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Abstract In this paper, groups of order p" in which the number of subgroups of possible
order is less than or equal to p* are classified. It turns out that if p > 2, n > 5, then the
classification of groups of order p™ in which the number of subgroups of possible order is
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1 Introduction

The enumeration problem of p-groups is important in the study of finite p-groups, which
includes two aspects: one is to study the number of subgroups, elements and subsets of finite
p-groups, the other is to study the structure or properties of finite p-groups by means of the
number of subgroups. For example, two well-known counting theorems are as follows.

Theorem 1.1 (see [1]) Assume that G is a group of order p™, 0 <k <n. s;(G) denotes
the number of subgroups of order p* of G. Then s, (G) =1 (mod p).

Theorem 1.2 (see [2]) Assume that G is a non-cyclic group of order p™*, p > 2. If1 <k <
n—1, then s;,(G) =1+ p (mod p?).

For the possible cases of the number s (G) of subgroups of a finite p-group G' (mod p?),
Hua and Tuan [3], and Berkovich [4] investigated this question and obtained some results. For
example, we see the following theorems.

n—o

Theorem 1.3 (see [3]) Assume that G is a group of order p", p > 3, exp(G) = p and

n>2a+1. If2a+1<k <n, then
sp(G)=1, 1+p, 1+p+p®or 14+p+2p* (mod p?).

Theorem 1.4 (see [4]) Assume that G is a group of order p™, p > 2 and exp(G) = p. Then
for1<k<n-—1, sg(G) =1+ p+2p* (mod p?).
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How many possible cases does the number of subgroups of a finite p-group G (mod p?)
have? Up to now, the problem has no complete answer. Hua and Tuan had ever guessed: for
an arbitrary finite p-group G, if p > 2, then s, (G) =1, 1+p, 1+p+p? or 1+p+2p? (mod p3)
(see [5, Problem 1]). For brief, in the following the conjecture is called Hua-Tuan’s conjecture.

By Hua-Tuan’s conjecture, for an arbitrary finite p-group G, if p > 2, then the least number
of subgroups of possible order is one of 1, 14+ p, 1+p+p? or 1 + p+2p%. Obviously, to study
the structure of finite p-groups which have such number of subgroups is an interesting question.
In fact, by Hall’s enumeration principle, groups of order p™ in which the number of subgroups
of possible order is less than or equal to 1 + p are classified in [6]. In this paper, we classified
groups of order p” in which the number of subgroups of possible order is less than or equal to
1+ p+2p%. We find that classifying groups of order p™ in which the number of subgroups of
possible order is less than or equal to 1 + p + 2p? is equivalent to classifying groups of order p™
in which the number of subgroups of possible order is less than or equal to p3. It follows that
classifying groups of order p™ in which the number of subgroups of possible order is less than
or equal to 1 + p + 2p? is equivalent to classifying groups of order p™ in which the number of
subgroups of possible order is less than or equal to 1 +p + tp? (2 < t < p). In particular, if
p > 2, n > 5, then the classification of groups of order p™ in which the number of subgroups
of possible order is less than or equal to p? and the classification of groups of order p™ with a
cyclic subgroup of index p? are the same. This implies that Hua-Tuan’s conjecture is true for
finite p-groups with a cyclic subgroup of index p?. However, Hua-Tuan’s conjecture is not true
for general cases (see [7]).

For p = 2, we also classified groups of order 2" in which the number of subgroups of possible
order is less than or equal to 22 by means of the method of central extension. Thus finite
p-groups in which the number of subgroups of possible order is less than or equal to p3 are
completely classified.

For convenience, we use s;(G) and c¢x(G) to denote the number of subgroups of order p*
of a finite p-group G and the number of cyclic subgroups of order p¥ of a finite p-group G,
respectively; C,, and C] to denote the cyclic group of order n and the direct product of m
cyclic groups of order n, respectively; G, to denote the nth term of lower central series of a
p-group G; H * K to denote a central product of H and K; and ¢(G) and d(G) to denote the
nilpotency class and minimal number of generators, respectively. v

Let G be a finite p-group. For an integer i, we define A;(G) = {a € G | a?" = 1}, V;(G) =
{a?" | a € G}, Q(G) = (Mi(G)) = {a € G | a®" = 1), and U;(G) = (Vi(G)) = (a” | a € G); G is
called pi-abelian if (ab)?" = a? b7 for all a,b € G; G is called inner abelian if G is non-abelian,
but every proper subgroup of G is abelian; G is called meta-abelian if G = 1.

The concepts and symbols in this paper are referred to [8].

2 The Classification of Finite p-Groups with s;(G) < p*

2.1 Preliminaries

Lemma 2.1 (see [9] or [8, p. 339]) Finite 2-groups are mazimal class if and only if |G : G|
=4.

Lemma 2.2 (see [10]) Assume that G is an inner abelian p-group. Then G is one of the
following:
(1) Qs;

(2) M(n,m)=(a,b|a®" =" =1, a®* =a'*" ), n>2 (metacyclic);
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(3) M(nm,1) = (abe|a” =8 = =1, [o,0 = ¢, [ca =[] = 1), n > m. If
p =2, m+n >3 (non-metacyclic).

Theorem 2.1 (see [11]) Assume that G is a group of order p™, p > 2, n > 5. Then G has
a cyclic subgroup of index p? if and only if G is isomorphic to one of the following:

(1) Abelian groups
(1) Cpr; (2) Cpn—1 x Cp; (3) Cpn-2 X Cp2; (4) Cyn—2 X Cp x Cp;
(II) d(G) =2and |G'|=p
(5) M(n—1,1); (6) M(n—2,2); (7) M(2,n—2); (8) M(n—2,1,1);
(IIT) d(G) =2 and |G'| = p?

9) (a,b | a?" = =P =1, [a,b] = ¢, [a,c] =1, [b,c] = a”pwa}, vis 1 or a fived
quadratic non-residue (mod p);
(10) (a,b|a?" =P =P =1, [a,b] =c, [a,d =a?" ", [b,c] =1);

(ab|a? " =" =1, [a,b] = ar"
-2

(11) )
(12) (a,b | a?" " =" =1, [a,b] = a®" "bP);
(IV) d(G) =3 and |G'| =

(13) M(n —2,1) x Cp; (14) M(1,1,1) % Cpn—2.

Here we give a new and short proof to the following theorem due to [6].

Theorem 2.2 (see [6]) Assume that G is a group of order p™. Then for 1 <k <mn —1,
sk(G) =14 p holds if and only if G is one of the following non-isomorphic groups:
1) ¢

pn—1 X Cp;
(2) M(n—1,1) except for Ds.

Proof First we assert that G has a cyclic maximal subgroup. If not, we take two distinct
maximal subgroups M; (i = 1,2), then, by hypothesis, s,_2(M;) > 1 + p. Thus s,_2(G) >
Sn—o(M1) + Spn—2(Ms2) — 1 > 1+ 2p, which is a contradiction. By hypothesis and [12], or
[1, Theorem 1.2] (i.e., the classification of finite p-groups with a cyclic maximal subgroup),
G = Cpn1 x Cp or G = M(n — 1,1) except for Dg. Conversely, if G is the group listed in
Theorem 2.2, then for arbitrary integer k (1 < k < n — 1), |Q%(G)| = p**1. Thus cx(G) =
M = p. It follows that s;(G) =14 ¢ (G) =1+ p.

pF—pF
2.2 The classification of finite p-groups with s (G) < p> for p # 2

First, we give some lemmas, which are necessary for the classification.
Lemma 2.3 Assume that G is a group of order p™. If s,_1(G) < p3, then d(G) < 3.

Proof s, 1(G)=1+p+p*>+ -+ pi&-1 Tt follows by hypothesis that d(G) — 1 < 2.
That is, d(G) < 3.

Lemma 2.4 Assume that G is a finite p-group, N < G. If for arbitrary integer k satisfying
sk(G) <'t, where t is an integer, then sp(G/N) < t.

Proof Assume that |[N| = p?, H/N is a subgroup of order p* of G/N. Then H is a subgroup
of order p**? of G containing N. Thus s,(G/N) < s,44(G) < t.

Lemma 2.5 Assume that G is a group of order p™, exp(G) = p®, s is a positive integer. If

for 1 <k<mn, ct(G) <p® thene>n—s+ 1.
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+s

Proof We assert that for an arbitrary positive integer k, |[Ax(G)| < p***. In fact, since
e (G) = @=L M@= s A (@) < p*tl — p® 41 < p*+l. Assume that the assert

#(p) p—1
is true for k¥ < m. When k = m, since ¢,,(G) = ‘A””(G)SL(;A”)” 19— 'Am(szi', I(/;ml)l(c)‘ < p’,

A (G)] < pstm—pstm=14 A, 1 (G)| < p**™. Tt follows that the assert is true. In particular,
p" = |G| = |Ae(G)| < p¢*5. The conclusion is followed.

Remark 2.1 In particular, when s = 2, Lemma 2.5 give another proof for Theorem 2.2.

Lemma 2.6 Assume that G is a group of order p™, p > 2, n > 5, exp(G) = p°. Ife > n—2,
then for 1 <k <n, sp(G) <1+ p+ 2p°.

Proof We discuss by the value of e.

If e = n, then G is cyclic, the conclusion is followed. If e = n — 1, then G has at least a
cyclic maximal subgroup. Since p > 2, by [1, Theorem 1.2], G = Cpn-1 x Cp, or M(n — 1,1).
By Theorem 2.2, for 1 < k < n, sp(G) =1+ p holds. The conclusion is followed.

If e = n — 2, then, by Theorem 2.1, |G’| < p?, d(G) < 3 and G is p? abelian. It follows
that €, (G) Ai(G) and d(©4(G)) < 3 (2 < i <e). Sincee =n—2and p" = |G| =
[Q2(@)| H 19:(G)/Qs-1(G)], [22(G)] < p* and Q2(G) < G. If d(G) = 3, then |G'| < p by
Theorem 2.1. If d(G) = 2, then |G’| < p? by Theorem 2.1 again. Taking a normal subgroup
N of order p of G contained in G’. Tt is easy to prove that G/N is abelian or inner abelian. It
follows that the derived subgroups of all proper subgroups of G are contained in N. Thus we
get |Q2(G)'| < p. So Q3(G) is p-abelian. It means that Aj(G) = A1(22(G)) = Q1(Q2(G)) is a
group. It follows that A1 (G) = Ql(G)

Since e =n — 2 and p" = |G| = Q)| H 19:(G)/Q2s-1(G)], [21(G)| < p?. Since G is not
cyclic, |1 (G)| # p. We discuss in two cases accordlng to [Q1(Q)] = p? and |1 (G)| = p?.

Case 1 Assume [Q;(G)| = p?. Then 51(G) = % 1+ p. Since e =n —2 and p" =

|G| = Q)| H 192:(G)/Q5-1(G)], there exists an integer ¢ such that |Q(G)/u-1(G)| = p*.

Moreover, if 2 < i < eandi#t, then |Qi(G)/Qi-1(G)| = p. Therefore, if s < ¢ — 1, then
10,(G)| = p*Tt; if e > s > ¢, then |Q,(G)| = p*T2. We calculate the number of subgroups of
order p/ (2<j <n—1) of G as follows.

If2 < j < t—1, then, by %(G) = Ai(G) (2 <i < ¢), ¢;(G) = LA (G)] _ -1

w(p?) pi=1(p—1)
p. Since [Q;1(G)| = p’, 5;(2;-1(G)) = 1. So Sj(G2 B ¢j(G) +5i(Q-1(G)) =1+p
If j = t, then ¢(G) = ELOERaOL - U — 4 p2 Since [ 4(G)| = 7,

5t(Q-1(G)) = 1. So 5¢(G) = c1(G) + 5:(Qu-1(G)) = 1 +p +p*.

If e > j > t, then ¢;(G) = le(G)L(E}; 1G] zjig*}; = p?. Since |[Q;_1(G)| = p’ ! and
d(€-1(G)) <3, 5;(2;-1(G)) < L+p+p* So $j(G) = ¢j(G) +5;(Q-1(G)) =1+p+ 2p*.

If j=e+1=n—1, then, by d(G) < 3, we have s;(G) <1+ p + p*

In this case, sx(G) <1+p+2p? for 1 <k <n.

Case 2 Assume |Q (G )| = p®. Then s (G) = % =1+p+p? Sincee=n—2

and p" = |G| = G)| H |Q )/Qs—1( } |Q )/ Qi1 ( )} = pfor 2 < i < e Thus

:(G)] = p*? and ¢(G) = D@ — PO D — 2 Since d(9;-4(G)) < 3 and

1-1(G)| = p™, we have s;(Q2;—1(G)) < 1+p+p?. So we get s;(G) = ;i(G) +5;(2i-1(G)) <
1+ p+ 2p?. Since d(G) < 3, we have s, _1(G) <1+ p+ p2.
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In this case, we also have s,(G) <1+ p+2p? for 1 <k < n.
To sum up, the conclusion is followed.

Remark 2.2 Lemma 2.6 is not true for p = 2 or n = 4. For example, Don (n > 4) and
(a,b]a® =03 =c3 =1, [a,b] = ¢, [c,a] =1, [¢,b] = a®) are counterexamples.

By Lemmas 2.5 and 2.6, we have the following theorem.

Theorem 2.3 Assume that G is a group of order p™, p > 2, n > 5, exp(G) = p°. Then the

following conditions are equivalence:
(1) e>n—2;

(2) for1 <k <mn, si(G) <1+ p+2p%

(3) for1<k<n, spg(G) <1+ p+tp?, where2 <t < p;
(4) for1 <k <mn, sx(GQ) < p

(5) for1 <k <mn, cx(G) <p?.

Theorem 2.3 implies that if p > 2 and n > 5, then finite p-groups in which the number of
subgroups of possible order is less than or equal to p? are exactly those groups listed in Theorem
2.1. Tt is easy to verify that for p-groups G with |G| < p?, the number of subgroups of possible
order of G is less than or equal to p®. Therefore, in the case of p > 2, by Theorem 2.3, we know
that in order to classify finite p-groups in which the number of subgroups of possible order is
less than or equal to p?, we only need to consider those groups of order p*.

Theorem 2.4 Assume that G is a group of order p*, where p > 2. Then for arbitrary
integer k, s;(G) < p* holds if and only if G is isomorphic to one of the following:

(1) Op4; (2) Cps X Op; (3) sz X Opz; (4) sz X Cp X Op;
9) (a,b | a?” =P = =1, [a,b] = ¢, [c,a] = 1, [¢,b] = a'), where i = 1 or a fized

quadratic non-residue (mod p). If p = 3, then i # 2;
(10) (a,b| a?” =P =P =1, [a,b] =¢, [c,a] = aP, [c,b] = 1);
(11) (a,b|a® =c3 =1, b3 =a3, [a,b] =c, [c,a] =1, [e,b] = a™3).

Proof By checking the list of groups of order p*, the conclusion is followed. Conversely,
those groups listed in Theorem 2.4 satisfy the hypothesis.

Remark 2.3 By checking the group lists in Theorem 2.4, we know that the restriction for
n > 5 in Theorem 2.3 can be removed.

By Theorems 2.1, 2.3, 2.4, a direct consequence is as follows.

Theorem 2.5 Assume that G is a finite p-group, p > 2. Then for arbitrary integer k,
sk(G) < p? holds if and only if G is isomorphic to one of the following:

(1) Abelian groups

(1) Cpn; (2) Cpr x Cp; (3) Cpn x Cp2 (12> 2); (4) Cpn x Cp x Cp;

(II) d(G)=2 and |G'| =p

(5) M(n,1) (n > 2); (6) M(n,2) (n>2); (7) M(2,n) (n>3); (8) M(n,1,1) (n > 2);

(II) d(G) =2 and |G'| = p?

(9) (a,b|a?" =P =c? =1, [a,b] = ¢, [a,d =1, [b,c] = a*?"), where v =1 or a fized
quadratic non-residue (mod p). If p=3 and n =1, then v # 2;

(10) (a,b | a*"" =bP =c? =1, [a,b] =¢, [a,c] =a”", [b,d] = 1);
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(11) (a,b | a®"" _bpz =1, [a,b] =a®" ") (n>2);

(12) (a,b | a?" =" =1, [a,b] = a®" bP) (n > 2);

(13) {a,b|a® = =1, ¥ =d?, [a,b] = ¢, [c,a] =1, [¢,b] = a™3);
(IV) d(G)=3 and |G'| =p

(14) M(n,1) x Cp (n > 2); (15) M(1,1,1) % Cpn (n > 2).

Corollary 2.1 Assume that G is a finite p-group, p > 2. Then for arbitrary integer k,
sk(G) < 1+ p+ p? holds if and only if G is isomorphic to one of the following:

(I) Abelian groups

(1) Gy (2) cpn X Cyi (3) Gy X Cyt (02 2); (4) Cp % Cy X G

(1I) |G’| =

(5) M(n,1) (n > 2); (6) M(n,2) (n = 2); (T) M(2,n) (n = 3); (8) M(1,1,1); (9) M(1,1,1)*
Cp2;

(I) |G| = p?

(10) (a,b] a?" =b"" =1, [a,b] = ap"”> (n>2);

(11) (a,b | a”"™ = b =1, [a,b] = a?" "bP) (n > 2);

(12) {a,b | a?” =P =P =1, [a,b] = ¢, [a,c] =1, [b,c] = a*®), where v = 1 or a fized
quadratic non-residue (mod p). If p =3, then v #£ 2

(13) {a,b|a® = =1, a® =1?, [a,b] =c, [c,b] =1, [c,a] = a?).

Corollary 2.2 Assume that G is a group of order p™. Then for 1 <k <n—1, sx(G) =
14 p 4+ p? holds if and only if G is isomorphic to one of the following:

(1) Cp x Cp x Cy;

2) (a,bye|a” = = =1, b = aP, [a,b] = [a,¢] = 1) = M(1,1,1) % Cpp =
M(2,1) % Cpe

2.3 The Classification of Finite 2-Groups with s;(G) < 23

If G is a finite group of order 2" with s;(G) < 23 for 1 < k < n, then by Lemma 2.3 we
have d(G) < 3. In the following, we will prove that if d(G) = 2, then |G’| < 4; if d(G) = 3,
then |G'| < 2. We discuss in two cases.

Lemma 2.7 Assume that G is a finite 2-group and d(G) < 2. If |G'| < 2, then for arbitrary
integer k, si(G) < 8 holds if and only if G is isomorphic to one of the following:

(1) Can; (2) Con x C2; (3) Can x Cy (n > 2);

(4) M(n,1); (5) M(n,2); (6) M(2,m) (m >3); (7) Qs.

Proof Since d(G) < 2 and |G'| < 2, G is abelian or inner abelian.

If d(G) =1, then G = Can.

If d(G) = 2 and G is abelian, then it is easy to get G = Can x Cy or G =2 Con X Coe.

If d(G) = 2 and G is inner abelian, it is easy to check that s,(G) < 8 for 1 < k < 3
for all groups of order 23. Assume |G| > 23. If G = M(n,m,1), then for i < m, s;(G) =
1+2+2(224---2%) + 277, By hypothesis, we get m = 1, that is, G = M (n, 1,1). By checking
we get so(G) = 1+ 2+ 23 > 8, which is a contradiction. Thus G = M (n,m). By calculating,
we get s;(G) =142+ 22+ .-+ 2% for i < min(m,n). By hypothesis, we get min(m,n) < 2.
It follows that G is isomorphic to one of the following: M(n,1), M(n,2), M(2,m) (m > 3).
Conversely, it is easy to check that these three groups satisfy the hypothesis. The conclusion
holds.
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Assume that G is a finite group of order 2", d(G) = 2 and |G’| = 4. Then there exists a
normal subgroup N of order 2 of G contained in G’. If s;(G) < 8 holds for 1 < k < n, then, by
Lemma 2.4, sp(G/N) < 8. Thus, by Lemma 2.7, G/N = M(n,1), M(n,2), M(2,m) (m > 3)
or s. On the other hand, there does not exist a G such that |G'| = 4 and G/N = Qs by
[13, Lemma 8]. Thus, in the following, according to the structure of G/N, we determine G by
means of the method of central extension.

Theorem 2.6 Assume that G is a finite 2-group, d(G) = 2 and |G'| = 4. If there exists an
N < G’ with |[N| = 2 such that G/N = M(n,1), then for arbitrary integer k, si(G) < 8 holds
if and only if G is isomorphic to one of the following:

(1) {a,b|a®=0b*=1, [a,b] = a?) =2 SDg;

(1) {a,b|a® =1, b> =a* [a,b] =a"2) = Q.

Proof Since |G'| = 4, there exists a subgroup N of order 2 of G contained in G’ such that
N < Z(G). Since G/N = M (n, 1), by [13, Theorem 10], we know that G is isomorphic to one
of the following:

(1) {a,b|a®=0b*>=1, [a,b] = a®) = SDis;
(2) (a,b|a®=0b%=1, [a,b] = a"2) = Dg;

(3) (a,b|a® =1, b2 =a*, [a,b] =a"2) = Q.

By calculation, we get that for Dig, s1(D1g) = 9, which is contrary to our hypothesis.
For SDqg, $1(SD1s) = 5, s2(SD1g) = 5, s3(SD16) = 3; for Qus, $1(Q16) = 1, $2(Q16) = 5,
s3(Q16) = 3. Conversely, it is easy to check that these groups listed in the theorem satisfy the
hypothesis. The conclusion holds.

Theorem 2.7 Assume that G is a finite 2-group, d(G) = 2 and |G'| = 4. If there exists an
N < G’ with |[N| = 2 such that G/N = M(n,2), then for arbitrary integer k, si(G) < 8 holds
if and only if G is isomorphic to one of the following:

(1) (a,b|a®" =b*=1, [a,b] =a2" ") (n > 3);

(1) {a,b|a® =1, b* =a*, [a,b] = a?).

Proof Since |G'| = 4, there exists a subgroup N of order 2 of G contained in G’ such that
N < Z(G). Since G/N = M (n,2), by [13, Theorem 10], we know that G is isomorphic to one
of the following four groups:

Hy = (a,b] " =bt =1, [a,0] =a*" ) (n > 3);

Ho) = (a,b|a® =b* =1, [a,b] = a®);

Hegy = (a,b|a® =b* =1, [a,b] = a™2);

Hiy = (a,b|a® =1, b* = a?, [a,b] = a™?).

For Hyy, we have |H )| = 2"*3. Since [a*,b] = [a,b]* = a?"" =1, we have a* € Z(H1)).
By calculation, we get Qi(H(1)) = A1(Hp)) = (a®",0?) = Cy x Co, Q(H1y) = Ni(Hyy) =
(@b 2 Cpix Cy (2 < i <n—1), Qu(Hy) = Au(Hpy) = (a%,b) =2 M(n,2), Qs (Hoy
An+1(H(1)) = H(l)- It follows that Sl(H(l)) = 3, Si(H(l)) = Ci(H(l)) + Si(Qifl(H(l))) =7
(2<i<n+1), spya(Heyy) = 3. So Hyy is the required group.

For H(y) and H s, we have sy(H(q)) = s2(H(s)) = 11, so H(g) and Hg) are not the required

groups.
For H(4), we have s1(H4)) = 3, s2(H4)) = 3, s3(H4)) = 7, so Hyy is the required groups.
Conversely, it is easy to check that H(;) and H(y4) satisfy the hypothesis, respectively. The
conclusion holds.
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Theorem 2.8 Assume that G is a finite 2-group, d(G) = 2 and |G'| = 4. If there exists
an N < G’ with |[N| = 2 such that G/N = M(2,m) (m > 3), then for arbitrary integer k,
sk(G) < 8 holds if and only if G = (a,b|a® =1, b*" =a*, [a,b] = a~2) (m > 3).

Proof Since |G'| = 4, there exists a subgroup N of order 2 of G contained in G’ such that
N < Z(G). Since G/N = M(2,m) (m > 3), by [13, Theorem 10], we know that G is isomorphic
to one of the following:

Hpy = (a,b|a®=b" =1, [a,b] = a?) (m > 3);

Hpy = (a,b]a®=0*" =1, [a,b] =a"2) (m > 3);

Hg) = (a,b|a® =1, v =at, [a,b] = a"2) (m > 3).

For H;y (i =1,2), we have a*, b’ € Z(H ;). By calculation, we get Q1 (H;)) = A1(H;y) =
<a4,b2m:) > Cy x O, Qa(Hpy) = Ao(Hep)) = (a%,07" ) 2 Cy x Cu, Q3(Hey)) = As(He)) =
(a,me >, |93(H(1-))| = 26, Tt follows that S3(H(i)) = Cg(H(i)) + Sg(Qg(H(i))) = 15. So H(i)
(i =1,2) are not the required groups.

For Hy, we have a*,b*> € Z(H)). By calculation, we get Qi(H)) = Ai(H )
(@*,a®®" ") = Oy x Cy; Q(Hg) = As(Hg) = (@207 ,ab®" ") = (a®,ab®" "
Qa(Hs))| = 2%, Qi(Hz) = (0,6 ), [Qu(H)| = 2771 3 < i < m+ 1), Qnia(Hz)
Am+1(H(3)) = H(3) It follows that Sl(H(g)) = Sm+2(H(3)) = 3, Si(H(g)) =7 (2 <i:<m+1
So H sy is the required group. Conversely, it is easy to check that H s satisfies the hypothesis.

)
)

By Theorems 2.6-2.8 we have the following theorem.

Theorem 2.9 Assume that G is a finite 2-group, d(G) = 2 and |G’'| = 4. Then for arbitrary
integer k, si(G) < 8 holds if and only if G is isomorphic to one of the following:
(1) {a,b|a®=b>=1, [a,b] = a®) = SDss;

(2) {a,b] agnil, b2 =a*, [a,b] = a;i} >~ Q16;
3) {ab] e =4 =1, [0l =) (n>3)
(4) {a,b|a®=1, b¥" =a* [a,b] =a"2) (m >2).

Theorem 2.10 Assume that G is a finite 2-group, d(G) = 2. If for arbitrary integer k,
sk(G) < 8 holds, then |G'| < 4.

Proof Assume that G is a counterexample of the smallest order. Then |G’| = 2¢, where
i > 3. Let M be a normal subgroup of order 2¢=2 of G contained in G’. Then d(G/M) = 2
and sx(G/M) < 23. Since |(G/M)'| = 23, G/M is also a counterexample. Since G is a
counterexample of the smallest order, we have M = 1. That is, |G’| = 23.

Taking a minimal subgroup N satisfying N < Z(G). Then d(G/N) = 2, sx(G/N) < 23 and
|(G/N)'| = 22. By Theorem 2.9, G/N is isomorphic to one of the following:

(1) (a,b|a®=b%=1, [a,b] = a®) = SDsg;

(2) (a,b|a® =1, b> =a*[a,b] =a"2) =2 Q1s;

(3) (a,b|a® =b*=1, [a,b] =a2" ") (n >3);

(4) (a,b]a® =1, b*" =a*, [a,b] =a"2) (m >2).

Thus, G can be determined by central extension.

If G is the group which is determined by (1) or (2) by central extension, then, by |G/G’| =4
and Lemma 2.1, G is a 2-group of maximal class of order 2°. But the quotient group of order 2*
of a 2-group of maximal class of order 2° is exactly a dihedral group, which is a contradiction.

If G is the group which is determined by (3) by central extension, letting G /N = (@,b | a2 =
5 = 1,[a,0 =@ "), we have G = (a,b). If N = (z), [a,b] = a®" 'z (i = 0 or 1), then
[a,b,a) =1, [a,b,b] = a2 . Tt follows that ' = (a®" 'z',a*" ") = (a®" ' 2%). Since |G| =8,
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we have o(a) = 22, Hence N = (a2""'). Assume [a,b] = a®" k2" = a2" (40 (| =
or 1). Let | = 1+ 4k. Then a® = o ™! (1,2) = 1. Since b* € N < Z(@), we have
a=a"" =q+2""" = g1+2"™" £ o which is a contradiction.

If G is the group which is determined by (4) by central extension, letting G/N = (@, b | a® =
1, P = a*, [@,b =a"?) (m>2), N = ( ) and [a,b] = aS2% (0 < i < 2), we get [a,b,a] =1,
[a,b,b] = a36. It follows that G’ = (a 2t,a%0) = (a®z%). Since |G'| = 8, we have o(a) = 2%.
Thus, 1 = [0*",b] = [a*,b] = [a,b]* = a® # 1, which is a contradiction.

Theorem 2.11 Assume that G is a finite 2-group, d(G) = 3 and |G'| < 2. Then for
arbitrary integer k, sp(G) < 8 holds if and only if G is isomorphic to one of the following:

( I ) CQ X Cg X Cg;

(I1) {a,b,c|a*=1, a®>=0% ¢* =1, [a,b] = a?, [c,a] =[c,b] =1) = Qg x Cy;

(D) (a,b,c|a*=0b*=c*=1, [b,c]=a? [a,b]=][a,c]=1)= DgxCy=Qs*Cy.

Proof If |G| = 1, it follows by d(G) = 3 that G = Cy x Cy x Cs.

If |G| = 2, then, by Lemma 2.3, s (G/G") < 8 holds for arbitrary integer k. Since d(G/G") =
3 and G /G’ is abelian, G/G’ = Cy x Cy x Cy. It follows that G is a group of order 2*. Since
d(G) = 3 and |G'| < 2, by the classification of group of order 2%, G is isomorphic to one of the
following:

Hqy = (a,b,c| at=1,02 =1, > =1, [a,b] =a? [c,a] = [c,b] = 1) = Dg x Cs;

Heo) = (a,b,c|a* =1, b* =ad?, ? =1, [a b =a?, [c,a] = [c,b] = 1) =2 Qg x Co;

Hggy = (a,b,c|a* =b*=c2 =1, [b,c] =d?, [a,b] =[a,c] =1) = Dg % Cy = Qs x Cj.

For Hyy, we have s;(H()) = 11. So H(yy is not the required group. For H s, we have
Sl(H(Q)) = 3, SQ(H(Q)) = S3(H(2)) = 7. For H(g), we have Sl(H(g)) = Sg(H(g)) = S3(H(3)) =1.
So Hsy and H(s are the required groups. Conversely, it is easy to check that H ) and H s
satisfy the hypothesis, respectively.

Theorem 2.12 Assume that G is a finite 2-group, d(G) = 3. If for arbitrary integer k,
sk(G) < 8 holds, then |G'| < 2.

Proof Assume that G is a counterexample of the smallest order. Then |G’| = 2¢, where
i > 2. Let M be a normal subgroup of order 2:=2 of G contained in G’. Then d(G/M) = 3,
sk(G/M) < 23. Since |(G/M)'| = 22, G/M is also a counterexample. But G is a counterexample
of the smallest order, so M = 1. That is, |G’| = 22

Taking a normal subgroup N of order 2 of G contained in G’, we have d(G/N) = 3,
sk(G/N) <23, |(G/N)'| = 2. By Lemma 2.11, G/N is isomorphic to one of the following:

1) @belat=1,a=0,2=1, [q, 1_7] =a2, [6,a) = [¢,b] = 1) = Qg x Cy;

@) @be|at=b = =1, [b,d =a, [@,b =[@,c =1) = Dg + Cy = Qs + .

Thus, G can be determined by central extens1on

Note G’ = (a?)N. Tt is easy to see that [a? b] = [a?,¢] = 1. It follows that G’ < Z(G),
¢(G) = 2. If G is the group which is determined by (1) by central extension, then 1 = [a?,b] =
[a,b]> = a*. If G is the group which is determined by (2) by central extension, then, by
2 € N, 1 =1[bc? = [bc]?> = a*. That is, o(a) = 4. So exp(G) = exp(G/N). It follows
that |[A2(G)| = |G| = 2°. But by the argument of Lemma 2.5, we get |A2(G)| < 2°. This is a
contradiction.

Theorem 2.13 Assume that G is a finite 2-group. Then for arbitrary integer k, s;(G) < 8
holds if and only if G is isomorphic to one of the following:

(1) Abelian groups
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(1) Can; (2) Can x G5 (3) Can x Cy (n > 2); (4) O x Ca x Co;

(I1) d(G)=2 and |G'| =2

(5) M(n,1); (6) M(n,2) (n>2); (7) M(2,m) (m > 3); (8) Qs;

(IIT) d(G) =2 and |G'| =4

9) (a,b|a® =b2 =1, [a,b] = a®) = SDss;

(10) {a,b| a® =1, b% =a*, [a,b] = a=2) = Q16;

(1) (a,b|a® =t =1, [a,b] =a®" ) (n > 3);

(12) (a,b|a® =1, b*" =a*, [a,b] =a"2) (m > 2);

(IV) d(G) =

(13) {a,b,c|a* =1, a®> =b%, 2 =1, [a,b] = da?, [c,a] = [¢,b] = 1) =2 Qg x Cy;
(14) {a,b,c|a* =b* =c* =1, [b,c] = a?, [a,b] = [a,c] = 1) =2 Dg x Cy = Qg * Cy.

Proof By Lemma 2.3, we get d(G) < 3. By Theorems 2.12 and 2.10, we have |G'| < 4.
Thus the conclusion is followed by Theorems 2.7, 2.9 and 2.11.

Corollary 2.3 Assume that G is a group of order 2™. Then for 1 < k < n, sx(G) =7
holds if and only if G is isomorphic to one of the following:

(1) CQ X CQ X 02;

(2) {a,b,cla*=b*=c*>=1, [bc]=a? [a,b] =[a,c] =1) = DgxCy = Qg +Cj.

Corollary 2.4 Assume that G is a finite 2-group. Then for arbitrary integer k, si(G) <5
holds if and only if G is isomorphic to one of the following:

(1) an; (2) an X CQ; (3) M(?’L, 1);

(4) {a,b|a®=0*>=1, [a,b] = a®) = SDg;

(5) {a,b|a®=1, b*=a* [a,b] =a %)= Q.
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