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Abstract The author uses analytic methods to study the distribution of integral ideals and
Hecke Grossencharacters in algebraic number fields. Nowak’s results on the distribution
of integral ideals, and Chandrasekharan and Good’s results on the distribution of Hecke
Grossencharacters are improved.
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1 Introduction and Main Results

Let K be an algebraic number field of finite degree n over the field Q of rational numbers.
The Dedekind zeta-function (k (s) of the field K is defined by, for o > 1,

CK(S):Zﬁ, S:U+it,

where a varies over the integral ideals of K, and N(a) denotes its norm.

For a large real variable z, denote A(z) the number of integral ideals a with norm N(a) < z,

A)= ) 1.

N(a)<z

ie.,

It was already known to Weber [1] that
A(z) = cx + Oz ), (1.1)

where ¢ is a constant depending only on K, namely

oritre T2
wy/[A]

Here rq is the number of real conjugates and 2r; is the number of non-real conjugates of K

CcC =

(thus r1 + 2r9 = n), w is the number of roots of unity in K, A is the discriminant, R is the
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so-called regulator, and & is the class number. The estimate (1.1) was improved by Landau [2]
to

Ax) = cx—l—O(xl_%"’E), (1.2)

where and throughout this paper ¢ is a sufficiently small positive constant, and may not be the
same at each occurrence. In the opposite direction, Landau also showed that the Q-result of
this error term is Q(x%)

No improvement of the upper bound (1.2) had been established until early 1990’s. For
quadratic fields, the problem is essentially a planar lattice point problem. Based on Huxley’s
deep works on planar lattice point problems, Huxley and Watt [3] proved

A(x) = cx + O(x% (logx)%).
For cubic fields, Miiller [4] proved
A(x) = cx + O(x%“).

For any algebraic number field of degree n > 3, Nowak [5] successfully combined Landau’s
classical method with Titchmarch’s two-dimensional exponential sum method to obtain the
best result hitherto

Af) = ez + {%1_“”)) for 3=n =6 (13)
O(z' " " "2nZ (logz)™) for n>7.
In this paper, we are able to improve Nowak’s result when n is large.
Theorem 1.1 For any number field of degree n over Q, we have
A(x) =cx + O(xlfﬁ“).
Remark 1.1 When n is large, our result 1 — n%rﬁ is much better than Nowak’s result

1-— % + % In fact, it is easy to check that our result is better than Nowak’s result when n is
greater than 9.

Our arguments can also be used to study the distribution of Hecke Grossen characters on
ideals in algebraic number field K of finite degree n over Q. More precisely, we want to study
the sum

B@) = 3 Aa),
N(a)<z
where A is the Hecke Grossencharacter on ideals. The detailed definition of the Hecke Grossen-
character on ideals will be given in Section 4 because of its complex description.
Although, Landau never studied this problem, his method essentially gives

B(z)= Y Aa) <ol mmte
N(a)<z

In [6], Chandraseknaran and Narasimhan were able to remove the factor z° of the above result,

ie.,
B(z) < &'~ 7. (1.4)

In this paper, we will improve Chandraseknaran and Narasimhan’s result when n is large.
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Theorem 1.2 For any number field of degree n over Q, we have
B(z) < a'~wrste

Remark 1.2 Our result is better than the result of Chandraseknaran and Narasimhan
when n is greater than 9.
2 Preliminaries

To prove our results, we need the following lemmas.

Lemma 2.1 (cf. [7]) Let h(x) be the function given by

1, i z>1,
1
0, if <1
Then
1t ds x°
o ol
27 Jo_ir s (z) + T|log x|

foranyx >0,z #1,T >0 and 0 < ¢ < 2, with an absolute implied constant. If x = 1, the
factor |log x| is omitted.

Lemma 2.2 (cf. [8]) Let K be an algebraic number field of degree n and (i (s) the Dedekind
zeta-function. Then
gK(% +it) <téte 1>1
for any fized € > 0.
Lemma 2.3 (cf. [9]) Let K be an algebraic number field of degree n and § an integral ideal.

Let QK(% +it, \) be the Hecke zeta-function with Grissencharacter X mod § (see Section 4 for
detailed definition). Then we have that for any fized £ > 0,

1
gK(§ +it,/\> <tdte >

Lemma 2.4 (cf. [7]) Let f be a function holomorphic on an open neighborhood of a strip
a < o < b, for some real numbers a < b, such that |f(s)| < exp(|s|*) for some A > 0 and
a<o<hb.

Assume that for t € R,

|fla+it)] < Ma(1+[t)*, [f(b+it)] < My(1+ [t])°.

Then

b—

|f (o +18)] < {Ma(L + [¢])*} =2 {My(1 + [¢]) 7} 5=
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3 Proof of Theorem 1.1

Let K be an algebraic number field of finite degree n over Q and € an ideal class of K. We
define the Dedekind zeta-function of class € by the relation

1
=2 N
acd

where the sum is taken over the non-zero integral ideals in €. Recall that the Dedekind zeta-
function is defined by

1
V2L N
where a runs over all non-zero integral ideals of K. Then clearly

s) = ZCK(S, Q).
¢

It was already known to Hecke [2] that (x (s, €) is a meromorphic function, with a simple pole
at s = 1, with the residue

2r1+7’27rr2R
wy/[A

It also satisfies the functional equation
£(5,€) =€(1 - 5,0),

where

Then the Dedekind zeta-function (x(s) has a simple pole at s = 1 with residue hc’, where
h is the class number of K, and satisfies a similar functional equation. This shows that the
Dedekind zeta-function is a meromorphic function on C of order 1. We can also write the
Dedekind zeta-function as

oo

Z( 3 1)k: 5= gakk_s. (3.1)

k=1 N(a)=
Chandraseknaran and Good [10] proved that a is a multiplicative function, and satisfies
ar < d(k)", (3.2)

where d(k) is the divisor function, and n is the degree of K/Q.
By (3.1) and Lemma 2.1, we have

N(a)<z k<zx

where b=1+¢ and 1 <T < z is a parameter to be chosen later. Here we have used (3.2).
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Next we move the integration to the parallel segment with Res = %—l—a By Cauchy’s residue

1 L4eHiT b+iT 14e—iT o
Aw =g { [T [ [ e Zas
2mi Lie—iT LieqiT b—iT s

1+e
+ Resg=1Ck (s)z + O(x; ) (3.4)

= C$+J1+J2+J3+O( ;_6)7

theorem, we have

where
or1 +T27TT2R
A

C =
For J;, we have
) ) T 1 L
< a:§+€+a:§+5/ ‘CK(E +g+it>’t_ dt.
1

Then by Lemma 2.2, we have

J < x%+€+xz+slongax / CK +€+1t)‘dt}

<zt 4+ 23 log T max / te +€dt (3.5)
if

< x3te —l—a:E*ET%*E.
For o > 1, we have
Ck(o+it) < 1.

Then by Lemmas 2.2 and 2.4, we have, for % <o<1,

2xlzg e n
Celo+it) < (L+[t)° 1 < (1+]t)FA-+e, (3.6)

Therefore for the integrals over the horizontal segments, we have

b

Jo+J3 < / J?UKK(O'—I—iT)lT_ldO'
e

< max goT30-o)tep—l

%Jregagb
= max ( ° )UT%*HE
Lte<o<b \T'3
(E1+6 1 n
< i EEERRY A (37)
From (3.4), (3.5) and (3.7), we have
A(z) = cx + O T~ 1) 4 O(x 3 teTE 1), (3.8)

Taking T = 275 in (3.8), we have
A(z) = cx + O(ml_ﬁ“).

This completes the proof of Theorem 1.1.
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4 Proof of Theorem 1.2

Let K be an algebraic number field of finite degree n over Q, and « be any element in K.
For the conjugates of «, let

D eR (1<qg<r), a2 =@ (r4+1<q<r +rp=r+1).

Then a Grossencharacter for numbers to the modulus f, f an integral ideal of K, is given by

il T+l (@) | 2a
i « q _9i
y= 11 11 <Ia<q'>|) o725,
q=1 g=ri+1

where the exponents 2aq, € Z (11 +1 < ¢ <r+1) and by € R (1 < g < r + 1) satisfy some
relations, which ensure u(n) = 1 for any unit 7 = 1 (mod §) with n(@ >0 (1 < ¢ < rq).

A totally multiplicative function A defined on the semigroup of ideals of K is called Grossen-
character for ideals modulo { belonging to p, if its value on principal ideals can be expressed in
the form

where y is a multiplicative character to the modulus f, and v is a sign character, i.e., a function
defined by

H ( ol ) for some a, € {0,1}.

A Hecke zeta-function with Grossencharacter A is given by analytic continuation of

Cr(s,\) = Z ]\?Egs, oc=Res>1,

where the sum is taken over all ideals of K.
If X\ is not the principal character, then &k (s, ) = A°T'(s,\)(k (s, A) is an entire function
and obeys the functional equation

fK(S, /\) = WﬁK(l -3, )\)
with some complex number W of modulus 1, where

= (|AIN(Hrm272)3,
r+1

HI‘( (s + |ag| + ib, ))

with e, equaling 1if 1 <g <rj,and 2ifr; +1 <g<r+1.
We also write the Hecke zeta-function with Grossencharacter A as

Cr(s,\) = Z( Z Aa ) kE° :zgckks. (4.1)

k=1 N(a)=
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Chandraseknaran and Narasimhan [6] proved that ¢ are multiplicative, and satisfy

cp < k° (4.2)
for any € > 0.
By (4.1) and Lemma 2.1, we have
1 b+iT 5 plte
B(x) = Z Aa) = ZCk = on - CK(S,A)?dsﬂ—O( T ), (4.3)

N(a)<z k<z

where b=1+¢ and 1 <T < z is a parameter to be chosen later. Here we have used (4.2).
Next we move the integration to the parallel segment with Res = % + e. By Cauchy’s
residue theorem, we have

1 LtetiT b+iT 14e—iT e plte
TN J L pe—iT 1 b S T

+e+iT —iT

=Ji +J2+J3+O(x1;€)

Here we have used that (x(s,\) is an entire function.
For J;, we have

T
1
Jp < zrte 4 x%“/ ‘cK(5 +e+ it,)\) ‘t’ldt.
1
Then by Lemma 2.3, we have

T
Ji <2 40 10gT%I}%)% T, /% (x 2+5+1t,)\ dt

T )
< 27t + 237 log T max {Tf1 / t5+5dt}
T, <T 7
< xte pprterite, (4.5)
For o > 1, we have

Cr(o+it,\) < 1.

By Lemmas 2.3 and 2.4, we have that for % <o<1,

1—0o

& T T n1_
Cklo+it,\) < (L+[8)° 3 < (1+[¢) 30—+, (4.6)

For the integrals over the horizontal segments, we have

b
Jo+J3 <</ 27 ¢ (o + 1T, )| T do
3te
< max g°TF0-o)tep—1
%Jregagb
X

ag
) TE-14e
TS

= max (
%Jregagb

1+e¢

<X
T

+grterEite, (4.7)
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From (4.4), (4.5) and (4.7), we have

B(z) < a'teT—14e 4 gpatepite, (4.8)

Taking T = 715 in (4.8), we have

B(z) < glowrete,

This completes the proof of Theorem 1.2.
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