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Compressible Limit of the Nonlinear Schrodinger
Equation with Different-Degree Small
Parameter Nonlinearities™®
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Abstract The authors study the compressible limit of the nonlinear Schrodinger equa-
tion with different-degree small parameter nonlinearities in small time for initial data with
Sobolev regularity before the formation of singularities in the limit system. On the one
hand, the existence and uniqueness of the classical solution are proved for the dispersive
perturbation of the quasi-linear symmetric system corresponding to the initial value prob-
lem of the above nonlinear Schrédinger equation. On the other hand, in the limit system,
it is shown that the density converges to the solution of the compressible Euler equation
and the validity of the WKB expansion is justified.
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1 Introduction

In this paper, we study the compressible limit of the Cauchy problem with rapidly oscillat-
ing initial data for the nonlinear Schrodinger equation with different-degree small parameter
nonlinearities:

iedyp + gAzwe + a2 || = f(|e)?)yc, teRT, z e R™, (1.1)
Y(0,2) = Ui (x) = A5(x) exp (2 S0(a)). (12)

where ¢ denotes the condensate wave function in the quantum mechanics, ¢ denotes the Planck
constant, i is the imaginary unit, A, denotes the Laplace operator, a € R, f € C®(R",R),
So(x) is a function of H*(R™) for s large enough, and A§(z) is a function, polynomial in €, with
coefficients of Sobolev regularity in z. The study of compressible limit is realized by studying
the behaviour of solutions to the Cauchy problem (1.1)—(1.2) ase — 0, z € R™ and 0 <t < T,
i.e., within an arbitrary finite time 7.
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When a = 0, equation (1.1) reduces to the classical nonlinear Schrédinger equation
2
Dy + %AM = f(W2)we, teR*, ze€R™ (1.3)

For equation (1.3), the compressible limit for initial data with Sobolev regularity in short time
was obtained by Grenier [1, 2]. Especially, for one space dimension and f(p) = p, Jin, Levermore
and Mc Laughlin [3] used the integrability of the cubic nonlinear Schrédinger equation to
establish the compressible limit of the one-dimensional defocusing cubic nonlinear Schrodinger
equation. In addition, with particular assumptions on m and f, Ginibre and Velo [4] proved
that equation (1.3) without small parameter € has global smooth solutions.

Since (1.1) has different-order small parameter nonlinearities which causes that the singu-
lar perturbation can also create energy, we must make some energy estimates for this term
since it does not vanish in the energy estimates. According to Schrédinger’s original idea on
reformulation of the quantum mechanics in terms of the pair time reflection invariant diffusion
equations (see [5]), the Schrodinger type equations can represent as a dispersive perturbation
of a symmetric quasilinear hyperbolic system (see [1, 2, 6]).

Like the usual WKB method, we introduce the complex-valued wave function

U (t, ) = A%(t, ) exp (éS(t, x)). (1.4)
Here, A€ and S are real-valued functions, A€ is called the amplitude and S the classical action
(phase). The motivation of this transformation comes from the semiclassical limit of the non-
linear Schrodinger equation where a short wave limit is considered. Plugging (1.4) into (1.1),
we obtain

2 .
— 10, A + A0S — %AIAE —1eV4 SV, A — 1EEAEAIS

1
+ §AE|VIS|2 — a€’|APA + f(JA)A = 0. (1.5)
Taking real part and imaginary part in (1.5), respectively, we obtain
1
WA+ V, SV, A + EASAQCS =0, (1.6)
1 2N AC
05 + =|VuSP + FIAP) = a?|A°]2 + S =2 (1.7)
2 2 A
Let
p=|AP =%, u=V,S (1.8)

Then multiplying (1.6) by 2A¢ and differentiating (1.7) with respect to the space variable x, we
have

Op+ V- (pu) =0, (1.9)
|u|? B € Nar/p
oy + VI(T + f(p)) = ae’Vp + EVI( b ) (1.10)

System (1.9)—(1.10) is a perturbation of the Euler equations of compressible isentropic fluid
mechanics

Oup+ V- (pu) = 0, (1.11)
U 2
O+ Vx(% + f(p)) =0. (1.12)
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For system (1.11)—(1.12), Majda [7] proved that if f’ > 0, the system has smooth solutions on
a time interval [0, 7] for initial data with Sobolev regularity. The case of initial data A§ and
Sop with analytic regularity, Gérard [8] proved the existence of smooth solutions ¥¢ of (1.3) on
a time interval [0, 7] independent of ¢, and justified the WKB expansion on the same interval
of time T' being linked to the existence time of smooth solution to (1.11)—(1.12). System (1.9)—
(1.10) comprise a closed system governing p and w which has the form of a perturbation of the
modified Euler equations. Therefore, we can conclude as follows.

Proposition 1.1. Equation (1.1) is equivalent to the dispersive perturbation of the hyper-
bolic system (1.9)—~(1.10). The density p is the conservative quantities of the equation (1.1), that

is,
/ pde =C = = / | A2 da.
m R’"L m

This paper proceeds as follows. In Section 2, the local existence and uniqueness of the
smooth solutions of equation (1.1) are obtained by employing the classical quasilinear hyperbolic
system theory. Section 3 is devoted to studying the semiclassical limit of equation (1.1) with €
small enough. In Section 4, the validity of the WKB expansion for equation (1.1) is justified in
detail.

2 Existence of Smooth Solutions to the Nonlinear
Schrodinger Equation

In order to study the semiclassical limit of equation (1.1), we must show the existence of the
smooth solutions ¢¢ to (1.1) on a finite time interval [0, 7] independent of e, for initial data A§
and Sp with Sobolev regularity. According to the idea of Grenier [1, 2] and Schochet-Weinstein
[6], we transform equation (1.1) into a dispersive perturbation of a symmetric hyperbolic system.
As suggested by Grenier [1, 2], instead of looking as usual at solutions ¢ of the form

Ye(t,x) = A°(t,x) exp (éS(t, a:)),

where S is independent of €, we allow S to depend on € in order to get better equations for A€
and S¢. We search for solutions ¢ of the form

Ye(t,x) = A°(t,x) exp (ésﬁ(t, a:)), (2.1)

where complex-valued function A¢ = A§ + 145 (A§, A5 € R) represents the amplitude and
real-valued function S€ represents the phase.
Putting (2.1) into equation (1.1), we obtain

2 .
— €D, A€ + AH,5¢ — %AxAE €V, SV, A€ — gAEAxSE

1
T §Ae|vxse|2 _ a€2|Ae|2Ae 4 f(|A6|2)Ae — O7
which can be split into
1 .
DA+ VoSV A+ S AL, S = dael APA+ gAfo,

1
05+ 5|V S + (|4 =0,
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Let w® = V,S¢. Then one has
1 .
OLA® + (- Vo) A 4 S ATV, - wf = iae| A°[2A° + gAer, (2.2)
O + (w€ - Vo) )we + f(JA*)V,| A2 = 0. (2.3)

Using the fact that A° = A{ + iAS, taking real part and imaginary part in (2.2), respectively,
we have the equivalent form of (2.2)—(2.3)

OLAT + > wioAS + %Ai > o = —%AxAg — ae(JAT)? 4 |A5)?) A, (2.4)
j:Ll j:,l
A + 3 wid; Ay + %Ag S 055 = SALAT +ae( A5 + |45 ?) A5, (2.5)
o~ ! m
Opws + f'(| AT + [AS*) (2410, A5 + 2450, 45) + > wd;ws =0 (2.6)
j=1

with initial data

Ai(oax) = io(x)v AS(O,LE) = Ago(x)a we(O,x) = U)S(:L‘) (27)

satisfying
|Afo(@)]? + A5 (2)* = [A5(2)?,  w(z) = VaS5(2), (2.8)
where i = 1,2,--- ,m, w{ is the i*" component of w® and 9; = 8‘;. The Cauchy problem

(2.4)—(2.7) can be written in the form

m
U+ B (U)OU" = eL(U") + aeN(U*), (2.9)
=1
€ € € € € T
U :(AlaAQawla"'vwm) y (2 10)
Us = U(0,2) = (ASq, A, o, - -, win) '
where
m € €
Sowi 0 o2 ma
£
0 Zlmwf 771543 ?72545
m 1=
BU ) =Y mB(U) = |2 Ay 2mAsf St 0
j:l =1 m
22 ALf" 2mAS S 0 > Miws
=1
and
0 —34, 0 Ai
1A, 0 0 :
eL(U) +aeN{U)=€| " 0 0 wy
wy,
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Ae
0 —(|Af]* + |45/*) 0 e
(1AS1* + A5]%) 0 0 :
+ ae 0 0 0 o
wr,
SAYYE = (145 + 1 A5]%) A5
Dy A (|AT* +1As|?) Ag
= < 0 + ae 0
2 :
0 0

The matrix B(U€,n) can be symmetrized by

10 0 0
01 0 0
1
swa=|0 0 7 0,
0 0 0 i

which is symmetric and positive since f’ > 0. Thus we write (1.1) as a dispersive perturbation
of a quasilinear symmetric hyperbolic system

SUo,U + S(U°) Em: BY(UO,U® = eL*(U®) + aeN*(U°), (2.11)

i=1

where L*(U€) = S(U)L(U®), N*(U¢) = S(U°)N(U¢). The importance of symmetry is that
it leads to simple L? and more generally H* estimates which are often related to physical
quantities like energy or entropy. The antisymmetric operator L* = SL reflects the dispersive
nature of the equations. In the following, we prove the local existence in time of (2.9) by using
the iteration scheme.

Define

UE(Oa (E) = (Ai (07 LE), AE(O, (E), wi (Oa (E), T w:n,(ov LE))
- Ué(l‘) = (Aio(x)a Ago(x)vwio(x)a T awfno(l‘))a

where U§(z) denotes the initial data and define Uy 11(t, ) inductively as the solution of the
linear equation (p =0,1,2,3,---).

S(WULOUSy +SUS) Y BULOUL,, = eL*(Usyy) + aeN*(Ug,y),
=1

(2.12)

U;_H(O, z) = Ug(w).

For further reference, we ignore the subscripts p and consider U¢ € C'°°, V¢ € C'* satisfying

S(V)QU + S(V)> B (V)OU = eL*(U°) + aeN*(U"),
1=1

(2.13)
U<(0,x) = US().
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For a certain T, let the function U¢(t,z) be a solution to (2.13) of class C2([0,T] x Q)
which is of compact support in « for each ¢ € [0,7]. The canonical energy associated with
the dispersive perturbation of the symmetric hyperbolic system (2.13) is defined by the scalar
product

ol = | (sopve. 05U )a. (214)

where « is a multi-index of length |a| < s and @« = 0,1,---,s. By (2.11), using the symmetry
of S and integrating by parts, we obtain

d € 2 _ d aTTE QATTE
IO =g | (50800007 )do

:/ <8t38§U€,8§U6>da:+2/ (S0,00U°¢, 02U )dx

m

_ / (0,S0°U%, 02U + 2 / (SO° L(U), 92U )d

m

+ 2ae / (SON(U), 95U )d
—2/ S02 BY(Uo;U),00U¢ )da. (2.15)
(s (S mwor) o

Unlike the usual singular perturbation which does not create energy by the choice of S, the
singular perturbation N* = SN can create energy except the case |a] = 0 in which N* = SN
does not produce energy.

The first term in (2.15) can be bounded by

/ (0,500U°, 00U )da < |0,S|p=[|0SU*|)7-.

From Sobolev injections and equation (2.9), it follows that

f'/l
Iz
< C(U L) |0:U e o

10,81 < C

(AT0 AT + A50,A3) .

< C(|UE|Lx)(|eL(UE)|Lx + |aeN (US| pe + ‘ N Bi(U9)aU*

i=1

)

< C(IU|#r)

‘U6||H'§7

where s > 3 + 2 and

U Ze = D 105U°12.

laf<s

Thus

U3 (2.16)

Z / (0:502U°,02U%)da < C(|U*| )
R77L

jal<s
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The second term and the third term in (2.15) can be bounded by
2e/m (SOy L(U), 05U )dx

= 26/M<SL(8§‘U€),8§‘UE)dx

—c [ (CORBLA5) 02 A5 + 02 (D0 ) - 02 A5

—0, ) (2.17)
2ac / (SOEN(U), 05U da

= 2ae | {=07[(JAS I + | A5 Ag] - 97 AT + 02 [(|AT* + [AS[*)Af] - 07 AS}da

0, |a|=0
2 [ ORI0ATR + 145 AS) 02 45 + 051 AT + 145 )AT) - 05 Agdn, 0< Jal < 5
RT’L

< CU10F (1AL + | A5 AS) 12 - 103 Al 2 + 102 (| ASI® + | A5[*) AT) |2 - 1|07 A5l 22)
< Cllog (JAS P + [A5 )| 2 - |07 Afll 2 - 195 AS |l 2.

Thus

3 / SOEN(U), 02U Yda < CUIU | )TN (2.18)

|| <s

The fourth term in (2.15) can be bounded by
—2/ <S@;’(§:Bi(UE)aiUE),8§U6>dx
- _2/ <SZBl (U)0,(02U°), 02U )da
— _ S 80( i € 81 € ’L 6 80{ € ,8;( € d . .
2/Rm<[x<;B(U) Ue) - ZBU (0pU")], 00U )dz (2.19)
Since SB!(U€) is a symmetric matrix, we get by integration by parts
—2/ <sZBz (U9)0:(6°U°), 8§U€>dx—2§:/’ (SBHU)0,(0°U%), 0°U)da
= 22/ (SBHU)O2US, 82U¢) dx+2Z/ (SBY(U)d;(82U*), 00U da:
So
—2/ <SZBl (U€)0:(8°U*) aaU6> Z/ {(SBHU))D2U*, 02U dz
< 2&-(531‘(1]&)) - llosuei

i=1

< C(U|p) - [VaUClz - 03U
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Thus from the Sobolev embedding and s > F + 2, we get

3 (—2/ <SZBZ (U)0,(05U°), 05U Ydz) < C(IU* )

lal<s

\U€|3.. (2.20)

For the second term in (2.19), using the symmetry of SB*(U€) and the usual estimates on
commutators, we obtain

—2/m<S[8§(§:Bi(U6)8iUE) ZBz (U0 aaU€)},agU€>dx

- / (s i(ag(Bi(Uf)aiUf) ~ BUU)90U), 03U ) d

- _2/ <SZ 02, B (U)o, 05U° )da
< C(107U ) - [VaU* | - 07U Lz,
thus

3 (_2/”" <S[8§(§:Bi(U€)&U€) ZBz (U0 aaUE)},agUﬁ>dx)

laf<s

< CNU ) U Fs - (2.21)

So from (2.15)-(2.21), we get for s > T + 2,

< Z / (589U, 00Uz < C(|US|| )| U2 (2.22)

\a|<

This energy estimate is independent of €. According to Gronwall Lemma along with a continuity
argument and (2.22), we get
10 < CDNUG |-

Thus we obtain
\UglE. < ¢ (2.23)

as soon as U5 € H®. It implies the convergence of the iteration {Uy}>°; to a unique classical
solution of system (2.9) or (2.11). It follows from (2.11) and (2.23) that

[0: ALl prs—2 < O, 100 AS [ o2 < C, [0y pge—r < C.
From the Sobolev embedding H*~! < H*2 we get
Ul a2 < C. (2.24)

This ensures that for any fixed ¢, we can construct a sequence {Uy }2° o belonging to C([0, T; H*)
NCL([0,T]; H*~?) satisfying (2.12) as well as the uniform estimates

max (10U (0) 2 + U0l ) < C.
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where the constant C' is independent of ¢. It follows by Ascoli-Arzela Theorem (see [9]) that
there exists

U€ € L°([0,T); H*) A Lip([0, T]; H*2) (2.25)
such that

P, |Us = U||gs—= — 0, asp— oo.

Therefore, by the standard interpolation inequality, we have the convergence
Us — U, inC([0,T);H*?) (2.26)

for an appropriate  with 0 < 6 < 2. Choose s such that s — 0§ — 2 > % Then the space H?
becomes an algebra, thus we can overcome the difficulty of the nonlinearity. From [7, 10-12],
we can prove that

Uc e C([0,T); H%) AC*([0,T); H??) (2.27)

and U€ is a solution of (2.9)—(2.10). The transition from estimates for integral of square to
pointwise estimates is furnished by one of the Sobolev inequalities. By Sobolev’s embedding
theorem, we have

C([0,T]; H*) ACY([0,T]; H*?) — C'([0,T] x Q) (2.28)

and hence the constructed solutions are classical.

In the following, we prove the uniqueness of solution of (2.4)—(2.8) or (2.9)—(2.10). Suppose
that there exist two solutions Us(t, «) and Us(t, x) to the initial value problem (2.9)—(2.10) on
[0,T]. Let V¢ = Uf — US. Then V<(0) = 0,

OV = AU — O,US
= eL(Uf) + eN(Uf) = 3" BU(UO:US — (eL(US) + eN(Us) = > B'(U3)diUs )

i=1 i=1

(B'(U)d:Uf — B'(U3)0:Us). (2.29)

I

= L(US — US) + eN(US) — eN(US) —

i=1

Define

vl = [ (soeveonvas (2.30)

where « is a multi-index of |a| < s. Thus making the same energy estimates as before, we
obtain

IVl z. < C@) V()3 -

Therefore, from V¢(0) = 0, we get Uf = US on t € [0,T]. Namely, the solution of the initial
value problem (2.9)—(2.10) is unique. Using the above argument, we prove the existence and
uniqueness of the classical solution to the dispersive perturbation of the quasi-linear symmetric
system (2.4)-(2.8). That is as follows.
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Theorem 2.1 Let f € C®°(RT,R) with f' > 0 and s > & + 2. Assume that the initial
data U = (ASo, ASo, wS, - - wso) € H(R™) x H5(R™) x H*(R™) x - - - x H*(R™) satisfies
the uniform bound

106l ey = [ AToll e ey + [1A%0 ]| 1o @) + Wil e ey + - - - + Wil e @my < 1 (2:31)

Then there exists a time interval [0, T with T > 0, so that the initial value problem (2.4)—(2.8)

. ) . T
has a unique classical solution U¢ = (A, AS,wS, - ,ws,)

m Y

(Af(t,2), A5(t,2)) € (C1([0,T] x Q) A CH([0,T); C?))?

N (2.32)
wi(t,z) € C7([0,T] x Q).
Furthermore,

U e C([0,T]; H*) ACH[0,T); H2) (2.33)
and T depends on the bound C1 in (2.31) and in particular not on €. In addition, the solution
US = (AS, A5, w$, - - -, ws,) " satisfies the estimate

1UN s = 1Al ze + ([ ASll e + [[willzs + -+ lwpllae < Co (2.34)

for all t € [0,T], and the constant Co is also independent of €.
For equation (1.1), we have the following equivalent result.

Theorem 2.2 Assume that Theorem 2.1 holds. In addition, suppose (Af,S§) € H® x
H*TY. Then the initial value problem (1.1)~(1.2) has a unique classical solution in C*([0,T] x
Q) A CH([0,T];C?) of the form <(t,x) = A(t,z)exp(L5(t,x)) on the time interval [0,T).
Moreover, A and VS are bounded in L>=([0,T); H*).

Proof Since A° = A{ 4+ iA§ and w® = V,.5¢, it follows from (2.32)—(2.34) that

A e C([0,T]; H*) ACY([0,T]; H*?),
S¢ e C([0,T); HY) A CH([0,T); H?).

Thus by Sobolev embedding theorem, we get
A¢ e CH([0,T] x Q) A CL([0,T];C?),
S¢ e (0, T];C?).

Due to the expression of 1€ in the short wave form (2.1), 1€ has the same regularity as A€, and
¥© € C([0,T]; H*) ACH([0,T]; H*2),

thus
Y e CH([0,T] x Q) A C*([0,T]; C?).

For classical solution, equation (1.1) is equivalent to the dispersive quasi-linear hyperbolic
system (2.9). Using this equivalent relation and Theorem 2.1, we can get the result of Theorem
2.2.
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3 Existence of Solution with € Small Enough

In this section, we link 7" in Theorem 2.1 and Theorem 2.2 to the existence time of a smooth
solution to (1.11)—(1.12).

Theorem 3.1 Let f € C(RT,R) with f' >0, s > 2 +2, So(x) € H*(R™), A§j(z) be
a sequence of functions uniformly bounded in H®(R™) and A§(x) converges to Ao in H*(R™)
as € goes to 0. Moreover, if system (1.11)~(1.12) with initial data p(0,z) = |Ag(z)|? and
v(0,7) = V. So(z) has a solution in L>=([0,T], H**2(R™)), then for € small enough, there exist
solutions to equation (1.1) of the form ¢*(t,x) = A*(t,x) exp(1S(t,2)) on [0,T], where A and
VoS¢ are bounded in L ([0,T], H*(R™)) uniformly in €.

Proof According to the assumptions of this theorem, there exists a solution (p,v) in
L>([0,T], H*"2(R™)) to system (1.11)-(1.12) on a time interval [0, T] with s > 2 + 2 for the
initial data

2

p= ‘glr%Ag ., v = V.S (3.1)

Let U = (A1, A2, w). The limit system of (2.9) is

U + > BY(U)OU =0, (3.2)

i=1

which admits a solution on a maximal time interval [0,7"]. In the following, we prove that
T’ > T by contradiction. Assume that 77 < T. Let p = |A1]? + |A2|? and v = w. Then (p,v)
satisfy (1.11)—(1.12) with initial data (3.1) and p and v are in L*°([0,7"], H*(R™)). Thus w €
L ([0, T"], H*(R™)). Using (2.4) and (2.5), we get that A; and Ay are in L>°([0,7”], H*~Y(R™)),
which is impossible since T” is assumed to be the maximal existence time. Therefore, T" > T
and system (3.2) has a smooth solution on the time interval [0, T].

Setting V¢ = U — U, we obtain from (2.9) and (3.2) that

oVe=0,U°—-0oU

= eL(U) + eN(U®) — iBi(Ue)@Uf - ( - iBi(U)aiU)

=eL(U) +eN(U®) — i BYU + V)9, Ve — i(Bi(U + V) — BY(U))o,U,
i=1 i=1
namely,
Ve + i BY(U+ V)9,V + zm:(Bi(U +V) - B'(U)oU
=eL(U) —::elL(Vs) +eN(U + VE)Z.:1 (3.3)
The matrix i BY(U + V¢)n; is symmetrisable. We can make the same energy estimates as

=1
those in Section 2. Because S is symmetric, we get for |af < s and s > F + 2,

<8t58§V6,8§‘V6>dx+2/ (S0,0°V,00V)dw.  (3.4)

m

at/ <Sa§ve,agve>dx:/

m
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The first term can be bounded by

> [ @S0V, a2y e < CUV e, U1V - (35)

jal<s

For the second term of (3.4), from (3.3) we get
/ (SOOVE, 92V dz = e / (SL(O2V) + SL(OU), 02V da
RT’L R’HL

4 e/ (SO N(U + V), 00V )de
R’NL

- /}R <Sa;:(
- /]R <Sag(

For the first term in (3.6), using integration by parts we obtain

Bi(U + Ve)aiVE),8§V6>da:

NE

i=1

-
I

NE

(BI(U +V°) — Bi(U))&U> , a;;ve>dx. (3.6)

i=1

e/m (SL(OV) + SLO2U), 92V da
_ e/m<SL(8§V€),8§V€>dx+e/m<SL(8§U),8;’VE>dx
_ e/m<L(8§V€),8§V€>dx+e/m<L(8§U),8;’VE)dx
_ 0+€/R (L(0°T), 00V ) da
- G/R (= 50005 Az - 02V + S A0 A - 05V ) da
< eClogU || =107 V]| L2
Thus

3 e/ (SL(O2VE) + SLOUY, 0°VeYdz < Cl|U | gosa|[VE 1o (3.7)
R’I’L

lof<s
For the second term in (3.6), we can make the following estimates:

o[ soNw v ovide = e [ (-O8(An+ WP + |2 + Vi) (Ae + VO VE
RrRm Rm™

+ 02 ((JA1 + Vi + | A2 + V5 ?) (A1 + V()00 Vs )da
< eC(|02(UU) |12 + |02 (VEU) || 12) 02V 2. (3.8)

Thus

> 6/ (SOZN(U +V©),07V)dx < eC(|Ufzre + V[l [VE] 12 (3.9)
Rm

lor|<s
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For the third term in (3.6), since SBY(U + V¢) is a symmetric matrix, we obtain
- / <sa;: ( N Bi(U+ ve)ain) , agve>dx
" i=1
_ / (S BU + V92,05V, 00V )
Rm =1

_ /]R <S(8§(;Bi(U + VE)&VE) _ ;Bi(UJr V6)3¢8§V6>,8§V6>dx,

But

m

- / s > BU+ V)00V, o2V )

m

-> / (SBY(U + V9,02V, 02V )da

m

i=

/ SZBZ (U + V)02V, 02V )da

1 - i € [e3 € (63 €
:52/ i (SBY(U 4 V)02 Ve, 02V e)da
< O(U 4+ Ve o) |07V 22|V (U + V)| ox.

Therefore by s > 5 + 2, we get

>/« ssz U+ V202V, V ) < O(U Les. [V L) IV

la|<s
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(3.10)

=Y [ (0SB eV asvide + Y [ (B4 V00:ve 02V da
7 Jrm — [rm

(3.11)

(3.12)

For the last term in (3.10), applying (3.11) and the usual estimates on communicators, we

obtain
- S0 BY (U + V9o, Ve) — Y BY (U +V)0;02V<),00Ve)d
[ (s(ee(3 )-3 )02V
= —/ < > (02(BUU +V)9Ve) - BY(U + Vf)ag(aive)),agve>dx
" i=1

/ (s i 02 (B(U + V)0,V ), 05V )

(Ilf?SUIILz, ||83V6||L2)II83V6HL2IIVxVEHLz,
SO

la|<s

< CUU s IV ) 1V eIl

Y- / aa Z B(U + V9o, V€> - zm: Bi(U + V€)8i8;’VE> , 8§V€>dax
=1

(3.13)
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For the last term in (3.6), we get

m

_ /m <58§<Z(Bi(U +Ve) — Bi(U))aiU),agV6>dx

i=1

< C(10U 2. 107 Vel L2) 107 Ve 2,

SO

> - / <58§?(§:(B"(U +V) - Bi(U))aiU),agve>dm

laf<s

< CUU N osn, IV IV Fro (3.14)

Thus from (3.4)-(3.14), we get

Oy Z/ (SOCVE, 82V ) da
R77L

jal<s

< CU | a2 V| s + eCUIUNEs + IV 1) Vell3e (3.15)

Vel + CUUN o2, [V 1e)

for s > & + 2. Moreover,
1in(1) Vet =0)|gs = lin% |[US(t=0)—=U(t=0)||g: =0. (3.16)

Therefore Gronwall’s lemma along with a continuity argument and (3.15) show that for € small,
there exists a constant C'(¢) such that

[VEll#e < C(e),  on [0,T]
with C'(¢) — 0 as € — 0. That is,
111% WUS —=Ul|lgs =0.

Since U = (A1, Az, w) and w = V.S exist on [0, T], U€ also exists on [0,7]. Thus for e small
enough, there exist solutions to equation (1.1) of the form

iS¢(t, x) )

Ye(t,x) = A°(t,x) exp ( , on [0,T].

Making the same estimates as those in Theorem 2.2, we can obtain that A° and V,S5¢ are
bounded in L*°([0,T], H®) uniformly in e.

4 WKB Expansion (Approximation)
In this section, we justify the WKB expansion.

Theorem 4.1 Under the assumptions of Theorem 3.1, suppose that the initial amplitude
A§(x) admits the following expansion:

N
Aj(x) =" AP (@) + ¥ R (x,0), (4.1)
k=0
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where
lim || Ry (2, )| - = 0 (4.2)

for N € N and s > 2N + 2 + 3. Thus, on the time interval [0,T] given by Theorem 3.1,
equation (1.1) can be represented as

15¢(¢t, @ al i T
Ve(t,x) = A(t, z) exp (%) = Z AR (¢ )k exp (@) + eV Ry(t,xe)  (4.3)
k=0

as € goes to zero, where S(t,x) and A®)(t,z) are given by WKB method, and

lim || R (£, ,€) 0. (4.4)

leqo, a2~ 2% @m)) =

Proof We look for formally asymptotic solutions of (2.9) in the form
US=Ul+eU, + U+ + MUy +-- -, (4.5)

where U¢ = (A§, A5, w§, -+ ,ws,)T, A = A +1A§ and w® = (wS, -+ ,w,)T = V5. We first

m
consider the zeroth order.

4.1 Zeroth order approximation

From Theorem 3.1, we know that A and w® are bounded in L*° ([0, T], H*(R™)). Then from
(2.2) and (2.3) it follows that 9, A€ and d,w* are bounded in L*°([0, T|, H*~2(R™)). Therefore,
by using the classical compactness arguments, Ascoli-Arzela Theorem (applied in the time
variable) and the Rellich Lemma (applied in the space variable), we deduce from (2.2) and
(2.3) that there exist subsequences of A€ and w® (always denoted by A¢ and w®) such that A€
and w® converge uniformly in L°°([0, T, H*~2(R™)) to the functions A} and wj, where A} and
w(, satisfy the quasilinear hyperbolic system

1
O Ay + (wh - Vo) A+ S 4GV - w = 0, (4.6)
Owo + (wh - Va)Jwp + f'(|4p*) Vel A" = 0 (4.7)

with the initial data complemented by
A0, z) = 213(1) Af(z), w((0,2) = V4 So(z).

This system admits a unique solution, which implies in fact that all the sequences (A€, we)

converge.

4.2 First order approximation

For convenience, we set Vi = U¢ — U{}, where U} = (Afy, Abg, Wig, - , W), Ay = Alg +
1AL, wy = (whg, -+ ,wh,o). Then by using the same energy estimate as those in Section 3, we
obtain

HVTHHs—2(Rm) § EC(”U(S||LOO([O7T]7H5(]R71L)))
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for all t < T. Let Vf = VTl Thus Vf is bounded in L*°([0,T], H*"2(R™)) and 9,Vf is

bounded in L ([0, T], H*~*(R™)). Thus for a subsequence, V;¢ converges strongly in L>°([0, 77,
H*%(R™)) to a function U] and

Ve = =(0,U° — 8,U})

[EL(UE) FeN(US) — Em: Bi(U9)a;U* — ( - Emj Bi(U(g)aiUg)}

A= o=

= L(U®) + NU®) — (BY(U)o;U¢ — B (U)oU)

1 ~ :
B (UG + eVi)aiVie = = 3 _[B'(Ug + €Vf) = B'(Up)|oil
1 i=1

a | =
MSEMS

=L(U°)+N{U°) -

%

= LU+ €Vi) + N(Uj + €VF) = > B'(Uj + V)9, Vi
=1

lz BU (U, + V) — BY(U))0:UL. (4.8)

[0}

Taking the limit of the equation (4.8), we obtain
~ L ~ ~ mor ~ .
lim 0,V + !13%2 B'(Ug + eVi)o: Vi + !13%; -[B'(Ug + €Vy) — B'(U)]0iUy
= hm[ (U + €VE) + N (U, + €V5)). (4.9)

From the definition of Frechét derivative, we get

m m

1. ~ ) )
lim > —[B'(Ug + Vi) = B'(Up)|oilg = >_(VB'(Ug)U1)9,Us.
i=1 i=1

Thus we obtain from (4.9) that
U+ BUULOUY) + > (VB(UH)ULO:UG = L(UG) + N(UY) (4.10)
i=1 i=1

with initial data

1
Ui (0,2) = lin% E(U‘(O,x) — U0, 1)). (4.11)
As the solution to problem (4.10)—(4.11) is unique, we get that the whole sequence ‘N/f converges
to Uy.

Similarly, the higher order approximation can be obtained as follows.

4.3 Higher order approximation

Suppose that we have already obtained an asymptotic expansion to the order N

N
= Uje +o("), (4.12)
j=0
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where N
F(V) =o(V) = ‘f(iv)‘ —0, ase¥ —0.
€
Firstly, let
N N
=Y Ujd and Vi, =U =) U, (4.13)
— =

the functions U} being in L>([0, 77, H*=2(R™)), 7=0,1,2,---,N.
Then, put

Vi = N+1 [ Z U’ej] (4.14)

Since Uj, € L>([0,T], H*~2*(R™)), we get O,U}, € L>°([0,T], H*~2*=2(R™)). Moreover, by the
assumption on the initial data, Vg +1(0) is bounded in H*(R™). Making the similar energy
estimates to the previous section, we obtain VN+1 is bounded in L>([0,T], H*~2N~=2(R™)) and
8tVN+1 is bounded in L>([0,T], H*~2N=4(R™)). Thus, for a subsequence, VNJrl converges
strongly in L>([0,T], H*=*N=4(R™)) to a function Uy, as € goes to 0.

From (4.12) and (4.13), in view of equation (2.9) for U¢, we get

Vi = U — 0T = eL(U) + eN(U") = > B (U )oU* - 0,U . (4.15)
1=1

Then, making a Taylor expansion on B? we obtain

XVy + ZBi(Ue + VN1)0iVag — Z(Bi(ﬁe) — B (U + Vi1)oU
i=1 i=1
= eL(Viy1) + eN(Vi ) + ENTLOG + ENTIDS + V1 BY,

€

where B is a function depending on U* and bounded in L> ([0,T), H*—2N ’Q(Rm)) umformly

in €, Cf is a function depending on U and VN1, Dy is a function dependlng onU".

To find the equation for U}, write the term of order V! a

(U + €N+1‘713+1) + Z B(U" + €N+1‘716+1)ai(ﬁe + ENH‘N/KIH)
i=1
— LU + NV ) = eNU + N HVEL ) =0

and take limit with initial data as

UNJrl(O (E) - hm (UE(Oa (E) - U(,)(Oa (E) - ENUJ/\’(Ovm))

N+1

Since we have obtained the formal approximation expansion of A€ and of S to an arbitrarily
high order. Now we get back to the usual WKB expansion. The usual WKB method is to look
for solutions of (1.1) of the form

We(t,z) = A(t,z, €) exp (25@, x)),
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where

A(t,xz,€) = Z Aj(t,z)el.
=0

In order to obtain A; and S, we only write the identity of the two following formal series:

g;Aj(t, 2)él exp GS(t,J:)> - (;;Aggk) exp (é 252&)7

where

/Y Y ’ ’ / / / r ’ / /
= Al 1A, Up = (A, Ao, Wip, - Wiy ), wi, = VS = (Why, -+, wpyp)-

For instance, we can get

S=8, A=A, A =S1(A] +iShA),

o S
Ay = ¢St (A'2 FiSh AL+ (isg - %)Ag), o
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