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Abstract The authors investigate Petrov-Galerkin spectral element method. Some results
on Legendre irrational quasi-orthogonal approximations are established, which play impor-
tant roles in Petrov-Galerkin spectral element method for mixed inhomogeneous boundary
value problems of partial differential equations defined on polygons. As examples of ap-
plications, spectral element methods for two model problems, with the spectral accuracy
in certain Jacobi weighted Sobolev spaces, are proposed. The techniques developed in this
paper are also applicable to other higher order methods.
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1 Introduction

Spectral method has been widely used for scientific computations (see [1-9, 11] and the ref-
erences therein). The standard spectral method is available for periodic problems and problems
defined on rectangular domains. But many practical problems are set on complex domains, for
which finite element method are usually used. However, it is also interesting to consider spectral
method for non-rectangular domains and unbounded domains (see, e.g., [1, 2, 5, 13-16]).

In this paper, we develop the Petrov-Galerkin spectral element method for polygons, using
a family of irrational base functions induced by the Legendre polynomials. The next section is
for preliminaries. In Section 3, we establish the basic results on the Legendre irrational quasi-
orthogonal approximation on quadrilaterals, which possess the spectral accuracy in certain
Jacobi weighted Sobolev spaces. These results form the mathematical foundation of Petrov-

Galerkin spectral element method for polygons, and serve as an important tool for numerical
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treatment of mixed inhomogeneous boundary conditions. In Section 4, we propose the Petrov-
Galerkin spectral method for a mixed inhomogeneous Dirichlet-Neumann-Robin boundary value
problem on quadrilaterals, with the error estimate of numerical solution. In Section 5, we
consider the Petrov-Galerkin spectral element method for polygons. The final section is for
some concluding remarks.

It is noted that Guo and Jia [10] developed Legendre irrational orthogonal approximation
by using other kinds of base functions, which are suitable for numerical solutions of parabolic
equations on quadrilaterals. However, it is simpler to use the Legendre irrational orthogonal
approximation of this paper for partial differential equations defined on polygons with mixed
inhomogeneous boundary conditions. Indeed, the second result of Theorem 3.2 of his paper
was used in [10, Section 7] without proof. But, we now consider more general mixed inhomoge-
neous Dirichlet-Neumann-Robin boundary conditions and weak the restriction on partitions of
polygons. On the other hand, pseudospectral method for polygons was also developed recently,

which is also called as spectral element method in many literatures (see, e.g., [2, 5, 17]).

2 Preliminaries

Let © be a convex quadrilateral with the edges L;, the vertices Q; = (z;,y;) and the angles
6; (1 < j < 4) (see Figure 1). We make the variable transformation (see [2, 5, 10, 17]) as

follows:
T =ag+ a1§ +azn+azfn, y=bo+b1§ + ban + b3y, (2.1)
where

1 1
a021($1+$2+$3+$4), bo = —(y1 +y2 + Y3 + va),

4
1 1
alzz(—z1+x2+l’3*$4)7 blii(*yl Y2+ Yz — ya), (2.2)
2.2
1 1
agzi(—$1_$2+x3+x4)7 b2:Z(_yl_y2+y3+y4)v
1 1
aSZZ(x1_$2+x3_x4)ﬂ b3:1(y1—y2+yg—y4)~

The quadrilateral 2 is changed to the square S. If Q2 is a parallelogram, then a3 = b3 = 0. In
this case, transformation (2.1) is an affine mapping. Especially, as = az = by = b = 0 for any
rectangle €.

ox

For simplicity, we denote o by O¢x, etc. The Jacobi matrix of transformation (2.1) is

Mo — Oex Ogy\ _ (a1 +asn bi+bsy
Q anx any as + 0,35 b2 + bgf ’

Its Jacobian determinant is

a; +agn by +b3n

a5+ as€ by + ba€|” (23)

According to [10, (2.7)], there exist positive constants dq and ¢, such that

0 <da < Ja(&,n) < b (2.4)
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Figure 1 Quadrilateral €2

The inverse of transformation (2.1) is given by & = £(z,y) and n = n(z,y). Their explicit
presentations were given in the appendix of [10]. They are irrational functions generally. The

Jacobi matrix of the above inverse transformation is

— 0:€  Ozm 1 by + b3 —b1 —b3n
Ms=Mg' = =— : 2.5
s @ (3;;5 3@;77) Ja(&n) (az —azf ap+asm (25)

Thanks to (2.4), we have

1 1
0< o < Js(@y) =Jo ' (&n) < 5 (2.6)
Q Q

3 Legendre Irrational Quasi-orthogonal Approximations

In this section, we consider the Legendre irrational quasi-orthogonal approximations on

quadrilaterals, which are the mathematical foundation of related spectral element method.

3.1 Legendre orthogonal approximation in one dimension

We recall the recent results on the one-dimensional Legendre orthogonal approximation.
Let Ag = {€]¢] < 1} and x( @A) (&) = (1 — &) (1 +£)#, a,8 > —1. We define the Jacobian
weighted space L2, , (A¢) in the usual way, with the following inner product and norm:
x (.8 13

(1, 0) o4 = /A w(@uEX O EE, o] ycwmrn, = ©0.0) 2.

We omit the subscript x(®#) in notations whenever o = 3 = 0.

The Legendre polynomial of degree [ is defined by

_1)\!
GRS S )

The set of all Legendre polynomials is a complete L?(A¢)-orthogonal system. Moreover,

1\1
2 _
1Ll = (1+3) - (3.1)
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Let °H'(A¢) = H'(A¢) N {v | v(1) = 0}. For any positive integer N, we denote by Py (A¢)
the set of all polynomials of degree at most N. Furthermore, P%(A¢) = Py (A¢) N H (A¢) and
P (Ae) = Pn(Ae) N H (Ag).
The L?(A¢)-orthogonal projection Py a, : L*(A¢) — Pn(A¢) is defined by
(PN,Agv -, ¢)AE =0, Vd) c PN(Ag)- (3.2)

According to [12, Theorem 2.1], we know that if v € L*(A¢), dfv € LY, (A¢) and integers
0<r<N+1, then

[ Pn,acv —vllae < N0y - (3.3)

Hereafter, ¢ denotes a generic positive constant independent of N and any function.
Next, the orthogonal projection PI{,’(& t HY(A¢) — PY(A¢) is defined by

(O (PN v —0),0e8)ae =0, Vo € PR(Ag). (34)

As a special case of [12, Theorem 3.4], we have that if v € Hg(A¢), Ofv € Li(r—l,r—l)(AE) and
integers 1 <r < N + 1, then

108 (Pyy v = 0)llae < eN* 7|0 0]l it g, =0, 1. (3.5)

The orthogonal projection OPJ{,A& :OHY(A¢) = Py (A¢) is defined by

(Oe("PA A v = v),0e0)a, =0, Vo € “Py(Ag). (3.6)

We have from a slight modification of [12, Theorem 3.2] that if v € H' (A¢), 9fv EL3(<T'—1,7‘—1)(AE)

and integers 1 < r < N + 1, then

10¢ (° Py a0 = 0) g < eN*TT[[0F0]lyrm10-1 4, =0, 1. (3.7)

3.2 LZ(Q)—Legendre irrational orthogonal approximation on quadrilaterals

We now study the L?(f2)-Legendre irrational orthogonal approximation. We denote the
inner product and norm of L?(Q2) by (u,v)q and ||v||q, respectively.

The irrational functions on the quadrilateral €2 are given by

rm(,y) = Li(§(z,y)) Lin(n(z,y)), 1,m = 0. (3-8)
Let
V() = span{tym (2, y) | 0 <I,m < N}.
The L?(2)-orthogonal projection Py q : L2(2) — Vy(Q) is defined by

(PN’QU -, ¢)Q =0, V(Z) c VN(Q) (3.9)

For simplicity of statements, we introduce the quantity

T

Ara(v) =D (11 = %)% (a1 + azn)? (by + bsn) 019, vq
j=0

(1= n*)2 (a2 + as€)? (b2 + bs€) 7 020 7 vl|a).
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Theorem 3.1 Ifv € L*(Q), and A, q(v) is finite for integers 0 <r < N +1, then
|Py.av —vllo < c85280 2 N ™" A,.q(v). (3.10)
Proof By projection theorem, we get
1Pv.ov—vl§ < ll¢ = vll}y, Vo € Va ().
Let 0(¢,n) = v(2(&,n),y(€,n)) and
V(&) = Pnac @ Pra, 0, d(x,y) = v(E(2,y),n(z,y)) € VN (). (3.11)
Clearly, S = A¢ x A,. By using (2.4) and (3.3), we verify that

o=l = [[[@=Puace Pra,0) ol macdn
< 25 / / (5 — Py 0)’deds + 265, / / (Pra (7 — Py.a,0))%dédn
S S

< N0z (e nzan) F Ol Pra,® = Bl Z2ac r2a,)
< 056]\7_274(”355”%2(?#) (Ae,L2(Ay) T ||8;i}\||2L2(A5,L2(nT) a))- (3.12)

By virtue of (2.1), a direct calculation yields that

00 = ZC’ ay + asn)’ (by + bsn)"~ ]8J6T I, (3.13)
7=0
r . . . . .
Oy =" Clag + as€)’ (by + bs€)" 7 0J0; . (3.14)
j=0
Therefore,
I\Bgv\\Lz(,7)(A . < cdg” ZH 1 — €)% (ay + agn)? (b + bsn) 7929, Iv]lq,  (3.15)
|07 v||LZ(A57L2(”)(A” < edg” ZH 1— %)% (as + az€) (b + b3€)" 9020, Ivllg.  (3.16)

Finally, the desired result (3.10) follows from a combination of (3.12), (3.15) and (3.16).

Remark 3.1 In the norms of derivatives 89{8;_3' v involved in the quantity A, q(v), there
exist the weight functions (1 —&2)% or (1—n?)2 respectively, which tend to zero simultaneously
as the point Q(z,y) goes to the vertices of Q. As a result, ||Pyv — vl||q still keeps the order
N~", even if the approximated function has certain weak singularity at the vertices.

Remark 3.2 If Q is the rectangle S, = {(z,y) | |z| < a, |y| < b, a,b > 0}, then
a1 =a, bo =b, ag = a3z = by = bz =0 and Jq = ab. Therefore,

| Pn.qv—vlla < eNT"(|(a® — &) 2 0pv]la + [|(b* — y°) 20;v]|a).

Obviously, the L?(£2)-orthogonal approximation keeps the same spectral accuracy, even if the

considered function possesses certain singularity at the edges of quadrilateral.
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3.3 Legendre irrational orthogonal approximation in H(l)(Q)

We now turn to the Hg (2)-Legendre irrational orthogonal approximation.

According to the Poincaré inequality, there exists a positive constant cq such that
|w|la < cal|Vwlla, Yw e Hg (). (3.17)
Let x5 = 1 and y5 = y1. We set 7q = max(|as|, |b3]) and

oo = max (|bg + b3, [b1 + b3n), laz + a3, a1 + azn))
(&mn)es

1
= 5 121;-2(4“% - ﬂfj+1|a |yj - yj+1|)~

Due to (2.2), we have vq < oq.
Let VY(Q) = H}(Q) N Vn(2). The H{(£2)-orthogonal projection P&,:OQ tH(Q) = V(Q) is
defined by

(V(PyGv =), Vé)a =0, Vo e Va(Q). (3.18)

In order to describe the approximation error, we introduce the quantity
3 .
Bra(v) =Y B (v)
j=1
with

r
r—1

B @) =011~ €)% (a1 + azn)? (by + bsn) 020, vlq

=0
F L —72) 7 (ag + azé)? (by + b3€) I D20 ),
r—1
B (w) =Y (1L — €)% (a1 + asn)? (by + bsn) 7 (az + as€)d3 105 g
j=0
(1= €2) (ar + agn)? (by + bsn) 7 (ba + b3€) D20 v
F L = 72) 7 (az + azé)? (ba + b3€)" 1 (ar + azn)d Oy g
+ (1 =02 (az + az€)? (by + b3€)" 177 (by + b3n) 220 v |q),
r—2
B (w) = 3011~ €)% as(ar + azn)? (b + byn) 290319y ]|
j=0
11— €2)F by(ar + azn) (by + ban)™ 278100 g
11— 7?)F aslaz + azé)? (b + ba€) 27999 2o

(1= 7?) = bs(az + as€)’ (b2 + b3€)" "> L0, T v]a).
Theorem 3.2 Ifv € H}(Q) and B, q(v) is finite for integers 2 <r < N + 1, then

IV(PyGr —v)lla < coadg' N' "B, q(v),

B oy (3.19)
1Py G = vlla < ctalcd + 1)og (0q +1)55° N ™" B,a(v),
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where Tq is a positive constant determined in (3.29) of this paper.

Proof By projection theorem, we have
IV(Py Qe =)o < V(6 =)o, Vo € VH(Q). (3.20)
Let ©(&¢,n) = v(z(&,n),y(&,n)) as before, and
V(&) = Py, e PVY B o(m,y) = 0(E(n,y),1(z,y) € VR(Q),

We denote by ||w||s the norm of the space L?(S), and Vsw = (dew, dw)™. It can be shown
that Vsw = MoVw. Thus by (2.5), we have Vw = MgV sw. Hence,

0a($ = v) = (b2 +b3€)J 0 (¥ = ) = (br + bgn) T "D (40 = ).
With the aid of (2.6), a direct calculation gives
10:(6 = v)lla < coady* [Vs(y —0)|s.
We can estimate |0, () — ¥)||o in the same manner. Consequently,
IV(6=v)lla < coadg® [Vs(¥ —v)lls- (3.21)
We now estimate ||[Vg(¢) — v)||s. Clearly,
106~ DIZ < 196(PES, — D)2 + 10 PES, (PYS, 5~ D)2
Using (3.5) with u = 1 gives

1,0~ =2 22 ~12
[0¢(Pyx 0 = 0)lls < eN T||3§U||Li(r_“_1)(AE,L2(A,,))'

By virtue of (3.5) with r = 4 = 1, we have
1,0 1,0 ~ o~ L0 ~ o~
10 Py p (Pyp, 0 — D)% < 10e(Py 5,0 — U)HQLQ(AE,L?(AW))'
Thereby, we use (3.5) with x4 = 0 again to assert that

1,0 1,0 ~  ~2 2-2 —1-(2
106 PN s (A, 0 = O)lls < eNT 060 Do a2, - o)

We can estimate [|0, (¢ — 0)||% similarly. As a result, we obtain
V() = D)||s < eN'"" Dy 5(0), (3.22)

where D, g(w) = Df,lg(w) + Dﬁz;(w) and

Nl=

(1) _ T2 r—1, 112
Dysw) = (0¢wlia ,  aezaagy T 100, wliai, 12 (A

(r—2,r—2)

Nl

(2) _ T 2 r—1 2
Dr,s(w) = (||8nw||L2(A§,Li(T7LT71)(An)) + ||8§ 8nw||Li(T7“72)(Ag,L?(An))) :
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We next estimate the right-hand side of (3.22). By the same argument as in the derivations
of (3.15) and (3.16), we verify

Hag’UHLQ(r 1,7— 1)(A \L2(Ap))

<cda~ Z (1 — €27 (a1 + azn)? (by + ban)" I 050,70, (3.23)
||8 UHL2(A§,L2(T L1y (An)

< ebg” ZH 1— %) (ag + azé)’ (ba + b3€) 9287 v q. (3.24)

Moreover, by differentiating (3.13) with respect to 7, we use (2.1) to obtain

900 Z _1(a1 + azn)? (b1 + bsn)" " ((ag + as€)0LT0) v + (b + b3£)DL0; v)

(r=1) Z _o(ay + azn)’ (by + bsn)" > (30710 2 v + b3020, " v).

Then, following the same line as in the derivations of (3.15) and (3.16), we obtain

19~ Ondll2 ., (aez2an)

<ebg Tt §(||<1 — €37 (a1 + azn)? (b + ban) 1 (az + az€) AT |
=0
+ (1~ €2)7% (ax + agn)? (by + bsn)" 1 (by + b3€)d10; 7 vlla)
+ CS(H(l — %)% ag(a1 + agn)? (by + ban) 270319, wlg
j=0
+ (1~ €)% bs(ar + azn)? (by + ban) 250, ). (3.25)

Similarly, we use (3.14) and (2.1) to obtain

—1~
Haéa; U||L2(A§’Li(7‘—2,7“72) (An))

r—1

< b Y (1= 2)% (az + az€)? (b + b3€)" 1 (a1 + agn) @O0 o)
§=0
(1= 72) 7 (as + azé)? (ba + bs)" I (by + b3n) 3,0, 7 v]|o)
+e (11— 1) T as(az + as€)? (b + bs€) 209y 2w

(L= 7?) b (az + as€) (b + bs€)" 0, vg). (3.26)
Finally, we use (3.20)—(3.26) successively to verify

V(P N, Qo =)o < caQJQ%NHDT,S(a) < oo ' N " B,q(v). (3.27)
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We now prove the second result of (3.19). Let g € L?(Q) and consider an auxiliary problem.
It is to find w € Hg(£2) such that

(Vw,V2)a = (9,2)a, Vz€ Hy(Q). (3.28)

Taking z = w in (3.28) and using (3.17), we obtain || Vw||q < cqllgllq. Moreover, by the property
of elliptic equation with the homogeneous boundary condition, there exists a positive constant

Cq such that

lwll2) < Tallwle + lglle) < TalcalVwla + lglle) < Talc + Dlglle- (3.29)
We now take z = P]{,’Ov — v in (3.28). Then we use (3.18) and (3.27) to verify that

(P = v, g)a| = [(Vw, V(Py"v = v))ql
— (V(Pw — w), V(PY" — v))al
< V(P w = w) 2|V (Py"v = v)]a
< ¢80 N""B,.q(v)Baq(w). (3.30)

Since r > 2, we have By g(w) < o (0o + D|w]| g2 (q)- Finally, we use (3.29) and (3.30) to
deduce that

pLO,
P

geEL?(Q) llglle
9#0

B, o(v)B

< cag%5§2NT’Q(ﬁ;||;’Q(w)

By a()||w|lm2@)
lglle

< ca(ch +1)o5 (0a + 1)6*N ™" Bg(v).

<coptt(oq +1)652N~"

This ends the proof.

Remark 3.3 If Q =5, as in Remark 3.2, then we could improve the results in Theorem

3.2. To do this, let

. . b
Dr,s,a,b(”) = (5

A direct calculation with (3.20) leads to

(DY@ + L% E)2)

IV(Pygo = v)lle < IV(é = v)lla = eN' "D} g,,(0) < eN'" B g (v), (3.31)

where B; ,(v) = Bl (v) + Big(v), and

r—1

*, r—1 'd 'd 1
Blo(v) = (l(a® —*) = 9pollg + 1(0° — ) = Oyv]d)2,

* r—2 r— =2 ~p 1
Brg(v) = (B°I(6° = y*) = 0,0, v[[§ + a®[|(a® — 2°) = 97 ,0)1) 7.

Next, like (3.30), we have

(P — v, 9)al < eN™"B; o(v) B o (w).
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It is easy to show
B; o(w) < (|0Z0]% + 195018 + (a® + 6%)110:0yv]13) .

Moreover, we obtain from (3.28) that |v|g2(q) < 2||glle. Finally, from an argument as in the

last part of the proof of Theorem 3.2, we derive

|Px"v — vl < eN7"y/max(a2 + b2, 1) B (v). (3.32)

Remark 3.4 Recently, Guo and Jia [10] considered L?(Q)-orthogonal approximation and
H}(2)-orthogonal approximation by taking the base functions

B(2,y) = Li€(@, 1) Lon(0(@, 1)) o 2 (6@, y),n(2,9)),  Lm > 0.

But it is simpler to use the results of (3.19) of this paper for numerical solutions of partial

differential equations defined on polygons with mixed inhomogeneous boundary conditions.

3.4 Legendre irrational quasi-orthogonal approximation on quadrilaterals

We are now in position to study the Legendre irrational quasi-orthogonal approximation on
quadrilaterals. Let v(&,n) = v(z(&,7n),y(&,n)), and (see [10])

B2, (n) = (1= mB(=1,~1) + (1 n)i(~1,1)),
Bt () = (1= (=1, 1) + (1 + €)5(1, ~1)),
2 (3.33)
B2, (n) = (1 =MoL, ~1) + (14 (1, 1),
B2,(6) = 3 (1= O3(-1,1) + (1 + (1, 1).
Next, we set
1) = B(—L,m) = Bor, (1), 800, (€) = (& —1) — T2, (6),

(3.34)

=

() =0(L,m) = p,1,(n), Ty, (§) =0(&1) =Ty, ()

3 )

The above four functions vanish at the endpoints of A¢ or A, respectively. Further, we set

B00(6m) = By 90 (€ ) + By aa(6 ),
990l = (1 = F(=1m) + (1 = )BE, ~1) + (1 +E(L,m) + (1 + i€, 1),

U6 n) = %((1 — 1 —no(-1,-1) + 1+ (A —n)v(1,—1)

HI+ O+ 0oL 1) + (1 =& +n)o(=1,1)),

(3.35)

or equivalently,
U00(6m) = 5 (1L =€)y 1, (0) + (1= 1)0p 1, (€) + L+ )Tp 1, () + (1 + )Ty 1, (€))

(1= =nv(=1,-1) + (1 + (1 —n)ov(l, —1)

1
2
+
+ (1 +HA+no(1, 1)+ (1 = +n)o(-1,1)).
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Let

5o(&m) =0(&,m) — Bp.oa(&,n). (3.36)

Obviously, 93 (£,7) vanishes on 9. Accordingly, for any positive integer N, we introduce the

projection corresponding to 052, by

Bl paon(€m) = 5 (1= OPK T, () + (1= m)PE, 50,0
+ (L) Py A, Bb 1, () + (L) Py 5 551, (6))
F A= 90— E-1, -1 + (14 — (L, —1)
(141, 1) + (1 — )1+ m)a(—1,1)).

‘We now set

v (2, Y) = 0 (6, M) le=¢ (@) m=n(ay)s V6.0, Y) = Tp.00 (& Mle=¢ (@) m=n(ea)»

) S (3.37)
Py, 000,00(%,y) = « Pr, 000,00(§, 1) le=¢ (2.4).n=n(z.v)-
Then, we define the Legendre quasi-orthogonal projection *P]{,’ N,.QU as
Pl av(@,y) = Pygud(x,y) + Py, soveoa(z,y). (3.38)
It can be checked that . Py y, qv(z,y) = v(z,y) at the four vertices of . Since
Pl v — v = Pyoua(@,y) — v)(z,y) + Py, satsea(®,y) — vsoa(z,y),
we have
IV (- Py vy 00 = 0)llo < V(P64 — 0d)lla + IV (PR, a0vs.00 — vb00) |- (3.39)

We are going to estimate the first term of the right-hand side of (3.39). We use (3.27),
(3.36) and (3.35) successively to obtain

_ 1
IV (PS8 — ) e < coadg® N* "D, 5(39)

_1 . =N
< 008> N " (Dy,s(0) + Drs(0590) + Drs(Ty 90))- (3.40)

Thus, it suffices to estimate the right-hand side of (3.40). Firstly, by using (3.27) again, we

have

3
D,s(0) < cog” > BY (). (3.41)

j=1
We next estimate DT7S(%\£}‘%Q). We have from (3.35) that for r > 2,
o 1 —~ ~
00y a(6:m) = fa;r<<1 — )€ ~1) + (14 (e 1),

O 0 (Em) = SO0((1 — E)B(—1,m) + (1 + €)B(L,7)).
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On the other hand, for r > 3,

1a A 1,21, ~ ~ 1 r—1g ~
O yBhda(§m) = SO (=B(E, ~D) +3(6, 1) = 5 / O 9,3(¢. m)d,

PR 1,1, ~ .
0, ) = 595 (AL +30,m) = 5 [ 0055 m)de
Besides,
1 ~ . ~ ~
e,y 0y 9 (E.1) = 5 (=0qu(=1,1m) = O¢u(€, —1) + 9,u(1, ) + 9cv(€, 1))

1 N 1 -
—5 [ s man+; [ odne e
Av] A§
With the aid of the previous equalities, a direct calculation yields
~(1 -3/ p2 3 4
D5 (Ba) < 0 * (Big(v) + Blo(v) + Blo(v)), (3.42)

where

r

B =3 (30 101 =€) (a1 + agn)” (b + byn)" 050, o]l 21,

B3 0= ) (2 + a8 b + by kD el e, ).
v=1,3

Finally, we estimate D, s(v, ( ) o). In fact,

82/\172(%9(& n) = 8;615,239(5 n) =0 for r > 2,
8T 19,0, Ub an(f n) = 0¢0," 1% asz(f n) =0 forr>3.

Moreover,
3N 1 ~
00,3 aen) = =7 [ dedsatc mdca

As a result, D,.,g(ﬁé%g) =0 for r > 3, and

Ds 5(059) < ll(a1 + asn)(az + as€)2v]lo + (b1 + bsn) (b2 + bs€) D20l
+ [[(a1 + azn) (b2 + b38)9:0yvl|la + ||(b1 + ban)(az + az€)9.0yv||a
+ [lasdzvlla + [|bs9y v
—% /(2 (3)
< b * (B, q(v) + By o (v)). (3.43)
We now estimate the second term of the right-hand side of (3.39). By virtue of (3.35), we
have
*ﬁ[{]b 90Ub,00 — Ub,00
1
=-((1~- f)(PJ{rbOA Ang(U) - ﬁg,Ll(n» + (1 - )(Pzif’:)/\ﬁg L, (&) — UAg,L2 (€))

2
+ (L4 ) (Priy a, P,y (1) = T, () + (L4 0) (Prip 0.1, (6) = D1, (€)))-
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With the aid of (3.5), we verify that for r, > 2,

[V 5(+ Py, 000,00 — Ub,00)|ls

. [EETI. .
< CNbl P((1=n?) "z anbﬁz?,LlHS +1](1 - ) ) bvb Lolls
+11(1 = n? ) 8”’“1) L3||S+H(1—§ ) 3”% L4||S)

= NPT (=0T O a(-L)ls + [|(1 - €)' (e, ~1)]ls

10 =) T oo m) s + 11— €)™ 9P a(E, 1)),

The above inequality with (2.6) implies
IV (P, savs.00 — vho0)lle < coady Ny B (v). (3.44)

A combination of (3.39)—(3.44) gives
4
IV Py w00 = 0)llo < coadg (N7 S BE @)+ N BYgw). (345)
=1

Remark 3.5 If O =S, as in Remarks 3.2 and 3.3, then by virtue of (3.31), we obtain

IV (P08 — vd)lle < eNY7(Blo(0) + Dig.an(@a0) + Dic.as @ a0))- (3.46)

Like (3.42), we have

D} 0,00 0) < e(BIa ) + Br(v), (3.47)
where
1
* r=1 . 1
B = (30 @ =) T 0ol + D 10 =) T Ovlta,))
v=24 v=1,3
Similarly,
D} 0,0.0(T 90) < eBIG(v). (3.48)

On the other hand, it can be checked that

IV (« PNb 90Vb,00 — Vb,00)|la < CBTb Q( ). (3.49)

Finally, a combination of (3.46)—(3.49) leads to

3
IV (P v = 0)la < N7 (32 BIA () + Bro(v): (3.50)

j=1

We find that in the estimate (3.50), there is no the term corresponding to Bﬁi))(v), which
appears in (3.45). This fact leads to the super-convergence of spectral element method with

rectangular elements.
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3.5 Other Legendre irrational quasi-orthogonal approximations

We now turn to several Legendre irrational quasi-orthogonal approximations corresponding
to Neumann or Robin boundary conditions imposed on certain parts of the boundary. For
fixedness, we assume that certain Neumann or Robin boundary conditions are given on L; U Lo
(see Figure 1). Let 0*Q = Lg U Ly, and

YHY Q) ={ve HY(Q) |v=00n0"Q}, °Vn(Q) ="HY(Q)NVNn(Q).
The orthogonal projection OP]{,ﬂ :OHY(Q) — "V () is defined by
(V(OPY quv—1),Vd)a =0, Vo€ "Vy(). (3.51)

Next, let

B0,00) = 0(0,m) — ML), 5,(6) = (6 1) — 51+ €01, 1).

Evidently, vy ;. (1) = ) 1, (1) = 0. Further, we set 9¢,(&,7) = 0(£,1) — Up,00(&, ), with

BonlEn) = 5 (1+ 01, (1) + 5 (140, (€ + (1 +OA+ R, (352

The function 7% (£, n) vanishes on 9*Q.

We also introduce the projection

~ R 1 1 1 N
Py, 20b00(&,m) = 5(1 +5)OPJ{@,A,,@2,L3 (n)+ 5(1 +77)0P1{fb,A5@2,L4 )+ 1(1 +&)(14+n)v(1,1).

Finally, we introduce the quantities v%(z,y), vy 00(z,y) and *P]{[b)ag’l)bﬁg (z,y) in the same way

as in (3.37), and define the quasi-Legendre orthogonal projection *P]{,) Ny.QV by
Py N, 0V(@,y) = Py que (2,y) + « Py, aqUs00(7,y). (3.53)
It can be shown that . Py y, qu(x,y) = v(z,y) at the vertex Q4 = (1,1).
Following the same line as in the derivation of (3.45), we could prove that

T‘?

4
IV(Ph x, v =Vl < condg (N7 Y BI @) + N BT o(0)), (354)
j=1

where

5 - r—1 — I
BEyw) = (11 = 7%) 7 (az + as&) (b2 + b3)™ 050y F ol o,
k=0
r—1
(1= €)= (a1 +agn)®(by + b3n)" 050y vl r2(L,))-
For designing and analyzing Petrov-Galerkin spectral element method for polygons, we need
other Legendre quasi-orthogonal projections. For simplicity, we suppose that certain Neumann

or Robin boundary conditions are given on L. Let 9*Q = Lo U L3 U Ly, and

YH(Q) ={ve H'(Q) |[v=00nd"Q}, °Vy(Q) ="H (Q)NVy(Q).
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The orthogonal projection OP}V’Q : Oﬁl(ﬂ) — OV N (Q) is defined by
(V("Pyqv ), Voo =0, o€ Vy(Q). (3.55)
Next, let
012(€) = (&, ~1) — 5L+ OO, -1), 8,,(6) =6, 1) — 51+ €1, 1),
Bp 15 () = 0(1,m) — 5 (L= n)o(1,—1) = S (1 +n)o(L, 1).

Clearly, 9y ;, (1) = 0p 1, (£1) = 0) 1, (1) = 0. Further, we set 54,(¢,7) = 9(€,7) — Up.00(€,7)
with

Buon(€) = (L= 1)01,() + (1+ O 1, (1) + (1 +0)7 1, (€)

[t

+ (@ + A =L, —1) + (1 + (1 +n)v(1,1)). (3.56)

The function 79 (£, n) vanishes on 9*().

We also introduce the projection
P, 000b,00(&,1)
= SO0 =) P, 0006 + (14 OPE T )+ (14 )P, 0781, (6))
(O =D, ~1) + L+ (1 +mD(L,1)).

Finally, we introduce the quantities v{,(x,y), vs,00(2, y) and « Py, sqvs.o0(2,y) in the same way
as in (3.37), and define the quasi-Legendre orthogonal projection *P]{,’ N, .U by

—1
*PJ{/,Nb,QU(x»y) = OPN,Qv(f)z(xa y) + *PJ{/b,aQ”b,BQ(%y)' (3.57)

It is easy to show that . Py v, qv(z,y) = v(z,y) at the vertices (z,y) = (1,-1) and (1,1).
Following the same line as in the derivation of (3.45), we could prove that

4
IV(P x, 00 = v)lla < condy (N7 3" BE(0) + N " BL o)), (358)
j=1
where
B ) = S(1(1 = 12) 7 (a2 + ag€)" (be + bs€)" 050 ¥ ol| 121y
k=0

r—1 _ _
+ (1= €)= (a1 + asn)*(by + bsn)" %050, vl L2 (L,014))-
In the same manner, we can define various Legendre quasi-orthogonal projections *P]{,) Ny QU
corresponding to Neumann or Robin boundary conditions imposed on some edges of ), and
derive the error estimates similar to (3.45), (3.54) and (3.58), respectively.

Remark 3.6 If Q = S, ;, as in Remarks 3.2 and 3.5, then we could derive the error estimates

of the above Legendre quasi-orthogonal projections, which are similar to (3.50).
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4 Petrov-Galerkin Spectral Method for Mixed Inhomogeneous
Boundary Value Problems

In this section, we propose the Petrov-Galerkin spectral method for quadrilaterals.
Let B(x,y) be a non-negative and uniformly bounded function, 9**Q = L; U Ly and 9*Q
= L3 U Ly (see Figure 1). We consider the following mixed inhomogeneous boundary value

problem:
7AU(I77J) = f l',y), (I7y) € Q7
nU(z,y) + Bz, y)U(2,y) = g2(x,9), (z,y) € 07Q, (4.1)
U((E,y) = gl(xv ) (m,y) € 0*Q.
We set
Ve () ={ve HY(Q)NC(Q) | v= g1 on 9*Q},
V(Q)={ve H(Q)NC(Q)|v=0ond*Q}
and
ag(u,v) = (VU,Vv)q + Bz, y)U(x,y)v(z,y)ds, Yu €V, (Q), ve V().

0%+ Q
The weak formulation of (4.1) is to find U € V,, () such that

ag(U,v) — /a*mgg(x,y)v(x,y)ds = (f,v)a, YveV(Q). (4.2)

For solving the above problem properly, we first consider an auxiliary problem. For this

purpose, we set g1(&,m) = g1(x(§,n),y(€,n)) and define the projection *P]{,b,amgl(x,y) by

. 1. 1.
Pl o0 (@) =Pl o, (BL0) = S3(L DA +0) + SG(L DA +m)| L on L,
2 2 n=n(z.y)
1 1
1 _0pl ~ i 1
Pl o001 (@9) = "Pya (316 1) = GR(LDO+O) + 500,00 +8)| _ . on Ls
The auxiliary problem is to seek the solution W eV p1 () such that
b
0s(Weo) = [ lopulo)ds = (fo)a, Vo€ V(@) (4.3
**Q
Obviously, we have from (4.2) and (4.3) that
—A(U((E’ y) - W(.’E, y)) =0, (:E,y) € Qa
U(xay) - W(xay) = gl(xa y) - *PI{fb,B*le(xvy)v (%y) € 0" (.

According to the properties of elliptic equation and the error estimates for the Legendre quasi-
orthogonal approximation, we verify that

U = Wllgi @ < cllgr — *Pj{fb,a*gglnH%(a*Q)

1 1
<clg — *Pj{fb,a*991||1211(a*9)||91 - *Pj{fb,a*lenizw*Q)

< 009551]\757“[(%3*9(91)7 (44)
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where

b
rp—1

Ky oea(g) = Y (11— 1%) 77 (a2 + as€)F (ba + b3&) ™ *0E 0 "1l 12 (L,
k=0

11— €))7 (a1 + azn)* (by + bsn)* 0RO F g1 [| 12 (1,)-

We are going to design the Petrov-Galerkin spectral scheme for solving (4.3). We need three
kinds of base functions. Let L;(§) be the Legendre polynomial of degree [, as before. The base

functions, corresponding to the interior domain €2, are given by

(Li(€) = Li2(©) (Lun (1) = Lns2(01)| .

§=¢(z,y),m=n(z,y)

0 _
1/’Q,l,m(fﬂv y) = \/(41 +6)(4m + 6)

The base functions, corresponding to the edges L3 and Ly, are defined as

E=€(a,y) m=n(z,y)

U1,(09) = 5 (14 (L (1) = Lisa(o)|
V01, (0.9) = 5 (L (L0 (6) ~ Liso(©))|

E=¢(x,y)m=n(zy)

The base function, corresponding to the vertex Qy, is

1
Lz, = —(1+ 1+ ‘ .
Yo ( y) 4( 5)( 77) §=¢(z,y),m=n(z,y)

Now, let Wi n,(2) be the finite-dimensional set spanned by all ¢, ;. (z,v), ¥, ;. (%,),
@[124,14(%,31) and Yo, (z,y), 0 < l,m < N —2, 0 <l3,l4 < Np. Clearly, Wx n, () C H' () N

C(£2). Further, we let

VNva(Q) = {¢ € WN,Nb (Q) | d) = *PI{/I,,B*le on a*Q},
Vi, () = {6 € WN N, () | ¢ =0on 0"Q}.

The spectral method for (4.3) is to find wy, n, € Vi n, () such that

ap(n ) = [ e )o(en)ds = (F0)a, Vo€ Vi, (©). (4.

For derivation of error estimate of numerical solution, we introduce the auxiliary orthogonal
projection Py n. qv: H'(Q) N C(Q) = Vi n, (Q), such that

ag(Py n,.ov —v,0) =0, Vo € Vi, (Q). (4.6)

This, together with (4.3), leads to

(Pl W) = [ aae)ow)ds = (Foa, Vo€ VN @) @)

Subtracting (4.7) from (4.5) yields

ag(wn N, — Pyn, oW, 0) =0, Vo € Vi n, (Q).
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This implies wx, n, = Py y, oW, and thus
ag(wn,n, = Wywnn, = W) = ag(Py y, oW = W, Py y, oW = W). (4.8)
We shall use the following lemma.
Lemma 4.1 For any v € V,(Q) and z € Wy n, (),
ag(v — PJ{/,NI,,QU’ v PI{/,Nb,Q'U) <ag(v—zv—2). (4.9)
Proof Clearly, Py y, qv — 2z € V3 y, (Q). Thereby, a direct calculation with (4.6) gives
ag(v — 2,0 = z) = ag(v = Py n, oV 0 = Py n, 0v) + as(z = Py n, 0,2 — Py, a0)
+ 2ap(v — PJ{I,Nb,vi P]{I,Nb,ﬂv —z)
> ag(v — PJ{I,Nb,QUa v — PJ{I,Nb,QU)'
This ends the proof.
Let *P]{,_’Nmﬂv be the projection defined by (3.53). By using (4.9) with v = W and z =
«Py n, oU, we obtain from (4.8) that
asnn, = W, wnn, = W) < as( Py, all = Wy <Py 0l = W)
<2a5(: Py n, U — U, «Py .y, oU —U) +2a5(U =W, U = W).

Finally, we use (4.4), (3.54) and triangle inequality to reach
GB(wN,Nb - U, WN,N, — U)

4
. 1,
< coady! (Nl"" 3" BULU) + NEBP(U) + N me,a*Q(gl)). (4.10)
j=1
Remark 4.1 In actual computation, we evaluate the terms
ﬁ(x» y)92 (‘ra y)¢(‘r’ y)ds

0**Q

and (f, ¢)q approximately. Thus, in general, there exist two additional errors depending on the
accuracy of numerical quadratures and the smoothness of f and go.

5 Petrov-Galerkin Spectral Element Method for Polygons

We are now in position to study Petrov-Galerkin spectral element method for mixed inho-

mogeneous boundary value problems defined on polygons.

5.1 Composite Legendre irrational quasi-orthogonal approximation on polygons

Let Q be a polygon with the boundary 9Q = 9*Q U 8**Q and 9*Q N §**Q = (). We may
impose Neumann or Robin boundary conditions on 9**$2. We divide 2 into convex quadrilaterals
Q; (1 <4 < n) with the boundary 09;, the edges L;,, the vertices @;, and the angles

0;, (1 < v < 4). Besides, 0*Q; = 0Q; N 0*Q and 9**Q; = 0Q; N 0**Q. The local variable
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transformation are denoted by & = &(x,y) and n; = n;(x,y) (1 < i < n). The corresponding
quantities oq,,va,,d9,,di,1,di2,ai1,0i2,0:3,b;1,b; 2 and b; 3 are defined in the same way as
for single quadrilateral (see Section 3). Let h; = diam ;. Assume that the partition of
satisfies the following hypotheses:

n

i=1
Hy) each vertex of ; is also one of vertices of adjacent quadrilaterals,

) if Q; N 0N # 0, then Q; has at most two edges belonging to 9**Q,
if L;, C 0*Q, then L;, ¢ 0**Q,
there are positive constants Ao and A; such that 0 < Mg < 60;, <\ <7, 1 <v <
4, 1<2<n and so 0 < §ph? < 6q, < 61h?, 1 <i<n.
Let N = (Ny,Na,- -+, N,) and r = (rl,rg,- - ,7Tn). We define the composite Legendre

irrational quasi-orthogonal projection *PI&L N,V by

/\/\/\/\
\_/\_/

_ 1 :
o, = «Pn, N, 0,0 1 <0<,

1
PNy,

where the local projections . Py, y, v are constructed in such a way that

(A) if 9**Q; = 0, then Py, y, v is given by (3.38),

(B) if **Q; # 0, say 9**Q; = Li1 U Ly o, then . Py, n, o v is similar to (3.53),

(C) if **Q; # 0, say 9**Q; = Ly 1, then Py . o v is similar to (3.57).

Clearly, if L;, and Lk o are the same segment, say L;3 = L 1, then the coeflicients in the
expansions of P]{,ﬁ An .,(ni) and PNb0 Ag Ly (M) are the same. It can be checked that
*Plll’Nb’Qv € HY Q)N C’( )

For description of approximation error, we introduce the notations Bg )91 (w) (1 <j<4)
and Bﬁf)g (v) (4 < k < 6), with the quantities &, 7, 0q;, Vq,, 00, di.1, di2, i1, Gi2, Gi3, b1, bi2
and b; 3, respectively. Also, we introduce the quantity D,, o,(v) in such a way that

(A) if 9 = 0, then D, o,(v) = B, (v),

75,82
(B) if 0" # 0, say 9*Q; = Li1 U Ly, then Dy, o, (v) = BTy, (v),
(C) if 9 # 0, say 9**Q; = Ly 1, then Dy, q,(v) = BV, (v).
According to the previous statements and a standard argument as in [2, 5, 15], we observe
that if Bg)m (v) and Dy, q,(v) are finite for integers 2 < r; < N; +1 (1 < ¢ < n) and

2 <71y, < Np+1, then

Mux

||v(*PllT,Nb,QU ”Q < CZUQ 6 (Nl " BS{,)QL (’U) + NblirbDTb,Qi (U)) (51)

Jj=1

5.2 Spectral element method for polygons

Let 8(x,y) be a non-negative and uniformly bounded function. We consider the following

problem:

—AU(:L’,y) = f(x,y), (Jf,y) € Q,
nU(x,y) + Bz, y)U(2,y) = g2(x,9), (z,y) € 07Q, (5.2)
U(Z‘,y) = gl(xvy)’ (m,y) € 0*Q)
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If 9*Q = () and B(x,y) = 0, then we require additionally that (f,1)q = 0 for consistency, and
that (U, 1)q = 0 for uniqueness of solution. For simplicity, we suppose that 9*Q # 0, or 5(z,y)
is not always null.

Now, we set

Vo () ={ve HY(Q)NC(Q) | v = g1 on 9*Q},
V(Q)={ve H(Q)NC(Q)|v=0ond*Q}
and
ag(u,v) = (VU,Vv)q + 6**9ﬂ(x7y)U(x,y)v(x7y)ds7 Yu eV, (), ve V(Q).

The weak formulation of (5.2) is to find U € V;, (2) such that

ag(U,v) — / go(z,y)v(z,y)ds = (f,v)a, YveV(Q). (5.3)
8**Q
For solving (5.3), we first consider an auxiliary problem. To do this, we let

§1 (5, 77) =0 (1‘(57 77)7 y(f’ 77))7

and introduce the projection

Py, 9-091(2,9)|orq, = PN, g-0,91(2, 1),

in which the local projection *PJ{Ib,a*Q,-gl(% y) depends on the location of 9*Q);. For instance,
if the edge L; 1 = 0*(Q;, then

~ 1. 1.
Py, om0 (2,y) = Pzir’bo,/\m (91(—1a ) = 591(=1, =11 =) = 5q1(=1, 1)(1 + m))
1. 1.
+ 591(—17 DA —ni) + 591(—17 (1 +m)

Ei=ti(z,y)mi=ni(z.y)

The auxiliary problem is to seek solution W € V, PL o0
b

(©) such that

ag(W,v) — /a*mgg(x,y)v(x,y)ds = (f,v)q, YveV(Q). (5.4)

We have from (5.3) and (5.4) that

_A(U(xvy) - W(xvy)) =0, (x,y) € Q,
On(U(z,y) = W(x,y)) + Bz, y)(U(z,y) = W(z,y)) =0, (x,y) € 07,
U(x,y) - W(x,y) = gl(x,y) - *P]{fb,a*ﬂgl(xay)’ (xvy) € 9"Q.

Like (4.4), we have

U =Wl <N~ 00,00 Kr,0-0,(91), (5.5)
=1
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where K, 9+, (g1) = 0 if 9*Q; = 0, otherwise,

i

rp—1

Tb
DI =) (a2 + as€)  (be + bs&)™ TF 00 Fgillna .y, i Lin SO,
k=0

T rp—1
SN =€) (ar + agn)*(by + ban)" TFOEO P grll Loy, if Lin SO,
Ky 000,(91) =550

rp—1

T
SO =) "7 (ag + asd)* (ba + bs&) ™ F L0y Fgillrap, ), i LisCO*Q,
k=0

1

Th .
SN =€)7 (ar + agn)F by + bsy)FOFOy K gr e,y if Lia SO
k=0

For solving problem (5.4) numerically, we need three kinds of base functions. We first take

the base functions corresponding to §2;, as

1
o v/ (4l; + 6)(4m; + 6)
V0 t0am (B Y) =4 (L4, (6) = Liy12(60)) (L, (1) — Lomy 42(m1)) . on 0,
&i=Ei(z,y), ni=n:(z,y)
0, otherwise.

Next, we define the base functions corresponding to the edges of quadrilaterals. For instance,

if L, = L; 1 = Ly 3, then the corresponding base function

1 _
——(1 =&)Ly, . () — Ly, , i ) on €2,
24/4l; 1 + 6( &)L " () : ’k+2(n ) &i=¢i(z,y)mi=ni(z,y)
¢%-kl'k(may): ! 1 O
_(1+ L . - L, , on Qy,
o L TR lm) = 2D e g
0, otherwise.

The third kind of base functions correspond to the vertices of quadrilaterals. For example,

if Qiy1 = Qiy2 = Qiy,3 = Qi, 4, then the corresponding base function

| _
Ya—e)1—n , on £,
il( 1)( K 1) iy =81 (x,9),mi; =04, (T,Y) 1
—(1+ &)1 —m o on By
4( 2)( K 2) 57’2:57'2 (I,y),ni2:77i2 (z’y) :

by ) = 4 1 .

Qirigigis (T S+ &)1+ i) , on €,

il Eig=Eiq (2,9) iy =1i (2.9)
—(1=&)1 +n; o iy,
4( 4)( 4) §iy=Eiy (T,y),mi,=niy (T,y) '
0, otherwise.

Now, let Wi, (2) be the set spanned by {ll)?zhli;mi (z,y), 0 <l;ym; < N;—2,all w%i il (T
y), 0 <lix < Ny and all 9q, . . . (2,y). Clearly, Wn n, () C H' ()N C(Q). Furthermore,

Vi, (2) = {¢ € Wnn, (Q) | ¢ = Py, g-001 on 0°Q},
VRin, () = {¢ € W n, () | ¢ =0 on 9°Q}.

The Petrov-Galerkin spectral element method for (5.4) is to find wn,n, € VN n, (©2) such that

a5 (wnxy ) — / 9o, ), y)ds = (f, D)ar Y € Viiw, (). (5.6)

0**Q)
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For derivation of error estimate of numerical solution, we introduce the orthogonal projection
P n, v HY ()N C(Q) = Va.n, (Q) such that

aB(PliI,Nb,QU —v,V$) =0, Voe Vg, (Q).
This, along with (5.4), leads to
05 (PRl oWod) = [ ma(en)olen)ds = (Fo)a, Vo€ R (@ ()
Subtracting (5.7) from (5.4) yields
aB(PliT,Nb,QW —wN,N,, V@) =0, Vo € VY n, (D).
This implies wn, N, = PllLNb’QVV.

Following the same line as in the derivation of (4.9), we can prove the following lemma.

Lemma 5.1 For any v € Vy, (Q) and z € Wy n, (),
ag(v — P&Nhgv,v - P]{[’Nhgv) <ag(v—z,v—2). (5.8)
By using (5.8) with v = W and z = . Py y, oU, we obtain

ag(wn,n, — W,wN.N, — W)
=a (PNNbQW WPNNbQW W)
ag(«Pry N, 0U = W, Py, oU = W)
2a5(« P,y U = U« Py vy U = U) +2a5(U = W,U = W). (5.9)

| /\

\ /\

Finally, a combination of (5.1), (5.5) and (5.9) leads to the following conclusion.

Theorem 5.1 If the hypotheses (Hi)~(Hs) hold, U € H'() N C(Q), and all BV, (v),
Dy, a,(v) and K., o,(v) are finite for integers 2 <r; < N;+1, 1 <i<nand2 <ry, < Ny+1,
then

1U = wn w110
l—’f'
< chm b, (! ZBﬁ% + N, D0 U) 4 N K erau(9)). (5:10)
Remark 5.1 If all elements are rectangles, then

U —wn NbHHl(Q)

< ey ondg! (N ”ZB‘*’” U)+ N, "D o, (0) + N Krora(gn). (5:10)
=1

Hereafter, Df,:)ﬂ (v) = Bﬁ:g) (v), as long as 9**Q; = 0. If 0**Q; = L; 1 UL, 5, then

=1 . 1
D () = (1(a® = 22) T Owl3aqs, o + 106% =52 T 0v)2ap,,)E
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If 8**91 = Li,l; then

* r=1 .. =1 o i
D () = (I(a® = 22) T Owll3a (s, yur, o) + 107 = 42) T Opvl3as, ) E

Remark 5.2 We have max(|a; 3|, |bi 3

,]oq,|) < ch;. Therefore, the result (5.10) implies

n T ri—1
IU = wn,w, (@) < CZN;_”(thi_l\\afagﬁkUHQ + > hiEokoy U g
i=1 k=0 k=0
4 r;
30D 0k T U e )
v=1k=0
n 4
Ny YD D T 050 T Ul
i=1 v=1k=0
_1
e, Hafagb_kgl||L2(Li,ma*9))- (5.12)

Hereafter, Lf, = 0 if L7, € 0**Q. Otherwise L, = L;,. The above result is similar to
[5, (5.4.16)] and the corresponding result of [17] for multi-domain pseudospectral method of a

special problem.

Remark 5.3 If all elements are rectangles, then

n T 4
U = wnn, @) <D > N TR <||3§3;i_kUHQ +y I\a’g?@;i"“Ulle(Li,»)
=1 k=0 v=1

n 4 1y
Ny DD k1050 U ey,

i=1v=1k=0

1
+ N, 20505 il r2 (L. nor0))- (5.13)

Since the error estimate (5.13) does not contain the term of order Nilfri h:iiQ, which appears
in (5.12) for the general case, our new method with rectangular elements provides the global
super-convergence automatically. For example, if h; = h, N; = N, = N and U € HNT1(Q),
then U — wn,n, 51 @) < ()N Ul v+ (o)-

Remark 5.4 We could regard the above suggested spectral element method as a new h —p
version. However, there exist several differences between them. Firstly, unlike the finite element
method, we use spectral approximation on each element. Next, there are some Jacobi weights
in the piece-wise norms involved in the error estimates, which cover certain weak singularity
of solution. Thirdly, our new method with rectangular elements provides the global super-

convergence automatically.

Remark 5.5 The Petrov-Galerkin spectral element was also discussed in [10]. Whereas,
the Robin boundary condition was not considered in that paper. Next, one supposed in [10]
that each element has at most one edge belonging to 0**(2. This may bring some difficulties in
numerical process at the corners of polygons. By the way, the first result of (3.19) was used in
[10], but without the proof.
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6 Concluding Remarks

In this paper, we develop the Petrov-Galerkin spectral element method for polygons. We
establish the basic results on the Legendre irrational quasi-orthogonal approximation, which
still keeps the spectral accuracy, even if the considered function has certain weak singularity.
These results play important roles in Petrov-Galerkin spectral and spectral element methods
for mixed inhomogeneous boundary value problems of partial differential equations defined on
polygons. As examples of applications, we provide the Petrov-Galerkin spectral element schemes
for two mixed inhomogeneous boundary value problems, with the spectral accuracy. It is also
demonstrated that if all elements are rectangular, then the global super-convergence follows
automatically. The approximation results and techniques of this work are also applicable to
many other problems with complex geometry, as well as exterior problems with non-rectangular
obstacles.
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