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Abstract The authors prove the certain de Leeuw type theorems on some non-convolution
operators, and give some applications on certain known results.
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1 Introduction

Let R™ be the n-dimensional Euclidean space. Suppose that S(R™) is the space of all
Schwartz and A is an L function on R™. For € > 0, the multiplier operator T, with symbols
A(€€), is initially defined on f € S(R™) by

Tef(x) =K * f(.l?), (1'1)

where {K .} is the family of kernels whose Fourier transforms are A(e£). More explicitly, we

have
T.f(@) = [ AOF(©em e, (1.2

Analogously, we can define the corresponding multiplier family i, € > 0, on the n-dimensional
torus. The n-torus T™ can be identified with R™ \ A, where A is the unit lattice which is an
additive group of points in R™ having integer coordinates. The multiplier operators ’fg, e >0,
on T™ associated with the symbol function is defined by

T(g)(w) = Y Mek)are®™F, (1.3)
keA

on any g € C®(T"), where Y axe?™®* is the Fourier series of g. Again, we denote T, = T
keA

if ¢ = 1. The relation of the LP boundedness between T and T, can be briefly concluded by a
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theorem of de Leeuw [1], which says that if A is a continuous function on R™ and if 1 < p < oo,
then T is bounded on LP(R™) if and only if T, is uniformly bounded on LP(T™) for ¢ > 0 (also
see [2, p. 260]). This theorem, as well as a theorem on the corresponding maximal operator
T* (see [3]), was later extended to many different function spaces. Readers can see [3-8] for
further details of these generalizations. More recently, Fan and Sato [9] extended the de Leeuw
theorem to the multilinear multiplier operators and obtained on the torus a analog of a famous
theorem of Lacey and Thiele [10] about the bilinear Hilbert transform.

On the other hand, we notice that multipliers are convolution operators while many im-
portant operators in harmonic analysis are not convolution. Among these operators, singular
integrals with variable kernels and commutators are two important classes. In recent years,
fruitful results of these two operators on R™ were obtained, see [11-13]. Thus, a natural ques-
tion is if we can obtain certain de Leeuw type theorems on these operators by transferring some
known boundedness results from R™ to obtain boundedness of their corresponding operators in
the n-torus. With this motivation, in this paper, we first study the de Leeuw theorem on the
first commutators, as well as an application on the Bochner-Riesz means in the second section.
The extensions to higher orders are studied in Section 3. In Section 4, we study the de Leeuw
theorem on singular integrals with rough variable kernels. The basic methods used in this paper
is based on ideas in [5], with some technical modifications.

In this paper, we use the notation A ~ B to mean that there are two positive constants ¢y
and ¢y such that c;A < B < ¢ A.

2 Commutators

In this section, we study the commutator T, f = [b, T|f with b being a BMO function. We
begin with reviewing the definition of BMO.
Suppose that b is a locally integrable function on R™. Define

1
[0llBMO(Rn) = sup —/ b(z) — bq|d, (2.1)
Q 1QJg
where the supreme is taken over all cubes @ C R™ and

1
bg = —/ b(y)dy. (2:2)
QI Jo
For a multiplier operator T" with kernel K, its commutator with b is defined by

Tye(f)(x) = [Te, 0] f (z) = Te(bf)(x) = b(z)Tcf(x) = | Ke(z—y)(b(z) —b(y))f(y)dy. (2.3)

Rn

Thus, we define its kth commutator by

T (f)@) = | Ko —y) [T0n@) = bu(y))f(y)dy, (2.4)
k=1

R

where b, € BMO, 1 < k < m. Since the BMO norm is dilation invariant, by scaling, it is easy
to check that

17" (Pl r@ny < C H 6% [[Bvo @) || f I Le (rrny s (2.5)

k=1
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if and only if

m
”Tg,nz(f)HLP(]R") <C H 0k |lBMO @R || fl| Lo (RR)  for sSome € > 0, (2.6)
k=1

and they have the same norm. For simplicity, in this section, we only study the case k = 1.
But the general case can be achieved by the same methods. We now define the commutators
on the torus. Suppose that b € BMO is a periodic function. The commutator associated to
multiplier operators TE (e > 0) on T™ with the symbol X is defined by for all where

The(9)(x) = b(2) Ty, (9) () — Te(gb) (), (2.7)
on any g € C*°(T"). We have the following theorem.

Theorem 2.1 Let 1 <p <oo, A € L NC(R™) and € > 0. Suppose that T, is bounded on
LP(R™). Moreover, if

| To,e ()l rrry < CllbllBMo@e) | f ] L ®n) (2.8)
for all f € LP(R™) and b € BMO, then
ITo,e(9) | e (rmy < CllbllBMO®RM) 9] LP (T (2.9)

for all g € LP(T™) and all periodic BMO functions b.

Proof Without loss of generality, we may assume g,b € C*(T™). Also, we show the
case € = 1. Let ¥ be a function in S(R™) satisfying 0 < ¥(z) < 1, supp(¥) C (—1,1]", and

U(z) =1 on (—1,1]". We denote UN(z) = V¥ (%£) for N € Z*. Noting that Ty(g)(x) is a
periodic function, we have

T = 577 |, [ () Bl (2.10)
Set
Ex() = ¥( 5 ) Tulg)(@) — To(¥ ¥ ). (2.11)

We claim that Ey(x) goes to 0 uniformly on x as N — oco. If the claim holds, we have

g/
Nt

1 1
<O [ A @Pds+o1),  as N = . (212)

Npn v (%)fb(g)(ﬂ?)’pdx

By the assumption, we obtain

~ 1 1
1) 00y < CloMBrt0 77 / ¥ (@)g(@)|Pde + of1)

1
< Clblwors [ lo@Pds+o()
[_NvN]

= ClblEnollglToerny + o(1).
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Letting N — oo, we prove the theorem.

Thus, to complete the proof of the theorem, it remains to show the claim. Note that

W () Tolo)@) = ¥ (5 )be) 3o ARare™ = — w (L) Yo Ambetor, (2.13)
keA keA

where {ay} is the set of Fourier coefficients of g(z) and {bs} is the set of Fourier coefficients of
(bg)(x). Both sequences decay rapidly by our assumption. By [2], we know that

v(y) %ZAM’f)bkeQm"“ = T(bU g)(x) + An(2) (2.14)
and
(%) %ZAA(’@W”“'k = T(U¥ g)(x) + By(2), (2.15)

where Ay (z) and By (x) go to zero uniformly on z as N — oo.

To eliminate the assumption on b, we need the following steps.

Step 1 For b € L*>, we construct b,, € C°°(T") satisfying ||b,|lBmo < C||bllBmo, [[bnllze <
C||b|| e and b, =5 b (n — o0). Thus, by Lebesgue’s dominated convergent theorem, it is easy
to check fbng 8 fbg (n — 00). Then, using Fatou’s Lemma, we have

1Ts(9) oy = I im Ty, (g)l| Lo (T
n—oo
< liminf 1T, (9) | o ny
< Clinniigf lbnllBMO |9l Lo (T7)
< ClbllmollgllLe(zn)-
In fact, let b, (x) = P1 * b(x), where P is the Poisson kernel. Thus, we prove the theorem for
be L™ "
Step 2 For b € BMO, set b,, = max{min{b,n}, —n}. Obviously, b € L* and satisfies that

b llBMo < ClbllBMO, [bn ()| < |b(z)| and b, =5 b (n — 00). By applying the result in Step 1
and the same argument as Step 1, we prove the theorem.

We now study an application of the above theorem. Recall that the commutator of the
Bochner-Riesz means is defined by

By (9)(x) = b(z) B (g)(x) — B (gb)(x), (2.16)

where BY, the Bochner-Riesz operator of order «, is a multiplier with symbol m(§) = (1 —
|e€[?)%. By our transference result and results in [12], we have the following theorems.

Theorem 2.2 Let0 < a < % and max{1, 3#;2@} <p< ﬁ. Suppose that b is any periodic
BMO function. Then

I1B5 (9 o2y < CllbllBmollgl Lo cre), (2.17)

uniformly on € > 0.



Transference on Some Non-convolution Operators from Fuclidean Spaces to Torus 63

Theorem 2.3 Suppose that b is any periodic BMO function. Then there exists a positive
constant C' such that

1B (@l ey < ClbllBmollgllizeeny, g € CF(T?), (2.18)

2n 4
nTitea <P <=2

3 Extensions

First, we extend Theorem 2.1 to Ti’i for m > 2. Before the proof is given, we give the
following notations.

Fixing m € N for 1 < j < m, we denote C" by the family of all finite subsets o =
{o(1),--,0(j)} of {1,---,m}, where o is made up of j different elements. For any o € C}",
the complementary sequence o’ is given by ¢’ = {1,--- ,m} \ 0. Let b = (b1, ,by,). For any
o={o(l),---,0(j)}, we denote b by by = (ba(1)s - > bojy)-

Now we begin the proof. As in the proof of Theorem 2.1, we assume g and b; € C>(T"),
1 < j < m. We also show the case ¢ = 1 only. It is noted that

[0 =) =3 3 (1™ (B))o (b))
j=1 j=0ceCm

Thus, we write

(—1)m_j(5($))aT((5)aff)(a?) (3.1)
for f € S(R™). For g € C*(T"™), we have
D=3 > U E@)T(()or9) () (32)
j=0 ceC

by the way.
Let ¥ be as in Theorem 2.1. Set

Ex(z) = ¥(5) Ty (9)(@) - TP (0 g) (@), (3.3)

By the same argument as Theorem 2.1, the proof is completed if Ex(z) goes to zero uniformly
on z as N — oo. In fact, due to (3.1) and (3.2), we get

D=3 Y (1", (5)T (@)@ -TEFEeg)@)].  (3.4)

j=0ceCy

Fixed o € C]m (0 < j <m), by checking Fourier transform, it is easy to see that

U () T((5)org)(x) — T (B), Z|ck| k+ d¢, (3.5)
N
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where {cg} is the set of Fourier coefficients of ((b),g)(x), and this sequence decays rapidly by
our assumption.

Since U is integrable, and since m is bounded and continuous, the last quantity converges
to zero as N — oo. Noting that b; is bounded, 1 < j < 'm, we finish the proof.

Second, we extend Theorem 2.1 to multilinear commutators. Recall m-linear commutators
defined on R"™ by

(@) =Y T (@), (3.6)

where Tg(f)(x) =0;T(f1,-- . fj, fm)(@)=T(f1,--- ,bjfj, -, fm)(2x). This definition coin-
cides with the linear commutator [b, T] when m = 1. The m-linear commutators were considered
by Pérez and Torres in [14].

Now we begin our proof. We only need to consider the operator with one symbol by linearity

—

and the case m = 2 for simplicity. Without loss of generality, we study T,(f) = bT'(f1, f2) —
T(bf1, f2). Define the corresponding operator T3(g) on T™ by T,(g) = bT(g1,92) — T(bg1, g2)-
Choose the function W in Section 2, the difference En(z) of U~ Ty(§) and Ty(¥w g) is

|En(2)| = PO~ T (g1, 92) — T(UW (g1, 92))]| + [~ T(bg1, g2) — T(E (bg1, g2)))|
= Cn(z) + Dy(x). (3.7)

By the proof of Theorem 3 in [9], Cn(z) and Dy(x) go to zero uniformly on z as N — oc.
Thus we obtain the desired result.

4 Variable Rough Kernels

In this section, we study the operator P of a kernel K that is defined by
P(f)(z) = A K(z,x —y)f(y)dy. (4.1)

If we apply the Plancherel theorem on the y-variable, then formally
P(P@) = [ e fem<a, (12)

where m(z,&) = [p. K(x,y)e?™¥¢dy. If m(z,-) is periodic on the z-variable, we define the

corresponding operator 7' on the n-torus by

Plg)(2) = 3 mia, k)are® " (4.3)
keA

for all C>°(T™) function g, where g(z) = 3. are®™*"*. We have the following theorem.
keA

Theorem 4.1 Let T be an operator with symbol m(xz,&) = A\.(£). Suppose that A\;(§) €
L N C(R™) uniformly on x. If

P zr@ny < CllFllLen) (4.4)
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for all f € LP(R™), then
1P(9)ll oy < Cligllzocrn (4.5)

for all g € LP(T™).

Proof Without loss of generality, we assume g,b € C°°(T"). Choose the function ¥ as in
Section 2. We have

@(%)P(g)(m)‘pdx. (4.6)

_ 1
P —
HP(Q)HLP(’H‘”) - Nn /[N Nin
2072

Similarly to the proof of Theorem 2.1, to prove the theorem we need to show

(%) Plo)(a) = P(¥¥g)(@) + Bx(a), (4.7)
where Ey(z) is the error term. Recall

W(%)ﬁ(g)(m) - w(%) 3 m(e, kyage e, (4.8)

keA

where {ax} is the set of Fourier coefficients of ¢ and it decays rapidly to 0. First, we notice

v (%)ﬁ(g) () =" (%) I;\ m(x, k)ape*™* "

= Z akN”/ m(x k)(I\/(Ny)eQ’Ti’”'(y"’k)dy. (4.9)
keA
On the other hand, we recall that
P g)(e) = [ mla T g(e)erm<ds (4.10)

where we easily compute U~ g&) = > akN"@(N(f —k)). We have
keA

PO g)@) = Y aN” [l TN (E - W)

keA "

_ Z apN" / m(z,y + k) (Ny)QQTFiZH(yJFk)dy.
keA "

Thus the difference of P(¥~ g)(z) and U g(x ) is

B < X ol [ |

keA

z, % +k;) —m(x,k)‘|\f'(y)|dy. (4.11)

For arbitrary € > 0, there is an M > 0 such that

k€A|ak|/|>M‘m(x = +k) (x,k)‘|@(y)|dy

< fmlz= Y |ak|/ y)|dy < 6. (4.12)

keA
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Then recalling (4.6), we have

1
POy = 3 |

1 1
< [, L POrO@Pds s [ By @pds
%" 22"
1 N 1
< [ owras s [ i@
X N
=Ji1+Js
By the choice of ¥, we have
1
heog [ @@l < Clgl, (413)
(7N»N]
Also, we have
kEA || ) )
Jo < EE - / sup ‘m T, = +k —m(a?,k)’ dz + €.
Nty g iy ( N )
Letting NV — oo, we obtain
IIP( Nireerey < CllgllLeern), (4.14)
-~ p
— / / ‘m(m % n k:) — m(x, k)‘|\Il(y)|dy‘ de < 6. (4.15)
5. 3" kEA ly| <M

As an application of the above theorem, we study the rough singular integral with a variable

kernel
To(f)(e) = pv. | Key)f)dy, [ eSE), (116)

where
K(z,y) —p.V.Qi;if/) with / Qa,y)do(y') = 0. (4.17)

It is a well-known result of Calderén-Zygmund that for 1 < p < 2,

1T ()l Le@ny < CllfllLe@n), (4.18)
if

/
~1
Qe L®®R")NL(S") withr> 2O

(4.19)
To transfer this result to T™, by checking the proof of Theorem 4.1, we need to check that

> |ak]

kEA
N N]n n

(2% + k) = mia, k)‘pdx — o(1), (4.20)
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where

/
m(x, k) = p.V./ %e%iy'kdy. (4.21)
no Y™

By a similar calculation as in ([15, p. 39]), we get

) — Dlsign(y’ - k)] do(y) (4.22)

m(z, k) = Q(x,y')[log( 5

1
sn—1 ly' - k|

for k # 0. Because Q € L®(R") x L"(S"~1), we know that m(z,-) is bounded and m(z,-) is a
continuous function on R™ \ {0} uniformly on 2. Write

Ex@)l = lail [ [0 (mik) = m(k+ ) e

keA

gc[a0+ S Jal @(5)(m(k)—m(k+%))‘dg}, (4.23)

kEA\{0} R

where {ay} is the set of Fourier coefficients of g(z) and this sequence decays rapidly to zero by
our assumption. By the proof of Theorem 4.1, the second term of (4.23) goes to zero uniformly
on x as N — oo. We also note that

llaollze(rny < llgllze(rny, (4.24)
and this ends the proof of the desired result.

For b € BMO, the commutator associated to pseudo-differential operators P, . is defined by

B (f)(x) =b(x)P(f)(x) = P(bf)(x), [ eSER"). (4.25)
Suppose that b € BMO is a periodic function. The commutator ]SLW (e > 0) on T™ is defined

by

Pyoc(f)(@) = b(x)P(f)(z) — P(bf)(z), g€ C>(T"). (4.26)

Combining ideas of Theorems 2.1 and 4.1, we can extend Theorem 4.1 to P, .. Applying this
transference result and the result in [13], we obtain the following theorem.

Theorem 4.2 If1 < p < oo, Q € L®(R") x L"(S" 1), r > @, then for all periodic
BMO functions b, Tap, extends to an operator bounded from L*(T™) to itself, where Ta u(f)(z) =
b(z)Ta(f)(z) — Ta(bf)(x) on any g € C>(T").

We omit the proof.
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