAl?)

— |Bl¢"|Vh|> = 2V|B[* - Ve. (5.4)

The last term can be estimated by

—2V|B]*-Vyp = —V|B|*-Vyp—V|B]*- Vo
= - '(V(IBI¢) - |BI*V¢) - Vo — 2| B|V|B| - V¢

_ _ 1 _
<= Vo V(IBP0) + [BI* 7 [Vel® + 2[V|B[[*¢ + S |BIP¢ ™! [V

_ 3 _
= —¢ 'V V(IB*¢) + 2|V|B|*¢ + 5B~ [Vel*. (5.5)
Substituting (5.5) into (5.4) gives
d 2 7 4 3 51 w3 1 2 217 |2
- _ < _ _ _ (= _ 2
(55— 2)IBl%e < ~¢'h = 30)|BI* = (SR~ +¢" = 37 (¢)?)IBPIVA|
— ¢ 'V V(BPy). (5.6)
Now we let @(h) = %, k > 0 to be chosen. Then
3¢0'h — 3¢ = 3k?, (5.7)
3 -1 w3 12 k
—p'h + — = = = —=_-¢, 5.8
5% Pl g (¢) ke’ (5.8)
1 ~
—1
Ve = (5.9)
Substituting these identities into (5.6), we derive for g = |B|?¢ the inequality
d k ~ 1 ~
S A)g< 3k?— — " |ViPg— ~————Vh-Vq. 5.10
(dt ) 2h(1 — kh)? VAl h(1 — kh) (510

As in Lemma 4.1, we define n = (R? — r)?|r Then on the support of 7,
d 2 d 2
(& - A)n —2(R* — T)(E - A)r —2|Vr|
< 20(n)R? —2|Vr|?

and
d d d
(= )or= (=)o~ )a-250-5
k ~ 1 ~
2h(1 — kh)? h(1 — kh)
+2C(n)R%*g — 2g|Vr|> — 2Vg - Vn, (5.11)

< —3kg®n —
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where
—2Vg- V= —2n"'Vn-V(gn) + 2gn~'|Vn|®
= —2n~'Vn - V(gn) + 8¢|Vr|? (5.12)
and
1 - 1 - 1
h(1 — kh) h(1 — kh) h(l - kh)
1 ~ k ~ 1
S—ﬁthg +ﬁVh2‘g +—~g 71V 2
R — kh) )+ g et e 1V

1 - k - 2
k) (9m) S kh)QI Fon+=glVrfS. (5.13)

Substituting (5.12) and (5.13) into (5.11) gives

(% — A)gn < =3kg*n — (2071 + %V@ - Vign)

h(1— kh)
+C(n )[(1+ klh)r+R2} (5.14)
Furthermore,
(% - A) (tgn) < —3ktg®n — (277 IV + mw) - V(tgn)
+C(n )[(14— kh)r—l—RQ}tg—l—gn (5.15)
Denote

m(T) = sup sup tgn = tog(zo,to)n(xo, to).
0<t<T N, o

Then to > 0, 7(x9,t9) < R? and hence

(% - A) (tgn) >0, V(tgn) =0

at (xo,tp). (5.15) implies
1
2.~ 2
3ktog n < C(n) Kl + kﬁ)r + R }tog + gn.

toﬁ

Multiplying by =7 yields

m(T)? < &k) (1 + kh)RQtO

Cn)
3k

t09ﬂ2
3k

<=2 ((1+kh)R2T+n) m(T).

By n = (R* —r)2 < R*, we arrive at

gnT < m(T) < % ((1 + kh)R2T+ R4)
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in Mﬂ r. Now let

1 ~
k=~ inf A% (5.16)
2 rEM¢ R
t€[0,7]
Since ¢ = 1:% > ﬁ >1 (by h >1)and n > (1 —60?)2R* in MT,@R, we have
sup |B? <Cn)(1—-6*)"3(T '+ R?) sup sup h?, (5.17)
xEMT,QR tE[O7T]x€M{,)R

and finally (5.3) follows from replacing T' by ¢ and replacing ¢ by s in (5.17).

Substituting ¢ = h into (5.6) gives
d 27 T-1v7 27
- _ < — . .
(dt A>|B| h < —h~'Vh-V(BJ?h)

Using the parabolic maximum principle for complete manifolds in [4], we have
Corollary 5.5 Let M be a complete n-submanifold in R™ ™ with bounded curvature. Then

sup | B|?h < sup | B?h.
M, Mo

Remark 5.2 When V is a geodesic ball of radius py < %7‘(‘, we can choose h = sec?(v/2 p).
So the above estimate is an improvement of [16, Theorem 4.2].

Furthermore, we can give the a priori estimates for |V B|? by induction.

Theorem 5.2 The denotation and assumption are similar to those in Theorem 5.1. Then
for arbitrary m >0, 0 € [0,1) and t € [0,T], we have the estimate

sup |VmB|2 < cm(R72 +t*1)m+1,
IEEZLQR

where ¢, = Cm (9,n, sup E)
M, r
s€[0,t]
Proof We proceed by induction on m. The case m = 0 has been established by Theorem 5.1.
2
Now we suppose the inequality holds for 0 < k < m — 1. Denote ¥ (t) = (R™2+t"1)7! = R@ﬁt.
We will estimate the upper bound of ¥ 1|V B2 on My gp for fixed 6 € [0, 1).
By computing, we have

d d
(5 _ A)wm+1|va|2 < —ymHymriB2 4 <&wm+1)|vm3|2
+C(m,n)y™ >~ |V'B||V/B||VFB||V"B]. (5.18)
i<j<k
itjt+k=m
By the inductive assumption, we get
sup VB < g

xEA4L1;eR

for every 0 <k <m —1 and t € [0,T], where

Ck zck(e,n, sup E)
xEﬁZuR
te[0,T]
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(note that ¢; depends on %9, which only depends on 6 € [0,1)), which implies |V!B| <

1 i . 1 j+1
7y~ |VIB| < 7y~ "5 . Moreover,

Yt ST VIB|IIBVEBIVTB < ¢ Y o E VEB||VT B
i<j<k i<j<k
i+j+k=m it+j+k=m
<C > WHVEBP (5.19)
k<m
On the other hand, there holds
d R*
— T = DY —-=o < 1)y, 2
O = ()Y s < (m 1) (5.20)
Substituting (5.19) and (5.20) into (5.18) gives
d m+1 m 2 m+1 m—+1 2 k k 2
- _ < _
(dt A)w VM B2 < —2¢™ |y +C;; Azl (5.21)

on Mt%@R for arbitrary ¢ € [0,7], where C' = C(G,n, sup E) Now we define f =
zeﬁt,
te[O,TT

PMTHV™B2(A + ™ |V™ 1 B|?), where A > 0 to be chosen later. By computation, we have

(i _ A)f < _me+1|vm+1B|2(A_’_wm|vm71B|2) +C Z wk|ka|2(A+wm|vmle|2)

dt
k<m
_2w2m+1|va|4+C Z wk|ka|21Z)m+1|va|2
k<m-—1
— 2Py |V B2 VIV TIB, (5.22)

where the last term can be estimated by
_ 2w2m+1v|va|2 . v'vm—lB|2
= —8?M V™ B|V|V™B| - V™ IB|V|V" 1B
wm'vm—lBP
A+wm|melB|2
PP vm Bt (5.23)

S 2,¢m+1|vm+lB|2(A+wm|vm—lB|2)+8w2m+1|va|4

8Cm—1

§ 21/)m+1|vm+1B|2(A + 1Z)M|vm—1‘B|2) 4 W
m—1

Hence we derive

d_ (o BCm—1 \ 1. mt1gmp 22
(7 -2)r=-(- 5355 e vnsp)
_‘_Cw—l( Z wk—i—l'ka'Q(A_’_wm'vm—lBlQ)

k<m
+ 3 wk+1|v’“B|2¢m+1|va|2>. (5.24)

k<m—1

Now let A = 7¢,,,—1 + 1. Then

(5 —A)f < v A+ w9 B 40U 4 ).
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By Young’s inequality, we have

1 1
Cf< 5(/\ + M VIR 722 4 502(/\ + ™|V B)?
1 1
S §(A+ wmlvm—1B|2)—2f2 + 5C«Q(SCM_l T 1)2.

Hence we have

d

(& - A)f < 62— 0), (5.25)

where
(C(8cm—1+1)? —1)?

5 =
2(8¢m_1 + 1)

>0

and C' is a positive constant depending on n, m and sup h.
M r
t€[0,T]

Now let ¢ = (I%QR)2 — 7 and n = (p4)2. Then 7 is a nonnegative function which vanishes
outside M, 110 p. Similarly to (5.11), we can derive
)72

d _ _
(5 —2)m < v (62 = O+ C)R2f =207V - Y (f1) (5.26)
on M, 146 p. Denote m(T) = max — max  fn= fn(zo,to). We have
2 0SIST 0eM, 140,
2 1 2
£ < 5(On + C(n) B o),

Multiplying by 1 and using n < R*, ¢ < R?, we have

PP < 5(Cof + C)R: ) < (CR + Cm)R f1)
1 C(n)QRg)

<
) 20

(crs+ g F? +
i.e., m(T)? = f?n?> < CR8, and

sup sup  fn < OR*,

0<t<T M
St ;CEMLl;@R

where C' = C(G,n, m, sup E)
My,
te[o,l;

]
Finally, since n = ((42R)? — (9R)?)? = %{392}24 on Mr g and A + 9™ V™ 1Bl >
T¢m—1+ 1, we have

sup Y™ HV"B| < e (9,n, sup E) (5.27)
IEMT,F)R Ieﬁt,R
te[0,T]

Then the conclusion follows from replacing T' by t and replacing t by s.
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