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Abstract The author first reviews the classical Korn inequality and its proof. Following
recent works of S. Kesavan, P. Ciarlet, Jr., and the author, it is shown how the Korn
inequality can be recovered by an entirely different proof. This new proof hinges on ap-
propriate weak versions of the classical Poincaré and Saint-Venant lemma. In fine, both
proofs essentially depend on a crucial lemma of J. L. Lions, recalled at the beginning of
this paper.
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1 A Lemma of J. L. Lions
Let © be an open subset of RY. A function v € L?(f2) being identified with the distribution
T, that it defines, it is clear that v € L*(Q) implies that

ve H Q) and dv e H (), 1<i<N,

since

o)l = | /Q vpda| < |lolloalielhe forall g € D(Q),
0T,(0)l = | = T0u¢) = | = [ D] < Iulosliplia for all o € D).

A domain in RY is a bounded and connected open subset Q of RY with a Lipschitz-
continuous boundary I', the set 2 being locally on the same side of I'.

It is remarkable, but also remarkably difficult to prove, that, if Q is a domain, a converse
implication holds:

Theorem 1.1 (J. L. Lions Lemma) Let Q be a domain in RN . Let a distribution v € D'(Q)
be such that O;v € H=1(Q), 1 <i < N. Then v € L*(Q).

This implication was first established, for domains with smooth boundaries and for functions
v € L*(Q), by Jacques-Louis Lions in 1958, as stated in Footnote (22) of [20]. Its first published
proof by J. L. Lions appeared in [5]. Other proofs of the original lemma of J. L. Lions have
since then been given, some extending it to genuine domains (i.e., with Lipschitz-continuous
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boundaries, as stated in Theorem 1.1), or to the more general spaces W~=19(Q), 1 < ¢ < oo
(see, e.g., [9, 22, 23]). The extension to distributions v € D’(Q2) (instead of distributions in
H=Y(Q) or W=19(Q)) as stated in Theorem 1.1 is due to [2] and [3]. A counterexample to J.
L. Lions lemma when € is not a domain is given in [8].

J. L. Lions lemma is of fundamental importance: it is in particular the key to proving many
fundamental results, such as the Korn’s inequality (see Section 2), the weak Poincaré lemma
(see Section 3), or the weak Saint-Venant lemma (see Section 4).

Remark 1.1 Although Theorem 1.1 shall be referred to as “the” lemma of J. L. Lions
in this article, there are other results of his that bear the same name in the literature, such
as his “compactness lemmas” (see [17, Proposition 4.1] or [18, Section 5.2]), or his “singular
perturbation lemma” (see [19, Lemma 5.1]).

2 Korn’s Inequality

The norms in the space L?(2) and H'(Q) are denoted || - |lo.o and || - ||1.o, respectively.

Korn’s inequality asserts that, given a domain € in RY | there exists a constant C' depending
solely on €2 such that

1

(vaznow S 1o wlia) < C(D\vznow 5 festw J3a)®

1,5=1 1,5=1

for all vector fields v = (v;)¥.; € H'(Q;RY), where
eij(v) == (8 v +0w;) € L*(Q), 1<i,j<N.

This inequality appeared for the first time, with a proof under the assumption that the
vector fields v vanish on the boundary of 2, in [14, 15, 16]. A second proof, this time under the
assumption that the vector fields v satisfy fﬂ curlvde = 0, was then given in [7]. The first
proof in full generality (based on the Calderén-Zygmund theory of singular integrals), is due to
[11].

As is well-known, its special case N = 3 is crucial to establishing the existence and unique-
ness of the solution to the weak formulation of the boundary value problem of linearized three-
dimensional elasticity (as the key to proving the coerciveness of the associated bilinear form).

Korn’s inequality thus provides an upper bound for the L?(Q)-norms of all the N? partial
derivatives d;v; of a vector field v = (v;) € H'(Q;R) in terms of the L*(Q)-norms of only w
particular linear combinations of these partial derivatives, namely the functions e;;(v) = e;i(v).
This truly remarkable feature suggests that none of its various available proofs (see, e.g., the
list of references provided in [12]) should be simple. For instance, the proof given below (which
is well-known, but is reproduced here for the reader’s convenience) is short and illuminating,
but it depends on the lemma of J. L. Lions (see Theorem 1.1).

In what follows, spaces of vector-valued (resp. symmetric tensor-valued) fields are denoted
by boldface (resp. special roman with s as a subscript) capitals, while the norms are denoted
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as in the scalar case. Thus, for instance,
N 1
2
lolo = (D lilfa)”  forany v =(u) € H'(@) = H (@RY),
i=1

N 1
lellog = ( Y- leijlga)”  for any e = (es;) € LE(@) i= L(8Y),

i,j=1
where SV denotes the space of all real N x N symmetric matrices.

Theorem 2.1 (Korn’s Inequality in H'(Q)) Let Q be a domain in RYN. Then there exists
a constant C' = C(§2) such that

2atle®)Ba) forallve H'(Q),

[vllLe < C(lv]

where 1
e(v) := (e;;(v)) with e;j(v) := 5(8]4)1- +0w;), 1<i,j<N.

Proof The proof given here follows that of Theorem 3.3 in Chapter 3 of [5].
(i) Define the space
E(Q) = {v e L*(Q); e(v) € L}(Q)}.

Then, equipped with the norm defined by [Jv|| := (|v[[§ o + He(v)HaQ)%, the space E(Q2) is a
Hilbert space.

The relation “e(v) € L2(£2)” appearing in the definition of the space E(2) is understood in
the sense of distributions, i.e., it means that there exist functions in the space L?(£2), denoted
by e;j(v) = e;;(v), such that

/Qeij (v)pdx = —% /Q(viajcp +v;0;p)dx for all ¢ € D(Q).

Consider a Cauchy sequence (v*)$2, of elements v* = (vF)¥ | € E(Q). The definition of
the norm || - || shows that there exist functions v; € L*(Q) and e;; € L*(2) such that

oF —w; in L2(Q), and e;(v*) —e; in L2(Q), ask — oo,

since the space L?(Q) is complete. Given a function ¢ € D(Q), letting k — oo in the relations
1
/ eij(vk)@df =73 / (vfajw + vf&«p) de, k>1
Q Q

shows that e;; = e;;(v).
(ii) The two spaces E(Q) and H'(Q) coincide.
Clearly, H'(Q) ¢ E(R2). To prove the other inclusion, let v = (v;)Y., € E(Q). Then for
1<4,5,k <N,
Opv; € H_l(Q), 8j(8kvi) = {@eik(v) + 8keij(v) — Biejk(v)} € H_l(Q),

since w € L*(Q) implies dyw € H~1(Q), 1 < ¢ < N. Hence 0xv; € L*(Q) by the lemma of J. L.
Lions (see Theorem 1.1), and thus v € H*(Q).
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(iii) Korn’s inequality.

The identity mapping ¢ from H*(Q) equipped with || - ||1.o into E(Q) equipped with || - ||
is injective, continuous (there clearly exists a constant ¢ such that ||v|| < ¢[|v]]1,q for all v €
H'(Q)), and surjective by (ii).

Banach open mapping theorem then shows that the inverse mapping ¢! is also continuous,
which is exactly what is expressed by Korn’s inequality.

A counterexample showing that the Korn inequality does not necessarily hold if €2 is not a
domain is found in [8].

Similar inequalities can be established on a domain  in RY, such as a Korn inequality in
WhP(Q), which asserts that for each 1 < p < oo, there exists a constant C,, such that (see [9])

1
[vllwrri) < Cplllvllgm) + le@)llfy )7 for all v € WHP(Q),

or a Korn inequality in L?(Q), which asserts that there exists a constant C' such that (see [1])

Nl=

||”||L2(Q) < C(H”H?{*(Q) + ||e(”)||]?{;1(g)) for all v € LQ(Q)-

We now establish an equivalent form of the Korn inequality in H'(£2), this time in a quotient
space (see Theorem 2.3). For this purpose, we first need to identify those vector fields v € H"' ()
that satisfy e(v) = 0 in L2(Q2) (see Theorem 2.2).

Let AN denote the space of all real N x N antisymmetric matrices.

Theorem 2.2 Let Q be a connected open subset RYN. Then

{ve H'Y(Q); e(v) =0 in Q} = {v € H'(Q); there exist A € AV and c € RN
such that v(z) = Az + ¢ for almost all x € RN},

Proof We first note that, for each 1 < 4,7,k < N, any vector field v € H'(Q) satisfies
/Q(ajui)aw dz = /Q{eij(v)akgo + ek (V)0 — e (v)dip} da  for all p € D(),
since the two sides of this relation are equal to — fQ v;0jp dz. Consequently,
e(v) =01in Q implies /Q(ﬁjvi)(?kwdx =0 forall ¢ € D(Q).

There thus exist constants b;;, 1 < i, j < N, such that 0;v;(x) = b;; for almost all x € Q.
In addition, €ij (’U) =0 implies that bij = _bji-

N
Let w;(z) := Y bjjz; for all z = (z;) € Q, 1 <i < N. Then
j=1

/viaj@dx:—/(8jvi)g0d:17:—bij/ gpdx:—/(ajwi)<pdx:/wiajgpdx
Q Q Q Q Q

for all ¢ € D(2). There thus exist constants ¢; such that (v; — w;)(z) =¢;, 1 <i < N.
We have therefore shown that, if a vector field v € H'(Q) satisfies e(v) = 0 in Q, there
exist an N x N antisymmetric matrix A = (b;;) and a vector ¢ € RY such that

v(z) = Ax+ ¢ forall z € Q.
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Note in passing that part (i) of the above proof implies that, when N = 3, a vector field
v € H'(Q) satisfies e(v) = 0 in L2(Q2) (if and) only if there exist two vectors @ € R® and
c € R3 such that

v(xz) =aANox+c for almost all x € Q.

When thought of as a “displacement field” of the set €2, such a vector field is called an infinites-
imal rigid displacement, “infinitesimal” reflecting its relation to a genuine “rigid deformation”
of Q.

Let MYV denote the space of all N x N real matrices. Given an open subset  of RY
and a smooth enough vector field v = (v;) : Q@ — R, the gradient of v is the matrix field
Vv : Q — MY defined by (Vv);; = 9;v;. Hence the matrix field e(v) : Q7 — S introduced
in this section is also given by

e(v) = %(VvT + Vo).

For this reason, e(v) is also called the symmetrized gradient of v and is sometimes (like in the
next theorem) denoted by the more “operator-like” notation Vy v.

Part (a) of the next theorem is known (see, e.g., [5]). A (different) proof is given here for
the reader’s convenience. A proof of part (b) was given in [4].

Theorem 2.3 (Korn’s Inequality in the Quotient Space H*(Q)/KerV,) Let Q be a domain
in RN . Define the quotient space
H(Q) := H'(Q)/KerV,,

where

KerV, := {v € H'(Q); Vov:= (Vo + Vv) =0 in Q}

N =

Equipped with the quotient norm || - ||1.o defined by

oo = inf_ [lv+rlie forallve HYQ),
reKerVg

the space H"(Q) is thus a Hilbert space. Then:
(a) There exists a constant C' = C(Q) such that the Korn’s inequality in H* () holds, viz.,

[oll1.e < Clle(@)loq  for all b € H'(Q),

where e(V) := e(w) for any w € ¥.
(b) Conversely, the Korn inequality in H*(Q) implies the Korn inequality in H"(Q) (see
Theorem 2.1).

Proof By Theorem 2.2, the space KerVy is finite-dimensional and its dimension is M :=
N(N+1)
2

By the Hahn-Banach theorem in a normed vector space, there exist M continuous linear
forms ¢, on H'(Q), 1 < a < M, with the following property: An element r € KerV, is equal
to 0 if and only if £,(r) =0, 1 < a < M. We then claim that there exists a constant D such
that

M
lolia < D(le@)log + > lta(v)) forall v e H'(Q).
a=1
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This inequality in turn implies Korn’s inequality in Hl(Q) Given any v € H'(Q), let 7(v) €
KerV be such that {o (v +7r(v)) =0, 1 < < M; then

[0lo=__inf_ flv+rlio <|v+r@)lie < Dle)loq = Dle()oq-
reKerVg

To establish the existence of such a constant D, assume the contrary. Then there exist
vk € H'(Q), k > 1, such that

k—oo

M
|[vF|lia=1 forall k>1 and (||e(vk)|\o,sz + Z |€a(vk)|) — 0.
a=1

By the Rellich-Kondragov theorem, there exists a subsequence (v%)?2, that converges in
L?(Q). Since the sequence (e(v!))%2, also converges in L2(2), the subsequence (v%); is a
Cauchy sequence with respect to the norm v — {|[v||§ o + ||e(v)|\g)9}%, hence also with respect
to the norm || - |10 by Korn’s inequality in H'(Q) (see Theorem 2.1). Consequently, there
exists v € H'(Q) such that

H’UZ — 'U”LQ — 0.
{—o0

But we have v = 0 since e(v) = 0 and ¢,(v) = 0,1 < a < M, in contradiction with the
relations ||v*|1.o = 1 for all £ > 1. This proves (a).

We next show that, conversely, Korn’s inequality in the quotient space H*(Q) implies Korn’s
inequality in the space H'(Q).
Assume the contrary. Then there exist v* € H'(Q), k > 1, such that

Hvk”l@ =1 forallk>1 and (H’Uk||07Q + He(vk)||079) e 0.

Let r* € KerV, denote for each k > 1 the projection of v* on KerV, with respect to the
inner-product of H' (), which thus satisfies

[of =7Flho=__inf_ [o* —rlie and [v*|1q=[v" —r|iq+ 7" q.
rcKerVg

The space KerV being finite-dimensional, the inequalities ||7*||1o < 1 for all £ > 1 imply the
existence of a subsequence (1), that converges in H'(Q) to an element r € KerV. Besides,

Korn’s inequality in H'(Q) implies that ||v¢ —7¢|; .o P 0, so that ||v’ — 7|10 P 0. Hence
—00 —00
[v* = 7llo. P 0, which forces r to be 0, since ||v’||g.o — 0 on the other hand. We thus reach
—00

the conclusion that ||v*|;o — 0, a contradiction.

3 Poincaré Lemma: the Classical and Weak Versions

Given an open subset €2 of RY, consider the linear operator grad : C2(Q) — C'(;RYN)
defined by
p € C?(Q) — gradp := (9;p) € C*(Q;RY).

A natural question then arises, as to whether this linear operator is invertible, i.e., whether,
given a vector field h = (h;) € C1(; RY), there exists a function p € C%(Q2) such that
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Since then 0;;p = 0j;p if this is the case, it is clear that the functions h; must necessarily satisfy
the compatibility conditions

aihj—ajhi:() IHC(Q), 1§17]§N7

or equivalently, in vector form, curl h = 0 in C(Q; RY).
These necessary conditions become sufficient if the open set €2 is simply-connected: this is
the essence of the well-known Poincaré lemma; for a proof, see, e.g., Section 3.6 in [6]. This

4

classical result is recalled in Theorem 3.1 below (“classical”, as opposed to the “weak” form of

this lemma, established in Theorem 3.2).
Theorem 3.1 (Poincaré Lemma: Classical Version) Let 2 be a simply-connected open
subset of RN, and let there be given functions h; € C*(Q), 1 <i < N, that satisfy
Then there exists a function p € C*(Q) such that
6ip:hi Z’ﬂQ,lSZSN
Besides, any other solution p € C?(Q) to the equations 9;p = h; in Q, 1 < i < N, is of the
form p=p+ C for some constant C.

Our second application of J. L. Lions lemma will now consist in showing that Poincaré’s
lemma still holds under a substantially weaker regularity assumption, viz., that h;, 1 <7 < N,
be only distributions in H (). This result is due to [4]. The simpler proof given here is due
to [13].

Theorem 3.2 (Poincaré Lemma: Weak Version) Let Q be a simply-connected domain in
RN and let there be given distributions h; € H=1(Q2), 1 <i < N, that satisfy

8jhi:8ihj mn H_2(Q), 1§Z,]§N
Then there exists a function p € L*(Q) such that
dip=nh; in H*Q), 1<i<N.

Besides, any other solution p € L*() to the equations 0;p = h; in H-*(Q),1 <i < N, is
of the form p = p + C, where C is a constant.

Proof We have to show that, if h € H~*(Q) satisfies curl h = 0 in H?(Q2), then there
exists p € L2(Q) such that h = gradp in H'(Q). To this end, we proceed in two stages.
(i) By Theorem 5.1 in Chapter 1 of [10], there exist a vector field w € H{(Q) and a function
7 € L?(Q) such that
—Au+gradm=h in H '(Q),
divu=0 in L*(Q)

(the assumptions that © is simply-connected and that curl h = 0 in H%(Q) are not needed
at this stage).
(ii) The assumption curl h = 0 in H*(Q), together with the relation

curl grad7 =0, in D'(Q) for any © € D' (1),
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imply that
A(curl u) = curl (Au) = curl h — curl grad 7 = 0.

Since curl w € L*(Q) C L .(Q), the hypoellipticity of A (see, e.g., [24]) shows that
curl u € C*(Q), so that (9ju; — d;u;) € C(Q) for all 1 <4, j < N. Therefore

Bj(ajui — &u,) = Au; — Bz(dlvu) = Au; € COO(Q), 1<i<N,

since divu = 0.

Since Au € C*(Q2) and curl Au = 0 in 2, and  is simply-connected, the classical Poincaré
lemma (see Theorem 3.1) can be applied, showing that there exists a function p € C>*(Q2) C
LL () Cc D'(Q) such that

loc
gradp = Au =gradw —h, in H *(Q).

Since the distribution p := 7 — p € D’(Q) is such that

gradp = gradm — gradp = h € H (Q),

J. L. Lions lemma shows that p is in effect a function in L?(2).
Let m € L?(Q) be such that grad 7 = 0 in H~'(£2), which means that

0 () ::—/Qﬂ'&-tpdx:O for all p € D(2), 1 <i < N.

Since the open set € is connected, the function 7 is a constant. Hence the function p € L?(Q)
found above is unique modulo the addition of a constant.

Together with the hypoellipticity of A, J. L. Lions lemma thus plays a key role for proving
the weak Poincaré lemma. Note that, as shown in [13], the weak Poincaré lemma conversely
provides a very simple proof of J. L. Lions lemma (at least for simply-connected domains, but
then the extension to non-simply-connected domains is easy). Note also that Poincaré lemma
was shown to hold in the even weaker sense of distributions in [21].

4 Saint-Venant Lemma: the Classical and Weak Versions
This section is the “matrix analog” of Section 3, the vector gradient operator
grad : p € D'(Q) — gradp € D' (O RY)
being “replaced” by the matrix symmetrized gradient operator
Vv eD (QRY) - Vo :=e(v) = %(V’UT + Vo) € D'(Q;SN).

This explains why the discourse follows the same lines as in Section 3, and why Theorems 4.1
and 4.2 below again crucially depend on Poincaré lemma, in its classical and weak versions.

Given an open subset of RY, consider the linear operator from the space C?(Q; RY) into the
space C2(Q;SV) (these regularity assumptions insure that the compatibility relations satisfied
by the functions e;; make sense in the space C({2)) defined by

v =(v;) € CP(LRY) = e(v) = (eij(v)) € Cc?(q;sM),
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where

1
eij('v) = 5((%—1)1- + 81-1)j) = eji(”), 1<4,j <N.

A natural question therefore arises, as to whether this linear operator is invertible, i.e.,
whether, given a matrix field e = (e;;) € C2(€;SY), there exists a vector field v € C3(Q;RY)
such that 1

5(33-1)1- +0vj) =e;; inQ, 1<4,j<N.

If this is the case, it is then immediately verified that the functions e;; = e;; € C*(£2) must
necessarily satisfy the Saint-Venant compatibility relations, so named after Adhémar-Jean-
Claude Barré de Saint-Venant, who published these relations in 1864:

Orjeir + Orieje — Oniejr — Opjeir =0 in C(Q), 1 <4,5,k,£ < N.

It is remarkable that these necessary conditions become sufficient if the open set Q is simply-
connected. The next proof is well-known.

Theorem 4.1 (Saint-Venant Lemma: Classical Version) Let 2 be a simply-connected open
subset of RN and let there be given functions e;; = eji € C2(Q), 1 <1i,j < N, that satisfy the
Saint- Venant compatibility relations

Ojeir + Oieje — Opiejr, — Opje =0 in Q, 1 <14,5,k, L < N.
Then there exists a vector field v = (v;) € C3(Q;RY) such that
1 . .
5(8jvi +0v;) =e; m, 1<4,j<N.
Besides, any other solution © = (v;) € C3(Q;RY) to the equations

(8j5i+81-5j) =ej; mQ, 1<4,j<N,

N | =

is of the form v(x) = v(z) + Ax + ¢, x € Q, for some N x N antisymmetric matriz A and
vector ¢ € RY.

Proof It is implicitly understood that the various relations found in this proof hold for all
the values 1,2,--- ) N of the Latin indices appearing in them. The Saint-Venant compatibility
relations may be equivalently rewritten as

8Ehijk = 8khijg in C(Q) with hijk = 8j€ik — 8i€jk S Cl(Q)

Hence the classical Poincaré lemma (see Theorem 3.1) shows that there exist functions p;; €
C%(9), unique up to additive constants, such that

Okpij = hiji = Ojein — Dieje  in CH(Q).

Besides, since dxp;; = —0kpj; in C*(Q2), we have the freedom of choosing the functions p;; in
such a way that p;; + p;i = 0 in C3(Q).
Noting that the functions g;; := (ei; + pij) € C*(Q) satisfy

3kqij = 8k€ij + 8kpij = 8k6ij + 8jeik — 8iejk = 8j61‘k + 8jpik = 8jqik in Cl(Q),
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we again resort to the classical Poincaré lemma to assert the existence of functions v; € C3(£2),
unique up to additive constants, such that

8jvi = qij = eij +pij iIl CQ(Q)
Consequently,
1 1 . 9
5((9]‘1)1' + (91"1}]‘) =€ + 5(]71']‘ +pji) =€ 1n C (Q),

as required. That all other solutions are of the indicated form is established like in the proof
of Theorem 2.2.

Using the weak version of Poincaré lemma, hence in fine using J. L. Lions lemma, we
now show that the Saint-Venant lemma still holds under a substantially weaker regularity
assumption, viz., that e;;, 1 <i,j < N, be only functions in L*(2). This result is due to [4].

This “weak version” of the Saint-Venant lemma will in turn provide a new proof of Korn’s
inequality (see Theorem 4.4).

Theorem 4.2 (Saint-Venant Lemma: Weak Version) Let Q be a simply-connected domain
in RN, Let e = (ei;) € L2(Q) be a symmetric matriz field that satisfies the Saint-Venant

compatibility relations:
ek + Orieje — Ouieji — Ogjei =0 in H2(Q), 1 <4,j,k, L < N.
Then there exists a vector field v = (v;) € H*(Q) such that

(83"01' + 8i1)j) m L2(Q), 1 < i,j < N.

Cij =

N =

Besides, all other solutions ¥ = (T;) € H'(Q) to the equations e;; = 2(0;0; + 9;v;) are of
the form
v(z) =v(z)+ Az +c for almost x € Q,

for some N x N antisymmetric matriz A and vector ¢ € RY .

Proof The proof is analogous to that of Theorem 4.1, save that it is now the weak version
of Poincaré lemma (see Theorem 3.2) that is used twice: first, to show that there exist functions
pij € L?(£2), unique up to additive constants, that satisfy

3kpij = hijk = 8j€ik - 8i6jk in H_l(Q),

and, second, to show that there exist functions v; € H'(Q), again unique up to additive
constants, that satisfy d;v; = ¢;; = e;j + pij in L*(Q).
Consequently,

1 1 .
5(33‘01' + 0iv;) = eij + g(pz‘j +pji) =€ in L*(Q),
as desired. That all other solutions are of the indicated form follows from Theorem 2.2.
Let a symmetric matrix field e = (e;;) € L2(Q) satisfy

Oujeir + Oriejo — Opieji — Ojei =0 in H2(Q), 1<4,j,k <N,
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i.e., the weak form of Saint Venant’s compatibility relations. By Theorem 4.2, there then exists
a unique equivalence class © € H'(Q) = H'(Q)/KerV such that e = e(%) in L2(Q).

We now show that the mapping F : e — v defined in this fashion is an isomorphism between
appropriate Hilbert spaces.

Theorem 4.3 Let Q be a simply-connected domain in R . Define the space
Eo(Q) := {e = (e;;) € L2(Q); Oyjeir + Oricje — Oriejr — Onjeir = 0
in H2(Q),1<4,5,k, £ < N},
and let )
F:E(Q) — HY(Q)

be the linear mapping defined for each e € E4(Q2) by F(e) = v, where v is the unique element
in the quotient space H'(Q) that satisfies e(v) = e in L2(Q) (see Theorem 4.2). Then F is an
isomorphism between the Hilbert spaces E4(Q) and H'(Q).

Proof Clearly, E,(Q) is a Hilbert space as a closed subspace of L2(£2). The mapping F is
injective since F(e) = 0 means that e = e(0) = 0, and surjective since, given any © € Hl(Q),
the matrix field e(v) € L2(Q) necessarily satisfies dyje, +Opiejo — Oniejr —Ogjeie = 0 in H2(Q),
1<i,7,k,¢<N.

Finally, the inverse mapping

Flioe H(Q) — e(®) € E,(Q)
is continuous, since there evidently exists a constant ¢ such that
le(®)llo.0 = lle(v+7)loa <clv+rio
for any v € H*(Q2) and any r € KerV, so that

le(®)]

o — ol
0,0 < CTefﬁfvs [v+7rlia=clv]ie

The conclusion thus follows from Banach open mapping theorem.

Remarkably, the Korn’s inequalities of Section 2 can now be very simply recovered from
Theorem 4.3.

Theorem 4.4  That the mapping F : E4(Q) — Hl(Q) s an isomorphism implies Korn’s
inequalities in both spaces H' () and H'(Q) (see Theorems 2.1 and 2.3).

Proof Since F is an isomorphism by Theorem 4.3, there exists a constant C such that

IFE)ia< CH@HO)Q for all e € E4(9),

or equivalently such that
[9]l1.0 < Clle(®)|oo for all v € H*(Q).

But this is exactly the Korn’s inequality in the quotient space H 1(Q), itself equivalent to the
Korn’s inequality in the space H'(Q) (see Theorem 2.3).
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