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On Reed-Solomon Codes*

Qunying LIAO!

Abstract The complexity of decoding the standard Reed-Solomon code is a well-known
open problem in coding theory. The main problem is to compute the error distance of a
received word. Using the Weil bound for character sum estimate, Li and Wan showed that
the error distance can be determined when the degree of the received word as a polynomial
is small. In the first part, the result of Li and Wan is improved. On the other hand, one of
the important parameters of an error-correcting code is the dimension. In most cases, one
can only get bounds for the dimension. In the second part, a formula for the dimension of
the generalized trace Reed-Solomon codes in some cases is obtained.
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1 On Improved Bounds for Error Distance of Standard
Reed-Solomon Codes

Let I, be the finite field of ¢ elements with characteristic p. Fix asubset D = {21, , 2z} C

F,, which is called the evaluation set. The generalized Reed-Solomon code Cy(D, k) of length n
and dimension k over I, is

Co(D k) = {(f (1), fwn)) € Fy | f(z) € Fylz], deg f(x) <k —1}.

Its elements are called codewords. The most widely used cases are D = F, or F;. These two
cases are essentially equivalent. We call the case D = [, the standard Reed-Solomon code.
Note that in other literature, the case D = F} is called standard.

For a linear code C of length n over F, and a word u € Fy, we define the error distance of
u to the code C to be

d(u,C) = min d(u,v),

where d(, ) denote the Hamming distance. It is clear that d(u,C) = 0 if and only if u is a
codeword. The covering radius of C is defined to be

p(C) = max d(u,C).
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The minimal distance of C is defined to be

diC) = uI;lgIelc d(u,v) = 01;11}1610 d(0,v).
It is easy to see that the minimal distance of the generalized Reed-Solomon code Cy(D, k) is
n—k+1, and its covering radius p is n — k. The most important algorithmic problem in coding
theory is the maximal likelihood decoding (MLD): given a word u € Fy, find a codeword v € C
such that d(u,v) = d(u,C). The decision version of this problem is essentially computing the
error distance d(u,C) for a received word u. This is well-known to be NP-complete.

Given a received word u € [y, if the error distance is small, say, d(u,C) < n — Vnk, then
the list decoding algorithm of Sudan [11] and Guruswami-Sudan [5] provides a polynomial time
algorithm for the decoding of u. When the error distance increases, the decoding becomes more
complicated, in fact, NP-complete for generalized Reed-Solomon codes (see [7]).

For u = (u1,--- ,u,) € Fy, let

n I;[({E - xj)
Ve
u(z) =) uitF———— e F,lx],
; M@i—ay) 1

J#i
that is, u(x) is the unique polynomial of degree at most n—1 such that u(x;) = u; for 1 < i <n.
For u € Iy,
fundamental decoding problem is to compute the error distance d(u, C) for received word u € F7.

we define degu := degu(x), called the degree of u. As mentioned above, the

It is clear that d(u,C) = 0 if and only if degu < k—1. Without loss of generality, we can assume
that £ < degu <n — 1.

Lemma 1.1 (see [8]) For k < degu <n — 1, we have the inequality
n—degu < d(u,C) <n—k=np.

In particular, the word u is called a deep hole if the above upper bound is an equality, i.e., if
d(u,C) =n —k. The word u is called ordinary if the above lower bound is an equality, i.e., if
d(u,C) =n — degu.

By definition, we have the following result.

Lemma 1.2 (see [8]) Letu € Fy be a word with degu = k+d, where k+1 <k+d <n—1.
Then the error distance d(u,C) < n—k —r (1 <r < d) if and only if there exists a subset
{1, ,Zk4r} CD and a monic polynomial w(x) € Fylz]| of degree d —r such that

u(@) = (@) = (z — 21) - (& — wsr ()

for some v(x) € Fylx] with degv(z) <k — 1.

From now on, we assume that C is the standard Reed-Solomon code Cy(F,, k). For the
standard Reed-Solomon code C, the complexity of decoding is unknown and much more subtle.
It was shown in [2, 4] to be at least as hard as the discrete logarithm in a large extension I,
where h can be as large as \/g. If degu(z) = k, then u is a deep hole. Based on numerical
calculations, Cheng and Murray [1] conjectured that there are no other deep holes for standard
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Reed-Solomon codes. As a theoretical evidence, they proved that their conjecture is true if
d := deg u — k is small and ¢ is sufficiently large compared to d+ k. More precisely, they showed

Proposition 1.1 Let u € F? such that 1 < d := deg u(z) —k <qg—k—1. Assume that

q > max(kT¢, d%JFE)

for some constant € > 0. Then d(u,C) < q — k, that is, u is not a deep hole.

For the words with small degree represented by a polynomial in Fy[x], Li and Wan [9]
applied the method of Cheng and Wan [2] to study the error distance d(u,C) for the standard
Reed-Solomon code. They proved the following two results.

Proposition 1.2 (see [9, Theorem 1.4]) Let u € F be such that 1 < d := degu(z) — k <
q—k —1. Assume that

2
q>max((k +1)%,d*T¢), k> (E + 1)d+ § +2

for some constant € > 0. Then d(u,C) < q — k, that is, u is not a deep hole.
More precisely, the error distance can be determined with a similar hypothesis.
Proposition 1.3 (see [9, Theorem 1.5]) Let u € F be such that 1 < d := degu(z) — k <
q—k —1. Assume that

4 4
¢ > max((k +1)2,d**¢), k> (g + 1)d+ —+2

for some constant € > 0. Then d(u,C) = q — (k + d), that is, u is ordinary.

This result can be used to determine the error distance d(u,C) only for the received word
u € F with small degree.

In this part, for the standard Reed-Solomon code C = C4(F,, k), we generalize the above
results. In fact, we prove the following result.

Theorem 1.1 Let r > 1 be an integer. For any received word u € F} with u(z) as its

interpolation polynomial of degree m, if m > k +r,

q> max{2 (k;—r) +(m—k), (m— k)2+e}

and

k>

1 m
2+2)(3 +1))
1+€(r+( +o)(5 +
for some constant € > 0, then we have d(u,C) < q—k —r. So u is not a deep hole.

Taking h = 0 in the following proof and r = 1 or m — k in Theorem 1.1, we get Propositions
1.2 and 1.3 respectively.

Proof Let h(x) be a fixed monic polynomial in F,[z] of degree 0 < h < min{m—k+1,k—1}

with no zero in Fy. Let h(z) = 2™ *h(1) € F, [2], A = (Fg[z]/(h(2)))" and A denotes the
set of all characters of A. Then |//1\| = ®(h(z)) < gle8h®) — 1 = gm=*+1 _ 1 where ®(h(z)) is
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the Euler function of the polynomial h(z), i.e., ®(h(z)) is equal to the number of units in A.
Then B = {x € A | x(F7) = 1} is an abelian group of order < ¢™~*.
For g(x) € F4[x], define

x(g(z)(mod h(z))), if ged(g(z),h(x)) =1,
0, othserwise.

x(9(x)) = {

This defines a multiplicative function of the polynomial ring [F,[x]. By the Weil bound as given
n [14], if x # 1 and x(F;) = 1, we have
m—(k+r)
2

Y AG@)X@)] < - B (L.1)

g(0)=1
deg g(x)=m— (k+7)

where A(g(x)) is the Von-Mangoldt function on F,[z], i.e., A(g(x)) is equal to deg P if g is a
power of an irreducible polynomial P and is otherwise equal to zero.

For a polynomial f(x) € F,[x] of degree at most k — 1 — degh(z) (thus f(x) represents a
codeword), the sum

wz) oy @) + f@)h(@)
MTOREAR 7(x)

has at most degu(z) = m roots in F, since
degu(z) =m >k+h—1>deg f(x)h(x).
Then by Lemma 1.2, we know that
du,C)<q—k—r

if there exists a subset {z1, - ,2x4,} C F, and a monic polynomial v(z) € F,[z] of degree
m — (k + r) such that v(0) # 0 and

(x —@1) - (2 = 2pgr)o(z) = u(z) + f(2)h(z)

for some f(x) € Fylz], deg f(x) <k —1—degh(z). This is equivalent to the equation

1 en 1 s o) <am(2) s (),

T

If we denote u(z) =z™u (1), h(z)=2"h (1), f(z) = gh—1-degh(z) f (1), (=) =gm—(ktr)y (1),
then

degi(x) = degu(z) =m, degh(x)= degh(z) = h,

degv(z)=m—(k+7r), degf(x)<k—1-degh(z).

That is o
(1—zxy) - (1 — 220 )0(2) = U(x) + 2™~ FHh=D Fa)h(2). (1.2)

By definition
_ 1 -
h({E) _ xmkarlh(_) _ :L_mfkchrlh(x)7
x
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we have

g RHh=1) F)h(z) = 0 (mod h(z)).
Thus the equation (1.2) is equivalent to the congruence
(1 —2z1) - (1 — 2244,)0(z) = u(x) (mod h(z)). (1.3)
Since (u(z),h(xz)) = 1 and h(xz) has no zero, degu(x) = m and u(0) # 0, we know that
(h(z),u(x)) = 1. Thus (1.3) is equivalent to the congruence

x)
(z)

The number of solutions of this congruence in z;’s is

<N

(1—221) (1 = 22p1r) == = 1 (mod h(z)).

e

Nu:ﬁ (1'1,'” akarTva(x)) U(J))

Denote

Nem S > A 3 e,

x; EFg distinct ¥ (x)€Fq[2],5(0)=1 B
1<i<k+r  degv(z)=m—(k+r) X€B

One can easily check that if N > 0, then N, > 0. So, in order to show that N, > 0, it is enough
to show that NV > 0. Since the second summand of the above formula is always non-negative,
applying inclusion and exclusion principle, we deduce

Ve 2 > ey (Lm0 et

AR i e xeB
_ (1 —ax) - (1 — zxppy)0(x)
- XXX e X TR
1<i<j<k+r zi=z;€F, o()€Fq[z],5(0)=1 xeB

deg ¥ (z)=m— (k+1)

Separating the trivial character, we obtain

]- k+r 1
ve - ()
|B|{ 2

DD > A(ﬁ(x))X<(1 —enl ﬁ((la:; mmﬁ(m))

X z,€Fg  U(x)EFq[x],0(0)=1
x#1 1<i<k+r degv(z)=m—(k+7r)

_ Z Z Z Z A(%(x))x((l —xx) - ﬂ(gx; :cka)ﬂ(x))}.

xeB 1<i<j<k+r z;=x;EF, (z)ecFqlz],5(0)=1
x#£1 deg v(x)=m— (k+7)

If x is non-trivial and x(IF;) = 1, Weil’s estimate (see [14]) gives

| > x(—aw)| =1+ Y x@—a)| < (m— k).

z;€Fy a€ly

Thus
k+r

‘H > x(1 _xim)‘ < (m— k)Etrgts

i=1 z,€F,
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If x* # 1,

1 ktr—1 k
Z Z X((l—xxﬂ...(l—xkarr))‘ < (m—k)’”r 1qk+2 < —;r) .
1<i<j<k+r z;=x;€lF,
If x # 1 but x* =1,
r— v [k
‘ 2 > (@ —am)--( _x$k+r))‘ < (m— k)2 ( —gr> :

1<i<j<k+r xz;=z;€F,

By (1.1), we know that for x # 1 and x(F;) =1,

> AG@NE@)| < m -k

¥(z)€Fq[x],5(0)=1
deg ¥ (z)=m— (k+1)

Thus for x # 1 and x(F;) =1,

D> 2 A(ﬁ(m))x(“ —an) (1= mkma(m))

] ] u(x)
z;€Fg  ¥(z)€EFq[2],T(0)=1
1<i<k+r degv(z)=m—(k+r)

_ Z Z Z A('ﬁ(x))x( (1—zzq)-- ﬁ((lm; TTpyr )0 () )‘

1<i<j<k+r mi=az;EF, B()eFqlz),5(0)=1
deg v(xz)=m—(k+7)

< (m— 0¥ ((F57) + =),

Since |§| < g™k, we have

%2 (o (5o om0 (57 - 0)),

By our assumption, g > 2 (’“JQ”“) + (m — k). To prove N > 0, it suffices to show that
qul > quk(m _ k)kJrrq%.

Now since ¢ > (m—k)?*¢ and k > 1_-15 (r+ (2+¢)(% +1)) for some constant £ > 0, we deduce

that N > 0. Thus N, > 0. The proof is completed.

2 A Formula for the Dimension of Trace Reed-Solomon Codes

One of the important parameters of an error-correcting code is the dimension. In most
cases, we only have bounds for the dimension (see [10, Chapter 7, 12]). It is interesting to try
to improve these bounds, or better, to determine the true dimension. This part is a contribution
to the solution of the dimension problem for generalized Reed-Solomon codes in some cases.

For 1 < k <n < ¢™, and the generalized Reed-Solomon code Cym [D, k|, the following code
over [,

Trgn [D, k] = {(Te(f(21)), -, Te(f(2,))) € 7 | f(2) € Fym [2], deg (f(x) <k — 1}

is called the trace Reed-Solomon code of Cym [D, k|, where Tr is the Trace map from Fym to Fy.
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By the general bound for the dimension of the trace code given in [6], we have the following
result.

Proposition 2.1 (Trivial Bound) (see [6, Lemma VIII.1.3]) For 1 <k <n <gq™—1, we
have
k S dim]Fq (Trqm [D, k]) S mk.

In 1991, Marcel van der Vluge [12, 13] improved the above upper bound for the dimension
of Reed-Solomon codes in some special cases. In this section, we obtain an explicit formula for
the dimension of trace Reed-Solomon codes in some cases.

Theorem 2.1 Let n — 1 be a positive divisor of ¢™ — 1, D = {x1, -+ ,xp—1} U {0} and
{#1,--+ ,wn_1} be the subgroup of order n — 1 of the multiplicative group F}... Suppose that
S={1,---,n—1}U{0} and q acts on S as follows:

g:8S—S5, 0—~0, uw~ {(qu), VueS\{0},

where (qu) denotes the least nonnegative residue of qu modulo n — 1. For any u € S, denote
the g-orbit of u by
Qu = {ua <qu>7 B <qhu71u>}a

where h, € Z% is the least positive integer such that ¢"+ -u = u (mod n — 1) and u is the
smallest integer of Q. Then

dimg, Trgn[D, k] = mk — (m — 1) - (1 _ hu),

ueS/~
ue[l,k—1]

“ b

where “ ~ 7 is the equivalence relation on S x S given by the g-action on S.

Proof For the generalized Reed-solomon code
Com D, k] ={(f(x1),-- -, f(xn)) | f(z) € Fyma], deg f(z) <k —1},
the trace code is defined to be
Trgm [D, k] = {(Te(f(21)), -, Tr(f(20)) | f(2) € Fgmla], deg f(z) <k -1},

where Tr(a) is the trace map of @ € Fym over Fy. Suppose that K}, is the kernel of the trace
map TR which is defined to be

TR : qu [:L']Skfl — Tl"q [D, k‘],
f@@) = (Te(f (1)), - Te(f (),

where Fym[z]<k—1 is the set of polynomials in Fym[z] with degree < k — 1. Then
dim]Fq Tl"qm [D, If] = dim]Fq Cqm [D, If] — diqu Kk =mk — dim]Fq Kk. (21)

For any u € S, set f,(z) = cx® — c%x'%) € F m[z]. Then deg f,(x) < ¢" — 1. Note that
qu = {qu) (mod n — 1), thus Va € D, ali = . This means that

Tr(fu(e)) = Tr(ca®) — Tr(c?a') = Tr(ca®) — Tr(c?a?) = 0.
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And so
{ex® — 2% [y € 8, ¢ € Fyn} N {f(x) € Fyn[z]|deg f(z) < k — 1} C K.

For a fixed i = 1,--+ , hy, set 4; = {ca® — ' g la™) |c € Fgm}. Take v € F, and f(x) =
cx — et {0 € Ay g(x) = da — d9 {7 € A;. Then

f@)—g(x) = (c— d)a* — (& —d )zt = (c— d)a* — (c— )" 2'7™ € A,

and

af(x) = acz" — ac? {4 = (ac)z" — (ac)? 2l e 4,

Hence, A; is an F,-vector space. Furthermore, for any f(x) € A; N A;,1 <i# j <h,, from
flx) =ca" — T 2l = dg* — 7' (7

we can get g(z) = (¢ — d)a™ — 1 (@) 4 9" x{@ ) = 0. While degg(z) < ¢™ —1, thusc=4d
and ¢ =d? =0or ¢! —d? =0 according as (¢'u) = (¢/u) or not. Fix au € {1,---,n—1}
and 1 < i # j < h, — 1. By the definition of h,, we have {(q'u) # (¢u). This means that
f(z)=0,1e, A;NA; ={0}, 1 <i# j < hy,— 1. Therefore

hu’ . .
Vi = @{cm“ — 02T e Fym}
i=1

hy—1
is an F-vector space of Fym[z], and dimp, V,, = > dimg, A; 4+ dimg, Ap,.
i=1
Now from
hay hay hy
Ap, = {ea® — @ "2l = ext — T gt e € Fym}
and
A; = {ex" — c? gl l[c€Fgm}, Vi=1,--- hy—1,
we have
dim]Fq Ahu :m—hu, diqu Ai:m, Vi:1,~'~ ,hu—]..
Namely,
Bu—1
dimg, Vi, = > m+ (m = hy) = hy - m = hy.
i=1
And so
dimp, V = Z hy(m —1) =n(m — 1),
u€S/~
where V.= @ V,, “~"7 is the equivalence relation on S x S given by the g-action on S.
u€S/~

Taking f(z) € V and o € D, we have Tr(f(«)) = 0, which means that V' C KerT', where the
map T is defined to be

T :Fymzl<p-1 — IFZ,

f(@) = (Te(f(21)), -+, Te(f (2n)))-
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On the other hand, it is well-known that the trace map is surjective, hence dimp, Ker T =
m-n—n=n(m—1)=dimg, V, and then V = KerT. Therefore

K =KerTNFym [ﬁ]gk—l =V ﬂIqu[x]Sk_l

h‘u, . .
= @ GB {eix" — T 2l | ¢; € Fym}.
u€eS/~ ci=1
u€[0,k—1] (q*u)<k—1
Thus
dimp, Ky =m -1+ (m —1)- Z Ry
ueS/~
we[l,k—1]
Now from (2.1) we immediately have
dimg, Trgn[D, k] = mk — (m — 1) (1 + 3 hu).
ueS/~
ue[l,k—1]
Corollary 2.1 With the assumptions as in Theorem 2.1, we have
mk—(m—l)-(l—I— Z m)
u€[l,k—1]/~
< dimy, Trgn[D, K] <mk—(m=1)- (14 > 1) <mk,
ue[l,k—1]/~
where ~ s the equivalent relation given by the q-action on S.
Proof Since n — 1 is a positive divisor of ¢" — 1, ¢"* = 1 (mod n — 1). Note that
qu = {qu) (mod n — 1) and Q, = {u, {qu),-- -, (¢"*~'u)} is the g-orbit of u. Therefore h,|m,
and so

mk—(m—l)-(1+ Z m)
ue[l,k—1]/~

< dimg, Trgn [D, k] < mk — (m —1) - (1 + Y 1) < mk,
ue[l,k—1]/~

Taking D = Fgm in Theorem 2.1, we get a formula for the dimension of the standard trace
Reed-Solomon code.

Corollary 2.2 Let S ={1,---,¢"™ —1}U{0}. Suppose that q acts on the set S as follows:
q:S— S
00,
u— (quy, Vue S\{0},

where (qu) denotes the residue of qu modulo ¢"™ — 1. Yu € S, denote the g-orbit of u to be
Qu = {U'a <qu>7 TR <qhu_1u>}a

where hy, = |Qy| and u is the smallest integer in Q.. Then

dimg, Trgm [Fgn, k] = mk — (m — 1) - (1 + 3 hu).

ueS/~
ue[l,k—1]
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And so

mk—(m—l)-(l—l— Z m)
u€[l,k—1]/~
< dimg, Trgm [Fgm, k] <mk — (m — 1) - (1 + Z 1) < mk,
ue[l,k—1]/~

where ~ s the equivalent relation given by the q-action on S.
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