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Abstract The author first studies the Lipschitz properties of the monotone and relative
rearrangement mappings in variable exponent Lebesgue spaces completing the result given
in [9]. This paper is ended by establishing the Lipschitz properties for quasilinear problems
with variable exponent when the right-hand side is in some dual spaces of a suitable Sobolev
space associated to variable exponent.
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1 Introduction

The notion of relative rearrangement introduced by J. Mossino and R. Temam turns out to
be an important tool for studying problems involving monotone rearrangement. Here, again,
we shall use it to show the Lipschitz property of some maps. The first one is based on the
following lemma proved in [23, 19].

Lemma 1.1 Let Q be a bounded open set of RN, u € L1(Q2), v € L>=(Q). Then, for a.e.
s € Q* :]07 |QH;
1
(1 0(5) = a(5) = [ vuguran (51t
0
Here, vy (yytv) 15 the relative rearrangement of v with respect to u +tv, and u. (resp. (u+v).)

is the decreasing rearrangement of u (resp. u + v).

From which, we shall derive that
e = vilsllpe () < cenllu —vllpy, Yue LPO(Q), Vo e LPO(Q).

See below for the definitions of LP()(Q), u, (resp v, and p*). We recall that, such inequality is
not true if we replace the increasing rearrangement of p, p*(-) by its decreasing rearrangement
p«(+). The counterexample is given in [9)].

The second application of the relative rearrangement concerns the pointwise estimates in
PDE. We recall that the recent development of the study on variable exponent is partly due
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to the fact that it has a connection with some model in fluids mechanics (see [2]) where the

operator given by
p(x)—=2

Q(z,Vu) = (1+|Vul’) "2 Vu

is considered. Many results (see [4, 5, 7, 9, 11-13, 16]) have been given for the Lebesgue space
with variable exponent define by

POQ) = {u QS R, y(u) = /Q u(z)P@) dz < +oo},

where p : Q — [1,400[ is a bounded measurable function.

The space LP()(Q) is endowed with the modular norm:

ullp(y = inf {)\ >0 q>p(§) < 1}.

We shall summarize the properties that we shall use in the next section.
We shall consider two types of model of the form

—div (a(z, Vu)) = —div (F). (1.1)
The first one shall be considered under the following growth condition on a:

[a(z, &) —a(x, )] - [€ — €] > ao(1+ || + €' 2)e — €'

for a.e. z € Q, V&, & € RV if p(x) > 2, some o > 0. In that case the function

. 1 1
weWeP(Q), F=(fi,-, fa), fi€LiO(Q), o T =L e

The second model concerns the equation of the form

a(x,Vu) = (a1 (3:, %), ;aN(x, %))

Each a; has its one growth as for instance, Vi € R, Vo € R,
(ai(w,t) = ai(2,0))(t = 0) = ag(L +|t] + [ )" 72|t — o

for a.e. x € Q, for some agy > 0, p(z) > 2.

We shall consider the solution u € WP1():Pn()(Q) N Wol’l(Q)7 and F' is in an adequate
space.

We shall prove some pointwise inequalities related to the difference of two solutions wuq, us
of (1.1) say, if w = |u; — uz|, then we shall show for instance

~ dw,
ds

(s) < en(o0)s™ " H[|6F) v (s))?  for ae. s, 6F = Fy — Fy,

from which we shall derive the Lipschitz property for equation (1.1).
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2 Notation and Preliminary Results

For our purpose, we consider (for simplicity) €2 an open bounded set and p :  — [1, +o0|
a measurable function. We shall denote by wu, (resp. w*) the decreasing (resp. increasing)
rearrangement of a measurable function u : £ — R that is the generalized inverse of the
distribution function given by

t — [{u >t} = measure {u € Q:u(x) >t} (u*(s) = —(—u)«(s), Vs €]0,|Q[= Q).

As usual, we set |E| the Lebesgue measure of a measurable set E, and yg its characteristic
function.

The scalar product of two vectors X, Y in RY shall be denoted by (X,Y) or X -Y and the
associated norm |X| = vX - X.

Setting
D, (u) = \u(m)|p(m)dx < 400,
Q
we consider the norm
ull .y = inf {)\ >0 cpp(%) < 1} (2.1)

and
LP(-)(Q) = {u: © — R measurable such that |ul,.) < +oo}.

The space (LPO)(Q);] - lp(y) is a Banach function space and an equivalent norm for u is the

following Amemiya norm:
. U
Iulllpoy = inf A(1+2,(5))- (2:2)
More precisely, one has
[ullpey < IHulllpey < 2fullpe)- (2.3)
We set
LL@)={vel Q) :v>0} and L2V(Q)=LrO@Q)NLL(Q).

We recall also that if v € LY(Q), u € L'(Q) then ;1{‘% W exists in a weak sense. This

limit is called the relative rearrangement of v with respect to u : vy,.
More precisely, we have (see [6, 15, 19, 21, 22])

Theorem 2.1  Let Q be a bounded measurable set in RN u,v be two functions in L*(Q)
and w : Q, — R be defined by

s—lu>u.(s)]
w(s) = / o(z)de + / (0] g, (017 (@)
{u>u.(s)} 0

dw

where v|{y—y, (s)} @5 the restriction of v to {u = u.(s)}. Then one has W =, as

A—

weakly in LP(S)) if v € LP(Q), p is a constant with 1 < p < 400 and in L*(Q,.)-weak-star if
p = +o0.
Moreover, |$2|1o(a.) < |v]Lo(o) and [, 92ds = [, v(z)da.
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See [1, 8, 9] for other aspects and properties.

Definition 2.1 Under the same notations as Theorem 2.1 the relative rearrangement of v

with respect to u is ?T‘: and is denoted by vVi,,. In particular, one has

’Lf U1 S V2 then Vlsu < V2xu s v; € LI(Q)

Set Q(u) ={z € Q: {u=u(x)}| =0}. Then for a.e. s € Q,,

[(v1v2x02)) ., (9] < (VT x0W)) ., () (U3Xaw),, (5), i vi € L*(Q), i=1,2.

One property that we shall use for the relative rearrangement is

Proposition 2.1 Let v > 0, u be two functions in L*(Q). Then

(Vs sx < Vs

Here L
Vix(8) = 7/ ve(o)do, s € Q..
0

S
There is a link between the derivative of u, and relative rearrangement of the gradient of u
as it was proved in [17-19, 21, 22]. We will use only the following results.

Theorem 2.2 (PSR Inequality: Poincaré-Sobolev Inequality for the Relative Rearrange-
ment)
(a) Letue€ Wy'(Q), u>0. Then u. € WL(0,|),

5%71

—ul(s) < —|Vulsw(s) a.e in
Nagy

and

L1

’ sy .

—uy,(s) < — ([Vulsw)n(s)  a.e. in Q,,
Nagy

where ay 15 the measure of the unit ball in RY .
(b) Let u € WHL(Q). Then u. € W1(]0,19|]),

loc
min(s, |Q — s)~
Q)

provided that Q is a Lipschitz connected open set of RN. Here, Q(Q) is a positive constant
depending only on .

~1
[Vu|w(s) a.e. in Q.

—u(s) <

The following results are proved in [9].
Theorem 2.3 Let u: Q — Ry and p: Q — [1,400[ be two measurable functions. Then

1

s [t lpe ) < 3 <201+ Q)] s
s el < ey < 200+ 19D .

where u, (resp. p.) is the decreasing rearrangement of u (resp. p) and p* the increasing
rearrangement of p.
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Theorem 2.4 Let p : Q — [1,+00[ be a bounded measurable function. Assume that the
increasing rearrangement of p, p* satisfies: 1 < p*(0) and that in a neighborhood of the origin
0, we have |p*(s) — p*(t)| < m for some A > 0. Thus, for allv >0 and u in L'(Q), if
v e LPO(Q), then (vey)ex € LP O(Q,) and (vey)« € LP O(Q,).

Moreover, there exist two constants ¢y > 0, co > 0 such that

()«

Lemma 2.1 Under the same assumptions of Theorem 3.1, one has for all A > 0,

/{u*>>\} (%)p*(S)(S)dS = /{u>A} (%)pw(m)dx = /{u*>)\} (%)p*(S)(S)ds'

Finally, we have the following theorem (see [19]).

pe() S Vs snllpe () < eallvallp=) < callvllpey-

Theorem 2.5 Let u € WH1(Q) with Q being an open bounded connected Lipschitz set
if you Z 0 (the trace of u on the boundary) and Q is an arbitrary open set otherwise. We
assume that the measure {x € Q : Vu(z) = 0} = 0. Then for any sequence u, converging
to u € WHY(Q) with you, = 0 if you = 0, and for any b € LP(Q), 1 < p < +oo, we have

by, —— by strongly in LP(,).
- n—-+4oo

3 Main Results

3.1 On the Lipschitz property of the mappings u € LP")(Q) — u, € LP"()(Q,)
and v € LPO)(Q) = (Veu)« € LP O (Q,)

Theorem 3.1 Letp: Q — [1,+00[ be a measurable bounded function such that the increas-
ing rearrangement p* of p satisfies p*(0) > 1 and |p*(t) — p*(0)| |Lu |t — o|| < A near zero for
some constant A > 0. Then there exists a constant c;, > 0 such that

I(u + )x — ]

p() S enlvllpeys

Vue LY Q), Vv e Lﬁ(')(Q), where we denote by g..(s) = X [ g.(0)ds for g € L*().

Corollary 3.1 Under the same assumptions as for Theorem 3.1, one has

e = velullpe ) < Mt = valllpe ) < ezllu=vllpg,

where cy, is the same constant as in Theorem 3.1, whenever u and v are in LP1) ().

Proof of Theorem 3.1 We first assume that u € W} (Q) N C°°(Q) with measure {z € Q2 :
Vu(r) =0} =0 and v € C3(Q), v > 0.
Thus u + tv satisfies conditions of Theorem 2.5 for all ¢ and thus the map

0,1 — LY(Q.)

is uniformly continuous.
t = v, (uttv)

For o € Q., we set g(0) = fol Vs(uttv) (0)dt. We know from Lemma 1.1 that

(u+v)s(0) —us(o) = g(o), Voec Q.. (3.1)
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Therefore, one has

1 S
5 [t 00) = ()eds = 95 (3:2)

s
Let us consider m € N — {0} and t; = %, 1=0,---,m. We set
1 m—1
gm(0) = o D Vaquttin)(0)- (3.3)
i=0

Lemma 3.1 One has a constant ¢y, > 0 such that

gmesllp=y < crllvllpey,  Vm.

Proof By convexity property of the mapping h — h..(s), we have

m—1
1
Gmx(8) < m (Vi (uttiv) )2 (), (3.4)
1=0
therefore,
L™
”gm** S m Z Vs (utt; v) % || p* () - (3~5)
=0

Using Theorem 2.4 of the preliminary result section

”(U*(u-f—tiv))**”p*(') < CL”U”;D(~)' (3'6)
From relations (3.5) and (3.6), we get the result.

Lemma 3.2 The sequence g,, converges strongly to g in L*(S.).
In particular, for all s > 0, we have

Imae(8) = Gux(s)  as m — 4o0.

Proof Since the mapping ¢ € [0,1] = v,(y4t0) € L'(€) is uniformly continuous, letting
e > 0, there exists § > 0: if m > %, then

/Q |v*(u+tv) - U*(u+tiv)|(o—)d0 <e (3.7)

*

for |t —¢;] < L
Therefore

m—1 tit1
/Q 9m(@) — g(@)do < 3 / /Q s t) — Vet (0)do < <. (3.8)
i=0 i *

s

This shows the first statement, while for the second one, the result follows from the first
statement and the fact that, Vs > 0,

0es(5) = 99 < 5 [ lgn() = g(0) e (39)

*
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End of the proof of Theorem 3.1 One has, from the Fatou’s property applied to the
Banach function norm on LP")(€),), that

We conclude with relation (2.2) and Lemma 3.1 to derive

1w+ v)s — ]

() < CLH’UHP(A). (3.11)

Let u € L'(). Then there exists a sequence u,, € Wy () N C(Q) with measure {z € Q :
Vun(x) =0} = 0 such that

un(z) = u(xr) a.e. and strongly in L*(Q).

There exists also a sequence of v, € C°(Q) such that v, — v in LP()(Q) strongly. Those
convergences imply that

(U + Vn)s — Uns — (u+v), —u,  strongly in L'(€,).
Therefore, for all s > 0,
[t + O ) = el (5) = [0+ ) — u)se(5): (3.12)
Since
[ + vn)s = tna]usllp=() < crllvnllpe), (3.13)
one derives

I(w + v)s — ]

() < CLHUHP(')' (3.14)

Proof of Corollary 3.1 We replace v by v — u and notice that for all s € €,
s = Va4 (5) < Jtx — valus (5),

thus we derive the result if v and v are in Li(‘)(Q).
Otherwise, we shall consider Ty () = min (|0, k) sign (o), o € R and uy, (resp. vy) defined
by ur, = Ti(u) + k > 0 (resp. vg = Ti(v) + k). Therefore

|| |Tk(u*) - Tk(v*)|**||p*(.) < CL”Tk(U) — Tk(’U)Hp(.), letting k — 400,

we have the result.

Corollary 3.2 Under the same assumptions as for Theorem 3.1, one has for all v1, vy and
u in LPO)(Q),

|| |U1*u - UQ*u'* p*(+) < || |Ul*u - 02*u|** p*(+) < cL”’Ul - UQHp(-)-

In particular, vi,,, € LP"O) if vi and u are in LPO)(Q).



998 J. M. Rakotoson

Proof From Corollary 3.1 of Theorem 3.1, we know that for all A > 0,

U+ Av1)s — (U + Avg)y
H ]( ). — (ut Avy) < cpllvr — vally.)- (3.15)

A

*k

p*(°)

Let us set gx(s) = (“+’\”1)*;(“+)‘v2)* (s). We know that g, converges weakly t0 ¥4, — V24, in

L'(€,) (see Theorem 2.1). Let us choose A=-1, m > 1. Then, from the Mazur’s lemma, there

My, My
exist (jn)j>n, and Y ajn =1, oy >0, hp= ) Qjng1 converges strongly t0 U14y — V2sq IN

Jj=n j=n
LY(Q.).
Thus |hp|« = [Visy — V2xu|+ strongly in LY(£2,) as n — oo and
[ wx(8) — > [U14u — Vasulsx(s)  for all s > 0. (3.16)
n—-+00
But, we have also
il (5) <D @jnlgalan(s), Vs € Q. (3.17)
j=n

From the relations (3.15) and (3.17), we derive

Haleallrr € 3 asallgs el < exllvr = vl (31)
j=n
From relation (3.16) and Fatou’s lemma, we have
[ V140 — V2sulsxllpe () < erllvr = vallpy.- (3.19)
We always have
[ o1ew = V2sulsllp () < N V10w — V2su]sn | p= (- (3.20)

So, from (3.19) and (3.20), we get the result.

3.2 Pointwise estimates for quasilinear equation with variable exponents
The purpose of this section is not to give existence result but only to prove some qualitative
properties of the quasilinear equations,

—div (@(z, V) + bz, V) = —div (F),

when u is a Sobolev spaces with variable exponents. We shall distinguish two types of operators,
the first one will contain the Acerbi-Mingione equation.

3.2.1 Acerbi-Mingione type operators

Let p € L>=(Q), p: Q —]1, +oo[. We shall consider a mapping @ : Q x RY — RN, where
is an open bounded set of RY | satisfying at least the following condition:

(C1) There exist two constants ag > 0, ag > 0 such that for a.e. © € Q, for all £ €
RN, ¢ e R,

(@(z,€) —a(x, &), 6 — &) > aol€ — €'*(ag + [¢] + |€'])P@ 72,
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Since for all § > 0, we have

€ = €17 < (I +1€')° < (ao + €] + 1€')°,
we deduce as in [14] the following proposition.

Proposition 3.1 Ifa satisfies condition (C1), then, for all 6 > 0,

(a(l‘,f) - a($75,)7§ - E’) > OZO|£ - €/|2+6(a0 + |§| + |§/|)p(z)7276.

Following the proof of [14], we have the results below.

p(z)=2

Proposition 3.2 Let us consider a(x,&) = (1+ €))7 2 & € € RN, 2 € Q. Then, @
satisfies condition (C1). Moreover, one can choose ag = 2 if ess{iznf p(x) > 2, otherwise ag = 1.

Theorem 3.2 Let p € L™(Q), p: Q — [2,400[, F1, F2 be two functions such that F; €

LN, ﬁ + ﬁ =1 a.e. Consider u; and ug two elements in Wol’p(‘)(Q) = wyhQ)n

WLr0)(Q) satisfying, ¥V ¢ € Wol’p(')(Q)’

/ a(z,Vu;) - Vodr = / F; - Vdz.
Q Q

Let w = |uy —ug|, F = Fy — F5. Then, there exists a constant cy(ao,ag,p) > 0 such that

dw. 1 L
— o (5) < enlao,a0, p)s™ T OF PLEu(s).
provided that |0F| € L*(Q). Here cy (o, ag, p) = | w2
agNaf 1%

Proof We set da(z) = a(x, Vuy) — a(z, Vug) and u1a = u; — uz. For a fixed s € Q. we
consider the test function, ¢,(z) = (w(z) — w*(s))Jr sign (u12(z)), « € Q. Then we have as in
18, 19]

[00 - Vuia]sw(8) = [0F - Vuia]ww(s). (3.21)
Let
h(z) = ao + |[Vui(z)| + |Vua(z)]. (3.22)
Then, from Proposition 3.1, we have almost everywhere in 2,
(8@ - Vuia)(x) > ao|Vw(z)2hP®) =2, (3.23)
From relations (3.21) and (3.23), one has, using again the relative rearrangement properties,
ao[|VwPhP 2] (s) < [[6F| [Vl (s) (3.24)
and
168 [Vl (5) < D6F (o) V0l (3.25)

Since h > ag, we derive from (3.24) and (3.25) that

x)— 1 2 x)— 3 1
ol VP2 (5) < | (vup e e (29
Qg

o0
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We deduce

2

1

&%)

1

IVw2hP 2], (5) < (0, 60,0)*(5F P)as(s)  with c(ao,a0,p) = —| 55| - (3:27)
0

Q o0

From the PSR (Poincaré-Sobolev inequality for the relative rearrangement) (see Theorem 2.2)

one has
dw, sv—1 sv—1 1
— 5 ) S — Vo € — - [[VulJu(s)
s Nagy Noagy
sv1 1 3 1
< | p()—2 [hp(i)iQ‘vw‘Q]fw- (3.28)
NOtJJ\\; %) >
By (3.27), we deduce
dw, syl 3 1
— 5 ) S — | 5oz @0, a0, p)(16F %) 2u(s). (3.29)
S NO(ﬁ ag oo
1
Setting ¢y (ap, ag, p) = C(aoiajp”ﬁhﬁo, we derive from (3.29) the pointwise estimate of
aff %

Theorem 3.2.

Corollary 3.3 Under the same conditions as for Theorem 3.2, if r : Q — [2,400[ is a
bounded measurable function, then we have, for all s € Q,,

wy(s) < en(ag, ag, p)b(s)|| fx ()

with f(t) = (|6F[2,)%(t) and bi(s) = || (x(sjan(t) ¥ 1) 5y, Tuls) = )T

Proof We integrate the relation (3.29) from s to ||,

o 1
wy(s) < CN(QOaGOap)/() X(s. o (DEN 1 (£)dt. (3.30)

By the Hardy-Littlewood inequality, we have

we(s) < ex(ao, a0,p) /Q (o (DEF 1) (0) £ (1),

*

By the Holder inequality, we deduce

wy(s) < en(ag, ao)bi(s)|| £«

()
Remark 3.1 Vo € Qu, Vs €, (xs0)(O)t7 1)(0) = (0 + 5) ¥ xp0,10/-5(0)-

Corollary 3.4 Under the same assumption as for Theorem 3.2, if SF € L™ O(Q)N, 7*(0) >
2 bounded, then we have

w.(s) < en (o, a0)b1(8)||0F ||, (.y,

provided that r* satisfies |r*(t) — r*(o)| | Ln (t — o)| < A near zero.



Lipschitz Properties in Variable Exponent Problems via Relative Rearrangement 1001
Proof One has (see Proposition 2.1)
((18F[2),)(t) < (16F2)uu(t)  forall t € Q..

Then
[ fellrey < el |5F|3*H#~

By [13], the Hardy inequality is true so that

HaF2.

o) S el [6F ]| 00

(by Theorem 2.3).

Similar result as Corollary 3.4 can be found in [3] if 7 is a constant function.

Corollary 3.5 Under the same assumptions as for Corollary 3.4 of Theorem 3.2, let p be a
Banach function norm rearrangement invariant and ||w| (., = p(|w|«). If p(b) < 400, then

Jur = 2|l g ) = Plur = uzl) < En(ao, ao)p(b)||Fy — Foli-(.)-

3.2.2 Pointwise inequality for anisotropic variable exponent equations

We want to derive similar results as for Theorem 3.2 but for operator of the type

a(l’,f) = (0/1(.13,51), o 7a/N<$’§N))
for € = (&1, ,&n) € RY, 2 € Q and each a; satisfying condition (C1), say
(C2) There exist ag; > 1, ag; > 0 such that
i(x)—2
(ai(:c,t) - ai(x,a))(t —0o)> oni(aoz [t| + |o |)p )= It —o?
for a.e. x €, V(t,o0) e R xR.
Here, p; : Q —=]1,4+00[ is a bounded measurable function.

We start with the cases when essgilnf pi(x) > 2 for all i € {1,---,N}. For this, we shall
consider the following Sobolev space, for J = (p1,-+ ,DN),

. i(1)
V?:W(}’pl()’ ”’N()(Q):{UEWO11 /‘ax dx<+oofori:1,~--,N}.

If necessary, we can endow this space with Banach function norm

N ov
Iollvy = Pl + Y || 5
i=1

or the equivalent norm

Z H(‘?xl

We denote by ¢;(z) = p(x()z) - the conjugate of p(x).

P7()

Theorem 3.3 Let Fy and Fy be in H L%C)(Q) such that 0F = Fy — Fy satisfies |0F| €

L?(Q). Let uy and uy be two elements of V? satisfying

/a(m,Vuj)'Vgodm:/Fj~V<pdx, ji=12
Q Q
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for all o € V. We asume that p;(r) > 2 a.e.,i=1,--- /N.
Then there exists a constant cy(a@) > 0 depending only on N and o, agi, pi for almost

every s € (),
~U () < ex(@s ¥ (OFP).,, ()] with w = — o],
One can choose cy(a) = m, ag = 1221N ap1, ap = 1221]\] [esssilnf agl(w)—z]'
Proof The idea is similar to Theorem 3.2. We shall introduce
0a = a(x, Vuy) — a(x, Vus),
SF=F —F,, w=|u; —ug|, uj2=u; — us.
We choose for s (fixed) € Q. as a test function
ps(x) = (w(x) —wi(s))+ sign (u12(x)).
Then
[56~Vu12]*w(5) = [0F - Vuia]w($). (3.31)

. . . . (2)—2 .
We shall consider ag = min_ao; and ag = min [essgllnf agg(x) } and we define the function,
1<i< 1<i<

k : Q — R measurable,

A Pi(@)=2 4 1
;a0i (aoZ‘ + |Osur | + |3¢U2|) |05w|

[Vwl?
aoa/()a lf vw(m‘) =

k(x) =

(2), if Va(z) £0,
0.

o Ouy ay — Ow
Here O;u; = e d;w = Fryg

Then, k(x) > apag > 0 for a.e. z, and for a.e. z € Q,
[@(z, Vuy) — @z, Vug)] - Vuie > k()| Vw(z)|?. (3.32)
From relations (3.31) and (3.32), one has

[£|Vw0] ) (8) < |0F - Vo] (s) < [(I6F1?), ()2 [(IVw]?),, (s)]

< [(0F17),, (2 [(KIVwl®),, ()2 (3.33)
(anap)?
Therefore, we have, for a.e. s € ),
1
EIVw|?ew(s) < SF 1) (). 3.34
[k Vw[*]sw(s) (aoao)(| %) (s) (3.34)
Next, we use the PSR inequality
dw, swL sVl 1
—T () £ S [Vl () £ S [(TwP), , ()
Noagy Noagy
syl 9 1
< [(kIVul?),, ()]2. (3.35)

1
NaJ V0ot
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Combining relations (3.34) and (3.35), we obtain, for a.e. s € {1,

dw, syl 1
— s) < —
ds ( )_ Naﬁ (Oloao) (

F?), ()5 (3.36)

We then obtain the same corollaries as in Theorem 3.2. In particular, we have

Corollary 3.6 Assume that |6F| € L™)(Q) for some bounded measurable function with
r* > 2 such that r* satisfies near zero, |r*(t) — r*(o)||Ln|t — o|| < A for some constant A.
Then, there exists a constant cq > 0 depending only on Q, @, ?, r, such that for a.e. s € €,

wa(s) < cq - bu(s)|| [FL — Fal [lr),
where by is as in Corollary 3.3 of Theorem 3.2.

3.2.3 Operator Acerbi-Mingione with a perturbation term

We can generalize the above results by adding a nonlinear term. We shall illustrate this
through an example.

(B1) Letb:Q xRN — R a nonlinear function satisfying the following growth.
There exist constants By > 0, by > 0 such that for all € € RN, ¢ € RN, for a.e., z € Q,

|b(z, €) — bz, &) < Bolbo + [€] + |€')P@2)e — ¢/].

Theorem 3.4 Let b (resp. a) be a nonlinear function satisfying (B1) (resp. (C1)). We

assume that bg <ag and p(x) >2 a.e. x€Q. Let F1, Fy be two elements of LI (Q)N, le)—l-ﬁ =

la.e. Let uy, us be two functions in Wol’p(')(Q) satisfying ¥V ¢ € Wol’p(')(Q), j=1,2,

/a(x,Vuj) ~V<pda:+/ b(x, Vu;)pdr = / F; - Vodz. (3.37)
Q Q Q

Then, there exist two constants c; > 0, ca > 0 depending on the data a,b,$), N,p such that for
a.e. s € Qy,

*kw

/ (a0 + |V | + [Vuz|)"™ 72| Vwl?(@)de < ¢ / ee2 [T et (|5F12)  (7)dr,
w>w, () 0
where w = |uy — us|, 0F = Fy — Fy, provided that |6F| € L?(2), and
a12(t) = CQt%*z/ (ao + |Vur| + [Vug|)P®~2da
w>w, ()

belongs to L*(0,]Q]).

2532
One can choose cg =

g =—"9— agm = ess(iznf a

) —2
- g(l) ]
aOm(N(azl\y ))?

2
apaom ’

Proof The idea is similar to the above proofs of Theorem 3.2 and Theorem 3.3 and uses
the properties of monotone rearrangement and relative rearrangement as in [17, 19].

Let us set 6a = a(z, Vuy) —a(x, Vug), uiz = ug — ug, 6b = b(x, Vuy) — b(x, Vug). We recall
that w, € Wﬁ)’cl (Q.) and for s € €, the function ¢(x) = (w(x) — w.(s))+ sign (u12(z)).
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Then, one has
(66 - Viura]wu(s) — () / 5b sign (u12)dz = [6F - Vatra]vu(5). (3.38)
w>wy (s)
We set ko(z) = (ao + |Vuy (z)] + |Vu2(a:)|)p(m)_2. By the growth conditions (C1) and (B1) on
a and b, we have

ao (ko | Vw[*) s (s) < |w;(s)|(5o/> . k0|vw|dx)+[(|5F|2)*w(s)}%[(|Vw|2)*w(s)]%. (3.39)

From the PSR inequality (see Theorem 2.2), we have

jwl, (s)] = —w(s) <

—[([Vul),, () (3.40)

and

1 1 1
[(IVwl?),, ()2 < [(kolVwl?),,,(s)]2 (3.41)
with ag,, = essgi)nf al™ 2. Therefore, we obtain from (3.39) to (3.41) that

1 S%_1 Bo 1 1
()7 < . ko|Vw|dx + ——] |(5F|2 *w(s)]i. (3.42)
Naf Vam Jw>w.(s) va ( )

0m

ao[(k0|Vw|2)

kW

By the Cauchy-Schwarz’s inequality, we have

1
/ ko| V| dz < (/ k:0|Vw|2dx)2 (/
w>w, (s) w>ws ()

w>wy(8)

1
kodx) . (3.43)
Let us set y(s) = fw>w*(s) ko|Vw|?dz. Then by the definition of relative rearrangement, we
have
Y () = (ko|Vw|?)sw(s) for a.e. s € Q,.
Therefore, relations (3.42) and (3.43) infer

y(s) / i ()kodx+cl(|6F|2)*w(s) (3.44)

2
with co = c = L‘)i
aom (Na]]\\,j )2
From the above Gronwall inequality, we deduce

2
a5aom ’

S
y(s) < 01/ e2 )7 alz(t)dt(\(sF\Q)*w(T)dT,
0

provided that ajo(t) = cot ¥ 2 fw>w*(t) kodx is in L1(Q.).

(3.45)

Remark 3.2 The condition that a;» € L*(£.) depends on p may be detail according to
each situation.
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For example, if p(x) = p =constant and ¢y # 0 then if 2 < p < % if N>3orp<+o00
for N =2, we have fQ* a12(t)dt < +o0.

Corollary 3.7 Under the same assumptions as for Theorem 3.4, if coaio € Ll(Q*), then
/Q |V (u1 — ) |P@da < ¢qe Jo. a12(t)dt||F1 — F2||2LQ(Q)N
with ¢1 and co given as in the proof of Theorem 3.4.
Proof One has
IV (u1 — ug)|P@(2) < ko(z)|Vw|?(z) for a.e. x, (3.46)

since

y(19) = / ko(@) [V (ur — uz)’da,

and from Theorem 3.4 that
/ ko(x)|V (w1 — uz)*(z)dx = y(|Q]) < 1 Ja. az(t)dt) o F2||2L2(Q)N. (3.47)
Q

From relations (3.46) and (3.47) we derive the result.

Corollary 3.8 Under the same assumption as for Theorem 3.4, we have for all s > 0,

1 N \# 3
wi(s) < —— )2(3%—1_|Q|%—1)%(/k0|vw|2dm)2, ifN >3
Na]@aOm N-—2 Q

and

SIS

w.(s) € ——[1n (2]

Naf aom §

(/k0|Vw|2dx)é, if N =2
Q

(z)—2

with ko(z) = (ag + |Vuy (z)| + [Vua(x))P@ =2, ag,, = ess{iznf ap , w=|ug — uz.

Proof From the PSR inequality (Theorem 2.2), we derive as before

/ 3%71 1 2 3
—wl () € ko Vo R (s). (3.48)
Naf %om

Integrating this last relation and applying the Cauchy-Schwarz’s inequality, one has

wy(s) < Naim(/slﬂ tJZV_Zdt>%</Qk:0|Vw|2dx)é. (3.49)

N @0
From the above, we have the result.

Remark 3.3 From the proof of Corollary 3.7, we have an estimate of
y(|9)) = / ko |Vw[2de < cpe®? oo 208 By Fol| 72w
Q

More results and cases shall be given in [20].
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