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Functions with Values in C(V33) *
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Abstract By using the solution to the Helmholtz equation Au — Au = 0 (A > 0),
the explicit forms of the so-called kernel functions and the higher order kernel functions
are given. Then by the generalized Stokes formula, the integral representation formulas
related with the Helmholtz operator for functions with values in C(V3,3) are obtained. As
application of the integral representations, the maximum modulus theorem for function u
which satisfies Hu = 0 is given.
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1 Introduction and Preliminaries

Integral representation formulas in complex analysis and Clifford analysis have been well-
developed in [2-9, 11-21, 24-32], etc. These integral representation formulas are powerful tools.
In [24], E. Obolashvilli obtained some generalized Cauchy-Pompeiu representation formulas. In
[25-26], higher order Cauchy-Pompeiu type representation formulas related to the factors and
powers of the Helmholtz operator were given in quaternionic analysis in case of taking A = |h/|?
with a complex or real number h. In [8], in case of taking A = |h|? with a hyper-complex number
h, we constructed the kernel functions and then got the higher order integral representation
formulas for functions with values in a universal Clifford algebra C'(V,, ). In this paper, by
using the idea in [8, 24, 28], we get the explicit expressions of the kernel functions and then
get the explicit integral representation formulas for functions with values in C(V33). These
explicit integral representation formulas will play an important role in studying the further
properties of the functions with values in C'(V33). In the last section, as application of the
integral representations, we give the maximum modulus theorem for function w which satisfies
Hu = 0.

Let V,, s (0 < s < n) be an n-dimensional (n > 1) real linear space with basis {e1, e2,--- , en},
C(Vy,,s) be the 2"-dimensional real linear space with basis

{ea,A={hy, - A} €PN, 1 < hy < --- < h, <n},
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where N stands for the set {1, ,n} and PN denotes the family of all order-preserving subsets
of N in the above way. we denote ey as eg and e as ep,...p,. for A = {hy,--+ ,h,} € PN. The
product on C(V,, ) is defined by

epsep = (—1)#((‘4“3)\5)(—1)P(A’B)6AAB, if A,B S PN,

A= 3 > Aappeaes, ifA= Y Aaeap= X ppes, (D
A€PN BEPN AePN BePN
where S stands for the set {1,--- s}, #(A) is the cardinal number of the set A, the number

P(A,B) = >, P(A,j), P(A,j) = #{i, 1 € A, i > j}, the symmetric difference set AAB
jEB

is also order-preserving in the above way, and A4 € R is the coefficient of the e 4-component

of the Clifford number A\. We also denote Aa as [Aa, Ay as [A]; and A as Re \. It follows

immediately from the multiplication rule (1.1) that eg is the identity element written now as 1

and in particular,

e? =1, ifi=1,---,s,
?:—1, ifj=s4+1,---,n, (1.2)
eiej = —ejeq, ifl1<i<j<n, '

€hy€hy ** Ch, = €hihghpy 1< hy <hg - <h.<n.

Thus C(V;, s) is a real linear, associative, but non-commutative algebra and it is called the
universal Clifford algebra over V,, 5. In particular, suppose n = s = 3. Then C(V,, ;) is just the
universal Clifford algebra C'(V5 3).

An involution is defined by

T4 = (—1)7NH#ANS)e, if A € PN,

= T Aaea, A= Y Aaen, (1.3)
AePN AePN
where o(A) = w. From (1.1) and (1.3), we have
e = e, ifi=0,1,---,s,
ej=—¢;, ifj=s+1,---,n, (1.4)

A =T, forany A\, pu € C(Vys).
The C (V,,.n)-valued (n — 1)-differential form

n

do = Z(—l)kilekdfg

k=1
is exact, where

dzy =da' A AdaP AdaP T AL A dam,

In this paper, we shall only consider the special case s = n = 3. Let €2 be an open non-
empty subset of R®. Functions f defined in Q and with values in C(V3,3) will be considered,
e, f:Q — C(Va3). fe CM(Q,C(V33)) is clear that all the component functions of f(z)
possess the cited property. The operator D which is written as

3
0
D= erm—: C(Q,C(Vs3)) — CT(Q,C(Vs3)).
= O
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The operator D acts on the function f from the left and from the right being governed by the

- of E of
D[f]zzzekefla—x:, [f]D:ZZGAeka—x:.

k=1 A k=1 A

rule

The classical Riemann boundary value problems and singular integral equations are widely
used for the solution to a great field of problems in applied mechanics theory (see [22, 23] etc.).
Naturally, it is interesting to generalize the theory of holomorphic functions in the plane to
higher dimensions. Especially, it has practical meaning to generalize the classical theory in the
plane to the theory of k-regular functions defined in R® with values in C (V33). For example,
Ry, (m > 0) Riemann boundary value problem for bi-harmonic function was studied in [20],
as for the R, (m > 0) Riemann boundary value problem for bi-harmonic functions, and even
more general R, (m > 0) Riemann boundary value problem for k-regular functions, the higher
order integral representation formulas play a very important role. The higher order integral
representation formulas provide a special solution to the R,, (m > 0) Riemann boundary value
problem. The importance is similar to the classical Cauchy type integral in complex plane. On
the other hand, the generalized Liouville theorem for k-regular functions is very important for
solving the R,, (m > 0) Riemann boundary value problem. In [1, 10], the generalized Liouville
theorem for k-regular functions in Clifford analysis was solved under some growth conditons at
infinity. It is a very important result, while it is also valuable to refine the too many growth
conditions at infinity especially for Riemann boundary value problems. But how to refine the
conditions is difficult. For harmonic functions and bi-harmonic functions defined in R* and with
values in C(V33), we know that the growth conditions at infinity of the generalized Liouville
theorem can be refined to one of the conditions in [1, 10], and the method depends on the higher
order integral representation formulas (see [20]). In view of the above reasons, we are interested
in the different types of higher order integral representation formulas in Clifford analysis. As
is well-known that the kernel functions play the most important role in obtaining the higher
order integral representation formulas. While in many cases, the explicit expressions of the
kernel functions are important to study the further properties of functions, for example, the
generalized Liouville theorem of k-regular functions in Clifford analysis.

As for the above purposes, we keep our study in the framework of universal Clifford algebra
C(V33) in this paper. On one hand, it has practical meaning in applied mechanics theory; on
the other hand, it provides a foundation to study the more general theory of functions with
values in C(V;, ).

We consider the following operators:

Lyu= Du+ A, L.yu=uD — Au, (1.5)
Lu= Du+uh, L.u=uD—hu (1.6)

and the Helmholtz operator
Hu = (A — |h]?)u, (1.7)

where
3

h= Zhiei. (18)

i=1
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2 Generalized Integral Representations

Denote the Helmholtz equation as

Au— |h|*u = 0. (2.1)

Lemma 2.1 Let gs(|z|,|h|) = G —Ihllel - Then g3(|z|, |h|) is the fundamental solution to
(2.1) in R® .

Lemma 2.2 Let gs(|x|, |h|) be defined as in Lemma 2.1. Then
(i) Dlgs](|z], |h])ea — gs(|z|, |h])eah is the fundamental solution to equation

3
Lu=Du+uh=0, h= Zhiei, (2.2)
(ii) eaDlgs](|z|, |h]) + heags(|x|, |h|) is the fundamental solution to equation

3
La=uD—hu=0, h=> he. (2.3)

In the following, Q is supposed to be an open bounded non-empty subset of R® with a
Liapunov boundary 0f2.

Lemma 2.3 (see [8]) Let u,v € C1(Q,C(V33))NC(Q,C(V33)). Then

Re{ /Q(’UL[U] + L*[v]u)dy} = Re{ /aQ vdayu}. (2.4)

Lemma 2.4 Let u,v € C*(Q,C(V33))NC(Q,C(Va3)). Then

/Q (WEA[u] + Lox[o]u)dy = /8 vdau (2.5)

Denote
KA(r h) = w%((y —T;()GA . |h|(y7~_2X)eA n e‘:h)e hlr. (2.6)
K A(rh) = w% (eA(};:S_ x) 6A|h|52 -x) hﬁ%)e—wr’ (2.7)
Kl(r,)\):i<yr_3x+>\(yrgx) +%) —r (2.8)
K*l(r,A)zi(y;XJrA(yr;X) - i) -, (2.9)

3 -
where y —x = Y (y; — z;)ei, r = |y — x| and ws denotes the area of the unit sphere in R>.
i=1

Lemma 2.5 Let K{(r,h) and K. (r,h) be as in (2.6) and (2.7), where r = |y — z|. Then

LIEK{rh)] =0, yeRg =R\ {z},
{L*[ A ) =0, yeR: =R\ {z}. (2.10)
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Lemma 2.6 Let Ki(r,\) and K. (r,\) be as in (2.8) and (2.9), where r = |y — z|. Then

{L,\[Kl(r, A)] = Lz [Ki(r, )] = y € Ry =R\ {a}, (2.11)

]
LK (r, )] = Lux[Kaa (1, A] 0, yeRy=R"\{z}.

Remark 2.1 By Lemmas 2.5 and 2.6, K{*(r,0)e4, €4K.{ (r,0), K1(r,0) and K, (r,0) are
the classical kernel functions.

Lemma 2.7 Let K{'(r,h) be as in (2.6). Then

/ do, K{(r,h) = (1 + 8|h|)eae I, (2.12)
OB (x,5)

3
where B(z,d) = {y, So(yi —xi)? < 52} and OB(z,9) is given the induced orientation.

i=1
Proof By Stokes formula, we have

1 (y —x)ea | |h|(y —x)ea  eah\ s
do, K{'(r, h / do + + 2 )e 0 ‘
/813@;,5) item =g (g i i)

1 3[h| —s1h|
= — —=+ eae dy
o 7 5)

= (1 + 8|h)ese M.

Thus, the result follows.

Lemma 2.8 Let K.i'(r,h) be as in (2.7). Then

/ K. A(r h)doy = ea(1+ olh])e 91, (2.13)
OB (x,)

3
where B(z,d) = {y, Sy — )% < 62} and OB(z,9) is given the induced orientation.
i=1
Theorem 2.1 (Generalized Cauchy-Pompeiu Formula) Let Q be an open bounded non-
empty subset of R® with a Liapunov boundary 0, u € CY(Q, C(Vs3)) N C(Q,C(Va3)). Then
for x € Q,

|h|r

o) = o [ (5 FEE e raouty - o [ &= aoutonn
—|h|r
- /Q {5+ b ))e*\hl'”L[u](y) S L[u) (y)h }dy. (2.14)

w3 r r

Proof For x € Q, by Lemmas 2.3 and 2.5, we have

Re/ K. r h)doyu(y) = Re/ K. (r,h)L[u]dy. (2.15)
OQ\OB(x,e) Q\B(x,e)

Obviously,

Re/ K*f(r, h)doy,u(y)
o

OB (x,e)
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= Re / K.{(r, h)do, (u(y) — u(z)) + Re / K. (r, h)doy,u(z). (2.16)
OB(x,e) oB(

z,€)

By Lemma 2.8, it can be proved that
lim Re/ K. r, h)doyu(z) = ua(z)e?. (2.17)
OB(z,e

e—0 )
In view of u € C1(Q,C(V3,3))NC(Q,C(Va3)), by Stokes formula, it can be similarly proved

as Lemma 2.8 that
(2.18)

lim Re /8 KA, h)do (uly) — u()) = 0.

e=0 B(z.e)

Taking limit € — 0 in (2.15), in view of the weak singularity of K7 (r, h) and (2.16)(2.18),

we have
ua(z)e? = Re BQK*‘I‘(T, h)do,u(y) — Re/QK*f(r, h)L[u]dy. (2.19)
Thus
2 _ _ 2 —|h|r
_€a y—x  |hl(y —x) —|n|r _ % e
ug(x) = o Re /BQ eA( 3 + 2 )e doyu(y) o Re . hea doyu(y)
2 _ _ —|h|r
€ y=x My =%\ _jpprppq g €
o Re/Q {6A< 3 + 2 )e L{u] — hea L[u]}dy. (2.20)

From (2.20), it is easy to check that
_ h _ 2 —|h|r
eA(y x| K’;Q x))e*\thayu(y) - e_ARe/ enl —do,u(y)h
a0

ug(x) éRe/
AT 90 3 ws
2 _ _ —|h|r
ey y=x Ay =x)\ a1 €
nge/ﬂ{e;;( 5t 3 )e Liu] —ea L[u]h}dy. (2.21)

Then the result follows.

Theorem 2.2 (Generalized Cauchy-Pompeiu Formula)

Let Q0 be an open bounded non-
empty subset of R® with a Liapunov boundary 09, u € CHQ,C(V33)) N C(Q,C(V33)). Then

forx € Q,
1 y—x [Py =x)\ _jpr, 1 o—Ihlr
u(z) = = oo u(y)day( = + | |(7~2 )>e hlr 5 hu(y)do, .
_i y—x |h|(y —x) —|h|r eIl
- /. {L*[u](y)( R )e + hL.ful(y) — }dy. (2.22)

By Theorems 2.1 and 2.2, we can deduce the following result.
Theorem 2.3 (Generalized Cauchy Integral Formula) Let Q be an open bounded non-
empty subset of R® with a Liapunov boundary 99, u € CH(Q,C(V33)) NC(Q,C(Va3)), and

Lu=0 in Q. Then for z € Q,

1 y—x Ay —=x)\ _u 1/ e Ihlr
u(x) - /BQ< 3 + 2 )e doyu(y) P i doyu(y)h.

(2.23)
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Theorem 2.4 (Generalized Cauchy Integral Formula) Let Q be an open bounded non-
empty subset of R® with a Liapunov boundary 0, u € CHQ,C(V33)) NC(Q,C(Va3)), and
L.u=0in Q. Then for z € Q,

ef‘hlr

_ y—x [h[(y =x)\ _jppr, 1
u(fc)—w—3 u(y)day( e )e Il +w—3/mhu(y)day (2.24)

[219)

Remark 2.2 In case of h = 0, Theorems 2.1-2.4 are respectively the classical Cauchy-
Pompeiu formula and Cauchy integral formula in Clifford analysis.
By Lemmas 2.4 and 2.6, the following theorems can be similarly proved as Theorem 2.1.

Theorem 2.5 Let Q) be an open bounded non-empty subset of R* with a Liapunov boundary
00, ue CHQ,C(V33)NCQ,C(V33)), Kii(r,\) be as in (2.9). Then

Koy (r, Ndoyuf / Ko1(r, \)La[u](y)dy = {u(x), req, (2.25)

00 0, zeR*\ Q.

Theorem 2.6 Let Q be an open bounded non-empty subset of R® with a Liapunov boundary
00, ue CHQ,C(V33))NC(Q,C(Va3)), Ki(r,\) be as in (2.8). Then

Ko (r, N dou( / K1 (r, A Lo [u](y)dy = {“(f”)’ zefl, (2.26)

o0 0, e R\ Q.

Theorem 2.7 Let Q) be an open bounded non-empty subset of R* with a Liapunov boundary
00, ue CHQ,C(V33)NCQ,C(V33)), Kii(r,\) be as in (2.9). Then

u(z), z=€Q,

o 2.27
0, reR\ Q. (2.27)

/ u(y)doy Koy (1 N) — / Lo ul(9) K (r, A)dy—{
o0 Q

Theorem 2.8 Let Q be an open bounded non-empty subset of R® with a Liapunov boundary
00, ue CHQ,C(V33))NC(Q,C(Va3)), Ki(r,\) be as in (2.8). Then

u(z), x €,

_ 2.28
0, reR*\ Q. (2.28)

/ u(y)doy, K1(r, \) _/L*/\[u](y)Kl(T7 A)dy={
o0 Q

Remark 2.3 In case of A = 0, Theorems 2.5-2.8 are respectively the classical Cauchy-
Pompeiu formula in Clifford analysis.

From Theorems 2.5-2.8, the following results can be directly proved.

Theorem 2.9 Let Q be an open bounded non-empty subset of R with a Liapunov boundary
00, ue CHQ,C(V33)NC(Q,C(V33)), Ka(r,\) be as in (2.9), and Ly[u] =0 in Q. Then

K1 (r,\)doyu(y) = {u(x), zell (2.29)

20 0, reR\ Q.
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Theorem 2.10 Let Q be an open bounded non-empty subset of R> with a Liapunov bound-
ary 00, u € CHQ,C(V33))NC(Q, C(Va3)), Ki(r, \) be as in (2.8), and L_x[u] = 0 in Q. Then

Ju(z), zeQ,
/m Ki(r,\)doyu(y) = {07 reRA\TL (2.30)

Theorem 2.11 Let Q be an open bounded non-empty subset of R> with a Liapunov bound-
ary 00, u € CH(Q,C(V33)) N C(Q,C(Va3)), Kii(r,\) be as in (2.9), and L._y[u] = 0 in Q.
Then

/U(y)deK*I(T, A) = {gv(m), i E 273 \ﬁ (231)
[29]

Theorem 2.12 Let Q) be an open bounded mnon empty subset of R with a Liapunov
boundary &), u € C1(Q,C(V33)) N C(Q,C(Va3)), Ki(r,\) be as in (2.8), and L.\[u] = 0 in Q,
then

~Ju(z), zeQ,
a/) u(y)daym(m){o, R (2.32)

Remark 2.4 In case of A = 0, Theorems 2.9-2.12 are respectively the classical Cauchy
integral formula in Clifford analysis.

Corollary 2.1 Suppose |u| = O (ly|| — +oo, y € R?), 0 < 0 < |h| and denote
the conditions as follows: (I) Lu = 0 in R*; (II) Lyu = 0 in R*; (IIT) La[u] = 0 in R?; (IV)
L a[u] =0 inR? (V) La_y[u] = 0 in R?; (VI) L.,[u] = 0 in R®. If any of the above conditions
is satisfied, then u =0 in R>.

Proof By Theorems 2.3, 2.4, 2.9-2.12, for any z € R®, replacing 9Q by dB(z, R) in the
integral representations, taking limit R — oo, the result follows.

3 Generalized Higher Order Integral Representations

Denote

Kt = —— (Lmdmxen , Ply=xden mea by, ()
Ky = S (Lomealy =20, caltfy =) , mea Jedyorior, 32)

Ka(r ) = — (W= Ay Ay, (33)
Koy = S (Uemly =) Ao ne 2 yeor, (3.)

3
where y —x = Y (y; — x)eq, |h| = A\, h = |h|h, r = |y — x|, m > 0 and w3 denotes the area of

i=1

the unit sphere in R>.
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Lemma 3.1 Let K}, (r,h) and K*ﬁﬂ(r, h) be as in (3.1) and (3.2), m > 0. Then

DA b)) = KA, e RE=R\ (2}, )
LK. (r.h)] = K (r.h), y € RY = R\ {a}. '
Lemma 3.2 Let K2, (r,h) and K./, (r,h) be as in (3.1) and (3.2), m > 0. Then
L™HER (k)] =0, ye Ry =R\ {z}, (3:6)
Lm+1[K*£L+1(T7 h)] = Oa Yy € Ri = RB \ {J)}

Lemma 3.3 Let K,11(r, \) and K., y1(r, A) be as in (3.3) and (3.4), m > 0. Then
L)\[Km+1(7“, )\)] = L*—/\ Kerl(r; A)] = Km(rv )\)a /S Ri = R3 \ {(E}, (3 7)
Lf)\[K*m+1(7nv )‘)] = L*/\[K*m—i-l(rv )‘)] = K*m(rv )‘)a y e Ri =R’ \ {(E}

Lemma 3.4 Let K,11(r, \) and K., 1(r, A) be as in (3.3) and (3.4), m > 0. Then

I (] = L K ] =0, y€RE=RO\fah
L™ K1 (1 N)] = Ly K (7,0 ] 0, yeR;=R>\{z}.
Suppose A = 0, then (3.3) and (3.4) can be rewritten as
1 (I -m)(y —x) m
Ko (r,0) = m!w3< e ) (3.9)
_ =) A=-my—x)  m
Koy (r,0) = () (3.10)

Lemma 3.5 Let K,,,11(r,0) and K., 1(r,0) be as in (3.9) and (3.10), m > 0. Then

{D[Km+1(r, 0)] = [Km1(r,0)]D = Kin(r,0),  y€ R =R\ {z}, (3.11)

D[K*m-i-l(ra 0)] = [K*m-i-l(rv O)]D = K*m(ra 0)7 Y€ Rfc = R3 \ {{E}

Lemma 3.6 Let K,11(r,0) and K, 11(r,0) be as in (3.9) and (3.10), m > 0. Then

{DmH[KmH(r,o)]—[KmH(r,O)]Dm“—O, vER =R )

D" K 11(r,0)] = [Kamar (1, 0] D™ =0, y e R2 =R\ {2}

Remark 3.1 By Lemma 3.6, K,;,+1(r,0) and K,,,1(r,0) are the higher order kernel func-
tions. Comparing the forms with the results in [7, 29-31], these kernel functions are different.
In case of m = 0, K,p,11(r,0) and K, 1(r, 0) are the classical kernel functions in Clifford anal-
ysis. Thus, (3.3) and (3.4) also provide a way to find the kernel functions for (m + 1)-regular
functions.

Remark 3.2 Denote H}(z), j > 1 as in [7, 29-31]. Then we have

Kj(ra 0) + K*j(ra 0)
2 b

Hj(y —=) =

J Jj=1 (3.13)
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Theorem 3.1 Let Q be an open bounded non-empty subset of R with a Liapunov boundary
00, u e CHQ,C(V33)) NCFL(Q,C(V33)). Then for x € Q,

o= [ L [ e

o3 o [ - e o]

_ 1 / {(2 — k)(y—x) + |h|(§7_]€ X)}e—\thk[u](y)hk—ldy
Q

(k—1)lws rd=k r

1 k=1 bl 7 ek k
- - "L h*dy. 14
(k —1)lws /Q L3—k TQ—k}e [u](y)R"dy (3.14)
Proof For z € Q, by Lemmas 2.3, 3.1 and 3.2, we have

k
{20 gy 500

=1

<.

—Red (=1)F1 Ay ki ) .
=Re{() [ K (3.15)

In view of u € C*(Q,C(Va3)) N C*~1(Q, C(V33)), by Stokes formula, it can be proved that

lim Re{/ KA, h)dgijfl[u](y)} =0, 2<j<k (3.16)
e—0 OB(z,e)

Taking limit & — 0 in (3.15), in view of the weak singularity of K*f(r, h)y(j=1,---,k), by
(2.16)—(2.18) and (3.16), we have

k .
Re{ D (1) [ Kol h)doy I [ul(w) |

Jj=1

— wa(@)e + Re(— 1)k /K*k (r, ) L u]dy. (3.17)

Combining (3.2) with (3.17), by the same technique as in (2.21), (3.14) holds.
By Lemmas 2.3, 3.1 and 3.2, similarly, we have the following theorem.

Theorem 3.2 Let Q) be an open bounded non-empty subset of R* with a Liapunov boundary
00, ue CHQ,C(V33)) NCFL(Q,C(V33)). Then for x € Q,

—wig[z P 5/ WLl (y)ao, [ 27D 20 | Y= oo

r
j=1

Z(( vl Qhﬂ'Li’l[u](y)dayH;} S]]
1

J=
( k jr_x h jr_x)

k
o (=pt
(k — rd—k r
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_1Vk—1 _

Remark 3.3 In case of k = 1, Theorems 3.1 and 3.2 are just Theorems 2.1 and 2.2. Thus
we also call Theorems 3.1 and 3.2 the generalized higher order Cauchy-Pompeiu formulas.

By Theorems 3.1 and 3.2, we have the following result.

Theorem 3.3 Let Q be an open bounded non-empty subset of R® with a Liapunov boundary
00, ue CHO,C(V33))NCF1(Q,C(V33)), LEu =0 in Q. Then for x € Q,

[(2 — Dy —x) M- X)}e*‘hl’”olaij’l[u](y)ﬁj*1

= ] —1 90 rd—J r3—J
1 j —1 |h| —|h|r j—1 j
3 G [ e ] 019
j=1

Theorem 3.4 Let Q) be an open bounded non-empty subset of R* with a Liapunov boundary
00, ue CHO,C(V33))NCF1(Q,C(V33)), LEku =0 in Q. Then for x € Q,

1)1 o v x .
u(x):i{Z( 1) ./thleil[u](y)de{(Q Dy )+|h|(y )}e,m‘r

rd=i r3=J

-3 [ i [ - ] @20

Remark 3.4 In case of k = 1, Theorems 3.3 and 3.4 are just Theorems 2.3 and 2.4. Thus
we also call Theorems 3.3 and 3.4 the generalized higher order Cauchy integral formulas.

By Lemmas 2.4, 3.3 and 3.4, we have the following result.

Theorem 3.5 Let Q) be an open bounded non-empty subset of R® with a Liapunov boundary
00, ue CH(Q,C(V33))NC*1(Q,C(Vs3)), Kij(r,A), j=1,---,k be as in (3.4). Then
k
(-1’ ” K j(r, \)doy L} [u](y) + (=1)* /Q Ko (r, N LY [u](y)dy

1

_Ju(z), ze€Q,
o, reR\ Q.

<

(3.21)

Theorem 3.6 Let Q be an open bounded non-empty subset of R® with a Liapunov boundary
00, ue CHO,C(V33))NCF1(Q,C(V33)), Kj(r,\), j=1,---,k be as in (3.3). Then

J

_Ju(x), zeQ,
o, reR3\ Q.

k
(11 [ K Moy D5 [l () + (—1)F / K, ) LE  [u) (y)dy
vt a0 Q

(3.22)
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Theorem 3.7 Let Q be an open bounded non-empty subset of R> with a Liapunov boundary
o0, uwe CF(Q,C(Va3)) NC*H(Q,C(Va3)), Kij(r,\), j=1,---,k be as in (3.4). Then

LIS [l (y)doy Ko (r, ) + (~1)F / L [u) () Ko (r, Ny

_ {u(m), x € Q, B (3.23)

Theorem 3.8 Let Q) be an open bounded non-empty subset of R with a Liapunov boundary
00, ue CkQ,C(V33)NC*1(Q,C(Vs3)), Kj(r,\) , j=1,---,k be as in (3.3). Then

k . B
0 [ L e, Ky + (-0 [ 2SR )y
B u(z), x€Q,
a {0, zeR¥\ Q. (324

Remark 3.5 In case of k = 1, Theorems 3.5-3.8 are just Theorems 2.5-2.8.

Remark 3.6 In case of A = 0, Theorems 3.5-3.8 are the other expressions of the higher
order Cauchy-Pompeiu formulas which are different from the results in [7, 29-31].

By Theorems 3.5-3.8, we have the following results.

Theorem 3.9 Let Q be an open bounded non-empty subset of R> with a Liapunov boundary
00, u € C*(Q,C(V33)) NCF1(Q,C(Va3)), K, ;(r,\), j=1,---,k be as in (3.4), Liu =0 in
Q. Then

(3.25)

k
Jj=

(-1t K. ;(r, A)dayLi_l[u](y) = {u(x), z €,
219}

A
. 0, x e R\ Q.

Theorem 3.10 Let © be an open bounded non-empty subset of R> with a Liapunov bound-
ary 0, u € C*(Q,C(V33))NCEL(Q, C(Va3)), Kj(r,\), j=1,--+ ,k be as in (3.3), L* \u=0
in Q. Then

u(z), x€Q,

0, e R\ Q.

k
(3.26)

J

(=171 [ K(r, \)doy, L7 u) (y) = {
1 o0

Theorem 3.11 Let Q be an open bounded non-empty subset of R> with a Liapunov
boundary 9Q, u € C*(Q,C(Vs3)) N C*1(Q,C(Vay)), Kij(r,A), j = 1,-+ ,k be as in (3.4),
L. \u=0inQ. Then

k
i1 j—1 oy = Ju@), zeq,
. (1) / L5 [u](y)doy K (1, A) = {07 ze R\ N (3.27)

7j=1
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Theorem 3.12 Let Q be an open bounded non-empty subset of R> with a Liapunov bound-
ary 09, u € CF(Q, C(V3.3))NC*1(Q, C(Va3)), Kj(r,\) , j=1,--- ,k be as in (3.3), L.yu=0.
Then

St [ L*i—l[uky)doy&(m):{g(”’ P (3.28)

Remark 3.7 In case of k = 1, Theorems 3.9-3.12 are just Theorems 2.9-2.12.

Remark 3.8 In case of A = 0, Theorems 3.9-3.12 are the other expressions of the higher
order Cauchy integral formulas which are different from the results in [7, 29-31].

4 Maximum Modulus Theorem

In this section, suppose that Q is a bounded domain in R®, Hu = 0 in . We shall give the
Maximum Modulus Theorem for .

Lemma 4.1 Let u,v € C*(Q,C(V33)) N CL(Q,C(Va3)). Then

/ (wH[u] — Hvlu)dy = / vdoy L[u] - / Loy [o]doyu. (4.1)
Q o9 o0

Remark 4.1 In case of A = 0, Lemma 4.1 is just the following well-known Green formula
in Clifford analysis:

/Q(UA[u] — Avju)dy = /69 vdoyDlu] — / [v]Ddoyu. (4.2)

[219]

Lemma 4.2 Let Q be a bounded domain in R3, u € C?*(Q,C(Va3)), Hu = 0 in Q and
|u(z)| = constant in Q. We have

(I) IfX>0, then u(x) =0 in £,

(IT) If A= 0, then u(x) must be constant.

Proof Denote u(z) = Y ua(z)es. Then Y u?(z) = C, from which we have
A A

3

3 (%1;5)2 + 3 wa(@)Afual = 0. (4.3)
g A

1 A

(2

In view of Hu =0 in Q, thus Hus = 0 in €. Then more clearly,
A[UA] = )\2uA. (4.4)
Combining (4.3) with (4.4), we have

> (?91;%)2 +) M) =0. (4.5)
i A

i=1

A
Obviously, if A > 0, then ua(z) = 0. Thus u(z) = 0.
If A =0, then

Oua(x)
83%

Consequently, u(z) is a constant.

=0, i=1,2,3, AePN, N={1,---,3}, z€Q. (4.6)
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Remark 4.2 Lemma 4.2 is still valid in R3.

Remark 4.3 By Lemma 4.2, suppose that Q is a bounded domain in R®, u € C?(9Q,
C(Vs3)), |u(x)| = constant in Q. Denote the conditions as follows: (I) Lu = 0 in €; (II)
Lou = 01in € (III) Lafu] = 0 in Q; (IV) L_x[u] = 0 in Q; (V) L. _\[u] = 0 in Q; (VI)
LiyJul =01in Q, (VII) D[u] = 0 in Q, (VIII) [u]D = 0 in Q. If any of the above conditions is
satisfied, then u(z) = C.

Theorem 4.1 Let Q be an open bounded non-empty subset of R* with a Liapunov boundary
00, ue C*(Q,C(Va3)NCHQ,C(V33)), and Hu =0 in Q. Then for x € Q,

1 y—x ANy—x) )\) Car 1 / e A
= — - — d — do, L . 4.7
u@w) = - | (T T s D)e Mdoul) - | S—doy L) (47)
Proof By Lemma 4.1, taking v = — - e_:r in (4.1), obviously, we get L._\[v] = K1 (7, A).
Thus for x € Q, we have
1 e—)\r
L dory L[u](y) — / Koy (r \)doryu = 0. (4.8)
w3 Jo\B(z,8) T A(N\B(z,6))
It is easy to check that
) 1 ef)\r
lim [— - doy LJu)(y) — Ko (r, Ndoyu| = —u(z). (4.9)
6—0 w3 JoB(z,s) T 9B(x,5)

Combining (4.8) with (4.9), (4.7) follows.

Corollary 4.1 Let Q be a bounded domain in R?, u € C*(Q,C(Vs3)) and Hu = 0 in .
Then for any zy € €,
L/1 A\ g / Ne AR
— 4+ =e u(y)dsS + u(y)dy, (4.10
(R2 R) 0B(zo,R) v wslt Jp(ao,R) v )

where R is chosen such that B(xo, R) C .

u(zo) = o

Remark 4.4 In case of A = 0, Corollary 4.1 is just the mean value theorem for harmonic
funtions.

Remark 4.5 Corollary 4.1 is still valid for the functions satisfying any of the following
conditions: (I) Lu = 0in Q; (ITI) Lyu = 0 in ©; (IIT) Ly[u] = 0 in Q; (IV) L_x[u] = 0 in ©; (V)
L._\[u] =01in Q; (VI) L.y[u] =0 in ©; (VII) D[u] =0 in Q; (VIII) [u]D =0 in Q.

Theorem 4.2 (Maximum Modulus Theorem) Suppose that 2 is a bounded domain in R3,
u € C%(Q,C(Vs33)) and Hu =0 in Q. If there exists an xo € Q, such that

lu(zo)| = lu(z)], =€, (4.11)
then u(x) is a constant. Moreover, if X > 0, then u(z) = 0.

Proof (I) A = 0, by the mean value theorem of harmonic functions and Lemma 4.2, the
result follows.

(IT) A > 0, suppose |u(zg)| > 0. Taking R > 0 such that B(zg, R) C 2, by Corollary 4.1,
we have

1 A A2e= AR

1
[uwo)| < (G + ) uleo) Rws + = fu(eo) Vs, (4.12)
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more clearly,

1+ AR 4 ORF

[u(zo)l < ——7—"—lu(@o)| < lu(@o)|- (4.13)

(4.13) implies |u(zg)| = 0. Thus the result follows.

Corollary 4.2 Suppose that Q is a bounded domain in R, u € C%*(Q,C(Va3)), Hu=0 in
Q and continuous on Q. Then

max{|u(z)|, = € Q} = max{|u(x)|, = € 9Q}. (4.14)

Remark 4.6 Theorem 4.2 and Corollary 4.2 are still valid for the functions satisfying any
of the following conditions: (I) Lu = 0 in €; (II) L,u = 0 in Q; (IIT) Ly[u] = 0 in Q; (IV)
L_\u] =0in Q; (V) Ly _,Ju] = 0in Q; (VI) Lyy[u] = 0 in Q; (VII) D[u] = 0 in Q, (VIII)
[u]D =01in Q.
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