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A Note on Schwarz-Pick Estimate***
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Abstract A Schwarz-Pick estimate of higher order derivative for holomorphic functions
with positive real part on B,, is presented. This improves the earlier work on Schwarz-Pick
estimate of higher order derivatives for holomorphic functions with positive real part on
the unit disk in C.
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1 Introduction

For notation, let D be the unit disk in C, B,, be the unit ball in C*. A multi-index

v = (v1,--+,vy,) consists of n nonnegative integers v; (1 < i < n), and the degree of the multi-
n n 1

index v is the sum |v| = > v;. For vectors z = (21, -+, 2,,) € C", |2| = ( > |zz|2) *, and the
i=1 i=1

n
multi-indices can be used as exponents in a product z¥ = [] z; similarly, a, represents the
i=1

coefficient ay, ... v, of 2” in the Taylor expansion of a hOlOH’Ll?)I‘phiC function.

In this paper, we denote €2 as the complete Reinhardt domain. Let B(Q2) and R(2) be the
sets of all holomorphic functions ¢(z) in € with |p(z)] < 1 and the real part Re(z) > 0 for
each z € € respectively. Obviously, B,, is a special complete Reinhardt domain.

The classical Schwarz-Pick estimate is the inequality |¢'(z)| < %, |z] < 1, for a
holomorphic function ¢(z) satisfying |¢(z)| < 1 on the unit disk of the complex plane.

On the other hand, holomorphic function with positive real part is also an important part
in function theory. There were some results on it (see [5, 6, 8, 9, 11]).

If o(z) € R(D), in 2008, Dai and Pan had the following estimate of higher order derivatives
for positive real part holomorphic functions on D.

Theorem A (see [5]) Let ¢(z) be a holomorphic function in D and R > 0 for each z € D.

m! z m—
Then |™)(2)| < %(1 + [z)m 1

Recently, Liu and Chen considered generalized Schwarz-Pick estimate for positive real part
holomorphic functions on the unit ball of C" and they had the following result which would
deduce Theorem A when n = 1.
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Theorem B (see [9]) Let (z) € R(B,,). Then for multi-index m = (my,--+ ,my),

. ntlm| = 1\"" [ m[m] 2m|Re(2) =
ool < (M) VB A )

where 0™ p(z) = ﬂ%.
1

Loz

In [4], the authors proved a high order Schwarz-Pick lemma for mappings between unit balls
in complex spaces in terms of the Bergman metric, and Schwarz-Pick estimates for partial deriv-
atives of arbitrary order of mappings were deduced. Motivated by [2, 4], in this paper we obtain
the coefficient inequality on bounded holomorphic functions in complete Reinhardt domains;
furthermore, estimates of higher order derivatives for all the positive real part holomorphic
functions on B,, are given.

The following theorems are the main results of this paper.

Theorem 1.1 Let p(z) € R(B,). Then for multi-index m = (my,---,my,) and v =
(vlv"' ,’Un) #0’

mit 2lm|IR IRE
2 l l }|v|\a| [ | || |¢)(n3|(1+|2|)"”’ } (1.2)

lee|=|m]

where ™ p(z) = " o(z)

T 5 an -
Ozy t -0z

Theorem 1.2 Let o(z) € R(B,,). Then for multi-index m = (mq,--- ,my),

ml|lml 2mIRp(z
omp(a)] < | L P A ), (1.3

where 0™ p(z) = ﬂ%.
1

Loz

Remark 1.1 Theorem 1.2 gives a better estimate than Theorem B. Since the factor

n+|m|—1 s
n—1

. [m] [l
is canceled, m! < |m|! and \/|m‘, < \/ [m|lm!

mm ] ]
() n

Remark 1.2 When n = 1, our results can deduce Theorem A.

2 Main Lemma

Lemma 2.1 Let o(z) € B(Q) and ¢(z) =Y anz®. Then we have
Z laa?|8%*| <1 for any B € 0Q. (2.1)

Proof For any ¢ = ((1,-++,Cn) € 2, €0 = (¢!, -+, (e') € Q, where §; € R (i =
1,--+,n). Considering ¢(¢0), when |a| > 0, by the orthogonality we have

1 2 2 )
—W/o /0 o(C1et® -, G )Pdf - - -0,
=3 a2 = 3 Jaal2lC0 P (2.2)
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Let ¢ — (. The desired result is concluded.

Remark 2.1 From Lemma 2.1, when ¢(z) € B(B,,), for multi-index v = (vy, - ,v,) # 0,

let 8 = (\/%,,\/%) Then

2 v
Z'a/ﬂ’| |'U|‘a| S 17 (23)
(03
especially,
ol
laal <4/ =3 (2.4)

In fact, we can also deduce the above remark from [4].

3 Proofs of Theorems 1.1 and 1.2
Motivated by [4], now we give the proof of Theorem 1.1.

Proof of Theorem 1.1 For multi-index m = (mq, -+ ,m,) and v = (v1,---,v,) # 0,
let |m| > 1, 8= (01, -+ ,0n) € 0By, and £ = (&1, ,&,) € By, be given. Now we consider
the disk A = {¢ € C: [+ (B2 = |&4 + §ﬁ1|2 + o+ & + (Bn]? < 1}. For simplicity, let U
be a unitary matrix such that U8 = (1,0,---,0)T. Denote U¢ = = (91,--- ,m,)". Then
€+CO = U + GO = Im +CF Il - P Rewnite & as & = {C € C ¢+ <
1= [n2* =+ = |na[*}. Now we set o = (1 — > = = )2, v = 0B, ¢ = ow —m,
z=L(w) :5+w7—771ﬂ~

Let g(w) := ¢(L(w)) € R(D). Using Theorem A to g(w) at the point w = w’ = I, we have

ml) oy < 2m'Rg(w)
gD ()] < A= o)

On the other hand, g(w') = ¢(€), [n| = [U¢| = [¢], m = (UE,UB) = (£, B), and 0% =1 — || +

(1 + [w'lImi=1, (3.1)

Z=1- )P+ B <, w’:%,l—w’Q:ﬂ.B the chain rule,
mP = 1= 6P + e AP <1, ] = — LBy = 1K gy
K 9%0(€) f)
(k)¢ 1y v k e’
g (w)_zl:ka! 8201 041'7 lzk alaz . i’lﬁ '

Thus, (3.1) can be written as

o L S SR ) 02
ie.,
| T < e O )
Since o™ (1 + %) " o+ 1€, B)]) < 1+ [¢], we have
| 3 o | < g+ o)

e =|m]|
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Let A := %(1 +|¢))imI=1, and let z = pB € B,, for 0 < p < 1. Define h(z) := & | \Z| ‘
%%za. From (3.3), we have
1 it 9™lp(€) 1 it 9™lp()
h(z)| = ‘_ Imi_9 $8)  a| - ‘_ Imi_9 $) () g)
M= ‘ ; cal oo 1T A ; ol oA (8)
1 mlt _8l™ly(€)
=3 X rmmam <t (3.4
lal=lm| — 77 !
Then h(z) € B(B,,). From Remark 2.1, we have
m|t_omle(e) 2 v 2
— < A- 3.5
Z al 9z -9z | |u|lel — (3:5)
ler|=|m]|
Theorem 1.1 is proved for z = £.
In particular, from (3.5), letting v = m, we have
ml!t _ol™lp(¢) mm _ 2m["Re(§) ml—1
"l 90 |\ Tt < A= = ey (1 F D (3.6)

Then

o™l (€)

mq ma
92 -0z

ml|lml 2m)
<\ g o

By replacing & with z, Theorem 1.2 is proved.
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