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1 Introduction and Main Results

Let X be an infinite-dimensional separable Hilbert space with inner product (-, -), and
norm | - ||. Let ¥ C X be a Banach space with norm || - ||y, and the embedding ¥ — X is
compact. Let A : Y — X be continuous, self-adjoint, i.e., (Az,y) = (z, Ay) for any z,y € Y
with the inner product of X, Im(A) is a closed subspace of X and Im(A)® ker(4) = X. In this
paper, by an index theory of the following linear operator equation

Az + Bx =0, (1.1)

we consider the existence and multiplicity of solutions of the following nonlinear operator equa-
tion:

Az + @' (z) = 0, (1.2)

where B € L5(X) (the set of bounded self-adjoint operator), and ® : X — R is differentiable.
In 1980, Amann and Zehnder [1] discussed equation (1.2) under the assumption that A :
dom(A4) C X — X is a unbounded self-adjoint operator. By the saddle point reduction meth-
ods, they obtained some existence results for nontrivial solutions. They also discussed semilinear
elliptic boundary value problems, periodic solutions of semilinear wave equations, and periodic
solutions of Hamiltonian systems as special cases of the abstract equation. In 1981, Chang
[3] extended their results by a simpler and unified approach. Especially, Chang obtained an
existence result yielding three distinct solutions. Chang [4] also discussed equation (1.2) by
assuming that A € L4(X) has a finite Morse index and ®’ is compact. This framework can
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be used to discuss elliptic partial differential equations. In 1990, Ekeland [8] discussed (1.2)
by the dual variational methods and convex analysis theory. He assumed that A : X — X*
is closed and self-adjoint. As applications, he mainly focussed on second order and first order
Hamiltonian systems satisfying various boundary conditions.

As far as authors know, an index theory for convex linear Hamiltonian systems was estab-
lished first by Ekeland [9] in 1984. By the works of Conley, Zehnder and Long [5, 20, 21, 22|, an
index theory for symplectic paths was introduced. These index theories have important appli-
cations (see e.g., [7, 10, 11, 16, 23]). In [26, 24], Long and Zhu defined spectral flows for paths of
linear operators and relative Morse index, and redefined Maslov index for symplectic paths. In
the study of the L-solutions (the solutions starting and ending at the same Lagrangian subspace
L) of Hamiltonian systems, the first author of this paper introduced in [15] an index theory for
symplectic paths using the algebraic methods and given some applications in [14, 15]. And this
index was generalized by the authors of this paper and Lin in [17]. As in paper [6], we intro-
duce the index (i4(B),va(B)) for equation (1.1). With this index, we receive the existence and
multiplicity of solutions for (1.2). As applications, we consider the existence and multiplicity
of solutions for first order Hamiltonian systems and second order Hamiltonian systems. First
we give a brief introduction to the index theory, for some details, we refer to [6].

Definition 1.1 (see [6, Definition 3.1.1]) For any B € Ls(X), we define
va(B) = dimker(A + B).
It was proved in [6] that the nullity v4(B) is finite.
Definition 1.2 (see [6, 14]) For any By, Bs € L4(X) with By < Ba, we define
Ia(B1,B2) = Y wa((1—\)B1+ABy);
A€(0,1)
and for any By, Bs € L4(X), we define
I14(B1,Bs) = Ia(B1, K -1d) — I4(B2, K -1d),

where 1d : X — X is the identity map and K -1d > By, K - 1d > By for some real number
K > 0.

Let 0 € L5(X) be the zero operator. We give the following definition for related index.

Definition 1.3 For any B € L (X), we define

ia(B) = 14(0, B).

We call i4(B) index of B related to A. If A= —J< B = B(t) is a symmetric continuous
matrix function and Y = Wy = {z = (z,y)T € W2([0,1],R*) | 2(0), 2(1) € L}, X =
L2([0,1],R?"), in [14] it was proved that I4(0, B) is the index iz (B) up to a constant when
considering the L-boundary value problems for some Lagrangian subspace L C R?".

By [6, Proposition 3.1.5], we have the following result.

Proposition 1.1 The following statements hold:

(1) For any By, Bs € L5(X), I4(B1,B2) and ia(B) are well-defined and finite;
(2) For any By, B, By € Ls(X), 14a(B1, B2) + 14(B2, Bz) = 14(B1, B3);

(3) For any By, By € Li(X), 1a(B1, B2) = ia(B2) —ia(B1);

(4) For any By, Ba € L4(X) with By < Ba, va(B1) +ia(B1) < ia(Bs2).
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Next for any given B € L4(X), with v4(B) = 0, the operator A := (A+B) : Y — X is
invertible and the inverse A=! : X — X is compact. For any B € Ls(X) with B— B > ¢-1d
for some constant € > 0, we define a bilinear form:

64 p5®y) = A2,y +(B-B) ey, VayeX (1.3)
We have
X =E{(B|B)&EYB|B)® E;(B|B), (1.4)
such that ¢, 5 5 is positive definite, null and negative definite on EX(B| B), EY(B | ﬁ) and
E,(B]| B) respectively. Moreover, EY(B | B) and E, (B | B) are finitely dimensional.

Definition 1.4 (sce [6, Definition 3.2.3]) For any B € Ly(X) with B— B > ¢-1d for some
constant € > 0, we define

ia(B| B) = dimE;(B|B), wva(B|B)=dimE%(B|B).
This relative index is a kind of Morse index. It plays an important role in the relationship
between Morse Theory and the index (i4(B),va(B)).

Theorem 1.1 (see [6, Theorem 3.2.4]) We have the following statements:
(1) For any B > B, we have
I/A(B | B) = Z/A(B).

(2) Assume By > By > B. Then
ia(Ba|B) > is(By | B) +va(Bi | B).
(3) Assume Bs, By > B. Then
ia(Ba|B) —ia(By | B) = I4(By, By) = is(Ba) — ia(By).

Now we use the index (i4(B),va(B)) to reach our main results.

Theorem 1.2 Assume that ® € C?(X,R) satisfies
(P) There exists C > 0 and M € R such that

|9'(2)|| < C|lz||, ®"(2)>M-1d, Vze X.

(Py) @(0) =6, ®"(0) = By € L(X) and va(By) = 0.
(P.) There exist a Boo € L(X) with va(Bs) =0 and K > 0, such that

O"(2) = Boe, |2l| = K. (L5)

(Pt) iA(BOO) > iA(Bo) + 1.
Then (1.2) has at least one nontrivial solution.

Remark 1.1 In the condition (Ps), the requirement v4(Bs) = 0 is not essential since if
va(Bs) # 0, we can perturb the operator By, slightly to the operator Be, such that v4(Beo) =
0, ia(Bx) = i4a(Bx) and ®”(z) > B, ||z|]] > K. Up to the authors known, some similar

conditions as (1.5) in (Ps) were introduced in [14, 18].
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Theorem 1.3 Assume that the conditions in Theorem 1.2 are all satisfied and further more
® is even, then (1.2) has at least ia(Bs) — ia(Bo) — 1 pairs of nontrivial solutions.

Remark 1.2 Comparing with [6, Theorem 3.1.7], the functional ® is more restricted at
infinity than that in our Theorem 1.2, where it is required essentially that ®”(x) is pinched by
two linear self-adjoint bounded operators By and Bs, that is By < ®”(z) < Bs, and with the
conditions i4(B1) + va(B1) = ia(B2) + va(B2), va(B2) = 0. Namely, in [6, Theorem 3.1.7],
the functional ® behaves as a quadratic functional at infinity but in our Theorem 1.2 it is only
required that the functional ® is estimated from below by a quadratic functional.

2 Proofs of the Main Results

The following lemma is similar to [18, Lemma 3.3].

Lemma 2.1 Assume that ® € C*(X,R) satisfies (P), (P_ ). Then there exists a sequence
of functions ®,, € C*(X,R), m € N satisfying
(1) there exists an increasing sequence of real numbers R, — oo (m — o0) such that

() = 0(), V2] < R, (2.1)
(2) for each m € N,
() > By V2] 2 K, (2.2
(3) there exists C > 0 and M € R, such that
1@, ()] < Cllz]l, @4 >M-1d, VzeX, meN, (2.3)
(4) there exists v, satisfying v -Id > B, va(y-1d) =0 and Cy, > 0, such that
197, (2) =72l < Cim. (2.4)

Proof Choose a sequence {R,,} of positive numbers such that K < Ry < Rp < -+ <
R,, <--+— 00, m — 0. For each m € N, define ¢,, : [Ry,,2R,n] — R as

2

- m(s - Ry)?

®m(s) —Rpn)*,  5€[Rm, 2R (2.5)

TRt (s
Then define the function

128R?,

Now for each m € N, define the function

Then define ®,, by

D1 (2) = (1= nm([|2])))2(2) + %nm(l\ZII)IIZIV, m e N, (2.8)
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which satisfies the properties (1)—(4). In fact, we can get the statements (2.1), (2.3), (2.4) by
direct computations. In order to check (2.2), we show

(@1 (2)7,7) > (Boo, ) (2.9)

for all x € X, with ||z]| > K. The proof is the same as that of Lemma 3.4 in [19]. The only
difference is that in [19, Lemma 3.4], it deals with the finite dimensional case, but here we
deal with the infinite dimensional case. Since where involved only formal computations, all the
estimates are still valid, the proof carries over verbatim.

Then we choose a € R, with —« large enough, such that

va(a-1d) =0,

B —a-ld>1d, M-—a>1,
N/ (2)>1d, Vze X, meN,
N/'(2) > B —a-1d, |z| > K, meN,

where Ny, (2) = ©,,,(2) — %(2, 2), m € N. Let Noo(2) = (B —a-1d)z,2), Ny = 2(y—a)
2 "
¥

N(z) = ®(2) — §(2,2). We have Np,, N, Nv € C*(X,R), and N/ (z),NL(z),N/(z) >
Id, Vz € X. Define

Az = Az + az, (2.14)

U (2) = %(A‘lz,z) FNE(2), meN, (2.15)

¥, (2) = %(A‘lz,z) + N2 (2), (2.16)

Vo (2) = %(A’lz,z) N (2), (2.17)

where N/, Zv; and N are the Fenchel dual of N,,,, N, and N, (see [8] for the definition and
properties). We know W,,,, ¥, \TIA, € C*(X,R).

Lemma 2.2 For any m € N, there is a Cp,, such that | N}, (z) — N’;‘” 0)z]| < Cpp, ¥m €
N,z e X.

Proof Otherwise, there are {z,} C X, such that N7 (z,) — N:;” (0)zn = yn, and ||y.|| —
oo (n — o0). That is

N (z0) = N2 (0)2n + Yo = (v — @) 220 + i, (2.18)
Ny ((y = a)ilzn +Yn) = Zn, (2.19)

and from the definition of N,,, we have
@ (v = )Mz yn) — (Y = @) 20+ yn) = 2, (2:20)
and
@ (v = )"z yn) = V(v = )+ yn) = (@ = 7)yn, (2:21)

but from the proposition (4) in Lemma 2.1, the left-hand side is bounded. This is a contradiction
to the fact that ¥, are unbounded.
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Lemma 2.3 For any m € N, U, satisfies the (PS) condition, and the critical-point set
Km ={z€ X |V, (z) =0} is compact set.

Proof For any m € N, assume {z,} C X, and ¥/ (z,) — 0. From Lemma 2.2, we have
19, (20) = T5(0)zall = [N (20) = N3 (0)zall < Con. (2.22)

And since v4 (7 -Id) = 0, we have that \Tlif (0) has bounded inverse, so {z,} are bounded. Then
there exists a subsequence z,, — zo in X, and A~'z, — A7'z in X. From the definition of
v,,, we have

k

A_lznk + N;;L/(an) = \I/Im(znk)a (2-23)
and
N (20) = Uh (20y) — A2, (2.24)

S0 zp, = NI (V! (2n,) — A"1z,,) — N/ (=A~12), ny — co. The (PS) condition is satisfied.
From the similar reason, we have that IC,, is a compact set.

Because v4(y - Id) = 0, we have X = ES & Efyr , where \TIV is negative definite on £ and
positive definite on E, and dim(E. ) = ia(y-Id | a-Id). Similarly to Lemma IL5.1 in [2], we
have the following lemma.

Lemma 2.4 For any m € N, there is an a,, € R with —a,, large enough, such that
HQ(X7 (\I/m)am; R) = 5QTR7
where r = dim(E>) = ia(y-1d | a-1d).

Proof Since v4(y) =0, 0 is a non-degenerate critical point of \I'W, we have

_ - +
X=E ®LE7, (2.25)
such that there is a ¢y > 0, satisfying
V(0)| g < —cy-1d, and TY(0)[5r > ¢, - 1d. (2.26)
From Lemma 2.2, we have
190,(2) = B2 (0)2] = 1N () = (v — @) 2] < Gy YmeEN, z€X.  (2.27)

Let R > Cp, \ ¢. Thenif 2% € B and ||z*]| > R}, we have

(@7,(2),27) = (B5(0)=", 27) + (U, (2) — ¥5(0)2), =)
> eyl )? = izt > 0. (2.28)

Let M = (E;Ir N BRﬁL) @® E. We have that ¥, has no critical point outside M, and that
—W'(z) points inward to M on OM. Further more, we have

U, (2) = ¥,,(0) —I—/O (W (tz),z)dt

=0,,(0) + /0 1<\1/;n(tz) — W(0)tz, 2)dt + /0 1<@g(0)tz,z>dt. (2.29)
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That is
~ 1 ~ B
Ui (0) = Conll2[| = 515011271
~ o 1 ~
< U (2) < U(0) + Coallzl = 1127117 + S 15011271 (2.30)
We obtain
Upn(z) = —00 & ||z7|| = o0, uniformly in 2% € Ef N Bp+. (2.31)

Thus, VT > 0, Ja,, < a, < =T, r1 > ro > 0 such that
(EFMBgt) & (B \By,) C(Vin)ay, "M C(ESNBgy ) @ (B \By,) C(Yin)a,, WM. (2.32)

And from Lemma 2.3 we choose T large enough such that C,, N (¥,,,)_7 = 0. The negative
gradient flow of U, defines a strong deformation retract

71 (Uin)a, "M — (T)er N M. (2.33)

m

Another strong deformation retract in (¥, ),,, N M
Ty (Ejyr N Bp+)® (B \ Br,) — (Ejyr N Bp+) @ (B \ Br) (2.34)
is defined by 72 = £(1, - ), where

2t 42, 2= || > r1,
ot -\ — _
AT P Tl + (=0l ) < )
We compose these two strong deformation retracts, 7 = 75 o 77, and then obtain a strong
deformation retract
7: (Um)a,, "M — (EX N By )®E \ B, (2.36)

and the following deformation

2t e, Iz < Ry,

nt; 2t 4+27) = ot (2.37)

I\

is a strong deformation retract of the topological pair from (X, (¥,,)q,,) to (M, MN(¥,,)a,.)-
Finally, we have

Hqy(X; (Ym)a,)

1%

Hy(M, MN (Yin)a,,)

H,(EX N Bgi)® E;,(Ef N Byt ) ® E; \B,,)
HQ(E;vE; \Bh)

H,(E; N B, 0(E; NB,,))

q

1R

1%

S
0grR.

1

Let K, = K \ {#}. From Definition 1.4 and Theorem 1.1, we have that 6 is an isolate
critical point of ¥,,. And since IC,, is compact for every m € N, we have K}, is also compact.
Then we have the next lemma.
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Lemma 2.§ For any e, n > 0 small enough there exists a functional \Tlm, such that

(1) [[¥m — \Em”(ﬂ <€

(2) W(=) = Uy, 2 ¢ Noy(K5),

(3) V(2 ) Vi (2), 2 € Nu(K3,),
where N, (K%)= {z € X | dist(z,K,,,)* < p}. Moreover, U,, satisfies the (PS) condition and
has only a finite number of critical points. All nontrivial critical points of \f/m are in N, (KCF,)
and are non-degenerate.

Proof We follow the idea of [25]. Since K}, is a compact subset of X, we have the following
result. For every u > 0, there exists a C°° function [ : X — [0,1], with all its derivatives
bounded and

l(z)=1, Vze€eNLK), (2.38)

I(2) =0, Vze X\ Nou(KL). (2.39)

Let M =  su 2|} C = Jli(2)]|c2, 6 = nf U (2)||} > 0. We use the
iy :”){H I} =)l ENz,;(’CT,L)\Nu(’CT,L){” ()11}

Sard-Smale Theorem to find y € X such that ||y|| < mm{c CESITaE QC(li2M)}’ and —y is a
regular value for ¥/ . For any zo € N2, (K},), the functional is defined by

U (2) = U (2) + 1(2){y, 2 — 20).- (2.40)
By |lyll < z@izan and the definition of I(z), we have (1) and (2), (3). Since [|y[| < m

and —y is a regular value for W,,,, we have that all nontrivial critical points of \Tlm are in N, (K7,)
and are non-degenerate.
In order to prove that U, satisfies the (PS) condition, assume that there are {z,} C X and
(I\/’m(zn) — 0 (n — o0). From the definition of U,,, we have ||@’ (2)] > 5 , Vz e Noyu (K5 \
Nu(K7)- So zn € (X \ Now(K7,)) UNL(KT,), when n is large enough. From the proposition
of U,, and the proof in Lemma 2.3, we have that U,, satisfies the (PS) condition. So it has
finitely many critical points.

Proof of Theorem 1.2 We divide the proof into two steps and follow the ideas of [18].
Step 1 Note that z = 0 is a critical point of W,,. The Morse index of 0 for W¥,, is
ia(Bo | -1d). Since 7y -Id > Bs,, we have

ia(y-Id| - 1d) > is(Bs | @~ Id) > ia(Bo | - 1d) + 1. (2.41)
Now we claim that ¥, has a nontrivial critical point z,, with its Morse index satisfying
m~ (zm) <ia(Bo | a-1d) + 1. (2.42)

If ¥,, has only finite critical points, we use the (i4(Bo | a - Id) + 1) Morse inequality:

q

q
> (=1)TP My (am, by, ¥ Z )P By (G, by Un), (2.43)

p=0

where ¢ = ia(Bo | - 1d) + 1, and by, is large enough such that K., C ¥, am, b].
Because ¥, satisfies the (PS) condition and from Lemma 2.4, we have

Bp(@m,, b, Upy) = rank(H, (X, (Y)an, ) = Ipr, (2.44)
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where 7 =i4(y-Id | a-Id). Since ig(y-Id | - Id) > i4(Bo | a - Id) + 1, the right-hand side of

the inequality is equal to 0. If ¥,,, has no nontrivial critical point with its Morse index less than

ia(Bo | a-1d) + 1, the left-hand side of the inequality is equal to —1, which is a contradiction.
If U, has infinitely many critical points, assuming that for any z € K,

m~(z) >ia(Bo | a-1d) + 1, (2.45)

we use Lemma 2.5 and choose p small enough, such that

(1) 0 ¢ Na,(KF,), so 0 is also an isolated critical point of U,, and has the same Morse index
ia(Bo | a-1d).

(2) For any z € N, (K7,), m™(z), which is the dimension of the negative subspace of (I\l;;(z),
satisfies m~(2) > ia(Bo | a-1d) + 1. (Because ¥, is C? continuous, we can assume this.)

From the proposition (3) in Lemma 2.5, we have if z is a nontrivial critical point of \/I\’m, the
Morse index mg (z) satisfies

mg, (2) >ia(Bo|a-1d)+1. (2.46)

Then choose Gy, satisfying No, (%) N (W,)a,, = 0, that is (Vy,)a,, = ((I\/m);;m. So
Hy(X, (W)a,:R) = Hy(X, (V). ; R) = 04 R. (2.47)

Then W,, do not satisfy the (i 4(Bo | a-1d) + 1)* Morse inequality. It is a contradiction.
Step 2 Let y,, = —A~1z,,, since ¥/ (z,) = 0, that is A=z, + N*',,,(z,n) = 0. So we have
Ym = —A "1z = N*' . (2), and y,,, satisfies the equation Ay,, + @, (y,) = 0. If there is an
R > 0 such that ||ym,| < R, m € N, so from the definition of ®,,, ¥, is a nontrivial solution of
equation (1.2) when m large enough.
We prove it indirectly and assume ||y, || — oo, as m — oco. From equation (2.13), we have
N (ym) > Bso — a - Id > 0 for m large enough. That is N7 (z,) < (Beo — av-Id) "1
Let E, = E~ (97 (0)). We have dim(E,) = ia(Bo | a-1d). For any z € E,
(U (zm)z, 2) = (A2, 2) + (N7 (2m)z, 2)
< (A2, 2) 4+ (Boo —a-1d) 712, 2)
= (U5,(0)2, 2) < =]z

That is my, (2m) > ia(Bela -1d), and ia(Bo | - 1d) + 1 > ia(Bx|a - 1d), which contradicts
the fact that i4(Boo|a-Id) —ia(Bo | a-1d) = i4(Boso) —ia(Bo) > 1. So ||ym]|| are bounded and
equation (1.2) has a nontrivial solution.

The proof of Theorem 1.3 is similar to that of Theorem 1.2. The difference is in Step 1.
Instead of Morse theory, we make use of minimax arguments for multiplicity of critical points.

Let X be a Hilbert space and assume that ¢ € C?(X,R) is an even functional, satisfies the
(PS) condition and ¢(0) = 0. Denote S, = {u € X | ||u]| = a}.

Lemma 2.6 (see [12, Corollary 10.19]) Assume that Y and Z are subspaces of X satisfying
dimY =j > k = codimZ. If there exist R > r >0 and a > 0 such that

info(S, NZ)>a, supp(SpNY) <0,

then ¢ has j—k pairs of nontrivial critical points {£x1, £x2, -+, £a;_}, so that p(u,;) < k+1,
fori=1,2,---,5—k.
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Since ¥ is even, we have that U, is also even, and satisfies Lemma 2.1. Let Y = E,
and Z = E}, = ET(97(0)). We have dimY = ig(Bx|a - Id), codimZ = is(By | a - 1d),
dimY >codimZ. Then it is easy to prove that W, satisfies Lemma 2.6 for R, and % is large
enough. So ¥,,, has | :=i4(Bs) —i4(Byp) pairs of nontrivial critical points

{:l::[:l,ﬂ:xg,"' ,:I::cl},
and [ — 1 pairs of them satisfy
m™(z;) <ia(Bo|a-1d)+i<ia(Bs | -1d), i=1,2,---,1—1. (2.48)

From (2.48), we complete the proof of Theorem 1.3.

3 Applications

We can use the abstract critical point Theorem1.2 and Theoreml.3 to deal with the ex-
istence and multiplicity problems of solutions of nonlinear elliptic equations as in [19], the
periodic solutions of asymptotically linear Hamiltonian systems as in [18] and the Lagrangian
boundary value problems of asymptotically linear Hamiltonian systems as in [14, 17]. To avoid
tedious, in the following, we only show an application of the abstract critical point Theorem 1.2
and Theorem 1.3 to the problem of nonlinear Hamiltonian systems with P-periodic boundary
conditions.

3.1 First order Hamiltonian systems

In this subsection, we consider the solutions of the nonlinear Hamiltonian systems

() = JH'(t, 2(t)), tel01],
{z(l) = Pz(0), (3.1)

where z(t) € R?", J = (I?L 7({") is the standard symplectic matrix, N = (*é" I?L) with I,, the
identity in R and P € Sp(2n) = {M € GL(R*") | MTJM = J}, H € C?([0,1] x R?" R), and
H'(t,z) denotes the gradient of H with respect to the variable z.

Define L2 = L2(0,1;R?"), Y = {z : [0,1] — R?" | 2/ € L? and z(1) = Pz(0)}. Define
Az = J2' for every z € Y. By the spectral theory, there is a normal orthogonal basis {e,}
of L% and a sequence {\,}, such that Aey, = Anen, ¥n € Z. Then for every z € L?, with

Zz= Y. zney,, we have [|z]|2, = > z2. Define
neZ nez

X:{zELQ‘ Z(1+|An|é)|zn|2<oo}. (3.2)

neE”Z

Then X is a separable Hilbert space with the norm [|z[|2 := 3 (1 4 |An|2)|2n|? and the corre-
nez
sponding inner product (-, -). Define

Y:{zeLQ‘ Z(1+|An|%)|zn|2<oo}. (3.3)
nez

Then Y is a separable Hilbert space with the norm [|z[|2 := 3 (1 + [An|2)|2n? and the
nez
corresponding inner product (-, - )y. Define the operator A : Y — X by

(Ay,z) = Z AnpYn, Ve X, yey, (3.4)
neZ
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where © = > zpen, Yy = > yYnen. It is easy to check that (X,Y, A) satisfy the conditions

nez neZ
introduced in Section 1. Define K : L? — X by

(Kz,x) = (2,2)12, VreX, z€L? (3.5)

and it is easy to see that K is a compact operator. Define ® : X — R by

(z) = /O H(t, 2())dt. (3.6)

If there exists a constant C' > 0, such that |[H"(t,2)|| < C, Vt € [0,1],2 € R?", then we
have ® € C?(X,R), and ®'(z) = KH'(t,z(t)), ®'(z) = KH"(t,z(t)). If z € Y, satisfying
Az + @'(z) = 0, we have that z is a solution of (3.1).

Similarly to Theorems 1.2 and 1.3, we have the following results.

Theorem 3.1 Assume H € C?([0,1] x R*",R) which satisfies
(H) There exists an M > 0 such that

|H"(t,2)] < M, Y(t,z)€0,1] x R*",

(ch) H'(t,0) =0, t €[0,1], H"(t,0) = Bo(t) and va(KBy(t)) =0,
(H,) There exists a continuous symmetric matriz function B (t), and some R > 0, such

that
H"(t,z) > Boo(or H'(t,2) < By)  for allt € [0,1] and |z| > R,

(H,) ia(KBx) > ia(KBy)+ 1( oria(KBx) < ia(KBy) —1).
Then (3.1) has at least one nontrivial solution.

Theorem 3.2 Assume that the conditions in Theorem 3.1 are all satisfied and further more
H is even in z. Then (3.1) has at least |ia(Bs) —ia(Bo)| — 1 pairs of nontrivial solutions.

Remark 3.1 The cases of (H;) and (H_) are similar. In fact, the case (H_)) follows from
the case (H;) by applying to the Hamiltonian function —H (1 —t¢, z). So we only consider (H;)
from now on. By Remark 1.1, it does not lose any generality, if we can assume v4(Bs) = 0.

The existence and multiplicity for nonlinear Hamiltonian systems with P-boundary condi-
tions was first studied by the first author in [13], where the conditions on H are more restricted
in some sense.

The proofs of Theorems 3.1 and 3.2 are similar to that of Theorems 1.2 and 1.3. Here we
only give a brief statement. Similarly to Lemma 2.1, there exists a sequence of Hamiltonian
functions H,, € C?([0,1] x R?") satisfying the following properties:

(1) there exists an increasing sequence of real numbers R, — oo (m — oo) such that

Hp(t,z) = H(t,z), Ytel0,1], |2| < R,
(2) for each m € N,
H/'(t,2) > Bxo(t), Yte[0,1], |z| > R,
(3) there exists an M > 0, such that

IH || < M, VYte[0,1], z€ R™ meN,
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(4) there exist a v € R, satisfying vK > KBy, va(vK) =0, and a Cy,, > 0, such that
|H. (t,2) — vz < Crp forallt €[0,1], z€ R*™,  H!(t,z) —v=o(|z]), as|z| — c0.

So we can choose a,b € R with v4(a-1d) =va(b-1d) = 0, KBy — a-Id > Id, and satisfying

b-Id > N/ (z) >1d, VzeX, (3.7)
where Ny, (2) = [i Hun(t, 2(£))dt — &(z, 2) x. Define
N(z) = /0 CH (20t - %z x, (3.8)
Noo(2) = %(KBOO,Z, 2)x — g(z, 2)x, (3.9)
No(2) = 51Kz 2)x — 22, 2)x. (3.10)

Let A = A+a-1d. From v4(a-1d) = 0, we have that A is inversible and A~! is compact. Define

U(z) = %(A’lz,z) + N*(2), (3.11)
U,(2) = %(A’lz,z) + NE(2), (3.12)
U, (z) = %(A‘lz,z) + Ni(2), (3.13)
W (z) = %(A‘lz, )+ N%(2). (3.14)

With similar arguments as in Section 2, we see that N satisfies Lemmas 2.2, ¥,,, satisfies
Lemmas 2.3-2.5. So VU, possesses a nontrivial critical point z,, with Morse index satisfying
m~(zm) < ia(KBp | a-1d) + 1. Denote by —A~'z,, = y,,. We have that y,, satisfies the
following equations:

Ym(t) = JH}, (t, ym (1)),
ym(l) = Pym(o)'

If there exists a C' > 0 independent of m such that ||ym,||L~ < C, then y,, is a nontrivial
solution of the original equations (3.1) for m large enough. Otherwise, if ||ym| e — o0 as
m — 00, by the same arguments as in the last part of [18], we have min] lym ()] > R for

)

m large enough. So from the definition of H,,, we have H/ (t,y,) > Bo. Thus we have
N*"(z) < (KBs — a-1d)7!. In this case, we have the contradiction as done in Section 2.
That is to say ||ym| L is bounded, so y,, is a nontrivial solution of the original equations (3.1).

3.2 Second order Hamiltonian systems
In this subsection, we consider the solutions of the nonlinear Hamiltonian system
{(A(t)x’)’ +V/(t,2) =0,

2(1) = Mx(0), 2/(1) = Na'(0), (3.15)

where M € GL(n), MTA(1)N = A(0), A € C([0,1]; GLs(n)) and A(t) is positive definite for
every t € [0,1].
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By the similar argument, let
Y ={z:[0,1] — R" | (A(t)z'(t)) € L*(0,1;R"), x(1) = Mxz(0), /(1) = Nz'(0)}.  (3.16)
We have a normal orthogonal basis {f,} of L?*(0,1;R") and a sequence {n,}, such that

(A()2" () fr = M fn, ¥n € Z. For every x € L?(0,1;R"), we have z = ZZ X fn. Define
ne

S+ Il < oo}. (3.17)

nez

X = {x € L2(0,1;R")

Then X is a separable Hilbert space with the norm ||z[|2 :== 3 (1 + [1,,]2)|2,|? and the corre-
nez
sponding inner product (-, ). Define

Y = {y € (0,1;R)

S (1t bl Blyal?® < oo (3.18)

nez
Then Y is a separable Hilbert space with the norm [y||2 := S (1 + [1.]2)|yn|? and the
corresponding inner product (-, -)y. Define the operator A4 : Y _r:e)? by
(Ay,x) = Znnxnyn, Vee X, yey, (3.19)
nez
where © = > 2nfn, ¥ = D Ynfn. Then we have that (X,Y, A) satisfies the conditions
introduced irrll eSZection 1. We ﬁzi\Z/e the following results.
Theorem 3.3 Assume that V € C?([0,1] x R™,R) satisfies
(V) there exists an M > 0 such that
V" (t,z)] < M, V(t,z)e€0,1] x R™,

(Vo) V'(t,0) =0, t €[0,1], V"(t,0) = Bo(t) and va(Bo(t)) =0,
(V) there exists a continuous symmetric matriz function B (t), and some R > 0, satis-
Tying

oo

V"(t,x) > Boo for allt € R and |z| > R,

(Vt) ia(Bs) >ia(Bg) + 1.
Then (3.15) has at least one nontrivial solution.

Theorem 3.4 Assume that the conditions in Theorem 3.3 are all satisfied and further more
V is even in x. Then (3.15) has at least i4(Boo) —i4(Bo) — 1 pairs of nontrivial solutions.

The proofs of the above two results are similar to that of Theorems 3.1 and 3.2, in fact,
problem (3.15) can be transferred to problem (3.1).
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