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1 Introduction

Let R™ be the n-dimensional Euclidean space. The Cauchy integral operator is defined by

1
Caf(z) =p.v. /Rl Ty TiAG) _A(y))f(y)dy, (1.1)

where A(z) is a real valued function. This operator is very important in real and complex

analysis, and has attracted many mathematicians to investigate it (see, for example, [2-4, 11]).

It is well-known that C4 is bounded on LP(R!), but few results are known on the Hardy
space HP(R'). Recently, Komori [14] showed that C4 is bounded from HP(R') to h?(R') (the
local Hardy space). In this paper, we consider the weighted version of Hardy space and show
that C4 is bounded from HP(R') to h? (R'). To prove the theorem, we introduce a kind of
generalized atoms and consider a variant of weighted “Tb theorem”.

2 Definitions and Notations

Throughout this paper, we always use the letter C' to denote positive constants that may
vary at each occurrence, but is independent of the essential variables. And we assume that,
unless otherwise stated, all given functions are complex valued.

We denote the Euclidean ball with center « of radius r by B(z, r), and the Lebesgue measure
of a measurable set E by |E|.
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Let ¢ be a fixed real valued Schwartz function in S(R™) such that supp(p) C B(0,1) and
[ p(z)dz = 1. We denote

fri(@) =suplor = f(2)], fF(x) = sup |+ f()],
t>0 0<t<1

where ¢;(z) = = p(%).
Definition 2.1 Let 0 < p <1, the Hardy space HP(R™) (see [6]) and the local Hardy space
hP(R™) (see [9]) are defined respectively by
HP(R") = {f € S'(R") : [ fla» = If 7"l < o0}

and

WP (R™) = {f € S"(R") : [l fllnw = I/ " |L» < o0}
We remark that HP(R"™) C h?(R™), h'(R™) C L'(R™) and all the inclusions are proper.

Definition 2.2 For 0 < « < 1, the Lipschitz space A“(R™) and the local Lipschitz space

A% (R™) are the sets of all functions f satisfying the following conditions respectively
flx) = fly
fllae = sup (@) = f)l < o0,
0<|z—y| |$ - y|
”f”A{’gC _ sup |f($) — f(y)l < 0.
0<|z—y|<2 |aj - y|

It is easy to see that A1(R") = A}

loc

(R™) and A“(R™) C Af.(R™) (0 < @ < 1), where the
inclusion is proper. Furthermore, we know that the dual space of H?(R") is A”(%fl)(R"), ie
(HP(R™))* = A"(%*l)(R") where -5 <p <1 (see [6]).

Definition 2.3 A locally integrable function f is in BMO if
1
sup—/ |f —mpf|de < oo,
B |BlJB

where mpf = ‘B| fB x)dx and the supremum is taken over all balls B. We denote the

supremum by || f|Bmo-

A weight is a nonnegative, locally integrable function. We consider weights satisfying the
following conditions.

Definition 2.4 Let 1 < g < co. We say that a weight w satisfies the A, condition if there
ezists a positive constant C' such that for all balls B,

qg—1
dx / 1dx <C.
|B|/ |B|

We also say that a weight w satisfies the Ay condition if there is a constant C' > 0 such that
for all balls B,

< .
|B|/ x)da Cesseljglfw( x)

Finally, we define Ass = |J Aq.
g>1
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Observe that 4, C A, if 1 <p <q.
Definition 2.5 (see [17]) Let w € Ax and 0 < p < 1. We define the weighted Hardy space
H? (R™) and the weighted local Hardy space h (R™) as follows:
HL(R™) ={f € S"(B") : [|fllaz, = I/ 7"l op, < o0}

and

W (RY) ={f € S'(B")  Ifllnz, = 1/ "llg, < oo}

Next we define Calderén-Zygmund operators. One may refere to [10, 16]. But since we are
interested in the Cauchy integral operator, our definitions will be presented as follows (see [14]).

Definition 2.6 Let 0 < § < 1. A locally integrable function K (x,y) defined on {(xz,y) €
R"™ x R" : x # y} is called a Calderdn-Zygmund kernel if it satisfies the following conditions:

|K (2, y) (2.1)

< -
< |z —y[™’

ly—=2I°
|z — z|n+o”

K (z,y) — K(z,2)| + [K(y,2) - K(z,2)] < C 20y — 2| < |w -z (2.2)

Definition 2.7 We say that an operator T is a 0-Calderon-Zygmund operator associated
with a Calderén-Zygmund kernel K (z,y) if for every f € L*(R"),

Tf(x) = lim K(z,y)f(y)dy

T fa—yl>e
exists almost everywhere in R™ and T is bounded on L*(R™), i.e. || Tf|r2 < C| f|lLz-

Remark 2.1 If T is a 6-Calderén-Zygmund operator and w € Ay, then T is bounded on
Li(R™), g > 1 (see [7], [11, p. 52] and [15]).

Definition 2.8 The transpose of an operator T is denoted by

‘T f(x) = lim K(y,z)f(y)dy.

=0 |z—y|>e

Definition 2.9 For a bounded function b, we define

tTh(z) = lim (K (y,2) — K(y,0)x1y>1 (1) }b(y)dy.

|z—y|>e

Note that if b € L2(R"™) N L>(R™), then tAfb(gc) ="Tb(x) + Cy a.e., where C}, is a constant.

Definition 2.10 Let > 0. A bounded function b is said to be [3-accretive if Reb(x) > 3

for almost all x.

3 Theorems

First we recall some known results. The LP boundedness of C4 is well-known, and the
following theorem is the most essential (see [3] and [10, p. 647]).
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Theorem 3.1 If A’ € L>°(R'), then the Cauchy integral operator Cs defined by (1.1) is a
1-Calderon-Zygmund operator.

Recently, Komori [14] showed that C4 is bounded from HP(R!) to h?(R'), i.e., the following
theorem.

Theorem 3.2 Let 0 < a < 1 and H%a <p< 1. IfA € L*®(RY) N A¥(RY), then Cy is
bounded from HP(R') to h?(R').

In order to prove Theorem 3.2, he considered a variant of “Tb theorem” as follows.

Theorem 3.3 Let 0 < o <1, 5 <p <1, 45 <pand T be a 0-Calderon-Zygmund

operator. If there exists a B-accretive function b such that b, ‘Th e A*(R™), then T is a bounded
operator from HP(R™) to h?(R"™) and

1T fllne < C|If| e

As a corollary, he got Theorem 3.2 by Theorem 3.3.

Remark 3.1 In [14], the author obtained the h?(R™) (0 < p < 1) estimate by (H?(R"))* =
A=Y (R™) and the h'(R™) estimate by interpolation. In this paper, we use a different method
to prove our theorems. The details are presented in Section 5.

Now we turn to the weighted Hardy space case. Our main results are the following.

Theorem 3.4 Let 0 < a<1<gq, %5 <p<1and ;75 <p <q. Assume that w € 4,
and T is a §-Calderén-Zygmund operator. If there exists a [3-accretive function b such that b,
tTh € AR (R"), then T is a bounded operator from HP (R"™) to h¥ (R™) and

1T fllnz, < ClIf | 1z

At the end point p = 1, if we strengthen the weight condition, we have

Theorem 3.5 If w € Ay and T is a 6-Calderdn-Zygmund operator, then T is a bounded
operator from HL(R™) to hl (R™) and

1T fllny, < Cllflla -

Remark 3.2 For a ¢-Calderén-Zygmund operator T" and w € Ay, it is easy to check that
ITfllz: < C|fllz: by some standard argument. Furthermore, Quek and Yang [15] obtained
that |7 f|lgy < Ollfllm if “T1 = C and Komori [13] obtained that || Tf[[n, < O fllm; if
‘T1 € A®(R"). Since HL(R") C hL(R") C LL(R"), Theorem 3.5 extends these results.
Especially, taking w = 1, our results are also new.

As a corollary of these theorems, we obtain the boundedness of the Cauchy integral operator.

Theorem 3.6 Let 0 < a <1 <g¢q, § <p<land g5 <p<gq Ifwe A and

A" € L=®(RY) N AL (RY), then Cy is bounded from HP(R') to hE (R').

Theorem 3.7 If A’ € L*°(R') and w € A1, then Cy is bounded from HL(R') to hl (R').
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4 Some Lemmas

First we present two elementary lemmas on weight functions without proof (see [8] or [19,
p. 226]).

Lemma 4.1 If we Ay, ¢ > 1, then there exists a positive constant C' such that

w(B(CL'Q,T‘)) |B($0,T‘)| a
w(B(xo,s)) = C(|B(:C0,s)|)

for allr > s and zy € R™. Especially
w(B(z0,27r)) < C2"VUw(B(z0,7)).

Lemma 4.2 Let f be a nonnegative locally integrable function. If w € Ay, ¢ > 1, then

1 1 ) :
[B(zo, )| ~/B(10,r) fle)de < C(m /B(mw) f(@) w(x)d:v) .

Next we define atoms and molecules in H? (R™) and h%, (R™) and obtain some properties of
Hardy spaces.

Definition 4.1 Let 1 < g < co. A function a(z) is called an (HE, q)-atom centered at x
if there exists a ball B(xo,r) such that the following conditions are satisfied
supp(a) C B(zo,7), (4.1)
11
lallzs, < w(B(zo, 7)) 7, (4.2)

/ a(w)dz = 0. (4.3)

Lemma 4.3 (see [7] and [17, p. 111]) Let ;25 <p <1 andp < q. If w € A4 and a(z) is
an (HP,q)-atom, then a € HE (R™) and

la(@)||az, < C.

Furthermore, we have the atomic decomposition of HE (R™) (see [7, 17]) as follows.

Lemma 4.4 Let L <p<1landp <gq. Ifw e A, and f € HE(R™), then f can be

n+1
00
f: E )\jaj,
Jj=1

written as

where a;’s are (HP, q)-atoms and

oo

SN~ 115,

j=1

Definition 4.2 Let 1 < g < co. A function a(x) is called a large (hE), q)-atom centered at
xq if there exists a ball B(xzo,r) of radius r > 1 such that conditions (4.1) and (4.2) are satisfied.

Lemma 4.5 (see [13]) Let S
(hiv Q)-atom, then a € hi (Rn) and

<p<l<gqgandp <q. Ifwe A, and a(zx) is a large

lallny, < C.
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Definition 4.3 Let 1 < ¢ < co. A function a(x) is a small (hE,, q)-atom centered at xo if
there exists a ball B(xo,r) of radius v < 1, which satisfies conditions (4.1), (4.2) and

’/n dx’ <T"T( |B(Z7£;7)|)))p.

Lemma 4.6 (see [13]) Let n”—fl <p<landp <gq. Ifwe A, and a(z) is a small
(kP q)-atom, then a € hE (R™) and

llallns, < C.

Definition 4.4  Let b be S-accretive and 1 < g < oo. A function a(x) is a small (hE,, q,b)-
atom centered at xq if there exists a ball B(xg,r) of radius v < 1, which satisfies conditions

(4.1),(4.2) and

’/n a(x)b( dx} < e (%)p. (4.4)

Lemma 4.7 Let b be B-accretive and b € Af; (R") (0 < a <1). Assume that 5 < p <
1<qand ;75 <p<gq. Ifwe Ay and a(z) is a small (b}, q,b)-atom, then a € th(R") and

lallny, < C.

Proof According to Lemma 4.6, we only need to show that a is a small (h?, ¢)-atom.

‘/B(zom) a(w)dac‘ < ‘b(Tlo)/B(zmr)a(x)(b( x) — b(xo) d:v‘ + ‘b(i:o /B(IDT a(x)b(ac)dx‘

( (‘TOvT

wins (1B \E 1 nas g [Blaor) \3
= (wg@)o, 7) o (wé@o‘,r»)
<o (i)

Note that we have used the fact » < 1 and 7&—2 < p in the last inequality.

Definition 4.5 Let w € A,. A function M(z) is called a large (h%,, q,d)-molecule centered
at xo if there exists r > 1 such that the following conditions are satisfied:

(/w 20| <2r |M (z)|*w(z)dz )% < Cw(B(xo,7))7 "7, (4.5)

"o (B(xo, r))fi

M <
| M (z)] |x_I0|n+§

, |z — x| = 21 (4.6)

Definition 4.6 Let w € A, and b be [-accretive. A function M(x) is called a small
(h2,, q,,b)-molecule centered at xq if there exists r < 1 such that (4.5), (4.6) and the following
condition

M(z) dﬂ<<c»"7r(_ﬁﬁfﬁ_l_)%. (4.7)

.. w(Bao, 1))
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bemma L8 Lo n"—_ﬂ; <p<l<gqandp<gq. Ifwe Ay and a function M(x) is a large
(h®), q,0)-molecule, then M € hE (R™) and

M|z, < C.

Lemma 4.9 Let 0 < a <1 <gq, ;75 <p < qand ;75 < p < 1. Suppose that b
is B-accretive and b € AR (R"™). If a function M(z) is a small (h? . q,0,b)-molecule, then
M € h®,(R™) and

| M|l < C.

Lemmas 4.8 and 4.9 are the key lemmas to prove our theorems. The proofs of the two
lemmas are similar in nature. So we shall only prove Lemma 4.9 below. The idea of our proof
comes from [12-14, 18].

Proof of Lemma 4.9 Let By = {z: |z —z0| < 2r} and E; = {z : 2'r < |z — xo| < 20711},

i=1,2,3,--, = [p, b(z)dz. Since b( ) # 0, we denote x; = xz (%), Xi = 557
mi:b(—}ﬂ)fEi M( Yda andmz—fE r)dz.
We write
M(‘T) = Z(M( ) mz Xz + Zle’L ZM + szz( )
i=0 =0

where M;(x) = (M(z) —m;)xi(z). Letting N; = E m;, we have
=j

= ZMi(I) + ZM(%(I) = Xi—1(x)) + NoXo ()
1=0 =1

=1+ 11+ III.

Next we shall estimate the above three terms.
(a) It is clear that supp(M;) C B(zo,2""'r) and [ M;(z)b(z)dz = 0. So

([noma)” < ([ i)’ + o] [ o]’

< Cw(B(xo,T))%7% + |m0|w(E0)%'

By the definition of mg and Lemma 4.2, we have

mol = ], MO

16| o<
|M (y)|dy
BlEo| JE,

1 ; a
< (g L M)
< Cw(B(zo, r))éfiw(Eo)fé.

<C

Therefore, we get
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So by Lemma 4.5 or 4.7 we have
[ Mol[nz, < C.

When ¢ > 1, we have

1

1 1
/|M ) (z)de) /|M w(a)dz) * + mifu(B)t
=T+1L

By condition (4.6), we have

1< r"+6w(B(:C0, r))~

=

R
E; |:Z7 - $O|q(n+6)

n+6 1 . 1
w(B(wo, 7)) »w(B(xo, 2 1))

< T
— (2ir)n+6

S

< 027w (B(xo, r))éf .

The last inequality was obtained by Lemma 4.1.
Using the condition (4.6) again and the fact |E;| ~ |B(xg,2!"'r)|, we have

- 1 [[b]] s
I<w MHﬁIHEI/ |M (y)|dy

w(E;)7T / rHw(B(xo, 7)) *
< d
SUTED Je T Ty —ao

1

< 02 "w(B(xg,r))a 5.

According to Lemma 4.1, we reach

(/|Mi|qw(x) )%<C2 B(B(x,r))a v

By Lemma 4.5 or 4.7, we get
| M;lpe, < Co~i+na(3-3))
nq

Since 7% < p, we finally conclude

oM, <€ and [Ty < C.

(b) Let A; = N;(xi(z) — )Zl 1(z)). Tt is easy to see that supp(A;) C B(zo, 2 !r) and
Jin Ai(2)b(z)dz = 0,0 =1,2,3 -
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Using condition (4.6) and Lemma 4.1, we have

([1as@imu@ar)” < wi( [ —>zz-71<x>|qw<x>dx)%
< ("B + ) Z [, My
< c“’(B("”f’ )t 1b] Z / y)ldy

1
:I:Ou n+(5 :E07 ))7;
= - Z/ |y — 2o dy

Ey,

5 1_1 1
< Cr°w(B(xg,r))a P /y_10|22ir 7@ mpTE
< 0270w (B(zg,7))a *
<Cc2™ H"q(%*%))w(B(:CO,2i+1r))%7%.
So by Lemma 4.5 or 4.7, we have

ZHA I7, <C and |y, < C.

(¢) Conditions (4.5), (4.6) together with the fact supp(NoXo(x)) C B(zo,2r) imply

(/ |N0%°(x)|qw(“’>dx)% = Mol |b(Eo)| (/ (IW)%

< C=5m

<o)t ( ) 15]] oo (/Im_mo<2T|M(x)|dx+/|m_mZ2T|M(z)|dx)

< Cw(B(xo, 27‘))%7%.

By condition (4.7), we have

Noto(ee)ie] = | [ aroptenae] < o (LEEL)

‘ Rn w(B(xo,T)
By Lemma 4.5 or 4.7, we have
[NoXollnz, < C.
Finally combining (a), (b) and (c¢), we complete the proof of Lemma 4.9.

Lemma 4.10 Let w € Ay and M(x) be a function on R™. If there exists a ball B(xzo,7),
r > 0, satisfies the following conditions

/ - | M (x)|w(z)dx < C, (4.8)

T"Jr‘sw(B(:z:O,r))’l
E T and

[M(x)| < C , | — x| > 21 (4.9)
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and furthermore, if 0 < r < 1, M(x) also satisfies

| B(o,7)|
‘ | M@ ‘<c By (4.10)
then M (z) € hl (R™) and
1M ()|, < C.

The proof of Lemma 4.10 is almost similar to that of Lemma 7 in [13], so we omit the details.

5 Proof of the Theorems

Proof of Theorem 3.4 By Lemma 4.4 and Theorem 7.2 in [1], it suffices to show that
there is a constant C' > 0 such that ||T'al|,» < C for every (HE,2q)-atom a(z).

Assuming (H?, co)-atom a(z) supported in B(xg,r), we show that Ta(x) is a constant
multiple of a large (h%, ¢, d)-molecule with 7 > 1 or a constant multiple of a small (hZ,, ¢, d,b)-

molecule with r < 1.
Since T is bounded on L24(R™) (see [11, p. 52]), we have

(‘/zzo|<2r |Ta(x)|qw($)dx) % = C( /zzo<2r |Ta(x)|2qw($)dx) : (/zzo<2r w(x)dx)

L

< Cllall pzew(B(xo,7)) 2

.
2q

1

< Cw(B(zg,r))7" 5.

If |x — x| > 2r, then

ra) = [ ) K mamay

’”6 lay)|
< 07/ a(y)|dy
|.’II - ‘Toln—i_(S B(zo,r)

Tn+t5

< CWW(B(%, ).

==

If » > 1, by Lemma 4.8, we have
[Ta(@)||ns, < C.

If r <1, by (4.2) and (4.3), we have

‘/Ta 2)dz| = |(a th|‘/J;J(:E0 : (@)[[Th(z) — “Tb(x0)]dz

ATl [ ot
B(xzo,r)
< Cr®w(B(zo,1)) 7| B(zo,7))|

winiet ( 1Blao, )| 3
<o ()

sov )
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where the last inequality is obtained for » < 1 and 7&—2 <p.
By Lemma 4.9 and the above argument, we obtain the desired result

[Tallus, < C.

Proof of Theorem 3.5 Similar to the argument of Theorem 3.4, it suffices to show that
there is a constant C' > 0 such that ||Tal|,, < C for all (H,,2)-atoms a(z) supported in
B(xzg,r). Tt is easy to see

/ |Ta(z)|w(z)de < C.
|z—z0|<2r

And if |z — zo| > 2r,
"How(B(wo, )~
|# — zg|mto

Ta(z)| < O~

If T is a 0-Calderén-Zygmund operator, then *7'1 € BMO and H%lHBMO < C by the famous
“T1 theorem” (see [5]). So we have

‘/n Ta(x)dac’ = |<a,qﬂl>| = ‘ /B(mo , a(x)[rfl(:v) - thAfl]d:C

< |71l mo | B(zo, )| w(B(xo, 7))~

|B(x0,7)|
~ w(B(wo, 7))’

where mpf = WM fB(ImT) f(z)dz. According to Lemma 4.10 and the above argument, we

get the desired conclusion immediately.

Proof of Theorem 3.6 Note that C'4 is a 1-Calderén-Zygmund operator by Theorem 3.1.
Let b(z) = 1 +iA’(x). Then b is a l-accretive and b € AL _(R'). By the calculus of complex

loc

analysis (refer to calculation in [14] or [19, p. 407]),

o 1+iA'(y) 1+iA'(y)
Cow =l | e i) — A i) - ATy 0
= constant,

which implies t/CTqb(gc) € A2 (RY). Therefore the theorem is proved by Theorem 3.4.
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