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1 Introduction

We consider in this paper the following Cahn-Hilliard system with dynamic boundary con-

ditions:
Ou—Aw=0, inQ and J,w=0, onl, (1.1)
w=—Au+ fo(u)+Au—nh, inQ, (1.2)
v=ulp and & + (Opu)lr — Arv+ fr(v) + Arv = hr, on T, (1.3)
’U,lt:o = Uup. (14)

In the above equations,  C R? is the domain occupied by the material, I" is its boundary,
and Ar and 0, are the Laplace-Beltrami operator on I and the outward normal derivative,
respectively. Moreover, fj is a function on (—1, 1) which is smooth and monotone, but becomes
infinite at its end points. This forces the function u to take values in (—1,1). Furthermore, fr
is an everywhere defined smooth function and A, Ar are real constants. Finally, h and hr are
given source terms and ug is a prescribed initial datum.

In the applications, the sum fo(u)+Au has the form F’(u), where F is a double-well potential,
and a thermodynamically relevant case is given by the so-called logarithmic potential, obtained
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by choosing

1+u “ A,
fo(u) = clnm and F(u) = C/o fo(r)dr + S U for u € (—1,1), (1.5)
where ¢ is a positive constant. In such a case, F' actually presents a double-well if A < —2c¢.

Dynamic boundary conditions have recently been proposed by physicists in order to account
for the interactions with the walls in confined systems (see [7-9] and the references therein, see
also [10, 11]).

The Cahn-Hilliard system, endowed with these boundary conditions, has been studied in
[6, 18, 23, 24, 26, 27] (see also [4-6, 12-15, 17] for similar boundary conditions for the Caginalp
phase-field system).

Now, while the problem is well-understood for regular nonlinear terms fy and fr, in the
sense that we have rather complete and satisfactory results concerning the well-posedness, the
regularity of the solutions and the asymptotic behavior of the system (namely, the existence of
finite-dimensional attractors and the convergence of trajectories to steady states), the situation
is less clear for an irregular nonlinear bulk term fy, and, in particular, for the above logarithmic
function. The first existence result was obtained in [18], under sign conditions on the surface
nonlinear term fr close to the singular points of fo (see also [5] for similar results for the
Caginalp system); roughly speaking, these conditions force the order parameter to stay away
from the pure states on the boundary. Furthermore, it was proved in [24] that, when these sign
conditions are not satisfied, then one can expect nonexistence of classical (i.e., in the sense of
distributions) solutions. A weaker notion of a solution, based on a variational inequality, was
then proposed in [24] (see also [19] for a different, yet related, approach, based on duality, for the
Caginalp system). Furthermore, it was proved that the variational solutions are classical ones
when the sign conditions are satisfied. Finally, finite-dimensional attractors for the dynamical
system based on these variational solutions were constructed.

Our aim in this paper is to study the asymptotic behavior of (1.1)—(1.4) and, contrary to
[24], we only consider classical solutions and thus assume that proper sign conditions hold. We
first prove the existence of global attractors. Our main results then concern the study of the
w-limit sets of single trajectories and the proof, based on the Simon-Lojasiewicz method, of the
convergence of trajectories to steady states.

The paper is organized as follows. In the next section, we carefully describe the problem
and state our results. The remaining sections are then devoted to the proofs of these results.

2 Main Results

As mentioned in the introduction, €2 is the body where the evolution is considered and
I := 99. We assume Q C R3 to be open, bounded, connected, and smooth (say, of class C?),
and write || for its Lebesgue measure. Similarly, |T'| denotes the 2-dimensional measure of
I'. Now, we introduce our assumptions on the structure of system (1.1)-(1.4). We give two
functions and two constants satisfying the conditions listed below,

fo:(=1,1) —» R is a C'-function with fo(0) =0 and f} >0, (2.1)

. - . ’ o
Tlirrill fo(r) =+o0 and rl—l>rill fo(r) = 400, (2.2)
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fr:R—RisaC'function and fr and ff are bounded, (2.3)
)\, Ar € R and Ap > 0. (24)

As far as the source terms are concerned, we assume
he L*(Q) and hp e L>=(T). (2.5)
Moreover, we require that there exist ro € (0,1) and n € (0,1) such that

fr(r) + Arr — hr(x) < —n  for every r € (=1, —r¢] and a.e. x €T, (2.6)
fr(r) +Arr — hp(z) >n  for every r € [rog,1) and a.e. x € T (2.7)

We further set, for r € (—1,1),

f(r) = fo(r) +Xr,  Fy(r) :z/ fo(s)ds and F(r) ::/ f(s)ds + Cy, (2.8)
0 0
where the constant Cj is chosen such that (this is possible, since h € L () by (2.5))
F(r) —h(z)r >0 for every r € (—1,1) and for a.e. x € Q. (2.9)

Notice that Fy is a convex function of class C? such that min Fy = Fy(0) = 0.

Remark 2.1 The notation used in the case (1.5) of a logarithmic potential agrees with
(2.8). Moreover, we observe that Fy is bounded in that case.

Now, we introduce the phase space which depends on a real parameter m. We set
®,, = {(u,v) € HY(Q) x HYT') : v = u|r, Fyo(u) € LY(Q), (u)g =m} (2.10)
with the notation
(u)g == L/ u foru e L'(Q) (2.11)
€ Jo

for the mean value. If ®,, is not empty, then F(u) € L*(Q) for some u € H'(Q2). It follows
that |u| < 1 a.e. in Q, whence |m| < 1. However, it is easy to see that problem (1.1)—(1.4)
(see its precise formulation below) does not have any classical solution if m = +1, due to the
singularities of fo at +1. Therefore, we assume |m| < 1. In such a case, ®,, is nonempty and
it is a complete metric space with respect to the metric d defined on ®,, x ®,, by the formula

d((u1,v1), (w2, v2)) = [lur — ual|gr(a) + [[v1 = vallgr(ry + [[Fo(ur) — Fo(u2)|lz1),  (2.12)

where the norms involved are the standard ones. For instance, Hv”?'-[l(l") = [o([v|* +|Vrv|?)de,
where Vr is the surface gradient. A similar self-explaining notation is used in what follows for
the norms that we have to consider. For the sake of simplicity, the symbol |||/ x also denotes the
norm of any power of X. In order not to use a heavy notation in writing the precise formulation
of problem (1.1)—(1.4), we set

V:=HYQ), H:=1L*9Q), Vr:=HYT), Hr:=L*T), (2.13)
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Vi={(u,v) €V x Vr:v=ulr}. (2.14)

Moreover, V* denotes the dual space of V and (-, -) stands for the duality pairing between
V* and V. It is understood that H is embedded into V* in the usual way, i.e., so that
(ts,u) = (s, u) gy, the standard inner product in H, whenever u, € H and u € V.

At this point, we can give our precise formulation of the problem that we want to deal with.
Given m € (—1,1) and (ug, vg) € Py, we look for a triplet (u, v, w) of real functions on [0, +00)
satisfying

we€ L0, T;V)NHY0,T;V*)  and fo(u) € L*(0,T; H), (2.15)
v e L0, T;Vr) N HY(0,T; Hr) and w € L*(0,T;V) (2.16)

for every T € (0, 400),
(u(t), v(t)) € P, (2.17)
(Opu(t),y) +/ Vuw(t) - Vydz = 0, (2.18)
Q
/Qw(t)ydx :/QVu(t) . Vydx—i—/ﬂ(f(u(t)) - h)ydx—f—/rc?tv(t)zda
+ /1“ Vro(t) - Vrzdo + /F(fp(v(t)) + Arv(t) — hr)zdo (2.19)
for a.e. t > 0, and
u(0) = uo, (2.20)

where (2.18) and (2.19) hold for every y € V and every (y, z) € V, respectively.

Remark 2.2 We note that condition (2.17) that we require in the definition of a solution
says, in particular, that u is a conserved parameter, i.e., its mean value remains constant during
the evolution. Now, such a property immediately follows from (2.18). Indeed, taking y = \_ll

as a test function, we have

d

&<u>g = <8tu, —> =0, whence (u(t))q = (ug)o = m for every ¢t > 0. (2.21)

1
1€2]

The following well-posedness result holds, where we take m € (—1, 1) only. Exactly because
of (2.21), we have to exclude m = +£1, indeed, since the extreme cases cannot be compatible

with any summability property for f(u).

Theorem 2.1 Assume (2.1)-(2.7). Then, for every m € (—1,1) and (up,vo) € P,
problem (2.15)—(2.20) has a unique global solution.

Remark 2.3 We do not prove the above theorem in detail and will just give some comments
below. A similar and very general result is obtained in [18]. Even though the compatibility
condition given by (2.6)—(2.7) does not fit the assumpions of the quoted paper exactly, the same
ideas can be used in the present case, in particular, regarding uniqueness. As far as existence
is concerned, let us describe very shortly the outline of the proof and refer to the next section
for further details. First, an approximating problem depending on £ € (0,1) is considered.
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More precisely, the irregular functions fo and Fy are replaced by everywhere defined smoother
functions fo. and Fy.. As in [18] (see [2, p. 28]),

foe is the Yosida regularization of fo and Fp.(r) := / foe(s)ds forr € R. (2.22)
0
Accordingly, we define f. and F. by setting
T
fe(r) = foe(r) + Ar and F.(r) = / fe(s)ds+Cy forr € R, (2.23)
0

where Cj is the same as in (2.8). It turns out that fo. is a C! function such that 0 < fi_ < %
More precisely, we see fp as a maximal monotone operator in R X R in order to use (2.22) as
a definition, according to the general theory (namely, fo is identified with the subdifferential
of the natural convex ls.c. extension of Fj to the whole real line). Then, the approximating
problem is stated as follows. We look for a triplet satisfying all the requirements (2.15)—(2.20)
in which we read

foe and w — edyu instead of fo and of w, respectively, in (2.19). (2.24)

Moreover, we replace the initial datum ug by a suitable regularization as well. The variational
problem that we obtain is much more regular than the original one, since no singular nonlinearity
appears and some parabolicity has been added. Therefore, by arguing as in [18] and using a
Galerkin procedure, one shows that the approximating problem has a unique global solution
(te,ve,we). Moreover, such a solution is smoother than expected. For instance, the time
derivative d;u. belongs at least to L?(0,T; H) for every finite T, while d,u is expected to exist
just in L2(0,7;V*). At this point, one can perform several a priori estimates on (ue, ve, we)
and use compactness and monotonicity methods to let € tend to 0, as in the case that we have
quoted. However, one important modification is needed in a precise point, as we explain in the
next Remark 2.4.

Remark 2.4 As [18] only deals with well-posedness on a finite time interval, the authors
did not care about minimizing the assumptions on the initial datum. On the contrary, here,
we want to construct a semigroup acting on ®,, and are forced to assume uy to belong to
®,,,, only. Therefore, one of the a priori estimates needs some modification. More precisely,
this is the case when we differentiate. By the way, it is not clear that (2.18)-(2.19) can
be differentiated, because of the singular term f(u) and of the bad regularity of dyu. On
the contrary, the approximating variational equations solved by (ue,v.,w:) can actually be
differentiated with respect to t. The nonlinear functions that are involved are everywhere
defined and smooth, indeed. Moreover, the approximating initial datum can be chosen in
order to satisfy the compatibility conditions that are needed to have higher time regularity for
the approximating solution. More precisely, such a regularity could be proved in a rigorous
way by acting on the Galerkin discretization. Once one can differentiate the approximating
problem with respect to time, one can perform new a priori estimates, e.g., by testing by the
time derivative of some component of the solution. However, this generally leads to assume a
stronger regularity for the initial datum. In order to avoid this, one should use weighted test

functions. Also on that point, we say some more words in the next section (see Remark 3.2
below).
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Our next result asserts the existence of a global attractor. We refer to [1, 29] for the main
definitions and properties regarding the notion of a global attractor.

Theorem 2.2 Assume (2.1)-(2.7), m € (—1,1), and
Fy is bounded. (2.25)

Then, problem (2.15)—(2.20) defines a continuous semigroup on the phase space ®,, endowed
with the weaker metric d,, defined by

d ((ur,v1), (u2,v2)) = |lur = ualv- + [lor = val[L2(r) (2.26)

and this semigroup possesses a global attractor A,, which is compact in H'(Q) x HY(T) and
bounded in H?2(Q) x H3 (T).

Even though condition (2.25) holds for the important case of a logarithmic potential (see
Remark 2.1), one can wonder whether it can be avoided. Actually, we are able to allow a
more singular potential, provided that its singularities have a finite order (see the forthcoming
Remark 3.3).

As a next step, we analyze single solution trajectories and characterize their w-limits. Due
to Theorem 2.1, for every m € (—1,1) and (ug, vg) € ®,,, we can consider the trajectory (u,v),
where (u, v, w) is the global solution to problem (2.15)—(2.20), and define its w-limit set. It must
be pointed out that several topologies could be considered in doing that (see the forthcoming
Remark 5.1). We make a choice among others and set

w(ug,vo) = { (U, vw) = lim(u(t,), v(t,)) strongly inV : ¢, 1 +o0}. (2.27)

The above concise definition obviously means that a point (uy,v,) € V belongs to the w-limit
set w(up,vo) if and only if there exists an increasing diverging sequence {t,,} in (0, +00) such
that the sequence {(u(ty,),v(t,))} converges to (uy,v,) strongly in V.

On the other hand, we can consider the steady states of (2.15)-(2.20), i.e., the solutions to
the correponding stationary problem, whose variational formulation is the following. A steady
state is a pair (us, vs) with

(ug,vs) €y and  f(us) € L*(Q) (2.28)

such that there exists a real constant w, satisfying

/ Vug - Vyda + / (f(ug) — h —ws)yda + / Vrus - Vrzdo

Q Q r

+ /(fp(vs) + Arvs — hr)zdo =0 for every (y,z) € V. (2.29)
r

Notice that, for a given (us,vs), the constant wy is unique, as easily seen by taking y = 1 and
z=11n (2.29). The following result holds.

Theorem 2.3 Assume (2.1)-(2.7), m € (—1,1), (2.25), and (ug,vo) € Pr,. Then, the
w-limit set (2.27) is non-empty, compact, and connected in the strong topology of V. Moreover,
every (U, vw) € w(ug,vo) is a solution (us,vs) to problem (2.28)-(2.29). In particular, for
every m € (—1,1), such a stationary problem has at least one solution.
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As a final step, we apply the so-called Simon-Lojasiewicz method (see, e.g., [6]) to prove
that, under additional assumptions on the nonlinear terms, the w-limit set of any trajectory
consists of a single point.

Theorem 2.4 Assume (2.1)-(2.7), m € (—1,1), (2.25), and (uo,vo) € ®p,. Additionally,
assume

he H (Q) and hr e HY(T), (2.30)
3¢ >0 such that f(r)signr + (r? is convex (2.31)

and, finally,
[y frli=1,1) are analytic functions. (2.32)

Then, the w-limit set of any weak solution consists of a unique stationary point (u,v). More
precisely,

(u(t),v(t)) — (@,0), weakly in H3(Q) x H3(T). (2.33)

Remark 2.5 It will be clear from the proof that the H?3-convergence could in fact be
improved in a way limited only by the regularity of h, hr, and €.

The rest of the paper is devoted to the proofs of such results and is organized as follows.
Section 3 is devoted to the derivation of several a priori estimates which are preliminary to the
proofs of the above theorems. In the same section, we give some more details on the proof of
the existence of a solution in the sense of Theorem 2.1. In Sections 4 and 5, we prove Theorems
2.2 and 2.3, respectively. Finally, the proof of Theorem 2.4 is given in Section 6.

3 A priori Estimates

In this section, we prepare some auxiliary materials which will be used in the next sections
to prove Theorems 2.2 and 2.3. By the way, what we do here gives the main ideas that are
needed to prove Theorem 2.1 as well. However, most of the estimate that we derive are formal,
since the test functions that we choose often do not satisfy the required regularity. A completely
rigorous procedure could be obtained by performing the same estimates on the approximating
problem mentioned in Remark 2.3. In particular, Remark 2.4 should be taken into account as
well. On the other hand, using a completely correct argument would lead to an unnecessarily
heavy paper. So, we just try to make the formal procedure as close as possible to the rigorous
one. In particular, we do not use the a priori bound |u| < 1 which follows from the definition
of a solution. Such a bound is not satisfied by the approximating u., indeed.

However, before starting, we recall some facts. First, as €2 is bounded and smooth, for every
u € V, the following inequalities hold:

lullip o) < calllVullia) + lulrlZar) and ullfpq) < calllVullfzg) + Kuel?), (3.1)

where cq depends on 2, only. Moreover, the same assumptions on €2 imply that V and H are
compactly embedded into H and V*, respectively. In particular, the following inequality holds:

||u||2L2(Q) < 5|\Vu||2L2(Q) + csl|ul|?.  for every u € V, (3.2)
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where § > 0 is arbitrary and ¢s depends on €2 and d, only. Next, we define
domN :={u, € V" : (us,1) =0} and N:domN — {u eV :{(u)g =0} (3.3)
by setting, for u, € domXN,

Nu, €V, (Nu,)o=0 and / VNuy - Vy = (us,y) for every y € V, (3.4)
Q

i.e., Nu, is the solution u to the generalized Neumann problem for —A with datum w, which
satisfies (u)q = 0. As Q is bounded, smooth, and connected, it turns out that (3.4) yields a
well-defined isomorphism which satisfies

(s, Nvi) = (04, Nuy) = /Q(VNu*) - (VNw,) for uy, v, € domN. (3.5)

Moreover, if we define || - ||, : V* — [0,4+00) by the formula
luslZ = [VN(ue = (us))llZ2() + (us)al* for us € V¥, where (u.)q = ﬁ@*, 1), (3.6)
it is straightforward to prove that || - ||« is a norm which makes V* a Hilbert space. Therefore,

the following inequalities hold:

1
aHu*l ve < lulls < colludllve for u, € V7, (3.7)
where cq depends on €, only. Indeed, as the latter (trivially) holds, the former follows from
the open mapping theorem, provided that we replace cq by a larger constant, if necessary. In
v+ by |||« in (3.2). Note that

particular, we can replace || - |
(s, Nu,) = |lui|?  for every u, € domN (3.8)

by (3.5)—(3.6). Furthermore, owing to (3.5) once more, we see that

2B (t), Nu (1)) = % /Q [V Nu. (£)]2 = %Hu*(t)ﬂi for a.e. t € (0,400) (3.9

for every u, € H} (0, +o0; V*) satisfying (u.(t))q = 0 for every ¢ > 0. Finally, we stress the
following consequence of (2.21):

Oru(t) and u(t) — m belong to dom N for ¢ > 0, (3.10)

whenever (u,v,w) is a solution to problem (2.15)—(2.20). Moreover, the same property holds
for the component u. of the solution to the approximating problem mentioned in Remark 2.3.

Remark 3.1 In the rest of the section, in order to simplify the notation, we use the same
symbol ¢ (small ¢) for constants which can be different from each other (even in the same chain
of inequalities) and depend on Q, fo, fr, A, Ar, on the L>-norms of h and hr, and on m, only.
Symbols such as ¢5 or ¢(M) allow the constants to depend on the positive parameter ¢ or M,
in addition. On the contrary, symbols such as C, C4, etc., with a capital letter, are used to
denote precise constants (e.g., precise values of the above constants ¢’s), in order to be able
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to refer to them, if necessary. Symbols such as C;(M) denote a dependence on the parameter
M, in addition. This is done in estimating from above, mainly. Similarly, «, a1, etc., are used
for estimates from below and t1, t2, etc., stand for values of ¢ which depend on the quantity
specified above, only, while symbols such as ¢;(R) allow a further dependence on the parameter
R, in addition. We stress that none of such constants and values ¢, C;, a;, t; depends on the
initial datum wug.

In agreement with the introduction to the present section, we state and prove some prop-
erties of the approximating functions defined in (2.22)-(2.23). These are e-versions of the
inequalities (see [22, Appendix, Proposition A.1] for some of them) which will be used below
when performing our formal estimates, namely,

f(r)(r —m) > M(r—m)? —C(M) for|r| <1, (3.11)
() r—=m) > a(F(r) + |hllec)r]) = C for |r| < 1, (3.12)
fr)(r—m)>a|f(r)—C for|r| <1, (3.13)

whose proofs would be simpler or even trivial. In (3.11), M > 0 is arbitrary and C(M)
exists accordingly. In (3.12)-(3.13), both a > 0 and C' are suitably chosen. For the sake of
convenience, we summarize some properties of the Yosida regularization fo. of fo and of its
primitive Fy. (see, e.g., [2, p. 28, p. 39]). For every ¢ > 0 and r € R, fo-(r) is the unique s € R
satisfying r —es € (—=1,1) and fo(r — es) = s, by definition. Thus,

r—efoe(r) € (=1,1) and fo(r —efoe(r)) = foe(r) for every r € R. (3.14)

As fo is a C! function, the same holds for fo.. Moreover, 0 < f{_(r) < % for every r € R.
Finally, we have

[foe()] < |fo(r)] and 0 < Fy(r) < Fo(r) for every r € (—1,1), (3.15)
Elilr(l) foe(r) = fo(r) and 6113(1) Foe(r) = Fo(r) for every r € (—1,1). (3.16)

In particular, both fo. and Fp. are uniformly bounded on every compact subset of (—1,1).
Lemma 3.1 For every M > 0, we have
foe(r) > M for|r| > r. and € € (0,e.) (3.17)

for suitable r. = r.(M) and e, = £, (M) belonging to (0,1).

Proof We fix M > 0 and prove (3.17). We deal with r > 0, only, since a similar argument
holds for r < 0. Recalling (2.2), we choose 19 € (0,1) such that

fi(r)y > 2M for every r € (ro,1),

and fix 71 € (r9,1). As foe(r1) tends to fo(r1) as e — 0, we can fix g9 € (0,1) in order to fulfil
the inequality 1 — & foe(r1) > 19 for € € (0,6p). On the other hand, the function r — r—e fo: (1)
is nondecreasing on R, since f/_. < % We deduce that

Fo(r —efoe(r)) >2M for r > ry and € < &g.
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After differentiating (3.14), the above inequality yields

vy Jolr —efoe(r)) 2M
Jo=r) = 1—|—05f(’)(r—5f05(7“)) SRy

since the function s — is increasing on [0, +00). Therefore, we deduce that (3.17) holds

S
1+es
for every r > 1 and ¢ small enough.

Lemma 3.2 For every M > 0, there exists C(M) such that
foe(r)(r —m) > M(r —m)? = C(M) and  f.(r)(r —m) > M(r —m)? — C(M)  (3.18)
for every r € R and £ > 0 small enough. Moreover, « > 0 and C > 0 exist such that
F0)r=m) = a(F.() + |hlllr) =€ and £()(r—m) > alfe()| —=C  (3.19)

for every r € R and £ > 0 small enough.

Proof Given M > 0, we prove the first inequality (3.18). We argue, e.g., for r > 0. By
applying Lemma 3.1, we find r, and . such that fJ.(r) > 2M for r > r, and ¢ < .. Clearly,
we can assume 7, > m. Then, we have, for r > r,,

Jfoe(r)(r —m) > foe(re)(r —m) + 2M(r —ry)(r —m) for e € (0,¢4).
As foe(r.) converges to fo(r.) as e — 0, by assuming € small enough, we have, for every § > 0,

foe(r)(r —m) > =8(r —m)? — cs.ar +2M((r —m)? + (m — r.)(r —m))
—0(r —m)? — cs.r + 2M (r —m)* — 2M8(r —m)? — 2Mes ur

Y

and the desired inequality follows for r > r, by choosing § small enough. On the other hand,
everything is bounded for r € [0,7.]. In order to prove the second (3.18), we apply the first one
with 20 + |A| in place of M and have

Fe(r)(r —m) = 2M + \))(r —m)* — (M) + X((r — m)* + m(r — m))
> 2M(r —m)? — (M) — || |m| |r —m].

Then, we conclude in an obvious way. Now, let us come to inequalities (3.19). As m € (—1,1),
we can fix m, € (Jm|,1). We first show an estimate from below of the form

Joe(r)(r —m) > o Foe(r) —c. (3.20)

We recall that Fo. is convex, Fy-(0) = 0, and fo. = Fj).. Moreover, noting that fo.(0) = 0,
since fp(0) = 0, we have fo-(r)(r —m) > 0 if || > m,. Therefore, if we choose a; € (0,1) such

that
r

1
< —  for |r| > mu,
r—m = a

we have, for such values of 7,

Foe(r) < rfoe(r) = —

() = m) < - fon(r)( = m)
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and (3.20) holds with any ¢ > 0. Now, assume |r| < m,. Then, we have
a1Foe(r) = foe(r)(r —m) < arFo(r) 4 2m.| fo(r)|.

As the right-hand side is bounded on [—m., m.], (3.20) is established. At this point, we can
set o := S, It follows that (see (2.22)-(2.23))

£ = m) > aFou(r) — 4 (5 for(r) + Ar) (r = m)
= a(F(r) + [Bllaclrl) — lrllsclrl + 5 foer)r —m) + (1= 3 )2 = hmr —
> a(F(r) + [llsclrl) + 5 foe ) —m) = er? = elr] —
> a(F(r) + [hllclrl) + 5. foe(P)(r = m) = clr = m)? — ¢

for every r € R and the first inequality (3.19) easily follows by applying the first (3.18). Finally,
we prove the second (3.19). We argue, e.g., for r > 0. For r > m.., we have

£ = m) = Sl foc P = m) + 5 foe()(r = m) + Ar(r = m)
> S0 = W = m) + 3 foe(r)(r = m) ~ [Nlr(r = m)

> ()] + 5 foelr)(r —m) el —m)? —

and the desired inequality follows with o = ™" by applying the first (3.18) with M = 2c.
On the other hand, everything is uniformly bounded on [0, m,] and we conclude.

Now, we can start proving our formal estimates and we refer to inequalities (3.11)—(3.13)
in doing that. On the other hand, it is clear that corresponding rigorous estimates could be
performed on the approximating solution by using the previous lemmas.

First a priori estimate

Owing to (3.10), we formally choose y = N(Oyu +u — m) in (2.18). At the same time, we
take y = —(Oyu +u —m) and z = —(0yw +v —m) in (2.19). Then, we sum the equalities that
we obtain. We have (at any positive time)

(Opu, N(Opu +u — m)) + / Vw - VN(Owu +u — m)dz
Q

—/w(@tu—l—u—m)dm—i—/Vu-V(@tu—l—u—m)dx—l—/(f(u)—h)((‘)tu—l—u—m)da:
Q Q Q
—l—/atv((‘)tv—l—v—m)da—l—/VFU-Vp(atv—i—v—m)da

r r

+ /(fl“(v) + Arv — hr) (0w + v —m)do = 0.
r

The third integral on the left-hand side cancels the second one, thanks to (3.4). Then, owing
to the other properties of N just mentioned and adding ||u —m/||? to both sides for convenience,
we easily deduce that

1d

——([ju—m]|? + || Vul?, +2/Fu—hudx
3 i Ul =l + 1Vl +2 | (FGw) — o)



690 G. Gilardi, A. Miranville and G. Schimperna
+ l[o = mllZeqy + IVeol ey + Arlol e )
+ 10l + lu—m|[? + [ Vul 20y + /Q f(u)(u—m)dz
10y + 10l ry + Ar [ o0 —m)do
— flu—m]2 + / h(u — m)da + /(hF — Fe(0)) (O + v — m)do.
Q T

We only have to deal with terms without a definite sign. We recall that F'(u) —hu > 0 by (2.8).
So, as far as the terms on the left-hand side are concerned, we have

[ )= m)da

«

o 1
>3 /Q(F(u) + [[floolul)de + 2 /Q |f(w)ldz + 5 /Q Fu)(uw—m)dz —
> 2 /Q (F(w) = hu)da + S 7)1 @) + Ml = ml[3aq) — e(M) (3.21)

for every M > 0, thanks to (3.11)—(3.13). On the other hand, we trivially have

m2

1 1
[ oo =myde = 3l + o = ml g = ST

The first two terms on the right-hand side can be treated as follows:
l[u —ml[Z + /Q h(u —m)dz < cllu —m||32q) + cllu = m|L29) < cllu—m|Zzq) +c
and can be compensated with (3.21) by choosing M large enough there. Finally, we have
[t = @)@+ v = m)do < 80|y + Sl — mllae, + e
r

for every § > 0. Collecting all the inequalities that we have obtained and choosing § small
enough, we deduce that the following holds for suitable oy > 0 and C; > 0:

d .
&E + a1 E+ | f(w) i) + 10w]|? + ||8tv||2L2(F) < (4, ae. in (0,400), (3.22)

where the (nonnegative) energy E is defined by
B = = mlf2 + [Vulao +2 [ (F) ~ huds
Q
+llv =mlZa ) + IVevlZery + ArllolZer).- (3.23)
We note that (the first (3.1) must be used)

E < c(llullfn ) + 1l @) + [ Fo(@)lzie) + 1), (3.24)
lullZ @y + 1017 @) + [Fo(w)llzie) < c(B+1) (3.25)

at any time ¢ > 0. From (3.22), we deduce that

E(t) < E(0)e " + Cy for every t > 0, (3.26)
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et

where Cy := .

Consequences
We now fix a bounded subset B of ®,, and assume (ug,v9) € B. This corresponds to
assuming (besides (ug)q = m, of course)

luollz1 (@) + [lvollzr(ry + [ Fo(uo)l| 1) < R, (3.27)

where R is a fixed positive number. Then, E(0) < ¢(R) by (3.24). Hence, accounting for (3.25),
we deduce that

w() ||z ) + 0@ gy + [ Fo(w(®)] ni) < c(R)e”*" +C  for every t >0, (3.28)

t+1
/ (1f ()l L) + [|0pul|? + |\8tv|\%z(r))d7' <c(R)e ™'+ C for every t > 0. (3.29)
¢

We stress that, in the above relations (as well as in other ones of the same type below), C' is

not allowed to depend on R.

Estimate of w
By (2.18) with y = w(t) and (2.21), we deduce that

/ VwlPde = — (Bu,w — (w)a) < cfdeull?
Q
for all ¢ > 0. Then, by (3.29),

t+1
/ ||Vw||2L2(Q)dT <c(R)e ™'+ C for every t > 0. (3.30)
t

Second a priori estimate
We test (2.19) by y = u —m and z = v —m. We have

IVullia + | 70 =mide + [Veolag + A [ ofo =m)do
= / (w4 h)(u—m)dx + /(hp — fr — 0w)(v —m)do. (3.31)
Q T

We estimate the first integral from below by using (3.11) and (3.13) as follows:

/Qf(u)(u— /f (u—m)dx + = /f (u—m

> all f(u)llzre) — e+ lu=mliaq) —c (3.32)

2

Moreover, we simply write 2v(v —m) = v? + (v — m)? — m? in the last term on the left-hand

side. As far as the right-hand side is concerned, we have

/(w—f—h)(u—m)dx:/(w— (w)e + h)(u — m)dz
Q Q

< (lw = (w)allL2) + 1Al L2@)llv — mll L2
< c([[Vwl| L2 + DI Vull2(q) (3.33)
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thanks to the second (3.1). The boundary integral in (3.31) can be treated as follows:
/(hr — fr — 8tv)(v — m)da § ||hr — fp — 8tv||L2(p)Hv — m||L2(p) § C(Hat’UHLz(F) + 1) (334)
r

Thus, squaring (3.31) and using (3.32)—(3.34), we end up with (here and below, the value of oy
may vary)

IVullzzg) + ol f (i) + 1Vrollzee
< e(|IVwl|Fa(q) + DIVulZa@) + c(l0mwll7zry + 1)
< (IVwll720) + D(e(R)e™ + C) + c([|0rw]| 72y + 1), (3.35)

where (3.28) has been used to deduce the last inequality. Then, integrating over (¢,¢ + 1) for a
generic ¢ > 0 and using (3.29) and (3.30), we find

t+1
/ Hf(u)H%l(Q)dT <c(R)e '+ C forallt>0. (3.36)
t

L

By simply taking y = 57 and z = I_fll\ in (2.19), we also deduce that

(wa = (f(w)a — (B + ﬁ / (B + fo(v) + Arv — hr)do,

whence immediately an estimate for [(w)q|, thanks to (3.36) and the bounds already proved.
Using (3.30) and the second (3.1) once more, we conclude that

t+1
/ ||w|\§{1(9)d7' <c(R)e ™'+ C forallt>0. (3.37)
t

Remark 3.2 We can give the outline of the proof of the existence of a solution, as stated in
Theorem 2.1. As we deal with a fixed initial datum, we choose R satisfying equality in (3.27),
or something connected with such a value, in order for the same bound to be satisfied by the
approximating initial datum uniformly with respect to €. By going through the proofs of our
previous estimates, one clearly sees that bounds depending on R and some final time for several
norms can be found. In particular, proceeding as in the proof of (3.26), one can see that

HUH%N(O,T;V) + Hatu||2L2(o,T;v*) + ||v||%°°(O,T;VF)
+ 101 220,711 + 1wl 220,75y < C(T, R) (3.38)

for every T € (0,400), where C(T, R) depends on R and on the final time 7. Moreover, if
we use the same procedure on the solution (ue, v, w.) to the approximating problem described
in Remark 2.3, an estimate similar to (3.38) is found with a constant C'(R,T) which does not
depend on . At this point, one can let ¢ tend to 0 and see that the weak limits given by weak
compactness actually provide a solution to a suitable formulation of problem (2.15)-(2.20).
However, the term f(u) in the limit problem should be understood in a weaker sense (see, e.g.,
[19, 24] for more details), since no L?-bound for it has been proved yet (the best that we have
up to now is (3.36)).

In order to obtain a solution in a stronger sense, we have to find a direct L2-estimate of
f(u) and just note here that a similar argument holds for the corresponding term f.(uc) of
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the approximating problem. This will require the compatibility conditions (2.6)—(2.7) not yet
used. We first give a lemma.

Lemma 3.3 For every n € N, define fon, Fon, Yo,ns Yon: (—1,1) = R by
fO,n(T) = min{n; max{—n, fO(T)}}v FO n / fO n (339)

0, () := min{n, max{—n, (Fo(r))%sign rt and Yo, / Yo,n( (3.40)

for r € (=1,1). Then, fo,n and o, are monotone and Lipschitz continuous. Moreover,
constants o > 0 and C > 0 exist such that

(fr(r) + Arr = he(2)) fon (1) = a(Fon(r) + [ fon(r)]) = C, (3.41)
(fr(r) + Arr = hr(2))on(r) > =C (3.42)

for every r € (—1,1), a.e. x €T, and every n € N.

Proof Clearly, fo.,, is monotone and Lipschitz continuous. As fy ,(0) = 0, Fp ,, is a convex
function with minimum at 0. Therefore, it is nonnegative, decreasing in (—1,0), and increasing
n (0,1). It follows that 1o, is monotone. In order to show the Lipschitz continuity, it suffices
to prove that the function ¢ : (—1,1) — R given by 9(r) = (Fy(r))zsignr is piecewise C*.
Clearly, only points where Fjy vanishes could lead to some trouble. We recall that Fj is convex.
Moreover, it is nonnegative everywhere and strictly positive near +1, since fy is unbounded
there. As Fy(0) = 0, we can find 4 € (—1,1) such that £ry >0, Fy(r) = 0 for r € [r_,r4],
and Fy(r) > 0 elsewhere. The following formulas hold:

f0(2 ))

lim /(r) = ( f("(”))% (3.43)

rir_

and lim ¢/(r) = (

rlry

and we prove, e.g., the second one. By using I’Hopital’s rule, we have

. Lo fg(r) 1 2fo(r)fo(r) _ 1
1 4 2 lim 0 - 0 -
Tirgi(w (r)” = 1o =7 = For) = 5folr+)
and the desired formula follows. As 1 is continuous, we deduce that ¢/, (ry) = (f 0(r+) )2, where

Y’ (r) and ¢’ (r) denote the right and left derivatives. It follows that 1, is rlght continuous
at 7, and that 1’ is left-continuous at r_. Hence, if 7+ = 0, 1 is piecewise C'. On the other
hand, the same conclusion holds if either r4 is nonzero, since fy vanishes in [r_,ry] in such a
case. Let us come to (3.41)—(3.42). We only prove (3.41), since the proof of (3.42) is similar
and easier. We set, for convenience, o(r) := fr(r) + Apr — hy for r € (—1,1), without stressing
the dependence on z in the notation. We recall (2.6)—(2.7) and assume ro < r < 1 (a similar
argument holds for —1 < r < —rg). We notice that Fy,, is convex, since fy , is monotone.
Then, we have

o) foun(r) = 0fon(r) 2 Irfon(r) + L fon(r)| = LEon(r) + 31fon(r)]

and (3.41) holds with a = § and any C' > 0. Now, assume |r| < ro. By recalling that
hr € L>=(T"), we have

(o) fon)] + (3) (Fon() + fon @D < lo@)fo)] + () (Fo(r) + fo(r)]) <.
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Therefore, (5)(Fo,n(r) + | fon(r)]) —o(r) fon(r) < ¢ and we conclude.

Third a priori estimate
Our aim is to estimate Fy(v) in L*(TI"). A bound is obviously obtained by using our bound-

edness assumption (2.25) on Fy. Indeed, we immediately have
Fo(v(t)) € L=(T) and |[Fo(v(t))]|peery < T st |Eo(r)| =¢ fort>0. (3.44)
|r|<1
We point out that this is the first time that we account for (2.25). However, as we would
like to extend our result to functionals which violate such an assumption (as explained in the
forthcoming Remark 3.3), we do not use (3.44) and argue in a more complicated way. We test

(2.19) by y = fon(u) and z = fo,n(v) (see (3.39)) and notice that such an estimate is rigorous,
since foy  is a Lipschitz continuous function. We obtain

[ #suiwuan+ [ ot fantuide+ 35 [ Foateido
Q Q dt Jr
+ / fi 0 (@) Vrv2do + / (fe(0) + Aro — he)fon (0)do
N T
1 1

On the other hand, the second integral on the left-hand side bounds |\f0,n(u)||%2(9) from above.
So, if we treat the last boundary integral on the left-hand side accounting for (3.41) as follows:

/ (Fr(0) + Arv — he) fon()do > a / (Fon(®) + |fon(®))do — c,
I T

we deduce from (3.45) that

d
a /. Fon(v)do + az (|| Fo.n(0) | 210y + | fon ()l 10y + | fon(w)172(0))
< Cs(||ullfzqqy + lwlFz) +1) fort>0. (3.46)

Such an inequality provides an estimate of Fy ,,(v(t)), thus of Fy(v(t)) by letting n — +o00, in
L'(T') at some time ¢, provided that we have an estimate of the same norm at some earlier time.

So, let us start by assuming
Fo(v(t.)) € LNT) and [|Fy(v(ts))||piry < R for some t, >0 (3.47)

and control how the next estimates depend on R, in what follows. Estimating the right-hand
side of (3.46) by means of (3.28) and (3.37), we end up with a differential inequality of the form

V' + oY + || fon(@)|720) <M +c¢ forallt>0 (3.48)

where Y () = || Fo.n(v(t))| 11 (r) and

t4+1
M(7)dr < c¢(R)e '+ C forall t > 0. (3.49)
t
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Integrating (3.48) and then letting n tend to +oo, it is not difficult to see that there exists
as > 0 such that

[ Fo(u(t)|l iy < e(Ri)e 2075 4 ¢(R)e ! + C for all t > t,. (3.50)

Once such an estimate is established, by integrating (3.46) over (¢,t+ 1) for ¢ > t., we also find

t+1
/ (fo(0)llzr () + 1ol Za))dr < e(Rie™ 1) 4 e(R)e™ " + C. (3.51)
t

Remark 3.3 It is absolutely obvious that the dependence on R, of the constants that we
found can be replaced by a dependence on R, only, whenever R, can be estimated in terms of
R. The simplest case is given by assuming that Fj is bounded. In such a situation, we do not
have any dependence on R at all. Here, we want to show how (3.47) can be verified for some
R, and t, depending on R in some cases of an unbounded Fj, namely, for a functional f, such
that

folr) ~£lrF1]77, asr— +1 (3.52)
with v > 1. However, we proceed very formally.
As a first step, let us define, for every positive integer i,
1 1

o) = g g B0= el reLn 68)

Notice that ¢; is smooth and monotone. Moreover, ¢;(0) = ®;(0) = 0 for all ¢ € N. Observe
also that ®; is bounded. Then, take y = 1 (u) and z = ¢ (v) in (2.19). This leads to

d
[@ivapds+ [ f@erwds+ G [ @wdo+ [ g@lveoPds
Q Q d¢ Jr r
— / (w — Au+ h)gr (u)da + / (he — fr(v) — Arv)pr (v)do, (3.54)
Q r
and we have to estimate several terms. First, we notice that
/Q(w — M+ h)pr (w)dz < |1 ()72 + c(wl|72 ) + ull72@) + 1) (3.55)

Now, (3.52) and (3.53) (with ¢ = 1) entail that ¢ has a growth rate as || — 1 which is strictly
slower than the one of fy. In particular, this entails

sl < 5 [ folulerw)da +c (3.56)
Moreover, again by (3.52) and (3.53), there exists p; € (1,2) depending on v such that
: /Q fower(@dz = al fo(w) 24, ) — (3.57)
Next, regarding the boundary term in (3.54), relations (2.6)—(2.7) entail

/F[hr — fr(v) = Arv]pr(v)do <. (3.58)
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Indeed, the quantity in square brackets is strictly positive for v ~ 1 and strictly negative for
v ~ —1, while ¢; is locally bounded in (—1,1).

Collecting (3.55)—(3.58) and recalling estimates (3.26) and (3.37), we then find that, for any
T > 0, there exists a constant C'(T, R) (where, as in (3.27), R is a measure of the “energy” of
the initial datum, i.e., of their “magnitude” w.r.t. the metric d (see (2.12)) such that

T T T
| cwivabars [ fwa@is [ 1@l o< @R, (659
0 0 0

In particular, we can take T'= 1 and set, correspondingly, C;(R) := C(1, R).
Now, we aim to proceed by (finitely many) iteration steps. More precisely, let us assume
that the following analogue of (3.59) holds:

T; 1+1 T;1+1
[ [ e@ivapasaes [ [ o wdeds
Ti—1 Q Ti 1 Q

i—1+1
+/T HfO(u) Isz_il—l(ﬂ)dt S Ci—l(R)7 (360)

i—1

where T;_; is a suitable “initial” time belonging to the interval (0,7 — 1) and p;—1 € (1,2).
Then, as a consequence, we can find T; € (T;_1,T;—1 + 1) (so that, in particular, T; € (0,1))
such that

| A @D Pl + [ folu(Tpis (T)de < Ca(R). (01
Q

Let us now observe that Gagliardo’s trace theorem in W!(Q) (see, e.g., [16]) entails

loim1 (TN 2y
<CQ/ lpi_1( |dx+09/ i1 (u(T)|Vu(T;)|dz
<cq / i (u(T)) e + / oy (u(T3))da + / oy (u(T3))|Vu(T) Pz
<e / Jolul(T)) i1 (u(T))dz + ¢ + ¢ / & (T2 Vu(Ty) Pz
< Ciy(R) +c. (3.62)

where we have also used (3.61) and the obvious fact that both ¢;_1(r) and ¢}_, (r) do not grow
faster than fo(r)p;—1(r) as || ~ 1 (see (3.52) and note that v > 1).

Formula (3.62) allows to go on with the next iteration step. More precisely, we would like
to take y = ;(u) and z = ¢;(v) in (2.19). However, we can do this only as long as ¢; grows
slower than fo. In case ¢; grows as fast as fy or faster (namely, if v in (3.52) is less than or
equal to 21 L in (3.53)), then the iteration argument stops. That said, we notice that (3.54)
obviously is modiﬁed as

’ 2 (u)dx i (v)do (v v|2do
/Q%(U)|VU| dx+/Qfo<um< ) +dt/rcm< )d +/Fsaz< )| Vrof2d
- / (w — A+ h)i (u)de + / (hr — fo(v) — Arv)gi (v)do (3.63)
Q I
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and estimates (3.56)—(3.58) can be repeated with obvious modifications. Notice that, since

221 < v, we still have p; < 2 in the analogue of (3.57). Thus, we can integrate (3.63) over the

mterval (T;,T; + 1). Noticing that
[@i(v(T)llzrry < e(1+ llpima (0(TD)llLrr)) < e(1 + Cia(R)) (3.64)

by (3.53) and (3.62), we then obtain the i-analogue of (3.60), namely,

T;+1 T;+1
t/ /%Mwwwﬁﬁ/ /ﬁw%wma

T;+1
[ Il gt < CR). (3.65)

Finally, let us assume that we have reached the end of the iteration, i.e., we have (3.65), where

1 is such that

2i-1__ _2it)-1

— << : (3.66)
By (3.65), we see that ¢, € (T3, T; + 1) exists such that
L@é(u(t*))|vu(t*)|2dx+/52fo(u(t*))%(u(t*))dx < Gi(R). (3.67)

Hence, proceeding as in (3.62) and finally using (3.67), we have
wmwmmmSm/wu<|w+m/ﬁ DIVat.)ldz
Q
< CQ/ | Fo(u |dx+c/ folu dm—l—c/ fo(u(t)|Vu(ts)Pdz

<c/fb @»Mx+géwxwumkunwm+c
< ¢Ci(R) + ¢, (3.68)

where the second last inequality follows from (3.52)—(3.53) and (3.66). Then, if R, = C(R)
denotes the last constant of (3.68), we obtain (3.47), as desired.

Remark 3.4 As detailed at the beginning, the above argument is just formal, due to
insufficient regularity of test functions. Nevertheless, to make it rigorous, it would be sufficient
to proceed as in the proof of Lemma 3.3. More precisely, one should use at each i-step suitable
truncations ¢; ,, of the functions ;. Then, due to the Lipschitz continuity of ;n, @in(u)
and ¢; »(v) would be admissible test functions and could be used in place of ¢;(u) and ¢;(v).
Finally, to perform the iteration argument rigorously, one should pass to the limit n " +oo
before performing the subsequent (i + 1)-step.

Therefore, by accounting either for (2.25) or for the previous remark, we can replace (3.50)
and (3.51) by the estimate

t+1
[ Eo (vt Lrr) +/t (L fo()llLr 0y + Il fo(w) |22 (0))dr
<c(R)e ™! +C for all t > t, (3.69)
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for a suitable ay > 0. We point out that ¢, is independent of the “magnitude” R of the initial
data and, in fact, it only depends on the exponent ~ in (3.52).

Remark 3.5 Thanks to (3.69), one could at this point improve the existence result sketched
in Remark 3.2. Indeed, one could now prove the existence of a global weak solution satisfying,
in addition, fo(u) € L?(0,T; H). We stress once more that, in particular, this regularity relies
on the compatibility assumption (2.6)—(2.7).

Our next aim is to prove parabolic regularization properties of the solution.

Fourth a priori estimate
We set

p:=0m, Y:=0w and V:= 0w (3.70)

and formally differentiate (2.18)—(2.19) with respect to time. We obtain

(Orp,y) /Vi/) Vydz = 0, (3.71)
/wydx:/vw-Vydx—i—/ f’(u)goydx—f—/&‘tﬁzda
Q Q Q r
+ / Vrd - Vrzde + /(ff(v)ﬁ + Ard)zdo (3.72)
r r

at any time ¢ > 0, where (3.71) and (3.72) hold for every y € V and every (y, z) € V, respectively.
Now, we formally choose y = Ny in the former and (y, z) = (—p, =) in the latter and sum the
equalities that we obtain. We have

<8tgo,N<p)+/Vw-VN<pdx—/wgodx—i—/ |Vgo|2dx+/ f'(u)p?dx

+§&/192d0+/ |Vrd)| da+/(fr( ) + Ap)¥3do = 0.
Owing to (3.9) and (3.4), we deduce

1d
2dt

- / (fe(v) + Ar)92do — / F )P < el ]2y — / fuyids,  (373)
I Q Q

— (el + 10172r) + 1Velli29) + VEIll72m

the last inequality is due to (2.3). We easily estimate the last term as follows (when dealing
with the approximating problem, Lemma 3.1 should be used here). Owing to (2.2), we find

€ (0,1) such that f/(r) > 0 for |r| > r.. Then, if we denote by Q. the (time dependent) set
on which |u| < 7, we have

- /Q f(u)p?da < — /Q FuyPdz < sup |£/()] /Q P2z < el

rl<r.

On the other hand, (3.2) yields, for every ¢ > 0,

lellZ2 () < dIVellia@) +eslliel. (3.74)
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Collecting (3.73) and the last inequalities and choosing ¢ small enough, we find

d
&(H@Hi + ||19H%2(r)) + HV50||2L2(Q) + ||VF79H%2(F) <c(llell? + ||79H%2(r))-

In particular, we obtain

d
T UelE + 191170 < elllell + [19172r))

and we are allowed to apply the uniform Gronwall lemma (see, e.g., [29, Lemma I.1.1]) in view
of (3.29). Therefore, we have the existence of a time ¢; depending on R and of a constant ¢
which is independent of R such that

lollZ + 19172y < ¢ for ¢ > ta(R). (3.75)

By integrating (3.73) over (t,t + 1), we also have

t+1
/t (190l + IVrd]2ay)dr < for t > t1(R).

By accounting for (3.29) and (3.74) once more, we find a similar estimate for the full norms of
¢ and ¥ in H'(Q) and H*(T), respectively. By adding (3.75) to this, we conclude that

t+1
|\8tu(t)||§+||8tv(t)|\%2(m+/t (loeulzr @) + [10wlE ry)dT < Cy - for t > t1(R),  (3.76)

where Cy does not depend on R.
Finally, using the improved regularity of time derivatives following from (3.76) and coming
back to the second estimate, it is not difficult to see that (3.37) can be improved up to

lw(®)l|F1(q) < C for all t > t1(R). (3.77)

Consequences
The solution (u,v,w) satisfies the elliptic problem

—Au=hy :=w— f(u)+h, inQ, (3.78)
—Apv = hg := hr — fr(v) — Arv — Qv — Opulr, onT, (3.79)

in a generalized sense, in principle, where ¢ is just seen as a parameter (and does not appear
in the notation). To make the meaning of (3.78)—(3.79) precise, we use a bootstrap argument.
First, (3.78) surely holds in the sense of distributions (take y € C°(9) in (2.19)) and a com-
parison shows that Au is a function in L?(Q) (rather than a distribution) at every time. As
v = ulr € HY(T), we deduce that u € H2 () (by the elliptic theory in €) and that (d,u)|r
makes sense and belongs to H % (I') (actually, it belongs to H*(I') for every s < 0). In partic-
ular, (3.79) has a precise meaning and hy € H-% (T"). By applying the boundary version of [21,
Theorem 7.5, p. 204], we deduce that v € H2~%(I') € H2(T'), whence also u € H2(Q) by the
elliptic theory in £ once more. Thus, we can improve the regularity of (9,,u)|r. More precisely,
(8,u)|r € H2 (D) € LA(T). As v € L2(T), we infer that hy € L2(T'), i.c., Apv € L2(I'). There-
fore, we conclude that v € H?(T') by the regularity theory on the boundary just mentioned.
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Moreover, each step of the above reasoning is complemented by a corresponding estimate. So,

we have, at any time,

llull &2y + vl &2 r)

< c[lull a2@) + [|Arv]l 2y + [0l 2r)

< c(lull g2y + lvllL2y + 19w L2y + 1Onulr] L2y + 1)
< c([lullm2() + [lvllL2y + (0] L2y + 1)
< c([[Aul|p2(q) + ||’U||Hg(F + |0l L2y + 1)
< cllAuflzz@) + |Aroll -1 ) +lvllz2e) + 1860l L2y +1)
< c([|Aul| 2y + vl L2y + 100l L2y + [|Onulr || iy T 1)
< clllAuflzz@) + llvllzzr) + 10wl 2@) + llull g ) +1)
< c(|Aull2) + 0] 1y + [10:0] L2 (0) + 1)
< c(lwllzz) + [If (W2 + vllmr @) + 10w L2 @) + 1) (3.80)

By combining this with the previous estimates, we deduce that

t+1
/ (lullFr2 ) + [0l F2ry)dr < ¢ for t > t1(R). (3.81)
t
On the other hand, (3.76) holds and the classical interpolation theory yields

”y”CO(I;H%(Q)) < CI(||y||L2(I;H2(Q)) + ||aty||L2(I;H1(Q)))7
120 o rir 8 oy < Uzl Lz me oy + 10e2l 201 ()

for every y and z belonging to the spaces related to the corresponding right-hand sides and
where [ is an arbitrary compact interval. As ¢; depends on I just through its length, we

conclude that
()3 ) + 1983 gy < s for £ ta(R), (3.82)

that is, (u(t),v(t)) belongs to a fixed compact subset of H*(Q) x H'(T) for ¢ large enough.

Fifth a priori estimate
We recall (3.40) and choose y = 1y ,(u) and z = ¥ »(v) in (2.19). We obtain

/ G ()| VP + / [ fo(w)] [Fon(w)|bdz + / 0 (0) [ VrofPdo
Q Q T
+ / (Fr(0) + Arv — hr)o.n(v)do
I
= / (w+ h — Au)pg p (u)de — / Opvipo i (v)do
Q I

Now, we observe that

o) 2 |fon(r)] = 7 fon(r) = Fou(r) and [don(r)| < (Fo(r)? forre (=1,1),
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the former since sign fy ,(r) = signr and Fp,, is convex. Thus, by owing first to (3.42) and
then to (3.28), we deduce that

[ Fonwtds
Q

1 1
< cllwlZao) + lulliz) + 1 (Fo(w) 2 172 + 10ewll72wy + I (Fo() 2 |72y +1)
< e(llwllfz(q) + lulliz) + IFo(w)llLr @) + 10wlZaw) + I1Fo() i) +1).

Then, letting n tend to infinity, it is not difficult to obtain
3
/Q |Fo(u)|Zdz < e(||w]|Zeq) + llullzz) + 10:0l172w) + [Fo(@)llzr ) +1).
By accounting for (3.77), (3.28), (3.75) (with the notation (3.70)), and (3.69), we conclude that

/ﬁ%mﬂ%xgcﬁﬂntzmmy (3.83)
Q

Sixth a priori estimate

Such an estimate will be used to prove Theorem 2.3. We choose y = Ndyu in (2.18) and
(y,2) = (—0pu, —0w) in (2.19). Then, we sum the equalities that we obtain. We have (at any
positive time)

(Opu, NOyu) +/ Vw - VNOyudr — / woyudx +/ Vu - Voyudx + / (f(u) — h)Orudz
Q Q Q Q
+ / Opvovdo + / Vro - Vrowdo + /(fr‘(’l)) + Arv — hr)dyvdo = 0.
r r r

By arguing as we did for our first a priori estimate (here, it is even simpler), we find
2 2 1d 2 2 2
[Oculls + (|0 72y + §a(||vu|\p(9) +IVrollzzqy +2 Q(F(U) — hu)dz + /\F”UHLQ(F))
3ﬂm—ﬁ@mma
r

Now, we integrate over (0,t), where t > 0 is arbitrary. By forgetting some positive terms on
the left-hand side, we obtain

t
Ar
| ol + 0ol o + 3 o0 s
1 2 2 _ 2
< 5 (IVuol sy + Vool +2 | (Fluo) — huodz + Aruollsqry
Q
+ /(hrv(t) — Fr(v(t)) — hrvo + Fr(vg))do,
r

where Fr is the primitive of fr vanishing, e.g., at the origin. As the last integral is bounded by
cllv(t)|[z2(ry + c(vo) and ¢ > 0 is arbitrary, we immediately find

Oyu € L*(0,4+00; V*) and  0yv € L*(0, +o00; Hr). (3.84)
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4 Proof of Theorem 2.2

First, the continuity of the semigroup S(t) with respect to the d,-metric is standard (see,
e.g., the proof of uniqueness in [18]). This implies, in particular, that S(t) is closed in the sense
of Pata-Zelik [25]. Therefore, the existence of the global attractor with the desired regularity
follows from classical attractors’ existence results (see, e.g., [1, 29]), once we have proved the
dissipativity and the asymptotic compactness of S(t).

To do so, we fix a bounded set B of initial data. More precisely, we assume that (3.27) holds
for any (up,vp) € B and a suitable R > 0. Then, the a priori estimates of Section 3 hold. In
particular, thanks to (3.28), (3.82) and (3.83), (u(t), v(t)) belongs to the set K, defined by

K o = {(y,2) € D,y N (HZ(Q) x H3(T)) :

+llzll ;3 oy < Cs, 1 Fo(y)

HyHH%(Q) 3 (1)

I3 < Cot (4.1)

for all ¢ > t1(R). In other words, X,, is an absorbing set for S(t). Moreover, we easily see that
it is also compact in ®,,. Indeed, it is of course compact in V. Moreover, the L3 -bound of

Fy(u) following from (3.83) and Lebesgue’s theorem clearly imply the compactness with respect
to the metric (2.12), hence the asymptotic compactness of S(¢). This finishes the proof.

5 Proof of Theorem 2.3

As we deal with a precise initial datum, we can choose R satisfying equality in (3.27).
However, we will not stress the dependence of the constants on R in the notation here. As
above, (u(t),v(t)) belongs to the set K, defined in (4.1), at least for ¢ large enough, and (u, v) is
a weakly continuous V-valued function. As X,, is a compact subset of V and we take the datum
(ug,vp) as a starting point, the first part of the statement follows from general results (see,
e.g., [20, p. 12]). Now, we prove our characterization of the w-limit. Thus, we pick (u,v,) €
w(ug, vg) and a corresponding sequence ¢, 1 400 such that (u,,v,) = lim(u(t,), v(t,)) strongly
in V. Moreover, as we prefer to consider functions on a finite time interval rather than pointwise

(in time) values, we fix T' € (0, 4+00) once and for all and set
Up(t) ;= u(t +t,), vu(t) :=v(t+1t,) and w,(t) :=w(t+t,) fort>0. (5.1)

Then, the triplet (uw,,v,,w,) clearly satisfies (2.18)—(2.19) (besides (2.17)). Hence, it also
satisfies an integrated version of them, namely,

T T
/ (Opuun, y)dt + / / Vw,, - Vydzdt = 0, (5.2)
0 0o Jo

T T T
/ / wpydzdt = / / Vu, - Vydzdt + / / (f(up) — h)ydzdt
0 Jo 0 Jo 0 Jo
T T
—l—/ /8tvnzdodt—|—/ /van-vrzdadt
o Jr o Jr

T
+/O /F(fp(vn) + Arv, — hr)zdodt (5.3)

for every y € L%(0,T;V) and (y,2) € L%(0,T;V), respectively. Our aim is to take the limits
of such variational equations as n tends to infinity by using compactness methods. To do so,



The Cahn-Hilliard Equation 703

we account for our a priori estimates to derive corresponding estimates for the above functions.
More precisely, we observe that (3.82), (3.37), and (3.69) yield

[[un]| + llonll + llwnlle,73v) + [[fo(un)ll 20,150y < ¢

Lo (0,T:H 3 (02)) Lo(0,T5H 3 (1))

Therefore, we can use standard weak, weak™®, and strong compactness results and have

Up — Uoo  weakly* in L(0,T; H? (Q)) and strongly in C°([0,T]; V),
Up — Vs weakly* in L°°(0,T; H2 (I')) and strongly in C°([0, T]; Vr),
Wy, — Wee  weakly™* in L>(0,T;V),

folun) — & weakly in L?(0,T; H)

for some U, Voo, Woo, £ belonging to the corresponding spaces, at least for a subsequence. On
the other hand, (3.84) clearly implies that

Oun, — 0 and Oy, — 0 strongly in L?(0,T;V*) and in L?(0,T; Hr), respectively, (5.8)

so that us and ve, must be time-independent by (5.8). Hence, we can define ug and vs as their
constant values and we clearly have (us,vs) € ®,,. Furthermore, the strong convergence given
by (5.4) and (5.5), the weak convergence (5.7), the Lipschitz continuity of fr, and standard
monotonicity methods (see, e.g., [2, Proposition 2.5, p. 27| for a similar tool) allow us to conclude
that

fr(vn) — fr(ve) strongly in C°([0,T); Hr), —1<us <1 ae inQ and &= fo(us).

In particular, £ is time-independent as well and its constant value is fo(us). At this point, we
can let n tend to infinity in (5.2)—(5.3) and obtain similar variational equations for the triplet
(Uoos Voo, Weo ), the only difference being that time derivatives no longer appear. Moreover, it is
straightforward to get rid of time integrations and obtain

/ Vweo(t) - Vyde =0 for every y € V, (5.9)
Q

[ e Vot [ ()~ - wnsfe)yds

Q Q

+ / Vrus - Vrzdo + /(fp(vg) + Arvs — hr)zdo =0 for every (y,z) € V, (5.10)
r r

at almost every time ¢ € (0,7). In particular, by taking y = weo(t) in (5.9), we see that we (%)
must be space-independent. Once this is established, the choice y = 1 and z = 1 in (5.10) shows
that ws is even time-independent. Thus, w., takes a constant value ws and we conclude that
(us,vs) is a steady state. It remains to show that (u,,v,) = (us, vs). To this aim, we note that
(5.4) implies that u, (0) converges to us(0) = us strongly in V. As u,(0) = u(t,) converges to
u,, strongly in V' by assumption, we conclude that us = wu,. As a similar argument holds for
vs and v, the proof is complete.

Remark 5.1 The above proof clearly shows that different topologies could have been
considered in the definition of w(ug,vg). For instance, any weaker topology, e.g., the weak
topology of V, would have worked as well in the conclusion of the proof. A stronger topology
can be used, provided that the compactness of X, still holds.
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6 Proof of Theorem 2.4

We start by analyzing a bit more carefully the stationary problem (2.29). Givenm € (—1, 1),
we denote by 8,, the family of its solutions, namely,

Sm = {(us,vs) € V: (us)g = m; Jws € R: (2.28)(2.29) hold}. (6.1)

Lemma 6.1 Assume (2.1)-(2.7) and firm € (—=1,1). Then, there exists My, > 0 depending

on m such that, for any element (us,vs) € Sy,
lws| < My, (6.2)
Moreover, there exists 6., > 0, also depending on m, such that
14 6m <us(z) <1-6,, Vel (6.3)

Proof Taking y =1 and z =1 in (2.29), we infer that

1Qfws = /Q(f(us) ~ h)da + /F(fp(vs) + Arvs — hr)do, (6.4)

Choosing instead y = us — m and z = vy —m , we find
/(IV(us —m)|* + f(us)(us —m))de + /(lVr(vs —m)* + fr(vs)(vs —m))do
Q r
= / h(us —m)dz — / Arvs(vs —m)do + / hr(vs —m)da < ¢, (6.5)
Q r r

where the last inequality follows from (2.5) and the fact that |us| < 1. On the other hand,
estimating the left-hand side from below by means of (3.13), we end up with

(s, v) 1% + [1f (us)ll 10y < c. (6.6)

Combining (6.4) and (6.6) and using once more (2.5) to estimate the remaining terms on the
right-hand side of (6.4), we readily obtain (6.2) for a suitable choice of M,,.
Next, we notice that, thanks to (2.2) and (2.5), we can find d,, > 0 such that

Fr) = lhllpei@) = M 2 1, Vr € [1=0m,1] (6.7)

and a similar relation holds near —1. Moreover, we can assume 1 — &, > 7o (cf. (2.6)—(2.7)).
Thus, take first y = (us — 1 +d,,)" and z accordingly, and then y = —(us +1—§,,,)" in (2.29)
and using (2.6)—(2.7), it is immediate to obtain (6.3), which concludes the proof.

Corollary 6.1 Assume (2.1)-(2.7), (2.30), and m € (—1,1). Then, S,, is bounded in
H?(Q) x H3(T). In particular, this holds for the w-limit set of any solution trajectory.

Proof Thanks to the separation property (6.3) and the C*-regularity of f, it is not difficult
to obtain (see, e.g., [19, Lemma 2.2]) that §,, is bounded in H?(Q2) x H?(T"). Moreover, thanks
to this regularity, the stationary problem can be interpreted in the stronger form

— Aug + f(us) — h =ws, a.e. inQ, (6.8)
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— Arvg + fr(vs) + Arvs — hp = —0nus, a.e. onT. (6.9)

Using the continuous embedding H?(Q2) € L>(Q2) and once more the C'-regularity of f and
fr, we then have, for any (us,vs) € 8, f(us) € V and fr(vs) € Vp. Thus, applying standard
regularity results to the coupled elliptic system (6.8)—(6.9) and a simple bootstrap argument
(similar to the one given in (3.80)), it is not difficult to obtain us € H?(Q) and vs € H3(T),
thanks also to (2.30). Refining a bit the procedure, we can have uniform H?>-estimates as well.

In the next two lemmas, we give the key step of our procedure which consists in proving the

precompactness of any trajectory w.r.t. a better topology.

Lemma 6.2 Assume (2.1)-(2.7), (2.30), (2.31), m € (=1,1), and (ug,v9) € ®p,. Corre-
spondingly, take R as in (3.27). Then, there exist 5 > 0, ta = t2(R), and c independent of R
such that the corresponding solution (u,v) satisfies

[u@llcos@ < e Vt>ta(R). (6.10)

Proof Let us assume ¢ : (—1,1) — R to be a smooth and monotone function such that
©(0) = 0. Then, taking y = ¢(u) and z = p(v) as test functions in (2.19) and using (2.6)—(2.7),
it is not difficult to find

/ 2 / 2
| e @varas+ [ fapis+ [ uptdo + [ ¢@IViokdo
< / (w + h)p(u)dz + c(p) (6.11)
Q

(as above, in case (r) explodes as |r| ~ 1, the above estimate should be proved by truncating
¢ and then passing to the limit). We now first consider the situation when (3.52) holds, i.e., f
explodes as a power for |r| ~ 1. Indeed, when (2.25) holds, the procedure is simpler, as it will
sketched below.

Then, also recall the second of (2.2) and take

@i (r) = (f'(r) = £(0) + 2¢r)xp0,1, - (r) == (—=f'(r) + £(0) + 2¢7) x[-1,0] (6.12)
and also set

o) = s ) + -, @) = | " p(s)ds (6.13)

where x denotes the characteristic function and ¢ > 0 is as in (2.31). Now, as a consequence of
(3.69), for any t > t;(r), there exists t € (,t + 1) such that

If(E DLy < e (6.14)
Then, we take the function ¢ in (6.11) as defined by (6.13) and note that, by (3.52),
(N f(r) > alf ()P —c, where p=2+7"1 € (2,3] (6.15)
and

e(r) < e(lf(r)l+1). (6.16)
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Thus, we can integrate (6.11) over (%, + 2) and estimate the right-hand side as follows:

[ 0+ me(as < -+ bl 9l g, < llotll gy < SN +e 617

where « is the same as in (6.15). Here, (3.52) has been used again. This finally yields

/mIf( Wipdr <, VE=ti(R)+1. (6.18)

To conclude, we notice that the same relation can be easily obtained when (2.25) holds, which
corresponds, e.g., to f behaving as a logarithm near 1 or to the analogue of (3.52), but with
€ (0,1). Indeed, in such a situation, one could simply take o(r) ~ |f(r)[P~!signr, where the
exponent p is chosen such that the antiderivative @ is bounded (we omit the details).
Next, we come back to the coupled elliptic problem (3.78)—(3.79) and aim to find additional
regularity. Actually, by (3.81), (3.82), and interpolation,

[ull + llull L2t 041;52(02)) < c (6.19)

lell s snsaa e oy = Uil oyt o)

Hence, by continuity of the trace operator 0,, from H' (Q) to Hs (1),

||a’ﬂuHL3(t7t+1§L3(F)) é C||anuHL3(t7t+1;H%(F)) S c. (620)

Also, on account of (2.5), (3.76) and (6.18), it thus follows that the functions hy and hs in the
right-hand sides of (3.78)—(3.79) satisty

t+1
/t (1Pl ) + 1h2ll 7 (py)dT < e V=11 (R) +1 (6.21)

again for a suitable p € (2,3]. Applying Agmon-Douglis-Nirenberg regularity results, we then

have
||u||Lp(t7t+1;W2,p(Q)) <ec Vt> tl(R) + 1. (622)

Let us now observe that, by (3.76) and Sobolev embeddings, there also holds

1 < t>1t . 2

Il 252 gy < Sl easnany S Ve2 t(R) (623)

Then, by LP-interpolation, we obtain
LP(tt+ L W2P(Q) AW P (Lt + 1 W 5 P(Q)) € WPP(L t + 1, WP(Q)) (6.24)

with continuous embedding, where
p+2 P

p=0——m r=2 19+19— 6.25
> (1= 1)+ 02 (6.25)

and ¥ can be taken arbitrarily in (0,1). Then, it is easily seen that p > 2 guarantees that o
can be chosen so that p > 1—1) and r > %. Applying once more the Sobolev embedding theorems,
we then deduce from (6.24) that

||u||00ﬁ([t,t+1]><ﬁ) <e Vizit(R)+1 (6.26)
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for some (3 > 0, which implies, in particular, (6.10).

Lemma 6.3 Assume (2.1)-(2.7), (2.30), (2.31), m € (=1,1), and (ug,v9) € ®p,. Corre-
spondingly, take R as in (3.27). Then, there exists a time t3 > 0 depending on the trajectory
and a constant ¢ which is independent of R such that the corresponding solution (u(t),v(t))
satisfies

lu@®lzz@) + v las @y + I1f(w®)llwre@ <e VE>ts. (6.27)
Proof We first claim that there exists ¢35 > 0 such that
Om Om
—1+7§u(m,t)§1—7, Vit > ts, (6.28)

where §,, is as in (6.3). Indeed, we can proceed by contradiction. If we could find a diverging
sequence {t,} such that the above inequality does not hold for ¢ = t,, then, by the precom-
pactness deriving from (6.10), (u(t,),v(t,)) would admit a subsequence converging uniformly
in  to an element (us,vs) € 8,,. Now, since u, satisfies (6.3), we have a contradiction. It is
then clear that (6.28) and the C'-regularity of f entail

1 ()l Lo () + 1 (W)@ < e, Vits. (6.29)

Similarly with (3.78)—(3.79), we now rewrite (the strong formulation of) (2.18)—(2.19) in the
more convenient form

—Au=ky:=—f(u)+w+h, inQ, (6.30)
O — Arv + Opu = kg := —fr(v) — Arv+hp, onT (6.31)

and notice that, for any ¢ > t3, thanks to (3.77), (3.76), and (6.29),
Ikillzoetevrvy < e and  [[k2llpoerev1ve) + 100 Lo vz S e, VE>t3. (6.32)

Thus, viewing (6.31) as an elliptic equation (i.e., moving d;v to the right-hand side), a further
application of [19, Lemma 2.2] gives

lwll oo (b, e41;82 () F 1Vl Lo (e840 52(0)) S € V> 3. (6.33)

To improve the regularity, we have to come back to the full system (2.18)—(2.19), differentiate
both equations in time, and take y = —(t — 7)w; as a test function in 9¢(2.18) and y = (t — 7)u
and z = (t — 7)v in 0¢(2.19), where 7 is a generic “initial time” taken larger than t3. Then,
observing that

/Q £ (wyusugda = %at /Q f’(u)|ut|2dx—% /Q () Pz (6.34)

and integrating by parts with respect to time, we end up with

1

50 [(t—T)(/ |Vut|2dx+/|vat|2da+/ 1) |us 2dz)
Q T Q

+ (t = D) (IVwill72q) + llveell72 ()
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<(t=1) [ [(FH@w + drvouldo
r

+%(/ﬂ|Vut|2d$+/r|Vrvt|2da+/ﬂf’(u)|ut|2dm+(t_q—)/gf//(u)|ut|3dx>.

At this point, we can split the last term on the second row by means of Young’s inequality
and observe that, by (6.33), the C?-regularity of f, standard embedding theorems, and the

Poincaré-Wirtinger inequality, we have
/ F(w)ue*da + (t — T)/ Fr)uPde < elfue[§ + elluelv (= T)/ Vu[*dz. (6.35)
Q Q Q

Thus, integrating over (7,7 + 2), recalling (3.76), and using assumption (2.1) and Gronwall’s
lemma, we finally obtain

luellLoot,e+15v) F Vel Lo pgryvey <€ VE>t3 (6.36)

again up to increasing t3 a bit. With this enhanced regularity at our disposal, we come back
to system (6.30)—(6.31) (again seen as a coupled elliptic system). Noting that now

IE1llzoo (tye13v) + | = ve + Kallpoo 1) <6, Vit (6.37)

we then obtain (6.27) by means of standard elliptic regularity results as in the proof of Corollary
6.1. As a concluding remark, it is worth noting that, however, we are no longer able to evaluate

the time 3 in terms of the “initial energy” R.

In order to go on with the proof, we introduce several simplifications which are in fact not
restrictive. More precisely, we assume h = hr = 0 and m = 0. Accordingly, the constants ¢,,
and M, and the set §,, introduced above will be simply renamed as d, M, and 8. It is worth
noting that, in case m # 0, one could simply set u,, := v —m and v,, := v —m and notice that

the pair (t,, vy, ) solves the system

Ot — A=Aty + frn(um)) =0, in Q, (6.38)
Ovm + (Ontm)|r — Arvm + frm(Um) + Arvy, =0, on T, (6.39)

where fp,(r) :== f(r +m) and fr,(r) := fr(r +m). One, then, could simply work on system
(6.38)~(6.39).

That said, we can now introduce the function spaces Vo, Ho, Vi, Wo as the (closed) sub-
spaces of V, 3, V', (H?(Q) x H?(T')) NV, respectively, consisting of the functions, or functionals,
having zero mean over 2. The latter space Wy is endowed with the norm of H?(Q2) x H*(T).
We can then define the energy functional € : Vo — [0, +00] by

1 1 1
&(u,v) == = VulFeq) + [ Flu)de+ = [[VoolZzm) + 5 | 2F0(v) + Arv?)do. (6.40)
2 O 2 2 Jr

Due to the singular character of F', € can very well take the value +00. We then have to restrict
it to a suitable subset of Vo. We let ¢ > 0 be such that |[z[|coqy < ¢|2[[#2(o) for all 2 € H?(Q).
Next, we define

40
U:= {(u,v) € Wo : v =ulr, Ius,vs) €8 : |lu—usl|m2q) + v — vz < ¢ 15} (6.41)
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It is clear that U is an open set in Wy and 8 € U. We also have, for any (u,v) € U (the closure
is intended in H?(Q) x H%(T), of course),

4] 5 —
—1+5§u(m)§1—§, Vo € Q. (6.42)

Thus, as a consequence of Lemma 6.3, any global solution to our system eventually lies in U.

Lemma 6.4 The restriction of € to U is twice Fréchet differentiable with respect to the
topology of Wo. Moreover, (u,v) is a stationary point of € belonging to W if and only if
(u,v) € 8.

Proof The key observation is that, thanks to (6.42), € is uniformly bounded on U. Then,
we note that the stationary points of € are precisely those elements (u,v) € Vy such that

(€' (@,D), (k, k) = /

(Vu-Vk+ f(w)k)dz + /(Vpﬁ -Vrk + (fr(0) + Arv)r)do =0 (6.43)
Q r

holds for all (k,x) € Vo. At this point, the thesis follows by proceeding along the lines of the
proof of [6, Proposition 6.4]. Actually, once we restrict € to U, everything is well separated
from the singular values £1 of f. Thus, we are in the very same regularity setting as the one

of [6].

We can now state the Simon-Lojasiewicz inequality which will be needed in what follows [6,
Proposition 6.6].

Proposition 6.1 Let (w,v) € U be a critical point of & and let F, Fr be analytic. Then,

there exist constants 9 € (0, %], A >0, and o € (0, c_lg) such that

1€ (u,v) — E@@, D)7 < A& (u,v) ||y (6.44)
for all (u,v) € Wo such that

||(’LL,’U) - (Ha 5)”\/\70 <o. (6.45)

Proof The proof can be carried out in the same way as in [6]. We point out the only
remarkable difference, namely, the occurrence of the Wy-norm in (6.45) (in place of the Vo-
norm appearing in [6, Proposition 6.6]). Actually, one can find elements (u,v) € Vo which are
arbitrarily close to some (w,7) € § in the V-norm and such that &(u,v) = 400 (see also [6,
Remark 6.7]). Instead, if (6.45) holds, then we are sure that (u,v) is uniformly separated from
+1. In particular, (6.42) holds.

Now, by Corollary 6.1, § is bounded in H3(2) x H?(T), hence precompact in Wy. In fact,
it is compact, since it is obviously closed in Wy. Given any (u,v) € 8, we can then associate to
(u,v) the numbers ¥, A, o given by Proposition 6.1. We obtain a covering

sc |J B(@v),0), (6.46)

(u,0)es
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where the ball B is intended in the topology of Wy. By compactness, we can extract a finite

subcovering of §. More precisely, we have 8§ C B, where

O (W, 7:) (6.47)

16

Actually, since o; < ¢ 5 for all 4, we have

SCBCU. (6.48)

In particular, any element of B is separated from 41 in the sense of (6.42) and the functional
€ is analytic on B. Moreover, due to the finiteness of the covering, the Simon-Lojasiewicz
inequality holds in B with uniform constants ¢ and A.

Let us now consider a trajectory (u,v). By Lemma 6.3, (u,v) eventually lies in H?(Q) x
H?3(T') and, consequently, is precompact in Wy. Then, a simple contradiction argument similar
to the one given in the proof of Lemma 6.3 allows to prove that (u(t),v(t)) € B for all ¢
larger than some ¢4 depending on the trajectory itself. At this point, to complete the proof
of the theorem, we notice that ¢ — E(u(t),v(t)) is a decreasing functional. Moreover, setting
Coo i= tliinoo E(u(t),v(t)), it is easy to see that, for any (uee, Vo) in the w-limit set of (u(t), v(t)),
we have (oo, Voo) = oo

Then, we can compute, as in [6, Proof of Theorem 2.3] and for ¢ > ¢4, the derivative

—0(E(ult),v(t)) — €x)” = —Wt( (u(t), v(t)) — &(@ D)) (Eu(t), v(t)) — €x)”
hE(u(t), v(t))
> —4 6.49
KTEw. T 049
where (T, 7) is an element of the w-limit set such that (u(t),v(t)) € B((u,?),0) and o is such
that the Simon-Lojasiewicz inequality holds. At this point, the rest of the proof follows by

estimating &' (u,v) as in [6]. More precisely, taking y = —w in (2.18) and y = u; and z = v in
(2.19), we obtain

€ = _vaﬂiz(m - HUtHQL?(I‘)' (6.50)

On the other hand, computing &' (u, v) as in (6.43) and integrating by parts, we have
(€ (u,v), (k, K)) = / (—Au+ f(u))kdz + /(—Aw b () 4 Arv + dpuprde (6.51)
Q r

for all (k,x) € Vo. Notice that the integrations by parts are rigorous, since (u,v) € H3(Q) x
H3(T'). For the same reason, the system holds in the strong form (1.1)—(1.3). Thus, comparing

terms, we obtain

(&' (u,v), (k, k) = /Q(w — (w)q)kdz — / v rdo. (6.52)

r

Indeed, we could subtract the mean (w)q, since (k, k) € Vy. Thus, using the Poincaré-Wirtinger
inequality and passing to the supremum w.r.t. (k,x) € Vg of unit norm, we have

1€ (u, 0)llv < ell€(u, v)llac < e(IVwllLz@) + lvellL2(r))- (6.53)



The Cahn-Hilliard Equation 711

Next, estimating the right-hand side of (6.49) with the help of (6.50) and (6.53), we infer

2 2
(e, 0) — ) > 9Ly + Nl
— Ac(|Vwl 2y + lvellz2ry)
> (0, A)(IVwlL2(0) + [[vellL2 ) (6.54)

which is intended to hold for any ¢ > t4. Integrating over (t4,+00) and making a further
comparison of terms in (1.1), we then obtain

ug € L (tg, +00; V'), Vw € L' (ty, +oo; H), vy € L'(ty, +o0; L*(T)) (6.55)

which readily entails that the whole trajectory (u(t),v(t)) converges to a single (u,7) in V{ x H.
By precompactness, we have more precisely (2.33), which completes the proof.
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