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Abstract The main objective of this article is to study both dynamic and structural
transitions of the Taylor-Couette flow, by using the dynamic transition theory and geo-
metric theory of incompressible flows developed recently by the authors. In particular,
it is shown that as the Taylor number crosses the critical number, the system undergoes
either a continuous or a jump dynamic transition, dictated by the sign of a computable,
nondimensional parameter R. In addition, it is also shown that the new transition states
have the Taylor vortex type of flow structure, which is structurally stable.
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1 Introduction

The study of hydrodynamic instability caused by the centrifugal forces originated from the
famous experiments conducted by [13] in 1923, in which he observed and studied the stability
of an incompressible viscous fluid between two rotating coaxial cylinders. In his experiments,
Taylor investigated the case where the gap between the two cylinders is small in comparison
with the mean radius, and the two cylinders rotate in the same direction. He found that when
the Taylor number T is smaller than a critical value T, > 0, called the critical Taylor number,
the basic flow, called the Couette flow, is stable, and when the Taylor number crosses the critical
value, the Couette flow breaks out into a radially symmetric cellular pattern as in Figure 1.

There have been extensive studies for the Taylor problem from both the mathematical and
physical point of view; see among many others, [1, 2, 15, 16]. Over the years, the Taylor problem,
together with the Rayleigh-Bénard convection problem, has become one of the paradigms for
studying nonequilibrium phase transitions and pattern formation in nonlinear sciences.

The main objective of this article is to address the dynamic transition of the Taylor-Couette
flow, and study the formation and stability in its structure of the Taylor vortices. The main
technical tools are the dynamical transition theory and the geometric theory for incompressible
flows, both developed recently by the authors (see [6, 11] and the references therein).
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Figure 1 Couette flow and Taylor vortices

The main philosophy of the dynamic transition theory is to search for the full set of transition
states, giving a complete characterization on stability and transition. The set of transition states
is represented by a local attractor. Following this philosophy, the dynamic transition theory is
developed to identify the transition states and to classify them both dynamically and physically.
One important ingredient of this theory is the introduction of a dynamic classification scheme
of phase transitions. With this classification scheme, phase transitions are classified into three
types: continuous (Type-I), jump (Type-I1T) and mixed (Type-III). The dynamic transition
theory is recently developed by the authors to identify the transition states and to classify them
both dynamically and physically (see above references for details). The theory is motivated by
phase transition problems in nonlinear sciences. Namely, the mathematical theory is developed
under close links to the physics, and in return the theory is applied to the physical problems,
although more applications are yet to be explored. With this theory, many long standing phase
transition problems are either solved or become more accessible, providing new insights to both
theoretical and experimental studies for the underlying physical problems.

For simplicity, we focus in this article on the z- periodic boundary condition, which is an
approximate description for the case where the ratio = between the height L and the gap

ro — 71 is sufficiently large. We remark that similar results hold true as well for other type of
boundary conditions, as well as for three dimensional perturbations (in the narrow-gap case);
we refer the interested readers to [11] for further details.

The main results obtained are as follows.

First, we show that the system always undergoes a dynamic transition as the Taylor number
T crosses the critical Taylor number T,. The types of the transition can be either continuous
(Type-I) or jump (Type-II), and are dictated precisely by the sign of a nondimensional param-
eter R, given completely by the first eigenvectors, the ratio of the angular velocity of the outer
and inner cylinders u, and the ratio of the radii of the inner and outer cylinders 7.

Second, when R < 0, the transition is continuous, and the critical exponent of the phase
transition, i.e., the exponent in the expression of bifurcated solutions, is f = % Moreover,
there is only one critical Taylor number 7, such that the secondary flow tends to the basic flow
(Couette flow) as T' — T.

Also, for the narrow-gap case, the parameter R defined by (3.23) is negative: R < 0,
provided the two coaxial cylinders rotating in the same direction, including the case where the
outer cylinder does not rotate.

Third, when R > 0, the transition is a jump transition, leading to more drastic changes, co-
existence of metastable states, and potentially more chaotic/turbulent behavior. In particular,
there are two critical Taylor numbers T, and T with T* < T,. When T* < T < T, the system
has two metastable states X, the trivial Couette flow and X7, a local attractor away from the
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Couette flow. When 7" > T, the solution always moves away from the basic Couette flow to a
more chaotic/turbulent regime, represented by the local attractor X7

Fourth, the theoretic analysis carried out in this article shows that a street of vortices appear
in the secondary flow for the narrow-gap case with g — 1. Thus the theoretic results are in
agreement with the Taylor experiments.

The article is organized as follows. The partial differential equation model and the set-up are
given in Section 2, and the main dynamic transition theorems are given in Section 3. Explicit
expressions of the parameter R for determining the types of transitions are further discussed in
Section 4. The formation and structural stability of the Taylor vortices are addressed further
in Section 5, and the main theorems are proved in Section 6.

2 The Taylor Problem

2.1 Couette flow and Taylor vortices

Consider an incompressible viscous fluid between two coaxial cylinders. Let r; and 79
(ro > r1) be the radii of the two cylinders, 2, and 2, the angular velocities of the inner and
the outer cylinders respectively, and

QQ T1
— . 2.1
n=gr 1= (2.1)
The nondimensional Taylor number is defined by
4402
T= — L (2.2)

where v > 0 is the kinematic viscosity, and h is the vertical length scale.
There exists a basic steady state flow, called the Couette flow. In the cylindrical polar
coordinate (1,0, z), the Couette flow is defined by

(up, ug,uz,p) = (O,V(r),(),p/%VZ(r)dr),

(2.3)
V(r)=ar+ g,

where (u,.,ug, u,) is the velocity field, p is the pressure, and a, b are constants. It follows from
the boundary conditions that

V(Tl) = Ql’l"l, V(’I“Q) = QQTQ7

and the constants a and b in (2.3) are given by

©

77;7 b:er%(l_M)7
1—19 1—n?

a=—-Mn

where p and 7 are given by (2.1).
Based on the Rayleigh criterion, when p > n?, the Couette flow is always stable at a
distribution of angular velocities

b
Qr)=a+— forr <r<ra.
T
However, when p < 72, the situation is different. As in the Taylor experiments, consider the

case where the gap 7o — rq is much smaller than the mean radius ro = %(rl + 72), namely,

T+ T2

ro — 11 K s
2 1 5
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and the two cylinders rotate in the same direction. If the Taylor number T in (2.2) satisfies
T < T, then the Couette flow (2.3) is stable, and if T, < T < T, + ¢ for some € > 0, a street
of vortices along the z-axis, called the Taylor vortices, emerge abruptly from the basic flow, as
shown in Figure 1, and the corresponding flow pattern is radically symmetric and structurally
stable.

When the gap 75 — r1 is not small than ro = 1(rq 4+ r2), or when the cylinders rotate in the
opposite directions, the phenomena one observes are much more complex (see [1] for details).

Hence, in this section we always assume the condition

n* > pu>0. (2.4)

2.2 Governing equations

The hydrodynamic equations governing an incompressible viscous fluid between two coaxial
cylinders are the Navier-Stokes equations. In the cylindrical polar coordinates (r, 6, z), they are
given by

ou, ug B 2 Jug U, 19p
TR L (b R Yt
Oug Uptlp 2 Ou, ug 1 0p
R L (TR ) e
(2.5)

ou, 10p

. — Ay, — =
ot + (u-V)u, = vAu, 92
d(ru,)  Oug  O(ru.) 0

or 00 0z

where v is the kinematic viscosity, p is the density, u = (u,, ug, u,) is the velocity field, p is the
pressure function, and
0 ug 0 0
-V = e — an zZ
“ “ ar + r 00 tu 0z
82+18+182+82
or2  ror  r2002 922

Then it is easy to see that the Couette flow (2.3) is a steady state solution of (2.5). In order
to investigate its stability and transitions, we need to consider the perturbed state of (2.3):

A:

1
Ur, Ug+ V(T)a Uy, D+ p/ ;02(7")d7‘.

The perturbed equations read

aaz;w(u.v)urff_V(AUT_;%?_@_;% %(T)UG_@@;;’
T+ Vo + L (B + ST M) D (v D, - T2 y
8;5z+(u-V)uZ_yAuz 1%_%%”;’ :
8(7“Uz)+8(ruT) dug _
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To derive the nondimensional form of equations (2.6), we let

24/
ht), x = (r,r0,z),

(x,t) = (hx’,

vu! py2p/
(U’?p): (T??)v U:(UT,’LLQ,’LLZ).

Omitting the primes, we obtain the nondimensional form of (2.6) as follows:

ou 2 Jug u uz  Op
T — Ay — ——2 T (- 20 _ 28
ot tr 1"22 o0 r2 (u2 V)ur + r or
_ - —p  l-porf 1 0u,
5 \/f(l—an2 1—n2r2>(u0 289)’ 5
o _ 20ur  up _ugur 10p
E_Aue—i_ﬂ o0 r? (- V)ug r 00

(2.7)

+ﬁn2—u ﬁ(nQ—u_l—uﬁ)%7
1—n2 1-—n%2r2/) 00

ou, o NTm?>—pu  1—pri\ou,
R G e el S e R
O(ruz) =~ O(ru,) Oug

o: " ar Toe 0

where T is the Taylor number as defined in (2.2).
The nondimensional domain for (2.7) is

Q = (I1,12)  (0,27) x (0, L),

where [; = 5 (i = 1,2), and L is the height of the fluid between the two cylinders. The initial
value condition for (2.7) is given by

u(r, 0, 2,0) = ug(r,0, 2). (2.8)
There are different physically sound boundary conditions. In the #-direction, it is periodic
u(r, 0+ 2km, z) = u(r,0,z), VkeZ. (2.9)
In the radical direction, there is the rigid boundary condition
u= (uy,ur,ug) =0, atr=I,ls. (2.10)

At the top and bottom in the z-direction (z = 0, L), either the free boundary condition or the
rigid boundary condition or the periodic boundary condition can be used:
Dirichlet Boundary Condition

u= (up,up,u,) =0, atz=0,L; (2.11)
Free-Slip Boundary Condition
8ur 8ue

=0, =_—2=0, atz=0,L; 2.12
u o o 0, atz=0 (2.12)

Free-Rigid Boundary Condition

Oou, Oug

=0 5, =%, =0 atz=1 (2.13)

u= (U, ur,ug) =0, atz=0;
Periodic Boundary Condition

u(r,0,z+ 2kL) = u(r,0z), VkeZ. (2.14)
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3 Dynamic Transitions

3.1 Functional setting

We now study the Taylor problem (2.7) with the z-periodic boundary condition (2.14) and
with axisymmetric perturbations. Assuming that the equations (2.7) are independent of 8, and
taking the length scale h = r5 in the nondimensional form, we obtain

auz . ap ~

5% = Au, 9, (w-V)u,, 2

Ou, 1 1 op ug .

ot _<A_r2)ur+)\(r2_ﬁ)u9_8r+ T ~ @ Vyur, (3.1)
aUQ 1 ’

ot
O(ruy) n d(ru,)
0z or

where A = /T, T is the Taylor number, and

AR —-p)t

T=——“2—- 7 = =
O
1-5 2 10 0?
=—2L, A=_—S+-+55
1—p orz  ror 022

- 0 0
(u-Vv)= Ur g + Uz

The nondimensional domain is M = (n,1) x (0, L), and the boundary conditions take (2.10)
and (2.14), i.e.,

u = (uzaurauﬁ) =0, atr=n,l, (3 2)
u is periodic with period L in the z-direction. '

The initial value condition is
u=up(r,z), att=0. (3.3)
For the Taylor problem (3.1)—(3.3), we set

div(ru) =0, u, =0 at r =n,1, and}

_ 2073
i = {u = (@, up) € L*(M) ‘ u is L-periodic in the z-direction

Hy = {u € H*(M)>N H | u satisfies (3.2)},
and the inner product of H is defined by
(u,v)g = / u - vrdzdr.
M

Let the linear operator Ly = —A 4+ AB : H; — H and nonlinear operator G : H; — H be
defined by

Au=—P(Au., (A~ T%)u (a- T%)ue),

Bu = P(O, (T% — /{)ue, nur), (3.4)

UgUy- )
)

G(u) = _P((a V)us, (@ V)uy — % (@ V)ug +
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where P : L?(M)?® — H is the Leray projection. Thus the Taylor problem (3.1)—(3.3) is
rewritten in the abstract form

= bt G(u), (3.5)
u(0) = ug
For simplicity, let G : H; — H be the corresponding bilinear operator defined by
G(u,v) = —P((a Vo, (i@ V)u, — “if’a (- V) + “i”)
Then it is easy to see that
(G(u,v),w)g = —(G(u, w),v) g (3.6)

3.2 Eigenvalue problem

To study the phase transition of the Taylor problem (3.1)—(3.3), it is necessary to consider
the eigenvalue problem of its linearized equation. The associated eigenvalue equation of (3.5)
is as follows:

Lyu = —Au+ ABu = S(\)u, (3.7)
and the conjugate equation of (3.7) is given by
Liu* = —A*u* + AB*u* = B(A\)u*. (3.8)

The equations corresponding to (3.7) are as follows

op
Auz - & - ()‘>u27 a

1 1 p _
(A712)UT+A(7«2H)UG&I“6()\)UT7 (3.9)
(A - ﬁ)ug + Akt = B(N)ug,
div(ra) = 0.

The equations corresponding to (3.8) are given by

Au; = 5= = B(\)ul, ,
1y . . Opr *
(A_TZ)UTJFAMIH o = Bur, (3.10)
(3= )+ =) =
div(rii*) = 0.

Both (3.9) and (3.10) are supplemented with the boundary condition (3.2).

We start with the principle of exchange of stability (PES). It is known that for each given
period L, there is a Aj = Ao(L) such that the eigenvalues 5;(\) (j =1,2,---) of (3.9) with (3.2)
near A = \} satisfy that 81 (M), -+, Bm(A) (m > 1) are real, and

<0, if A<,
B =0, it A=A
Re B;(A5) <0 for j >m+ 1.

<1<
for 1 <i<m, (3.11)
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In addition, there is a period L’ > 0 such that

Thanks to [16, 15], for u = % > 0 the multiplicity m = 2 in (3.11) at A\g = Ao(L’) (see also
3, 14]).

In this section, we always take L’ as the period given by (3.12), and define the following
number as the critical Taylor number:

T. = X\2(L)).

For simplicity, omitting the prime, we denote L’ by L.
By (3.11) and (3.12), to verify the PES, it suffices to prove that for A > A,

Bi(A) >0, V1I<i<m. (3.13)

To this end, we need to derive the eigenvectors of (3.9) and (3.10) at 5;(Ag) =0 (i = 1,2).
It is readily to check that the eigenvectors of (3.9) with (3.2) corresponding to 8;(Ag) = 0
(i = 1,2) are given by
1 = (¥, ¥, g) = (—sinaz D,h(r),acosaz h(r),cosaz ¢(r)), (3.14)
U1 = (s, Uy, 0g) = (cosaz D,h(r),asinaz h(r),sinaz o(r)), (3.15)

where (h(r),(r)) satisfies

1
(DD, — a?)*h = a2)\0(r—2 - n) ©,
(DD, — a®)p = —\okh, (3.16)
(h,Dh,) =0, atr=mn,1

and d d 1 2
s
b= D=g*v =1

The dual eigenvectors of (3.10) with (3.2) read
Y7 = (Y, ¢r ) = (—sinaz Dyh*(r),acosaz h*(r),cosaz ¢*(r)), (3.17)
OF = (5,0, ) = (cosaz Dyh*(r),asinaz h*(r),sinaz ¢*(r)), (3.18)

where (h*, ¢*) satisfies
(DD, — a®)*h* = \ory™,
1
(DD, — a?)¢* = —az)\o(— - H) h*, (3.19)
r
(h*,Dh*, ") =0, atr=n,l.

The following lemma shows that the PES is valid for the Taylor problem (3.1)-(3.3) with
p = 0.

Lemma 3.1 If u > 0, then the first eigenvalues B;(A) (1 < i < m) of (3.9) are real with
multiplicity m = 2 near A = Ao = /1., and the first eigenvectors at X = A\ are given by (3.14)
and (3.15). Moreover, the eigenvalues B;(A\) (j =1,2,---) satisfy conditions (5.4) and (5.5) at
A = Ag, i.e., the PES holds true at the critical Taylor number T.
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Proof We only need to prove (3.13). By [9, Theorem 2.1], it suffices to verify that

(Bunw¥i)m #0,  (Bun,vi)m #0. (3.20)
We infer from (3.4), (3.14), (3.15), (3.17) and (3.18) that

(Bwlvwl)H* 31/11,1/11)
// ~ ks Wp +wr¢9}dzdr

- r[(% — n)hcp + mph*}d (3.21)

Since 1 > 0, by (2.4), we have 0 < k < 1 and -5 — x > 0 for n <7 < 1. On the other hand, we
know that the first eigenvectors (h(r),¢(r)) of (3.16) and (h*(r), ¢*(r)) of (3.19) at A = Ay are
positive (see [15, 3, 14]):

h(r) >0, ¢(r)>0, h*(r)>0, *(r)>0, Vn<r<l. (3.22)

Thus (3.20) follows from (3.21) and (3.22). The proof is completed.

3.3 Phase transition theorems

Here we always assume that the first eigenvalue of (3.9) with (3.2) is real with multiplicity
m = 2, i.e., the first eigenvalue A\g of (3.16) is simple, and the PES holds true. By Lemma 3.1,
this assumption is valid for all u > 0 and 0 <n < 1.

Let ¢1 and 97 be given by (3.14) and (3.17). We define a number R by

1 . .
R = Gy (G(@00) v + (G4, @), i) ) (3.23)

where ® € H; is defined by
(A= XoB)® = G(¢1,41). (3.24)

Here operators A, B and G are as in (3.4). The solution ® of (3.24) exists because G(v, 1) is
orthogonal with %] and {/;{ in H.

The following results characterize the dynamical properties of phase transitions for the
Taylor problem with the z-periodic boundary condition.

Theorem 3.1 If the number R < 0 in (3.23), then the Taylor problem (3.1)—(3.3) has
a Tyep-I (continuous) transition at the critical Taylor number T = T, or X\ = Ao, and the
following assertions holds true:

(1) When the Taylor number T < T, or A < Ao, the steady state u =0 is locally asymptoti-
cally stable;

(2) The problem bifurcates from (u, ) = (0, Ao) (or from (u,T) = (0,T.)) to an attractor
Ay homeomorphic to a circle S* on Ay < A\, which consists of steady states of this problem;

(3) Any u € Ay can be expressed as

ﬁl}(;\)‘iv_’_ouﬁlﬁ)’

v =21 + yi,
2?4yt =1,

u=|
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where 1,11 are given in (3.14) and (3.17);

(4) There is an open set U C H with 0 € U such that Ay attracts U\ T', where T' is the
stable manifold of w = 0 with codimension two in H;

(5) When 1 — p > 0 is small, for any ug € U\ (I' U H), there exists a time to > 0 such
that for any t > tg, the vector field u(t,up) = (u.,u,) is topologically equivalent to one of the
patterns shown in Figure 2, where u = (u(t, up), ug(t,uo)) is the solution of (3.1)~(3.3), and

_ L 1
H= {u = (Uy, Uy, up) € H ’/ / ru,drdz = O};
0 Jn

(6) When 1 — p > 0 is small, for any ug € (UN ﬁ) \ T, there exists a time ty > 0 such that
for any t > to, u(t,ug) = (uz,u,) is topologically equivalent to the structure as shown in Figure
3.

r

(@ (b)
Figure 2 Taylor vortices with a cross-channel flow

9000

r

Figure 3 Taylor vortices without a cross-channel flow
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Theorem 3.2 For the case where R > 0, the transition of the Taylor problem (3.1)—(3.3)
at T =T, is of Type-II. Moreover, the Taylor problem has a singularity separation at T* < T,
(A* < Xo). More precisely, we have the following assertions:

(1) There exists a number \* (0 < \* < o) such that the problem generate a circle ¥* = S*
at X = \* consisting of singular points, and bifurcates from (5*,A\*) on \* < X to at least two
branches of circles X7 and ¥, each consisting of steady states satisfying

. 1 _
Jlim = {0},

dist(¥3,0) = min |lullz >0, at A= Xg
ues)

(see Figure 4).

(2) For each \* < X\ < Xg, the space H can be decomposed into two open sets U and
Up:H= Ui\ +U;\ with U NUS = 0, X9 C U NOUS such that the problem has two disjoint
attractors A} and A3 :

A ={0} Cc U}, %3cC Ay CUD,
and A} attracts U} (i = 1,2).
(3) For \o < A, the problem has an attractor A satisfying

lim Ay = A%, dist(AY,0) >0, VYA > Ao,
A— Ao

and A* attracts H \ I'x, where I'y is the stable manifold of u = 0 with codimension my > 2 in
H.

Figure 4 Singularity separation of circles consisting of steady states at A = \*

4 Explicit Expression of the Parameter R

4.1 General case

The parameter R defined by (3.23) and (3.24) can be explicitly expressed in the following
integral formula:

1 T ! deo
R=——"|— [ rhp*=22d
(wl,wmb/n T

+ /OL/1 r((a V)il + (- V)patbh + (- V)
n

+ (- V) + (6 V)gthy + (0 - V) oty
n Potbriby n Vodrig 2¢9¢9¢:)drd4’
T T T
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where § = (), Y1 = (s, %r, o), W] = (7,7, 43) are given by (3.14) and (3.17),
L r1
(0, 67 = / / P( 7 + bt + Yo )drds,
0 Jn

and ¢g, @ = (¢z, ¢dr, Pg) satisfy

1
DD, ¢y = a(ng*h + hDg + ;(ph),

¢O‘r:n,l =0,
0 1.
—A¢, + 5712) =3 sin 2azHq (1),
1 1 9 1
( 2) (727H>¢9+872; :—icos2azH2(r),

1 1
( 7)(]59 — Nk, = 5 cos 2azH3(r),

div(ré) =0, ¢ = (4., ¢r),
¢|T:77,1 =0.

Here H;(r) (i = 1,2,3) are as in (6.9).

4.2 Narrow-gap case

We consider here the case where the gap ro — 71 is small compared to the mean radius
ro = I with x4 > 0 and with axi-symmetric perturbations. This case is the situation
investigated in [13].

We take the length scale h = ro — ;. Then the narrow gap condition is given by

T+ 172

l=ro—rm < 5

(4.1)
Under the assumption (4.1), we can neglect the terms containing =" (n > 1) in (2.7). In
addition, by (4.1) we have

2

_\/><7] —K 1—p T1):\/T(1_ 1—p 7'2—71),:@(1_(1_#)(7‘—7"1)).

L—n* 1—n*r? 1—n2 72
Let
2
n K
azl—nz' (4.2)

Replacing ug by v/aug, and assuming that the perturbations are axi-symmetric and are inde-
pendent of 6, we obtain from (2.7)

ou, ~ B dp

ot + (a-Vu, = Au, — o

N | Yy = Ay — PP (1= (1= p)(r — 1) s,

ot or (4.3)
Dug '

+ (- V)ug = Aug + VaTu,,

ou, i Oou,
or 0z

ot

207
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where
0? 02 0 0

In this case, the spatial domain is M = (r1,71 + 1) x (0,L). For convenience, we consider
here the Dirichlet boundary condition

ulon = 0. (4.4)
The initial value condition is axisymmetric, and given by
u=up(r,z), att=0. (4.5)

The linearized equations of (4.3) read

Jp

—-A z o — Y

Uy + 9% 0

Au Jrap Aug — A1 — p)(r —r)u

—AUr + o = Aug — - - 0,
or ! (4.6)

—Aug = M,
Ou,  Ou,
or + 0z =0,

where A = vaT, T is the Taylor number given by (2.2).
Let A; > 0 be the first eigenvalue of (4.6) with (4.4). We call

)\2
T.=- 4.7
8 (47)
the critical Taylor number, where « is given by (4.2).
As p — 1, equations (4.6) are reduced to the following symmetric linear equations:
dp
—-A z a. — 07
et 0z
0
—Auy + 2L = N,
or (4.8)
—Aug = My,
Oou, Ou,
=0.
0z * or
Let the first eigenvalue Ao > 0 of (4.8) with (4.4) have multiplicity m > 1, the corresponding
eigenfunctions be v; (i =1,--- ,m), and the corresponding eigenspace be

Ey =span{v; | 1 <i<m}.
We remark here that under conditions (2.4) and (4.1), the condition u — 1 can be equiva-
lently replaced by
2496
= 4.9
1 1—p (4.9)
for some 0 > 0. In this case, the parameter « in (4.2) is

3
(V]

=
NS

R
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When the conditions (4.1) and (4.9) hold true, p — 1 and r; — co. In this case, the equa-
tions (3.1) are replaced by (4.3), and the linearized equations of (4.3) reduce to the symmetric
linear system (4.8). For the approximate problem (4.8) with (3.2), we use Ry to denote the
number R defined by (3.23) and (3.24):

1

Ry= ——
A

(G(®,91),¢1) + (G(¥1, @), 1) H]-

Here 11 is given by (3.14) with (h, ¢) satisfying

h=Dh=0, ¢=0, atr=1,n,
and ® is defined by

(A= XoBo)® = G(v1,v1),

(4.10)
By® = P(0, g, ®,.).

By (3.6), we have

Hence, we infer from (4.10) that

1 1

- (@ - (A .
Ro =~ (G 1), ) = — e (4= Ao Bo), @)

We see that A — A\gBy is symmetric and semi-positive definite, and
G('L/)l, 1/)1)J_KGI'(A - )\QB()), (I)J_KGT(A — )\0B0).
Therefore, it follows that

1

fw(m —X0Bo)?®, (A — \gBy)2®)y < 0.

Ry =

On the other hand, it is known that the number R(u) in (3.23) is continuous on pu, and
R(pu) = Ry, aspu— 1.

Hence, we derive the following conclusion.

Theorem 4.1 For the Taylor problem (3.1)—(3.3), there exist o <1 and 0 < ny < 1 such
that for any po < p < 1 and ng < n < 1 with u < n?, the parameter R = R(u,n) defined by
(3.23) is negative, i.e.,

R(p,m) <0, Ypo<p<1l, nm<n<l

Consequently, the conclusions in Theorem 3.1 hold true.
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5 Formation and Stability of the Taylor Vortices

Assertions (5) and (6) in Theorem 3.1 provide an asymptotic structure of the solutions in
the physical space when the gap ro — 71 is small, as observed in the experiments. However, for
general parameters 17 and p we can not give the precisely theoretic results, and only present
some qualitative description. Here we consider two general cases as follows.

Case: p > 0. Following [16, 15], for the eigenvector (h,¢) of (3.16) the function i can be
taken as positive and has a unique maximum point in the interval (n,1). Therefore, for the

eigenvectors defined by (3.14) and (3.15), the vector fields (¢,, %,.) and (., ,) are divergence-
free and have the topological structure as shown in Figure 3. Hence, to obtain Assertions (5)
and (6) in Theorem 3.1 for any u > 0, it suffices to prove that

R'(r)#0, atr=rg1,mn, (5.1)

where r9 € (n,1) is the maximum point of h. We conjecture that the property (5.1) for the
eigenvector (h,p) of (3.16) is valid forall 0 < p < land 0 <7y < 1.

Case: p < 0. In this case, the situation is different. Numerical results show that the vector
field (¢, %¢,) in (3.14) has k > 2 vortices in the radial direction, called the Taylor vortices,
which has the topological structure as shown in Figure 5 (see [1]). This type of structure is
structurally unstable. However, as discussed in [4], under a perturbation either in space H or

in ) .
H = {(uz,ur,w) € H‘ / / ru,dzdr = 0},
0 Jn

there are only finite types of stable structures. In particular, if the vector field (¢,,,) in (3.14)
is D-regular, i.e., h(r) satisfies (5.1), then there is only one class of stable structures regardless
of the orientation. For example, when ug € H\ (I'UH), the asymptotic structure of the solution
u(t, ug) of (3.1)~(3.3) is as shown in Figure 6, and when uy € H \ T, the asymptotic structure
of the solution wu(t, up) is as shown in Figure 7. It is clear that the class of structures illustrated
by Figure 6 is different from that illustrated by Figure 7. The first one has a cross the channel
traveling flow in the z-direction and the second one does not have such a cross the channel flow.

r

01000
01000
O|0]0 0] .

Figure 5 (%2, %,) has k vortices in r-direction

ATAY

Figure 6 The stable structure with a perturbation in space H \ (I U H)

§/5/8

Figure 7 The stable structure with a perturbation in space H \T
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6 Proof of Main Theorems

6.1 Proof of Theorem 3.1
We shall prove this theorem in the following several steps.

Step 1 We claim that the problem (3.1)—(3.3) bifurcates from (u,A) = (0, A\g) to a circle
St which consists of stead states.
It is easy to see that the problem (3.1) with (3.2) is invariant for the transition in the
z-direction
u(z, 7, t) — u(z + 29,7, 1) for zo € RL.

Therefore, if ug is a steady state solution of (3.1) with (3.2), then for any zg € R* the function
uo(z + z0,7) is also a steady state solution. We can see that the set

¥ = {uo(z + 20,7) | 20 € R'}

is homeomorphic to a circle S in Hy for any ug € H;. Hence, the singular points of (3.1) with
(3.2) appear as a circle.

It is known in [16, 15] that there exist singular points bifurcated from (u, A) = (0, Ao). Thus
this claim is proved.

Step 2 (Reduction to the Center Manifold) We shall use the construction of center manifold
functions to derive the reduced equations of (3.5) given by

dz _ (G(u), ¥i\)m

at BNz + (Vin, 3)m 61)
dy (G(u)v{jﬁ)\)H '
- = )\ + = =

at = O T

where 1) and %Zu are the eigenvectors of (3.9) corresponding to 81(\) near A = Ao with

lim d)l)\ = 77[}1, d)l as in (314),
A— Ao

~ ~ ~ 6.2
lm Ay =11, 4 asin (3.15), (6.2)
)\*)/\0
and 97, and {/;f/\ are the dual eigenvectors of v, and zzl » satisfying
lim ¥f, =i, ¥ asin (3.17),
)\—)Ao (6,3)

lim ¢, = ¢, ¢ as in (3.18).
A— Ao
Let ¥ : Ey — Eg be the center manifold function of (3.5) at A = g, where
Eo = span{t1, 11},
Ey ={ue H | (uy])n =0, (u,97)n =0}

Let ug = 2tb1 + yib1 € Eg. Then it is easy to check that G(ug) € Ei. Hence, by the center
manifold approximation formula in [12, 11], we find that

U = p(x,y) + ol + [yI*) + OB (N |z + [y]*)),

—Lag = G(1,91)2? + G(1, 1)y? + (G(1, ¥n1) + Gy, 1)) zy. (6.4)
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On the center manifold, v = ug + ®(ug). Therefore, from (6.1)—(6.4), we obtain the reduced

equations of (3.5) to the center manifold as follows:
dz x
p

+G( W1, 9),¥]) i + o(|e* + |y[*) + e1(NO(|f* + ly[*),

dy i
p

+G( W1, 9), 97 i + o(|«* + |y[*) + e2(NO(|f* + [y[*),

where p = (¢1,9}) i = (¥1,9%)mr, and
lim ¢;(A\) =0, i=12.

A— Ao ’

Furthermore, direct calculation shows that

G(t1,¥1) = Pio + Ppa,  G(Y1,1) = Prog — Py,
G(Y1,91) = Po + P2, G(¢1,91) = —Pg + Py,

where P : L?(M)? — H is the Leray projection, and

0,

Yo = — %(a%D*h +a*hDh — %502),
g (@D*h + hDy + %h(p),

g sin 2az((Dyh)* — hDD,h),

1 1
5 = —{ =cos2az(a*hDh — a®*hD.h — =¢?),
B 2
r

1
g cos 2az (hDg@ — @D, h + fgah),
r

N g((D*h)Q + hDD,h),

Yo=—140
0

,g cos 2az((D.h)? — hDD.h),
L. 2 2 Lo
Py = — 2sm2az(a hDh — a*hD.h — 7n<,0 ),
1
g sin 2az (thp —¢oD.h + fgoh)
r

Thus, (6.4) is rewritten as

(A= XoB)¢ = (a* + y*) Pt + (2% — y*) P + 20y Pi)s.

Let
¢ = —[(@* +y*)do + (2% — y?)da + 2zy o],
¢0 = (07 07 900)7

b2

1 _ ~ -
g = (5 cos 2az ¢, sin 2az¢,., sin 2@2%) -

1
( -3 sin 2azy,, cos 2azy,., COS 2az<pg> ,

&t = B+ (G0,00) + Glon,0), 01 + (G, 4)

4t = P+ 2 (G6,90) + G, 0), 0 + 1 (G(,4)
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Then we deduce from (6.6) and (6.7) that
@z:@z; 907":&% 909:{5&
and (v,, ¢r, pg) satisfies
1
(DD, — 4a®)¢, + 4a®)\o (72 _ m> 0o = 40> Hy + 2aDH,,
(DD* - 4a2)<p9 + Aok, = Hs,

1
z = —D, T
¥ % ¥

0, =0, 9g=0, ¢,=Dyp,=0, atr=nmn,l,
where Hi, Hy and Hj3 are given by
H, = a((Dyh)* — hDD,h),
Hy = a*hDh — a*hD.h — %ch,
Hy = a(hDgo — oD+ %goh).

Based on (6.8), we find

(G(h1, 6i) + G(di, 1), Yi)g =0 fori=0,2,
(G(l/)l,qZ)z)—FG( 1,77111) 1/)1)1.1—0 for 1 =0,2,
(G, ¢2) + G(¢27¢1)a¢T)H =0,
(G(1, $2) + G(da,91), %} i = 0.

Then, putting (6.7) into (6.5), we deduce that

S Y %x@ +42)(G(d0, 1) + G, do) )

dt
—%x(ﬁ —yA)(G(b2r 1) + G, b2), )i
—ixzﬂ(a@ D) + G, 32) ) m
Follzf* + [yl?) + (MOl + ),

= By = Syl + ) (Glo. ) + GG, 0), T

—%W — y®)(G(b2, 1) + G, 62), T )

—%yﬂfz(G(g%dJl) + G, 02), 07 )m
+o(|z|® + [y|*) + e2(N)O(|z* + [y[?).

Direct computation yields

(G2, 91) + (W1, $2), 1) 1t = (G(Ba, ¥1) + G(ih1, ba), ¥} )
= (G(¢2,1Z1) (1/J17¢2) Wf)

T. Ma and S. Wang

(6.10)

= (G(¢2,91) + G(t1, $2), U7 ).
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Hence, (6.10) can be rewritten as

dz
5 = e+ Re(a® + )+ o(z + [y*) + (N0l + ), (6.11)
: .
= By + Ry(a® + ) + ollal’ + [y) + £2(NO((af + |y ).

where
RZ—%(G(¢o+¢2,¢1)+G(¢17¢2+¢2)7¢T)H- (6.12)

On the other hand, we infer from (6.6) and (6.8) that
(A - AOB)d)z = sz for i = O, 2,
Hence, we find

Q= —(¢o + ¢2),
(A= XB)® = G(¢Y1,1) = Pipg + Pio.

Thus the number (6.12) is the same as that in (3.23).

Step 3 Proof of Assertions (1)—(4). When R < 0, (z,y) = 0 is locally asymptotically
stable for (6.11) at A = Ag. Therefore, u = 0 is a locally asymptotically stable singular point of
(3.5). By the attractor bifurcation theorem (see [5, Theorem 6.1, p.153]), the problem (3.1)—
(3.3) bifurcates from (u, A) = (0, Ag) to an attractor Ay which attracts an open set U \ T, and
Assertions (1), (3) and (4) hold true.

In addition, the nonlinear terms in (6.11) satisfy the coercive condition in the S'-attractor
bifurcation theorem (see [5, Theorem 5.10]) and the conclusion in Step 1, and Assertion (2)
follows.

Step 4 Attraction in C"-norm. It is known that for any initial value ug € H there is a
time tg > 0, such that the solution w(t, ug) of (3.1)—(3.3) is analytic for ¢t > ¢¢, and uniformly
bounded in C"-norm for any r > 1 (see [7, Theorem 1]). Hence, by Assertion (4), for any
ug € U\ T, we have

lim min ||lu(t,up) — voller = 0. (6.13)

t—00 vogE Ay

Step 5 Structure of solutions in A). By Assertion (3), for any steady state solution
o = (g, ur, up) € Ay, the vector field & = (u,, u,) of ug can be expressed as

u, = ycosa(z + 20)Dih(r) + wi(z,7, B1), (6.14)
up = aysina(z + zo)h(r) + wa(z, 7, 51) .

for some zg € RY, where

. wi=o(|fi|?) fori=1.2.

As in the proof of Theorem 4.1 in [8], we deduce that the vector field (6.14) is D-regular for
all 0 < A — A\g < e for some € > 0. Moreover, the first order vector field in (6.14)

(vz,vp) = (ycosa(z + z0) Dih(r),aysina(z + z9)h(r)) (6.15)



972 T. Ma and S. Wang

has the topological structure as shown in Figure 3.
Furthermore, it is easy to check that the space

H = {u = (Uy, Uy, ug) € H’ / ru,drdz = O}
M

is invariant for the operator Ly + G defined by (3.4). To see this, since u is z-periodic and u = 0
at r = 1,7, we have

L 1 L 1 L 1 L 1
/ / r(u-V)u,drdz = / / rur%drdz = 7/ / 8(Tur)uzdrdz = / / r%uzdrdz
0 Jn 0 Jn or oJn Or 0 Jy 0z

=0, YueH,

L p1 _
/ / rAu,drdz =0, VYué€ H.
0 Jn

Thus, we see that H is invariant for Ly +G.
Therefore, for the vector field (6.13), we have

/ ru,drdz = 0.
M

By the connection lemma and the orbit-breaking method in [6], it implies that the vector field
(6.14) is topologically equivalent to its first order field (6.15) for 0 < A — X\g < €.

Step 6 Proof of Assertions (5) and (6). For any initial value ug € U \ (I'U H), we have
up = Y _ one + wo, (6.16)
k=1

where wg EI;, and for any k=1,2,---,

1
o= (@(,0,0, [ @lr)dr £o,
n
and ey (r) satisfies that
D,Deéy = —pier, €glr=n1 =0, 0<pr<pz<---.
Make the decomposition

H =E®H,, H =HnNH,
H=FE&®H,
E = span{ej,eq, -+ }.

Then equation (3.5) can be decomposed into

i Lye, ec€FE,
dw ~
5 =Lyw+ G(w), w € Hy, (6.17)

(e(0),w(©)) = (D axer, wo)-
k
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It is obvious that
Lyex, = —pgex.

Hence, for the initial value (6.16), the solution u(t,ug) of (6.17) can be expressed as

u(t,ug) = Zake_p’“tek + w(t, uo),

1 4§ (6.18)
/ er(r)dr # 0.

By (6.13), we have
tli}rn llw(t,ug) — vollcr =0, wg € Ay,

which implies by Step 5 that w(t,ug) is topologically equivalent to (6.15) for ¢ > 0 sufficiently
large, i.e., w(t, ug) has the topological structure as shown in Figure 3.

By the structural stability theorem, Theorem 2.2.9 and Lemmas 2.3.1 and 2.3.3 (connection
lemmas) in [6], we infer from (6.18) that the vector field in (6.18) is topologically equivalent to
either the structure as shown in Figure 2(a) or the structure as shown in 2(b), dictated by the
sign of ay, in (6.16) with ky = min{k | ax # 0}. Thus, Assertion (5) is proved.

Assertion (6) can be derived by the invariance of H under the operator Ly + G and the
structural stability theorem with perturbation in H , in the same fashion as in the proof of
Theorem 2.2.9 in [6] by using the connection lemma.

The proof of Theorem 3.1 is completed.

6.2 Proof of Theorem 3.2

When R > 0, by [10, Theorem A.2], we infer from the reduced equation (6.11) that the
transition of (3.1)—(3.3) is of Type-II. In the following, we shall use the saddle-node bifurcation
theorem (see [10, Theorem A.7]), to prove this theorem. Let

H* = {(UZ,UT,UQ) €H | ’LLZ(—Z,T’) = —UZ(Z,T)},
Hf =H, NH"

It is easy to see that the space H* is invariant under the action of the operator Ly + G
defined by (3.4):

Ly+G: Hf — H*, (6.19)

and the first eigenvalue f1(A) of Ly : Hf — H* at A = Ao (T = T¢) is simple, with the first
eigenvector ¥ given by (3.14). Hence, the number R in (6.12) is valid for the mapping (6.18),
i.e.,
Glayr + @(x),97) = Ra® + o|a]).
Thus, it is readily to check that all conditions in [10, Theorem A.7] are fulfilled by the operator
(6.19). By Step 1 in the proof of Theorem 3.1, each singular point of (6.19) generates a
singularity circle for Ly + G in H. Therefore, Theorem 3.2 follows from [10, Theorem A.7].
The proof of Theorem 3.2 is completed.
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