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The Inverse Mean Curvature Flow in
Rotationally Symmetric Spaces
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Abstract In this paper, the motion of inverse mean curvature flow which starts from a
closed star-sharped hypersurface in special rotationally symmetric spaces is studied. It is
proved that the flow converges to a unique geodesic sphere, i.e., every principle curvature
of the hypersurfaces converges to a same constant under the flow.
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1 Introduction

The inverse mean curvature flow space was studied in Euclidean space or asymptotically
flat Riemannian spaces. Huisken and Ilmanen used it to prove the Penrose inequality for
asymptotically flat 3-manifolds. A classical solution of inverse mean curvature in Euclidean
space is a smooth family X : M™ x [0, T] — R™*! of closed hypersurfaces satisfying

0 1.
—X(p,t) = —= 4 M" <t<T
Xt =7 7v(01), peM® 0<t<T,
where H(p,t) = div(r) > 0 and 7/(p,t) is the outward unit normal vector of the surface

X(-,t)(M™) at the point X (p,t) and div is the divergence of X (M,t). Gerhardt [4] proved
that for a smooth, closed, star-sharped initial hypersurface of strictly positive mean curvature,
the evolution equation has a unique smooth solution for all times, moreover the rescaled surfaces

X(t)Le w-X(t)

converge exponentially fast to a unique sphere. On the other hand, Huisken and Ilmanen [5]
proved higher regularity properties of inverse mean curvature flow in Euclidean space.

However, the results do not close relate to the ambient space, namely, Euclidean space could
be perturbed in some fashion. In this paper, we discuss that the ambient space is a rotationally
symmetric space with nonpositive sectional curvature and Euclidean volume growth. We also
discuss the case that the ambient space is hyperbolic space whose flow is different from Euclidean
space to a certain extent.

Let N™*! be a rotationally symmetric space, whose metric is

g =dr? + \(r)o;;da'da? (1.1)

under the geodesic polar coordinates, where o = aijdxidxj is the canonical metric of S™,
A€ C®(R4),A(0) =0,X(0) =1 and A(r) > 0 for any r > 0. Correspondingly, we introduce
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the local tangent vector fields of S® and N™*!
{ont, = ool
0x; Ji=1 0x; Ji=1 orl’
respectively.

In this paper, we only consider the manifolds with nonpositive sectional curvature, which is
equivalent to A’/ > 0. Furthermore, if the manifold N also has Euclidean volume growth, which
means that X’ is uniformly bounded, we prove the following theorem.

Theorem 1.1 Let N1 be a rotationally symmetric space with nonpositive sectional curva-
ture, My be a smooth closed, star-shaped hypersurface of N Y, which is given as an embedding

Xo:S" = N
whose mean curvature H is positive. Then the evolution equation

) 1
X=—=7. X(0)=Xo (1.2)

on S™ x Ry, where v is the outward unit normal vector of the surface X (t), H = H(t) is the
mean curvature of X (t) and X = %% + dd—””tza‘z,., if we use the geodesic polar coordinates in
N1 has a unique smooth solution for all times.

Case 1 If X is uniformly bounded, then the rescaled surfaces

X(t)=e "X(t)

1
converge to a uniquely determinate sphere of radius m (Arigi(]l\/[o)) ", where N (c0)2 lim X (7),
T—00

Area(My) is the area of My in N™ ', and |S"| is Lebesgue measure of n-sphere in Euclidean

space.
Case 2 If A(r) = sinh(r), the rescaled surfaces

converge to a uniquely determinate sphere of radius 1.

2 A Reformulation of the Problem

It is well-known the existence of the short time solution to (1.2) (see [3] for example). Let
[0,T) be its maximum interval, that is, H(¢) > 0 for all ¢ € [0, T). Considering this embedding
X, :S" = M — N"tH vie|0,T).

Let D be the Levi-Civata connection on S™. We always regard r(z,t) as a function on S, for
fixed t. Then derivative of r(z,t) in the direction of % can be written as D;r. Then, we have
local coordinate vector fields of M (t)

N 0 0X; 0 0 )
R— —_— = = S — < < .
e = X (83:1) ozt Dzr(‘)r + oxt’ lsism, (2.1)

for fixed ¢t and the outward unit normal vector of M (t)

v = l(2 A2 (DI ). (2.2)

o \or Ozd
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where DJir = ¢ D;r, (o%7) is the inverse matrix of (0;;), Dr € T(TS"), v = /1 4+ A=2(r)|Dr|?,
| o | is with respect to the metric of S™: ¢;;daz'da?.

Remark 2.1 In this paper, we use different norms | e | with respect to the metric from
tangent space where e belongs; D’ always denotes o D;.

Naturally, we have the metric g = g;;da’da? of M(t) induced from N, where
9ij = g(ei, ej) = DiTDjT + )\2(7“)O'ij. (23)

From (1.2) and (2.2), we obtain

dr 1 ) Dir
- - d = — 24
a Ho M0 T T NHe (24)
Then
or dr , v
= _D.r-gl = —. 2.
ot dt Ty (25)

Let D, V and V be the Levi-Civita connections of S*, M and N, respectively. ffj denote
the Christoffel symbols of S™ with respect to the tangent basis {%}le, and I‘Zﬁ denote the

i

Christoffel symbols of N™*1 with respect to the tangent basis {% » U {%} Then we have

~ N
Ffj = Pfj’ F?j = —\ayj, ng = X(Szka ng = FZSO = T80 =0

for 4,7,k > 0. R,Ric and R, Ric and E, Ric denote the curvature tensors and Ricci tensors of

N, M,S", respectively, where R = —V o V, etc., and we write Jij £ y(%, B%J)
From [7, Appendix A}, we have

-/ 0 0\ 0 0 N
< (5‘xl’8r>8xi’8r> i
—7 0 0 o 0 1-—(\)?2_ _
(R(Ger 507 ) 3 3ar) = 3 @ = T
and other components are equal to zero. A straightforward computation shows

Rl ) =7 (R ) s ) == 3

— N , n—1 (N)Z—=1-X\
Ric(v,v) = N - |Dr|” - VI 2 .

Let hijdxidxj be the second fundamental form of M in N. Then

and

+
(2T 2N iy (2w, Dy DDy D g, Dy
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P eV o)~ S oV )
:—%{m+<%,v%%> %@ v o 0 >
{

A

A2 Or’ " sai Oz
Drbr(d g, 2y D g, 2y
X2 \Or e 0xF! T NZ \QaF’ " 5.7 Ot
1 N(r DFr~
= —;{Tij = X)X (r)oi; — 2—/\((7")) rirj — VI‘éj)\Qakl}
1 N(r)
=~ {rs AN oy — 25 (26)

where 7; ; denotes the second covariant derivative of 7.
For the convenience, we define function

r(z,t) 1
oz, t) = /C @ds

on S™ x [0,7). To make the integral been meaningful, ¢ is supposed to be an arbitrary fixed
positive constant. Then we have
or o) 1 N

Dr=X-Dp, —=X\- N T 2

)% - 2.
ot ot’ LAY "t (27)

Moreover

i

L L J
o= VITIDGP, gy = N0y +piwy), g7 =22 (0¥ = 22, (2.8)

02
So the second fundamental form of M could be expressed as

A i ik N1
hij = ;P\'(%‘ +oipi) = vigl B =9"hik = 105 = -0 Pny, (2.9)
where 7% = g% — %f—J and @' = o,
Evolution equation (2.5) can also be rewritten as

Ao v?
—_—— 2.1
8t ’I’L/\/ — (AT/”QOIL'J ( O)
Since Vyie; — Ve, X = X*[%, a?si] = 0, we have
9 _ _ _
ag’ij = V%<6“6j> = <VXeivej> + <eia vXej>
= <_61Xaej> + <61,V6JX>
— 1 — 14
= (Va(g) @) + (Ve (7))
1 — 1 _
— E<V6il/, ej) + E(ei,vejw
2
= =hij, (2.11)

and

= —V., (%)gijej = VM( - E) (2.12)
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Finally, we give a comparison theorem which is used several times in this paper. Suppose
that (M™, g) is an arbitrary Riemannian manifold, V is Levi-Civita connection. Let

0
S[u]——u—F(mtuVuV ),
ot
where z = (z!,--- ,2™) is a local coordinate system of M, V; =V _» , V2 Su = VVu(ax, , 8W)
3o

and the function F' contains the metric g;; = g(%, %)

If v,w € C*1(M x [0,7)), then we define set
Gv,w:{(xat,u,pi,pij) | ({E,t) €M x [OaT)a (S <U w> <V U, Vi U)> Dij € <V1,2jvv Vf]w>}7

where (v, w) = (v(z,t), w(z,t)), (a,b) denotes the interval between a,b. That is, when a < b,
(a,b) = [a,b], and when a > b, {(a,b) = [b,al.

We need the following theorem, which is a generalization of the result in [10, Theorem 2.4.4].
The proof is similar.

Theorem 2.1 If (M™,g,V) is a closed Riemannian manifold, and

(1) v,w e C*Y (M x [0,7));

(2) there exists domain E of M x R x R x R" x R™" s.t. E D Gy, F(x,t,u,pi,pij) is
continuous and has one order partial derivative with respect to py; in E;

(3) matrix (W) is positive definite in Gyy;

(4) L] > ()0, L[w] < (>)0 in M x [0,7), and v > (<) w in M.
Then we have v > (<)w in M x [0,7].

Remark 2.2 When we use this comparison theorem, we often compare with function w
which satisfies

ow
ot

where F'(x,t,u,p;, pij) > (<) f(t, u, p;, pij) for any @ € M, correspondingly we consider operator

< (>)f(t,w,0,0),

E 8u

[u] = en — f(t,u, Viu, V? )

3 Evolutions

Let ¢ & A(r)(%, v) = )‘S}r), which could be seen as “support function” of M in N, and ¢ £
HL¢. Curvature tensors of N are Ry = (R(ei, ej)ex, er), and Roju = Rujr = (R(v, e))ex, er).
We sometimes write A = Ay, V=V, V, = Ve, grad= grad,,, for short.

Evolution equations are very helpful for estimates of asymptotic behavior and long time
existence (see [1, 2, 12] for instance). Now let us compute several evolution equations, which
will be in the following chapters.

.0 Ahji |A)? 1
Lemma 3.1 (1) &hij = H12] - —V HV H+ — H2 h - E<Ril,6j,u>
+ﬁ[—g 'Vi(Roji) + 9" Vi(Roix;) — Rripht g™ + Rikjph g*'],
H AH 2 AP 1
; =7 —|VH|2 - % - —RIC(V v),
Jp 1 1 )
(iii) il (A + |A]P9) + e (d)Rlc(l/, v) ) )\Rl(:(l/, 8r))’

3,9\
(v) 57 = 770 + 2007V Vg — nig?
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Proof (i) By definition of h;;, we deduce

9 .
Ehw —V% <v€iej7l/>
_ — ov
= _<vxve,e]7l/> - <ve,eja E>
. 1 — — 1
=—(Ve, Ve, X,v) — ﬁ<Riuej, V) +(Ve,€j,ex) Ve, (ﬁ)
A . I 1 1
=—(V,, Eve‘ju +vVe, H ),1/> — E<RW6],I/> + (Ve,ej,er)Ve, (E)
1 — — 1 1 —
= E<V6il/, Ve, V) — VV(E)(ei,ej) - E<R“’ej’ V)
bk Neooen L@ o
= thkhjlg VV(H)(CZ,GJ) H<Rwejal/>7 (31)

from Simon’s equation in [8] (see also [11]),
Ahi; = VVH (e, ej) + gklgpq(ﬁkﬂphqj + Rkijphql) + thhqj — hij|A|2
+ ¢"Vi(Rojir) + g™ Vi(Royn)-
Combining above two formulas, we obtain (i).
(ii) Recalling (2.9) and contracting the above equation (i), then the desired equation follows

easily.
(i) Let X be the local tangent field in N. We have

Vg =5 (- (5r X)) (3.2
and _ 0 10 Nsiv 1,0 \0 v
Ve (05) = Ve P (- w e a) =V a
Combining (2.10), we get
%¢:v%<%’”> = ﬁ”%vgfa‘i(ﬁ» (3:3)
On the other hand, we have

Np = A(A<%,l/>) = %A)\(r) + 2<grad)\,grad(<%, l/>)> + )\A<%,I/>.

Hence, we need to calculate above 3 terms on the right-hand side. Since N"*! is a rotationally
symmetric space, we have

— N —2 N 0\2
Or=Oyr=nS and Vr(X,X) = X{(X,X) - <X, E> } (3.4)
And Vyr = (%)T, where T represents the projection from T,N to T,M for any p € M;

sometimes we write 0, = % for short. If we choose normal coordinates {X;}7 ; on M, then

ANT) = NAr 4+ N |V prf?
=N (Vx, Vx,r = (Vx, Xi)r) + N[0 |?

i=1
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D)+ aaT e

_ )«(Z(Vxﬁx,.r — (Vx, X)r) — H<y, -

i=1

=N (Zr —VVr(v,v) — E) + N0, 12

- (- Ay (o - ), 09

where the last equality comes from (3.4) and

<grad)\, grad(<%, 1/>)> = z”: )\'Xi(r)Xi<%, 1/>

T O Y A
= Xh(o],0]) = (50 vl I (3.6)
where the third equality come from (3.2).
Since
o _ _ _ _
A<§, y> = (Vx, V00, 0) + 2(Vx,0,, Vo, 1) + (00, Vx, Vx, 1), (3.7)
_ N
(Vx,Vx,0p,v) = <VX ()\( i = <8T7Xi>ar))71/>
N oo NY's N
= X<VX,;X1‘;V> - (X) Vx, (0, Xi)(Op, V) — XVX,;<87"7X1'><8T7V>
I
— i((9T,X'><VX,8T,1/)
NN N =
— -1 () 107109) = T(Tx.00.X0) + (0., T, X0))(0r.)
Al
+(5) 1 xor.)
B )\l )\l 2 " T )\/ )\/ T2
= -5 - (2(5) - 51T = 5 - S =107 )0 )
)\/
+HX|<8’“’V>|2
- N M 2 N ) N 2\ -
5 n(5) 0+ B 0P+ (3(5) A0l (3.9
i A /
2V, 0., Vx,v) = 2%<Xi — 0y, X)0,, Vx,v) = QH% — 2A n(a,),0,), (3.9)

(0, Vx,Vx,v) = (0r, X;)(X;,Vx,Vx,V) + (00, V) {1, Vx,Vx,1V)
= (0r, X;)Vx, WX, X;) — (0r, X;){(Vx, X;) ", Vx,v)
+(0r, v\, Vx,Vx,v)
= (0r, X;)(X; (H) + Ric(v, X;)) — (0r, v)| A
= (0, gradH) + Ric(v,d,) — (v, 9,)Ric(v,v) — (0, V)| A%, (3.10)
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combining (3.5)—(3.10), we reach at
/ AAR 4T A
A¢p=HN + X0, gradH) — ;|A| + ARic(v, 0,) — ;RIC(V, v).

Combining this with (3.3) yields (iii).
(iv) From (ii) and (iii), we have

(?)_f - _%%% - %&% H14¢ (AH |VH|2) H3¢2 (A¢ ARlc( aar))

and

1
Ap = ——(AH - H?) — —A 2+ H-
Then, we deduce
oy 1 9 g 0
B = Tl 200°V6 - Vit X ¢R1c(y, E)'
Note Ric(v, %) =—-- /\TN (iv) follows immediately.

4 Rotationally Symmetric Spaces with Nonpositive Sectional
Curvature and Euclidean Volume Growth

From (2.5), due to Theorem 2.1, we only need to solve corresponding ODE,

ds _ A(s)
dt — nN(s)
Hence we obtain
t
inf InA(r(y,0)) <InA(r(x,t)) — — < sup InA(r(y,0)), VxeS" t€][0,T). (4.1)
yesn n yesn

If we differentiate (2.10) with respect to the operator D¥@ Dy, define w = %|D<p|27 and

N5, . .
F = 2=—7%4  then we obtain

"

ow 1 i i nA
n + ﬁ(_ a" Dy (D;Djp)D*p + a'D;w + 2 2

.. ~ij .
where a” = L5, a' = % and F = H2.
v Pi v

Applying Ricci identity and the Gauss equation Eijkl = 04,01 — 040k, We deduce

Ow 1 y . y B
at +ﬁ(_ajDiDjw+aDiw+a]0ij|Ds0|2—aJ<pi<pj+ ¢2)
— Y M D, Dy Dy Dip <0, B
- FQU k¥ - P ()

where the above inequality follows from this simply fact: if matrix A, B, X are symmetry, and
A>0,B>0,ie., A B are both positive definite, then we have tr(AXBX) > 0. In fact, there
exist a reversible matrix P and diagonal matrices A, Ay > 0, s.t. A = PA;PT, B = PA,PT.
If we define Y = PTX P, then

tr(AXBX) = tr(PAyP* X PAyPTX) = tr(A1YTAY) >0
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Lemma 4.1 If 0 is a constant and (a"),xn > 0(0Y)xn, then ao;;|Dol? — a¥pip; >
(n —1)8|Dg|*.

Proof Let A = (a¥)uxn, 0 = (04j)nxn- Then there exist a reversible matrix P and
real diagonal matrices A= diag{p1, -+ ,pnt, A = diag{\, -, \n}, s.t. A= P/~\PT,U’1 =
PALPT,

By (a)pxn > 0(69)pxn, we have p; > 9)\;1 for each ¢. Then

;| Del? — apiip; = Z( iXi(Dg) " PA™ PT Do) — (D) " PAP Dy
—Zuz ( (Dg)" PA™'PT Dy — A,(PtDsDﬁ’)
1
> TpaA-1pTH., _ L pTp 2
_Gzi:((D@) PAT'PTDp— (P Dsﬁ%)

= 0O(n — 1)|Dyp|*. (4.3)
where (PTDy); is the i-th component of vector PT Dep.
Due to Theorem 2.1, w < supw(x,0). Therefore, v is uniformly bounded, matrix o is
Sn

uniformly bounded, and a% is uniformly elliptic.
If we differentiate (2.10) with respect to ¢, we obtain

0 0p a¥ Op 1 OF (830) _ 1 OF 0p 1 nA\' 0y

aior PG T e \ar Fosor o o

By Theorem 2. 1, d 2 is uniformly bounded. From estimates of [6, Section 5.5], [p|2 o is bounded.
Since H = /\v — 150 ¢; ;, we have

nN+C _ nN+C
H < o < N (4.5)
where C' is a constant depending on the initial hypersurface My and the dimension n.
In this paper, we always define C' and 6 to be generic positive constants which only depend
on the initial hypersurface My and the dimension n, otherwise, we will specify it.
In the rest of this section, we always suppose that )\ is bounded from above.
Then we have

A2 5 _ (nN +C)?
< < 4.
oS T =9 (46)
where (' is a positive constant depending on the initial hypersurface M, and the dimension n.

Theorem 4.1 Ifw = 1|Dy|? is as above, then there exists § >0 s.t. w < C-e™%
Proof Let f(t) = sup w(x,t). Applying Theorem 2.1 to (4.2), we obtain

resSn
df !
.t. — )=/ <0.
3C>0, st So+Cinf ((55+5)75)f <0
Then by (4.5),
df
—f <
Wt Cr<o

integrating both sides yields the conclusion.
Combining Theorems 4.1, we use interpolation theorems to get

3C >0, 60, >0, st |[D*|<C-e (4.7)
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Lemma 4.2 The mean curvature H(t) of M(t) satisfy
Cy < H(z,t)-er < Cy,

where Cy and Co are positive constants.

Proof From (4.5) and (4.1), the right-hand side inequality is satisfied clearly. Then let us
prove the left-hand side one. Recall Lemma 3.1(iv), we have

0y _
ot
By Theorem 2.1, we obtain

¥ <sup(e,0), e, Ho=inf(Ho)(,0),
u )

PP D)+ 209°V - Vip — ml)3¢2/\7/,~

By (4.1), we have
o < A(r) §C'e%.

Combining the above inequality, we get the conclusion.

Since (2.8) can be rewritten as
dp v
ot HX
by Lemma 4.2, it is clearly that the time of the solution to (2.8) is infinite. So the solution to
(1.2) exists in S™ x [0, +00).
We consider the rescaled surfaces

X(t)=X(t)e =, VzeS" te|0,00), (4.8)
Correspondingly, radial function 7(x,t) = r(x,t)e’%, and 'gvijjzij,%} denote the first, second
fundament form and volume form of X, respectively.

Since 1 < X < oo, 7 has an upper bound and a positive lower bound. Moreover, we claim
the existence of limit of 7. We want to estimate the velocity of 7 with respect to the time ¢,

or Or _+ r _.u v o_+ T _& ( A2 r)e,i (4.9)
— =—e n—— n=—e n——"¢  n=|——— — n, )
ot ot n H n nAN —dpi; n

If we define f(x,t) = ﬁ - %, then by Theorem 4.1 and (4.7), it is not hard to see

that | f(z,t)] < C - el =9t for a sufficient small 6 > 0. Thus we have

(e A e

ot n\ n
_ -1 ; "y RV _t
=f-en+ V() (/0 N (s)ds —rA (r))e
o _t 1 —t . "
=f-e n)\’(r)e /0 /8 N (u)duds
1 T

_n)\’(r)e_;/o sA(s)ds (4.10)

Since \” > 0 and 7 is bounded, from [;* |fle==dt < oo and dr = L I8 we conclude

* 1 -t " "
/0 n)\’(r)e ’/0 s\"(s)dsdt < oo.
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Thus the limit of 7 exists for any fixed z € S™.
If we differentiate r with respect to the operator D of S™, then we have

DF:e*%Dr:)ngo-e*% —0, t—o0.
Hence 7 converges to a positive constant , uniformly. The metric of X (t) is
~ _at _at
gij = e mriry + X (F)oi; = N (r(t))e” " gig; + N(F)oy — N (k).

Moreover,

PO E® T RE T TN ek A RF)

L

Due to ¢;; — 0 (t — 00), by (2.7), we have 9 0(t — o0). From Theorem 4.1, we deduce

= i
en

Ly 20 LA g YO A

©i; — 0 (t — 00). Hence
=i N o L - N(K) o
Y R AR A Y S

So the rescaled surface converges to a sphere of radius of k. Fortunately, we can determine this
unique . By (2.11), we have

0 detg ..0g;; detag .. 2

which implies

d

— dpy = Area(My).

ar a / o, (My)
Thus, we get Area(M;) = Area(My) - e'. Since 7 converges to a positive constant , uniformly,
there exists function e(z, 1), s.t.

| &

Area(M;) =

lim max |e(z,t)] =0 and r(z,t) = (k +e(x, t))er.

t—oo S
For any § > 0, let M(c0) £ lim MN(r). When ¢ is sufficiently large, we have )\(%e%) >
(X(00) — &)(%ex). Then

Area(My) = e *Area(M;) = e~ ! A" (r)do
S’IL

>e . )\”((Fc + Igine(x,t))e%) - [S™
> (N(o0) = )" (i + mine(z, t))" e
where |S™| is Lebesgue measure of n-sphere in Euclidean space. Let ¢ go to infinite. Then
Area(My) > (N (o) — §)"k™ - |S™].
Since ¢ is arbitrary, we have
Area(Mp) > (X' (00))" k" - [S"].

Similarly, we can get
Area(My) < (N (oc0))™k™ - |S™|.

Hence, we obtain

Area ®
”:X(loo)( |SEL]|\40)) '
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5 Hyperbolic Space
When N is the hyperbolic space (whose sectional curvature is —1), the metric is

g = dr? + sinh®(r)oy;dz’da?

under the geodesic polar coordinates, that is, we choose A(r) = sinh(r). Inheriting the
notations before, ¢ = sinhr(%, vy, ¥ = I;¢, oij = 0ij + Sin%rirj, Gij = sinh?r - Tijs
w(xat) = fcr(myt) smh(‘?) ds and 5 = o™ — 3111%12 = TDJ - We obtain
, , coshr 1 ;
ht — zkh - 5t — 5’Lk )
39 b T wosinhrl PR
coshr _. coshr X oy,
= ——0 + — D'rDjr — ———. 5.1
v-sinhr 7 ¢3sinh®r 77 v.sinh®r (5.1

Moreover, if we define M;; £ H - h;; and M ) £ g% . My, then we have the following result.

NG Ah;j 2 |A|2
Lemma 5.1 (i) &h“ = HQJ - —BVZ'HV]-H—F 5 hij + h”,
.. OH AH 2 |A|
= 2 \WwHI]? -
(i) H2 wIVE T +H
... 00
() 5 = (80 + |4P%)
(v) 2 = 20200+ 200796 - T — 7,
8M~ 1 2n 2
(V) 8;] = ﬁAMH — ﬁv’LH . VJH+ ﬁMU — ﬁ<VH7 VMij>,
. OMF 1 2 2 2n
(vi) o ﬁAM’“ 7 (VH,VMF) - ﬁgjkViH Vi H + mMf H2 — M M*,
L 0|AP 4 2 i oo ont AP .
(vil) =5 = mA|A|2 — gV HVH ~ ﬁwg - Vh +2————A]* - Eh{hfh;.
Proof Since N has constant sectional curvature —1, we have Fijkz = —9ikgjl + GilGjks

Riojo = —gij and Ro;j, = 0. Hence by Lemma 3.1(i)—(iv), Lemma 5.1(i)—(iv) follow easily.
Combining (i), (ii) and (2.11), it is not hard to show (v)—(vii).

By (4.1), we have

ylenf In(sinh(r(y,0))) <In(sinh(r(x,t)))— % < Sélsg In(sinh(r(y,0))), VaxeS", te€[0,7). (5.2)

Since ¢ = sinhr (2, v), due to |A]* > HTZ and Theorem 2.1, we have

¢ >en - min ¢(z,0), (53)

Let Ry = misn ¢(z,0), Ry = m%xsmhr(x 0). By (5.2) and (5.3), we have
TeS™

Ri<¢-e 7 <R, (5.4)
From Lemma 3.1(iv), we define f(t) = max (z,t). Then by (5.4) and Theorem 2.1, we deduce

d
df < —nfiR%% = 2> inf (He)?(2,0) + n>R3(en’ — 1).
dt zeS™
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Similarly, we have ,
Y7 < sup (Hp)*(w,0) + n®R3(en" — 1).

zeES™

Therefore, we have

oo H nt (HoP(@.0) + n R (1 — e )

1
< H < — Jem ! sup (H)?(x,0) + n2R3(1 — e~ t). (5.5)
Ry zeES™
In particular, when the initial surface is a ball, equality is attained.
Using Lemma 5.1(vi) and Theorem 2.1, we know that the largest eigenvalue of matrix of

h; is bounded from above. Since H = Y h! is bounded, all the eigenvalues of matrix of h; is
i=1
bounded. From (2.11), we know that the solution to (1.2) exists in S x [0, +00).
From (4.2), then by (5.5) and Theorem 2.1, we get 363 > 0, s.t. w < sup w(x,0)e %"
.’,CES”
Moreover, (4.4) becomes

gaﬁ_ﬁDDj(%) 1 8F<%)i n Oy

atot 2\ ar) T Fag \ot )i HZ ot (56)

Due to Theorem 2.1, %—‘f is uniformly bounded. Also using estimates of [7, Section 5.5], we get
that |¢l2,o is bounded. Due to interpolation theorems, we know

3C >0, 64 >0, s.t. |D2<p| < (C .ol

Since % = Wygi% and (5.1), we know 30 < < 1,0 >0, s.t.
or 1
Z _Zl<(C-ePt
ot nl— ¢
and
; ; coshr ; 1 -
hz-—5?<‘7— i 5o
I =9l < vsinhr J vsinhr|J #hd]
1|coshr 1 1 i (1
< == —1‘+“‘1‘+ —— 5y < C e O
vl sinhr v vsinhr
Hence )
H| <n+C-e GHAL (5.7)
Let f(t) = m%xw(x,t) in (4.2). Using Theorem 2.1 and (5.7), we have
wesn
df 2n . df onf
— <0 e, —< ——
dt +néaxH2f_ » M g S T2 e

From the above differential inequality, we deduce

|Dp|? = 2w < 2f(t) < C - e at. (5.8)
From (5.1), we have
sinhr ; 1 ; 1 y L
coshr ™ %] < ‘; =185 + ——— % | < C e GO, (5.9)
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. . coshr .
hi — 5t < ‘ — 15t ik <C. —(3+P)t. 5.10
[vh; = il < sinhr s smh 7" ] ¢ (5.10)
Let us consider rescaled surfaces
X(t)==X(t), (5.11)

comparing to (4.8). Correspondingly, radial function 7 = 2F, and §ij,ﬁij,5 denote the first
second fundament form and volume form of X, respectively.

By (5.2), it is clearly ¥ — 1 and © — 1 as t — co. Moreover

2
Gij = sinh®(F)oy; + 7;7; = sinh?(F)o;; + sinh®(r) (%) @ipj — sinh?(1)oy;.

Due to
~ik
coshr coshr ) oy
h}: - ; ——D'rDjr — —; 2”,
vsinhr v3sinh” r vsinh® r
then we have
~ik
T Tk

~. h(Zr ) h(2 2 .
;  cosh( )6?4— cosh(%7) (ﬁ) D’LTDJ'T—O- ’
r)\t Usinh?(2r)

¢
7 wsinh(§r) 7 93 sinh®(2r

k¥ in the version of X. In order to prove

~. cosh1
B i
77 §inh19

~ik
where ¢ is ¢*

we need
|D2’I“| S Cl.

Since @i j = sr=riy — =2y, w < sup w(a,0)e™%! |D?r| < Ci is equivalent to |¢; ;| <
oS
Cy - e*%t, where C1, Cy are two different constants.
From above, we know 30 < 3 < %, C > 0s.t. |D%p| < Ce P,

Let us consider function

2 n i i j ]
G2 1A= iy B =305 )00 - o)

9

Theorem 5.1
00 20 _ L (e —wvnv,m) +22 A e 2 ap -y - Saintg
- %thw;i + 3( ﬁ“’ 5|v | ?) + ﬁv(%) VH
~ij

- . nsinh?r o
— a0 Dol® + " pip; — ——5—| Do IQ—U—U %wﬂ}

4n b 138)t +B)t
<G+ C-e G 0 et
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Proof If we define w = 1|Dy|? as before, then v = /1 + 2w and

oG 0 20H 2 9
L AP 2 L 2 (Ho—n)—
o~ e Tty
By Lemma 5.1(ii), (vii) and (4.2), we have
oG AuG _ , 1 , 2/0H AHy\ 1 /2y 2 _/2
- AP = BIAP = 2 (S5 = )+ 2A(5) + 5 Y(5) - vH
ot H? | | 4] (at H2)+H (v)+H2v(v) v
1 n
H Z AH+ S (Hv—n)w—ﬁA(F)
. ) Al? ) )
:—ﬁhZV’HVH —Vh?-vm-+2"+| | |AI? — hgh’?hg

_%(_ﬁWH'Q_%J“H)JFHA( ) Ijﬂ( ) v

1 /n 2 1 o
= 0(5) + e =g [T — alei = @y | DeP
Iy nsinh?® r o
+avpip; — —5—|Dy Iz—v—o @zk@yl} (5.12)

Since v = /1 + 2w and F = H%, we have

oG AuG Al n+|A|2
- 7H3(U|VH| WY H) +2

—%wgwﬁz( f“’ 5|V|)+mv(%)-w;

2 4
A]? + 2= (1A = ) = hihihy

H

n 2Aw 8 5 2 1 ol :
~ gz (= = gl Vel?) e ) g [T — e

g g nsinh? r g
_ a”Jij|Dtp|2 + a0 — T|D |2 _ U—O' @zk@]l}

By (2.8), we have
= b 4.
sinh? r

Combining ¢ = £5%, (5.8) and (5.10), we conclude

oG _L8G %<1|VH|2 - hgviHvH) +
v

ot H?
—%thw;w%( ﬁ“’ 5|V|)+ﬁv(%)-v1{

n 20w 8 9 2 Aw  2(Hv—n)
=g (= T Vel + =g - e a
+0(e %) 4 Ofe-Groomy _An Hv =
4

vt H?

N oi n+ AP 2 4 ik

H3( 5l — hg)v HV H + 27— | AP + 7=(1AP = n) = Zhlhfh,
Hv—n 2 i 4 1 2(Hv—mn)

_ i J ¢ i Z). — ?
An=tw — 5 VAV + v(v) VH a

H2v2sinh? r
6 (3.
b0 [Vl = [Vl £ 0 ¥) + O (),

TL+|A|2 2 2 2 4 ki1
2T AP+ 241 — ) — o hinn

Wi

H26
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Since Vh{Vh; is independent of the frame, we can choose normal coodinates {X;}]; on M.
Then

VhVh} = ZV}L (X, X;)Vh(X;, X;) >ZVh (Xi, Xi)Vh(X;, X;) > |VH|2.

,J

Hence
5 (500 = W)V, H = RN + 9 () - VH + oVl — 2 Vul?
< _Ce<n+ﬁ>:|VH|2 —ivHP 4 v (5) -V - 2ﬁ(% -0)[v(3)]
441 1 8 1
O - 2 ()

< Ce~ n+ﬁ)t|Vw|2 < Ce~ 7L+ﬁ)t

where the second inequality above is obtained by using Cauchy-Schwartz inequality, and the
third inequality is obtained by (5.8).

. . i, .
From a' = 3—5 = 83 ("’\372“91), we obtain
Hv—n 4
20— ) i < e,
H2v2 sinh* r

Thus we conclude

A A2
aG——G<2n+| |

R 2_
ot HZ < " =1

2 Hv—n
|A]? + v(|A|2— )—Ehjh’“h’ -

+0(e” GO 4 Oe~ (W t30)1)
If {\;}7 are the princple curvatures of M in N, and p; £ A; — L, then (5.10) implies
|| < C .o (ZHP,
Combining v? —1=2w < C - e_%, we deduce
2 S WENS — [AP(AP + ) = (AP — )
v
1
3 2 2 2
:22&-2% —Z(l—f—)\i)z:)\j - ;Z)\iZ(A —~
j i J
13 1\2 1\2
=23 (4 ) X (4 3) =X (4 () ) E s+ )
i J
152
X (e ) 2 (i 5) )
1 2 3 1 1
_ 3,22 2 3_ 2 2
= Z (2Niﬂj = WG g+ S = i — v_3”j)
- 1 1 (4
= Z (2uarss = 22+ g + w4203 =~ + =55 ) + O(e™F+90)

= ”Z (22 + 251 = %)) + O+ 4 O(e= (2 990),
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Therefore

g B2G_ 2n
T TER N T

Hj 1
(2,@ + (1= 0+ S = D - 1))
+ O(e—(%+6)t) + O(e~ (w300t

= _% Z 2;@ + 0(67(%+6)t) + O(ef(%JrSB)t)
J

4dn (4 T
=—7z2G+0(e GHA) 1 O(e= (w300, (5.13)
Let f(t) = sup G(z,t). From Theorem 2.1 and (5.7), we deduce
IESW
dF o AF L eGR4,
dt = n4+Ce =

which is equivalent to

%[(ne% +O)1f] < Cnew + C) (e GHA! 4 o= (301,

From the solution to above differential inequality, we obtain

3t

Gl,t) = Z(h; — (] =) <Cremm (e )

,J

If we define matrix B = (B;;), where B;; = h; — 5;», then matrix B can be diagonalized at
a given point, i.e., there exist a reversible matrix P and a real diagonal matrix A, such that
B = PAP~!, then

G = tr(B?) = tr(PAP ' PAP™!) = tr(A?).

We deduce |By;| = |hi — 8| < VG. If 38 < L, then by (5.1), we have |D%p| < C'- e~ 2~ 10 If
we use Theorem 5.1 to iterative the order of [D2¢], then we deduce G(x,t) < C-e~ ", that is

t

|D%p| < C-e~w. Since

. coshr _ coshr .
hi = — 0%+ ———D'rD;r —
vsinhr v3 sinh” r

o T

. )
vsinh? r

and % — % we have |D?r| < C, where C' is a uniform constant.

Finally,
i _ Cos (%7) i cosh(%r) (ﬁ) DirD.y O TR coshl g F s
7 wsinh(%r) 7 3 sinhg(%r) t / EsinhQ(%T) sinh1 7’ ’
~ik . . > .
where & is % in the version of X, so the rescaled surface converges to a sphere of radius 1.
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