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On a Class of Infinite-Dimensional Hamiltonian Systems
with Asymptotically Periodic Nonlinearities™*

Minbo YANG! Zifei SHEN? Yanheng DING?

Abstract The authors study the existence of homoclinic type solutions for the following
system of diffusion equations on R x RY:

Oru — Agu+b-Veu+au+ V(t,x)v = Hy(t, z,u,v),

-0 — Agv —b- Vv + av+ V(t,x)u = Hy(t, z,u,v),
where z = (u,v) : Rx RY - R™ xR™, a >0, b= (b1,--- ,by) is a constant vector and
V € C(R xRV, R), H € C*(R x RY x R*™ R). Under suitable conditions on V(¢,z) and

the nonlinearity for H(t,z,z), at least one non-stationary homoclinic solution with least
energy is obtained.

Keywords Variational methods, Least energy solution, Hamiltonian system
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1 Introduction

Recently, the following system of diffusion equations has been wildly considered:

Ou— Dgu+b(t,x) - Vou+ V(z)u = Hy(t, z,u,v), (t,z) € R x Q, (1.1)
—0w — Agv —b(t, ) - Vv + V(z)v = Hy(t, x,u,v),
where Q is a domain of RV, z = (u,v) : Rx Q — R™ x R™, b = (by,---,bx) is a vector,

V € C(Q,R) and H € CY(R x  x R>™ R). Such problems arise from optimal control of
systems governed by partial differential equations (cf. [22]), and are related to the Schrodinger
equations (cf. [25]).

When the existence of stationary solutions is involved. Many authors have devoted to the
research of the Hamiltonian type elliptic systems. For example: de Figueiredo and Jianfu Yang
[18] considered

{—A<p+<p=g(x7¢)7 in RV, 12)
—AY+¢ = f(z,9), inRY, '
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and showed the existence of a strong radial solution pair. There are also some results about
the existence of solutions for (1.2) in bounded domain. Hulshof-Van der Vorst [20] and de
Figueiredo, Felmer [17] considered the elliptic systems by using the Sobolev spaces of fractional
order.

As far as we know, there is not so much work on the existence of nonstationary solutions
for systems like (1.1). In the case b(t,x) = 0,V (x) = 0, Brézis and Nirenberg [6] considered the
system

{&u_AﬂF:_&+f’in®JUxQ, (1.3)

—Ow — A =u+ g,
where  is a bounded domain, f,g € L*>(Q2), subject to the boundary conditions u = v = 0
on (0,7) x 02 and u(0,2) = v(T,z) = 0 on Q. Using Schauder’s fixed point theorem, they

obtained a (generalized) solution (u,v) with u € L* and v € LS. Clément, Felmer and Mitidieri

[7] considered

O — Agu = |v|9 2w,
= Agu = o] Ui (=T, T)x Q, (1.4)
—0w — Ayv = |ulP~*u,
where p, ¢ satisfy
N < L + ! <1
N+2 p '

By using the mountain pass theorem, they proved that there exists Ty > 0 such that for each
T > Ty, problem (1.4) has at least one positive solution.
In the case b(t,z) = 0,V (x) # 0, Bartsch and Ding [4] investigated the following infinite-

dimensional Hamiltonian system:

(1.5)

Ou — Agu+ V(z)u = Hy(t, x,u,v),
—0w — Ayv + V(z)v = Hy(t, x,u,v).

They established the existence and multiplicity of solutions of homoclinic type under the as-
sumptions that V(z) and H(t,z,u,v) are periodic in ¢, z, and H (¢, z,u,v) is superlinear at
infinity.

For the case b(t,z) # 0,V (z) # 0, the diffusion equations with periodic potential and
nonlinearities was recently considered by Ding, Luan and Willem in [14]. They assumed that
H(t,z,0) = 0 and H(t,x,z) is asymptotically quadratic or super-quadratic as |z| — co. By
establishing a proper variational setting based on some recent critical point theorems, they
obtained that at least one nontrivial solution and infinitely many solutions provided moreover
H are symmetric in z.

For other results concerning Hamiltonian system, we refer readers to [2, 8, 10-13, 19, 21,
27].

The aim of this paper is to investigate the existence of homoclinic type solutions for the

following system of diffusion equations:

Ou— Azu+b-Veu+au+ V(t,z)v = Hy(t, z,u,v),

(H.S.) {—@v — Ay —b-Vyv+av+ V(t,z)u = Hy(t, z,u,v), (1.6)
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where z = (u,v) : RxRY — R™ x R™, a > 0, b = (by,---,by) is a constant vector,
V € C(R xRN R), and H € C}(R x RY x R*™ R) is asymptotically periodic.

To solve the problem by variational methods, we need to overcome some difficulties. First,
there is no compactness for the Sobolev imbedding. Second, the energy functional is strongly
indefinite, the classical critical point can not be applied directly. Third, the potential V (¢, z) and
the nonlinearity H (¢, x,z) are both nonperiodic in variables ¢ , ; moreover, the nonlinearity
H(t,x,z) is super-quadratic as |z| — oo. We can not use the the periodicity property to
obtain the existence of nontrivial solutions. Inspired by recent works of Ding and Wei [15]
and Li and Yang [24], we are going to investigate the existence of nontrivial homoclinic type
solutions for (H.S.). In [15], the authors considered a class of nonlinear Dirac equations with
general potential and special nonlinearities (satisfying Ambrosetti-Rabinowitz condition and
(Hy), (H,), see below) by a reduction discussion, where they also gave the exponential decaying
proposition for the solutions.

To simplify the notation, we denote

0 —I 0 I

Then system (H.S.) can be rewritten in the form of J&z + (A + V(t,2))z = H.(t,z,2). It
was called an unbounded Hamiltonian system (cf. [3]), or an infinite dimensional Hamiltonian

system (cf. [4]). Indeed, it has the representation
jgz = grad, H(t, 2)
AT
with the Hamiltonian
1 2
H(t, z) == — (quvmv +b-Vyuv + auv + §V(t, x)|z|" — H(t,x, z)) dx
RN

in L?(R,R*™), where grad, denotes the gradient operator in L?(R, R*™) and
m N m N

VeuVav = Z Z 0z, 10,,v5, b-Vzuv = Z Z b0y, u;v;
J=1i=1 J=1i=1

for u = (uy, - ,upm) and v = (v -+ , V).

In order to state our main results, we introduce for » > 1 the Banach space
B, = B,(R x RN R?™) .= WL (R, L"(RY,R*™)) N L"(R, W?" n WL (RN, R*™))

equipped with norm

1

N 1
Izll5, = (/Mw (|z|”" + 02" +; |8§jz|’“))r-

Clearly, B, is the completion of C§°(R x RY R?™) with respect to the norm || - ||5,. If r = 2,
Bs is a Hilbert space.
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Let N* .= if N =1, and N* := % if N > 2, and define

V(o0) := " 1|1r|n Vt,x), W(t,z):=V(cc)—V(tx).
t|+|x|—o0
Vaup :=  sup  |V(t,z)], Wsyp:= sup W(tx). (1.8)
(t,z) ERXRN (t,z) ERXRN

We make the following assumptions on the potential and nonlinearities:
(V1) Viup < a, Weyp < a— V(o0), W(t,z) > 0 for all ¢, x,
(H,) H.(t,z,z)=h(t,z,|z])z, h(t,z,s) >0, h(t,z,s) = o(s) as s — 0,
(H,) h(t,z,|z|) — oo uniformly in ¢, z, as |z| — oo,
(Hy) thereisr>0and1<q<%witho>1ifN:1,a>1+% if N > 2, such that

1

H(ta Zz, Z) Z C()|Z|Q+1,

|h(t,z,|2])|” < C1H(t,x,z), if|z| >,

~ 1
where H(t,z,z) = 5h(t,x, |2])|2|*> — H(t,x,2) >0, if 2 # 0,
(H,) there is hoo € C'(RT,RT) with hl (s) > 0 for s > 0 such that h(t,z,s) — hoo(s) as
[t] + || — oo uniformly on bounded sets of s, and hoo(s) < h(t,x, s) for all (¢, z,s). Moreover
~ 1 .
Hy(z) = Ehoo(|z|)|z|2 —Hy(2) >0, if 2 #0.

For a solution z of (H.S.), we denote the associated action functional by

D(z) := /]RXIRN (%jz sz —H(t, x, z)) dt.

Set
Cmin = inf {®(z) : z # 0is a solution to (H.S.)},

a solution zg # 0 with ®(z9) = cmin called a least energy solution. Let Sy, denote the set of

all least energy solutions to (H.S.).

The main result of this paper is the following theorem.

Theorem 1.1 Let (Vi) and (H,) — (H,) be satisfied. Then
(i) system (H.S.) has at least one least energy solution;

(ii) Smin % compact in Bs.

Theorem 1.1 can be applied to the following special case:

{&u —Apu+b-Veu+au+ V(tz)v = h(t,x)|z[P~ 20, (1.9)

—Ow — Ayv —b- Vv +av+ V(t,z)u = h(t,z)|z[P2u,

with 2 < p < N* and h(t,z) satisfying (ho): h € C(R x RN, R), h(t,x) > ho > 0 for all ¢,z.
Here hg := lim  h(t, ).

[t]+]z]—o0
Corollary 1.1 Let (V1) and (ho) be satisfied. Then

(i) (1.9) has at least one least energy solution;

(i1) Smin s compact in Bs.
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This paper is organized as follows. In Section 2, we formulate the variational setting and
recall some critical point theorems required. In Section 3, we discuss the least action solutions
of the associated limit equation. And finally, in Section 4, we complete the proof of the main

results.

2 The Variational Setting and Critical Point Theorem

Let Ag:=J0+ A, Loy :=J0+ (A+V(x)) and L = T+ (A+ V(t,z)), where J and A
are given by (1.7). Since b is a constant, Ay is a selfadjoint operator acting in L?(R x R R?™)
with domain D(Ag) = Ba(R x RN R?™) (cf. [14]). Let o(-) and o.(-) denote the spectrum
and continuous spectrum respectively. Recall that the operator S is self-adjoint on L?(RY R)
and o(S) C [a,o0). By [14, Lemma 2.1], we know o(A4g) = 0.(40g) C R\ (—a, a).

Lemma 2.1 Under the assumptions on V, we have the following
(1) Lo are self-adjoint operators and o(Lo) C R\ (V(o0) —a, a —V(o0));
(2) L are self-adjoint operators and o(L) C R\ (Voup — a, a — Vaup)-

Proof We check (2) only, the proof of Ly is similar. Since Viup < a, it follows from the
Kato-Rellich theorem that L is selfadjoint. Furthermore,

Lzl = [(Ao + V(¢ 7))zl > [Aoz]z — [V (8 2)z]2 > alz]a = Vauplzl2 = (@ = Vaup) 22,

thus, (L) C R\ (Vaup — @, @ — Viup).

It follows from Lemma 2.1 that the space L*(R x RY) possesses the orthogonal decomposi-
tion:
L? =L LT, z=z +2T,

so that Ly is negative definite (resp. positive definite) in L™~ (resp. L1). Let |Lg| denote the
absolute, |L0|% the squared root, and take £ = D(|L0|%). E is a Hilbert space equipped with

the inner product
1 1
(z,w) = (|Lo|? 2, |Lo|2w)2

and the induced norm |[|z|| = (z,2)2. E possesses the following decomposition
E=E- @E" with E* = EnNL®,

orthogonal with respect to both (-, )2 and (-, -) inner products. It is clear that ||z[? >
(a — V(0))|z|3 for all 2 € E. Since Lg is periodic, the following results can be obtained

similarly to [14].

Lemma 2.2 There exist c1,co such that
cillzllB, < |Lozl3 < e2llzllE,

for all z € Bs.
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Lemma 2.3 FE is continuously embedded in L" for any r > 2 if N =1, and for r € [2, N*]
if N > 2. E is compactly embedded in L] . for all r € [1, N*).

loc

Assuming that (V;) and (H;) — (H,) are satisfied, we define on E the following functional:

1 z+2—z_2—1 z)|z|? — U(z
(1P =118 =5 [ WialR -~ %)

for all z = 2z~ + 2+ € E, where
U(z) ::/ H(t,z,z).
RxRN

Then ® € C'(E,R) and a standard argument show that critical points of ® are solutions to
(H.S.).
Using the spectrum decomposition of L, one may give ¢ another representation as follows.

By Lemma 2.1, we have F = D(|L|%) with the equivalent inner product
(2:0)1 1= (IL|F2, |L|F0)s
and norm ||z, := (u, u)% Then as above, there is a decomposition
E=E; ®Ef

with
||zi|\% > (a— Vsup)|zi|§ for all z* € ELjE

Now @ can be represented as

o) = 5 (12713 ~ 17 13) — v (e)

forall z=2"+2" € B, ® E}.

In order to find critical points of ®, we use the following abstract theorem which is taken
from [4, 10].

Let E be a Banach space with direct sum decomposition £ = X @& Y, 2 = = + y and
corresponding projections Py, Py onto X,Y, respectively. For a functional ® € C'(E,R), we
write ®, = {z € E : ®(z) > a}. Recall that a sequence (z,,) C E is said to be a (C)_-sequence if
®(z,) — cand (1+||z,]])®’(2,) — 0. ® is said to satisfy the (C) -condition if any (C) -sequence
has a convergent subsequence.

Now we assume that X is separable and reflexive, and we fix a countable dense subset
S C X*. For each s € §, there is a semi-norm on E defined by

ps i E—R, ps(z)=Is(z)|+]|y|| forz=az+yecXaY.

We denote by 7s the induced topology. Let w* denote the weak™-topology on E*. Suppose
that

(®g) There exists ¢ > 0 such that ||z|| < ¢||Pyz|| for all z € ®g;

(®;) For any ¢ € R, @, is Ts-closed, and @' : (P, 7s) — (E*,w*) is continuous;

(®2) There exists p > 0 with x :=inf ®(S,Y) > 0 where S, Y :={z€ Y : |z| = p}.

The following theorem is taken from [4] (also cf. [10]).
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Theorem 2.1 Let (®g)(P2) be satisfied and suppose that there are R > p >0 ande € Y
with ||e]| = 1 such that sup ®(0Q) < k where Q@ = {z=x+te: x € X, t >0, ||z]| < R}. Then
® has a (C),-sequence with k < ¢ < sup ®(Q).

The following lemma is useful to verify (®1) (cf. [4, 10]).

Lemma 2.4 Suppose that ® € C'(E,R) is of the form
1
®(z) = 5(||y||2 —|lz)?) = ¥(2) forz=z+yeE=XaY,

such that

(i) Ve CYHE,R) is bounded from below;

(ii) ¥ : (E,7,) — R is sequentially lower semicontinuous, that is, z, — z in E implies
U(z) < liminf ¥(u,);

(i) U : (E, Ty) — (B*, Ty~) is sequentially continuous;

(iv) v:E—R,v(z) = |z|? is C* and V' : (E,T,) — (E*, Ty ) is sequentially continuous.
Then ® satisfies ($1).

3 The Autonomous Problem

In this section, we study the following limit equation related to (H.S.):

7L (A4 V(00)2 = heolJ2])2,

dt (3.1)
z(t,x) — 0, as|t|+|z| — oo,
where h is the function from assumption (Hy).
From the assumptions (H;), (H,), we know that there are Cj, C] such that
Hoo(2) = Colz|?*,
~ (3.2)
oo (27 < C1Hoo(2), if [2] = 7,
which imply
|hoo(|2])2] < Cal2|F1, it |2| > 7 (3.3)

Choosing 2% < p < N* and by (H,), we know that for any £ > 0, there exists a C. > 0 such
that

Hoo(2) < elz|* + Cc|z|P for all z € R*™. (3.4)

Set

and define the functional

1 1, _
F(z) = SllzM? = 12717 = Poo(2)
2 2
for 2 =2~ + 2t € E- ® ET. Tt follows from the assumption on h., that F € C'(E,R) and its

critical points are solutions to (3.1).
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Lemma 3.1 F possesses the following properties:
(1) W is weakly sequentially lower semicontinuous and F' is weakly sequentially continuous.

(2) For any finite dimensional subspace Z C ET,
F(z) > —o0, aszeE @ Z, |z|| - .
(3) There are p >0 and k > 0 such that
Flg,np+ >0 and Flsp,np+ > K.

(4) Let (z) be a (C), sequence for F. Then it is bounded and ¢ > 0.
Proof (1) The first conclusion follows easily because of Lemma 2.3.
(2) forallze E- @ Z,

1 1, _ 1 1, _
F) = gl = 5171 = Vo) < (5171 = G5 [ 11 = 317
X

Since all norms in Z are equivalent and g > 1, one obtains easily the desired conclusion.
(3) From (3.4), for ¢ there exists a C. such that Ho.(2) < ¢|2|? + Cc|2|P. Thus for z € E,

F(z) = 3l2l® = Pool2) > 5ll2lI* —ell2]|* — ACe 2P

Consequently, the conclusion follows since p > 2.
(4) The arguments in [14] show that (z;) is bounded.
Let K :={z € E: F'(z) =0} be the critical set of F.

Lemma 3.2 £\ {0} #0, K c ) B,
r>2

C:=inf{F(z): ze K\ {0}} > 0
and is attained.

Proof Setting X = E~ and Y = E™, one has E = X @Y. From Lemma 3.1, it is easy to
see that all the assumptions of Lemma 2.4 are satisfied. Thus there is a (C),_ sequence (z;) for F
with k < ¢ <sup F(Q). By Lemma 3.1(4), the (C),_ sequence (z;) is also bounded in E. From
a standard concentration compactness argument in [23], there exist v,n > 0 and (a;) C RV

such that limsup fB(av " |zj|? > n. Set vj :=a; * z; by
oo TN

(aj % 2)(t,x) == 2(t + af, 21 + aj, - ,aN +a§v) for all (t,z) € RV,

We know ||v;]| = ||u;]| < C and F(v;) — ¢ > &, F'(v;) — 0. Therefore v; — v in E with v # 0

and F’(v) = 0, that is, v is a nontrivial solution of (3.1), therefore

K\ {0} #0.

By bootstrap argument (cf. e.g., [4, 16]) we know Kc N B;.
r>2
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To show that thereis a z € K with F(z) = C. Let zj € K\ {0} be such that F(z;) — C. Then
(zj) is bounded. By applying the concentration principle, one may assume z; — z € K \ {0}.

Now

C = lim F(u;) = lim Hoo(2) z/ Ho(2) = F(2) > C,
J—=oe J70 JRXRN RxRN

that is, F(z) = C. We prove C>0 by contradiction. Assume C=0.1Ifz € ﬁ, one has

F) = P = 5P = [ ShellzDlaf = Heol2) 2 0

which means C > 0. If C' = 0, let zj € K\ {0} be such that F(zj) — 0. Then (z;) is a (C),-
sequence, hence is bounded by Lemma 3.1. We can suppose z; — z € K. Then

1 ~
)= [ ghallaDlal — Hae) = [ Hae) =0,
RxRN 2

RxRN

By Holder inequality % + % =1, we have
5l = [ bzt - 5)
RxRN

77 1 —
<clyfite [ Huln)lslls -5

RxR
1
<clsfrac( | Hu) 5k
RxRN

2 1 2

< coel|z; |7 + esc F(z5) 7 | 2|7
Hence 1 < ¢3¢ + 0(1), a contradiction.
The following two lemmas are important to prove the main results of this paper.

Lemma 3.3 If 2y # 0 is a critical point of F, then F”(zy) is negative definite on E =
E-®Rzy=E~ @Rzar. More generally, sz =E- & Rz = E- & str, where E= C E~, and
if 20 # 0 is a critical point of F' |5, then F"(zo) is negative definite on E.

Proof It suffices to prove the second statement. We denote .J = F' |z and suppose that
z # 0 is a critical point of J. For z € E we write z = tzg + v where v € E~. Since 2 #01is a

critical point of .J, from assumption (Hy), we get

J"(z0)[tz0 + v, t20 +v] = J"(20)[tz0 + v, t20 + v] — t(J (20), tz0 + 20)

= llzg I = Mz II* — 2t(z ,v) = [l0lf?

/
_/‘ fkﬂ@ﬂ@dmeWQ_/ hoo([20])tz0 + vl — 2|2 |
RxRN

|20l RxRN

+ 2125 |1* + 2t(2g , v) +t/ hoo(|20])20(t20 + 20)
RxRN

== [ B o= [ etz ol <o,
RxRN N

| o] RxR

which means that F”(z) is negative definite on E.
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Now we select zg € K with F(zo) = Candset E=E- @Rz = E~ @ Rzf, Q = {z =
2" +szf 1 27 € E7,5>0,]|z|| < R} where R be large enough. We have the lemma below.

Lemma 3.4 sup F(u) = F(z) = C.
ueEQR
Proof The proof is contained in [23]. We sketch the proof here for the convenience of the
readers and the completeness of the paper.

Let z = tzf + 2~ € Q. We have
F(z) = 3|25 |I* = 5ll271I* = Woo(2).

F takes its maximum on @ at some vy and F'(vg) > 0. We shall show that zg is the only critical

point of F'[g\foy. It will then follow that vy = 2o and Slelg F(u) = F(z0).
u

Suppose that F' has another critical point on Q\{0} and let E=FE& Rz = E- & Rzg' be
a finite-dimensional space such that E~ C E~ contains 2o and the second critical point. Let
Q := (Q\B(0,¢))NE and J := F|z. It follows from the assumptions on Hy, that J has no
critical points on 8@ provide ¢ is small enough.

DeﬁneH:@x [0,1]—>C§by

H(z,8): = (1 —s)(—tzg +27 + V. (2) +s((t—1)zd +27)
=—(1-8)J'(2)+s(z — 2 ). (3.5)

It is easy to prove that IT is an admissible homotopy. Since I(z,0) = —J'(2), II(2,1) = z — 2
and zsr € @, we get

deg(—J',Q,0) = deg(1, Q. 25) = 1,
where [ is the identity mapping.

However, by Lemma 3.3, if 2o # 0 is a critical point of J = F' |z, then —J"(20) = —F"(20)
is positive definite on E. Hence vp is an isolated zero of —.J’' and the local degree at vy
deg(—J',v9,0) = 1, and each z € Q with —J'(2) = 0 is isolated with local degree 1.

It then follows from the additivity property of the degree that no second critical point can

exist in Q. Therefore vy = zg.

4 Proof of the Main Result

In this section, we complete the proof of the main results.

Lemma 4.1 The functional ® possesses the following properties:

(1) U is weakly sequentially lower semicontinuous and ® is weakly sequentially continuous.

(2) There exist 7 > 0 and p > 0 such that ®[z+(2) > 0 and ®|g+ > p, where B} = {2 €
Et:z|<r}and St ={z€ Et: |z]| =r}.

(3) There is R > 0 such that, for any e € ET with |le|| =1 and E. = E~ & Re,

®(u) <0 forallu e E, \ Bg.

(4) Any (C)_.-sequence for ® is bounded.
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Proof (1) The proof is standard.
(2) Observe that, for z € ET,

1 1
) =gl -5 [ Wl - [ Ha)
2 2 JrRxRrN RxRN
1 1
> SlalP = 5Weunlelf = [ H(tw.)
2 2 RxRN

1 W,
> (1- —22 2—/ H(t :
> 5 (1 g A - [ H G w2)

Since for any € > 0, there exists a C. > 0 such that
H(t,z,2) < el2]? + Cefzf?

for all z € R?™, the result follows by the embedding theorem.
(3) This follows from the following facts:

o) = 501 - 1) —5 [ Wl [ Hee)
1 2512 = 127)?) - z) = z
<O = [ o) = FE)

and F satisfies the conclusion by Lemma 3.1.
(4) By conditions (H;), (H,), a careful observation of the argument in [14] shows that (z;)

is bounded.

In particular, let zg € K with F(zy) = C. Setting e = z;” and E=E- ®Reand Q:={z=
2"+ szl 1 27 € E7,s>0,]z| < R}, we have the following lemma.

Lemma 4.2 d :=sup{®(z): z € E} = sup®(Q) < C.

Proof By Lemma 4.1 and the linking property, we have d > p. From Lemma 3.4 and
®(z) < F(z) for all z = v + sz, we know ®(z) < C.

Ifd=C, let w; = v+ 820 € E be such that d — jl < ®(wj;) — d. It follows from Lemma
4.1 that w; is bounded and we can assume w; — w in & with v; = v € E~ and s; — 5. It is

clear that s > 0 (otherwise there should appear the contradiction that d = 0). Then

1 1

1 ~
d—- < ®(w;) < F(wj) — 5/ W(t, x)wjw; <C — —/ W (t, x)w;jw,.
J RxRN RXRN

Taking the limit yields C' < C — 3 Jowmn W (t, #)ww which implies that w = 0, a contradiction.

By Lemma 4.1 any (C)_-sequence is bounded, hence it is a (PS)_-sequence. The following
lemma is an representation of (PS)_-sequence and its proof is well-known, see for example [1],

hence the details are omitted here.

Lemma 4.3 Let (z;) be a (C),.-sequence for ®. Then either

(i) z; — 0 (and hence ¢ = 0), or
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(ii) ¢ > p and there exist a critical point zy of ®, a positive integer £ < [ﬂ, points

Z1, , 20 € K \ {0}, a subsequence denoted again by (z;), and sequences (aé-) C R, such
that

14

HZ]‘ — 20 — Z(a; *fi)

i=1

’—>O, as j — o9,

)

|aj

a?|—>oo fori#£k, asj— oo

and
¢

D(z0) + Z F(z;) =c.

i=1

As a straight consequence of Lemma 4.3, we have the following result.
Lemma 4.4 & satisfies the (C),-condition for all ¢ < C.

Let K :={z € E: ®'(z) = 0} be the critical set of ®. Recall that

Cmin = Inf{®(2): uwe L\ {0}},
Smin :={z € K: ®(2) = Cmin}-

We now in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1 It is easy to see that all the linking conditions of Theorem 2.1 are
satisfied. Combining with Lemma 4.2 yields a (C)_-sequence (z;) with ¢ < C for ®. Lemma
4.4 shows z; — z and so ®'(z) = 0 and ®(z) > p, which imply K\ {0} # 0. By a bootstrap
argument, we have for any ¢ > 2, z € B,.

It is easy to see cmin > 0 by (Hj). Let z; € K\ {0} be such that ®(z;) — cmin. Then
() is 2 (O,

D(z;) = fRN ﬁ(t, T,%j) — Cmin. As before, we obtain

sequence, and since cpin < 6, Lemma 4.4 implies z; — z € Snin. Note that

112 — . %

gL = y Ly |251)25 %25 — 25

15513 / Wt |2 (2 — 25)
RxRN

~ 1 B
SE|’2”j|%_‘_cs/ H(taxazj)("ZjHZ;r—Zj
RxRN

i 1
<elzil3 + crce(H(t, x, %)) v |22
1
< coellzl17 + csce®(25)7 ||z5]17.-

1
Hence 1 < c2e + c3ccc);,, consequently cpmin > 0.

We now prove that Swyin is compact in Bs. Spin is bounded. Let z; € Smin. We have
zj — 2z € Smin alone a subsequence and |zj]2 < Cy for some Cy > 0. The bootstrap argument

also tells that for each ¢ € [2,00), there is A, > 0 such that
125l B, < Ags

which implies that for some A, |2j]o0 < Asc.
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By
Loz =W (t,x)z + h(t,z,|z|)z,

one has

|Lo(25 — 2)|2 < |(W(t,2)(25 — 2)|l2 + [h(-, - |z51)z5 — h(-, -, [2])z],
<o(1) +[h(-, -, 1225 = 2)l2 + [(h(, -, |25]) = h(-, -, [2])2]2-

Since |zj]o0 < Ao and z; — z in E, we get
|tz DRle; = o < Cley = =0,
X

and since |z(t, z)| — 0 as |t| + || — oo, we get

h(t,z,|z;|) — h(t,z, |z z|? = h(t,z,|z;|) — h(t,x, |2 z|?
Lo etz =neatr= ([ ]~z D)

— 0,
Therefore, one can see that |Lo(z; — 2)|2 — 0, i.e., z; — z in Bs.
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