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Dynamics about Neural Array with Simple
Lateral Inhibitory Connections
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Abstract Lateral inhibitory effect is a well-known feature of information processing in
neural systems. This paper presents a neural array model with simple lateral inhibitory
connections. After detailed examining into the dynamics of this kind of neural array, the
author gives the sufficient conditions under which the outputs of the network will tend to a
special stable pattern called spatial sparse pattern in which if the output of a neuron is 1,
then the outputs of the neurons in its neighborhood are 0. This ability called spatial sparse
coding plays an important role in self-coding, self-organization and associative memory for
patterns and pattern sequences. The main conclusions about the dynamics of this kind of
neural array which is related to spatial sparse coding are introduced.
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1 Introduction

Lateral inhibitory effect is an important feature of information processing in neural systems.
Lots of early researches were done. Many researchers presented homogeneous neural field models
and examined their dynamics of pattern formation and propagation. For example, Amari
[1] studied the formation and the interaction of patterns in a homogeneous neural field by
mathematical analysis and provided a good example of non-homogeneous pattern formation
in a homogeneous neural field (see also [2-7]). Lots of attentions were paid on the dynamical
pattern progressing and propagation by various computer stimulations. Inspired by the early
researchers, we study the static pattern formation of a discrete neural array called simple lateral
inhibitory neural array. For each neuron in this array, we define a neighborhood. Each neuron
has an excitatory feedback from itself and has inhibitory connections with the neurons in its
neighborhood. We call this kind of structure the simple lateral inhibitory connection. The
dynamics of this kind network is very complex. However, the research interests of this paper is
to find sufficient conditions under which the outputs of the neural array will tend to a stable
pattern called spatial sparse pattern in which if the output of a neuron is 1, then the outputs of
the neurons in its neighborhood are 0. The spatial sparse patterns play an important role in the

self-organization, the self-coding and associative memory for patterns and pattern sequences
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that will be introduced in other papers (see [8-11]) and neural networks presented in these
papers can also be used for secrete communication and information security. So this research
is very important from the mathematical point of view. Here we give the sufficient conditions
that make the neural array tend to spatial sparse patterns and introduce the main conclusions
that characterize this dynamical process. It should be mentioned that the network presented in
this paper is very similar to the cellular neural network (see [12, 13]) which is deeply researched
and widely used in image processing in the last twenty years. However, the dynamics of the
two networks that we expect are quite different. The former is a competitive network that if a
neuron excites, the neurons in its neighborhood are inhibited and the later plays a role of high
pass filters. In addition, the neural array model with simple lateral inhibitory connections has
also the ability of short term memory which will be introduced in [10] and plays an important

role in the associative memory for pattern sequences in [10].

2 Simple Lateral Inhibitory Neural Array

We first introduce the concept of a neural array. A neural array is a set of neurons with

2-dimensional index, such as
AN = {n; (i,7) €ID}, ID C {1,2,--- , No} x {1,2,-- , N,}.
For simplicity, a neural array can be denoted in the form
AN = {(i,j) € ID}.
For each neuron (i, j), we define a neighborhood
N(i,j) C AN, (i,7) € AN.

There are many methods to define a neighborhood. The simplest way is using distance. For

example, we define

d((s, 1), (i, 7)) = max{[s — i, [t = j]},
N(i,j) ={(s,); d((s,1), (i,4)) < dn, (s,t) € AN} C AN,

where d,, is a constant. Obviously, this kind of neighborhoods have the property that if (s,t) €
N(i,j) then (i,7) € N(s,t).

For each neuron (¢, j), we define three variables. They are the state variables u;;(t), the input
signals s;;(t) and the output z;;(t). The following difference equations give the relationship of
these variables

uij(t+1) = (1 = a)uy(t) + awezij (t) —awi 3 za(t) + asi;(b),

(5,00 ,5)
(e . 2.1

25 (1) = 9(uys (1), () e AN, D

WUij (to) = ugjv
where ¢(-) is a sigmoid function. Thus we defined a neural network called simple lateral

inhibitory network.



Dynamics about Neural Array with Simple Lateral Inhibitory Connections 163

Proposition 2.1 Let the input signals in difference equations (2.1) be constants s =
{sij, (i,7) € AN}. Denote all the equilibrium points corresponding to s by Ue(s). Then Ue.(s)
#0, and

Ue(s) C [~ Ky, K™Y,

where
Ky =we +wi(Np — 1)+ Sy, Np =max{|N(i,j)|,(¢,j) € AN},
sm = max{|s;;|, (¢, j) € AN}.
We first divide the neural array into three parts
AN = ANgUAN; UANy, AN; NAN; =0, i#3j.
The set of all the divisions is denoted by
D(AN) = {(ANg, AN, ANy); AN = AN UAN; UAN,, AN; NAN; =0, i # j}.

For each division, the set of all the corresponding equilibrium points under the input s is denoted
by
US(S)(ANo,ANl,ANQ) = {ﬁ; u;; <0, (Z,j) € ANp; 0 < Uij < h, (Z,j) € ANy;
Ui; > h, (1,7) € ANo}.

It can be shown that if —(we —h) < s;; <h <1, (i,j) € AN, then

Ue(S)(ANQ, ANl, ANQ) 75 (Z)
(ANg,AN],ANg)ED(AN)
AN #£0
But we hope that the network will tend to the following equilibrium points:
Ue(s)(ANo, ANl, ANQ)
(ANg,AN],ANg)ED(AN)

ANy =0

For examining into the dynamics of the neural array, we define vectors and matrixes whose

indexes are pairs of integers. For example, a matrix A is defined as
A = {aijst; (i,7) € ANy, (s,t) € AN},

and a vector x is defined as
X = {xij; (Z,j) S AN}

Obviously, the theories about matrixes and vectors are suitable to our case.

At time ¢, the neural array can be derived into three parts as follows:

ANo(t) = {(27])7 uij(t) <0, (17]) € AN}7
ANy (t) ={(4,74); 0 < wyi(t) <h, (i,j) € AN},
ANy (t) = {(4,7); uij(t) = h, (i,7) € AN}
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So the state vector u(t) = {u;;(t); (¢,7) € AN} can be derived into three parts

uo(t) = {u;(t); (4,7) € ANo(t)},
uy (t) = {ui(t); (i,5) € AN1(1)},
us(t) = {uy;(t); (i,7) € ANa(?)}.

The input vector s = {s;;; (4,7) € AN} can also be divided into three parts
sot = {8455 (4,7) € ANo(t)}, s1e = {sij; (i,7) € AN1(t)}, s2t = {sij; (i,7) € AN2(?)}.
Let the output function of a simple lateral inhibitory neural array be
0, u <0,

1
g(u): EU;, 0<u<h,
1, u > h.

Then difference equations (2.1) can be described by the matrixes in the following way:

(1) u(t+1) = A(t)x(t) + ab(t) + as,
where
(a) A(t) = {aijse; ((4,7),(s,t)) € AN x AN}

for (i,7) € ANg(t) U ANo(t). We have

1—a, (iaj): (S,t)7

Qijst = —% (s,t) € AN1(t) N N(i, §) — {(i, §)},
0, otherwise
for (i,7) € ANy (t). We have
We Lo
1+a‘(7_1)7 (27])_(85t)7
Gigot = | ==, (s,8) € ANi () N N (G, ) — {0, )}
0, otherwise.

where

= —w;|ANa(t) N N(,5)|, (4, 5) € ANo(t) N ANy (2),

bij
bij = —wi(|ANo()) A N (i, )| = 1) +we, (i, 5) € AN (1),

2) {i;(t+1); (4, 5) € ANy (£)} = Aq (t)uy (£) + aby () + asy,
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where
(a) A (t) = {ajjee (8); ((5,4), (1)) € AN1(t) x ANy (1)},
where
1+a4<%_1)7 (i,j):(s,t),
Gigst = | =, (s.1) € ANL(6) N N (0.9) = {(3.)},
0, otherwise.
(b) bi(t) = {b;(1); (i,7) € AN1 (1)},
where

bij = —wi| AN2(£) N N (i, 4)|, (é,5) € ANo(t) U ANy (%),
bij = —wi(|[ANa(t) N N (i, j)| = 1) + we, (i,7) € ANa(t).

If ANl (t) = AN1 (to) (to S t S tl), then

wi(t+1) = Aq(to)ur (¢) + aby (o) + asy, to <t <ty —1. (2.2)
(B) ut+1)=A0<t <t)Hu(0)+aB(0<t' <t)s+ad(0 <t <t), t>0, (2.3)
where
A<t <t)= f[ A(t), (2.4)
#20
B(O<t <t) :I+Zt:11[A(t/), B(t'=0) =1, (2.5)
d0<t <t)=b(t)+ zt:b(z' —1) ﬁ A, d{t' =0)=1 (2.6)
i=1 =i

Proposition 2.2 Suppose that the neighborhoods of a simple lateral inhibitory neural array
satisfy the condition (s,t) € N(i,7) = (i,j) € N(s,t). Then we have

(1) A(t) and A+(t) are symmetry.

(2) Let the mazimum value of the eigenvalues of A1 (t) be AL

tiax- Then M > 1+a(%=—1).
(3) If a < grrart—ys then |A(0 <t/ < t)| > 0.

Note 2.1 Suppose that the neighborhoods of a simple lateral inhibitory neural array satisfy
the condition (s,t) € N(i,j) = (4,5) € N(s,t). When ty <t < t;, we suppose

ANo(t) = ANo(to), ANi(t) = ANy (to), ANs(t) = ANa(to).
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Then V(k,1) € ANy (o), when tg <t <?; 4+ 1, we have

ua(t) = Y Pz‘jkl(fop\fj_to'( S au(to)us(0) + > b?jst(tO)SstJraij(tO))

(4,7)€EAN1(to) (s,t)EAN (s,t)EAN
+ ) di(to)sse + ey (to).
(s,t)EAN

Here
(a) Aij, (4,7) € ANy (to) are eigenvalues of A (tg).
(b) {pijri(to); {(,7), (k, 1)} € AN1(to) x ANy (t9)} = P1(to), which satisfies

P1(to)A1(to)P] (to) = A = {Aijses ((i,5), (s.1)) € ANy (to) x ANy (to)},

where

() Aaja(to); ((7,5),(s,t)) € AN1(to) x AN(to)}

= A*(to) =P1(to)T1(to) A0 <t <tg—1),
{b3js¢(to); ((i,), (s,1)) € ANi(to) X ANx(to)}

=B*(ty) = P1(to)T1(to)B(0 <t <tg—1) — (I — Ay) " 'Py(to)T1(to),
{d};s(to); ((i,4), (s,1)) € AN1(to) x AN} = D*(to) = P (to)(I — A1)~ "P1(to) T (to),
{ci;(to); (i,7) € ANy(to)}

= c*(tg) = P1(to)T1(to)d(0 < t' <ty —1) — (I — Ay) " Py (to)b1(to)
{era(to); (k1) € AN1(to)} = e*(to) = Py (to)(I — A1)~ "Pi(to)bi(to),

where

Ti(to) = {tijse (to); ((0,9), (s,1)) € AN1(to) x AN},

e

» o (s0t) # (4, 9)-

Denote N,, = max{|N(4,j)|; (i,4) € AN1(t)}. If a < m, then [A(0 < ¢ <
to — 1)| # 0. Since |P1| # 0, rank(Ty1) = |[ANy(¢o)|. So rank(A*) = |AN;(¢g)|. Therefore,
V(i,5) € ANi1(to), I(k1,l1) € AN1(to), s.t. pijr,i, (to) # 0, and I(s1,t1) € AN, s.t. aj;g 4, (fo) #
0.

Note 2.2 From Note 2.1, we know that as long as

Z zjst to uSt Z bz]st to Sst + ac (to) 7é 0,

(s,t)EAN (9 t)EAN

the component of the state uy(t) corresponding to eigenvalue A;;

ukl(t)(&‘j):Pz‘jkl(tO))\fft‘)( > agu(to)us(0)+ > bfjst(tO)SstﬂLaC?j(tO))

(s,t)EAN (5,H)EAN
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will not be zero.

Let (2, F,P) be a probability space. The initial value is a random vector u(0)(w). Therefore,
the state vector is also random and is denoted by u(t)(w). Then the division of a neural array

is also random and can be denoted by

ANo(1)(w) = {(i,); uig (1) (w) <0, (i,) € AN},
AN (1)(w) = {(i.); 0 < ugy(H)(w) < h, (i,5) € AN},
AN (8)(@) = {(i,); iy (1)(w) = h, (i,j) € AN}

The set of all the division of AN is denoted by D(AN). For the given
(ANy, AN;, AN,) € D(AN)
and the time ¢, the following subset of 2 can be obtained:
W (AN, ANy, AN,)(t)
= {w;u;(t)(w) <0,(4,7) € ANg; 0 < u;5(t)(w) < h, (i,7) € ANy, u5(t)(w) > h, (4,5) € ANo}

which satisfies the following conditions:
(a) W(ANQ,ANl, ANQ)(t) SN
(b) It (AN07 ) ANI; AN2) # (ANé)a 7AN,1a AN/Q), then

W (ANo, ANy, AN,)() N W (AN, AN}, AN)(t) = 0,
(C) U W(ANQ, ANl, ANQ)(t) = Q.

(ANo,AN;,AN2)e D(AN)
For simplicity, W (AN, ANy, ANs)(¢) is denoted by W (t). The set of all the subset W (t) is

denoted by
W(t) = {W(ANo, ANy, ANy)(t); (AN, ANy, AN,) € D(AN)}.

Furthermore, we define

W(O<t<t))= () W(ANy, ANy, ANy)(2)
0<t<to

and denote
WO <t<to)={W(O0<t<t);W(O0<t<tg)=(|W(t),W(t) e W)}
Obviously, W (0 < t < tg) is also a division of €.
Let wg e W0 <t<ty)£0. Ywe W0 <t<tp), since
w,wo € W(ANot, ANy, ANo ) (), 0<t<tp,
we know

ANy (t)(w) = ANo(t)(wo) = ANgs, AN (£)(w) = ANy (£)(wo) = ANy,
ANg(t)(w) = ANQ(t)(W()) = ANQt, 0 <t< to.
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Therefore, Vw € W(0 <t <ty), VO <t <tp, we have

A(t)(w) = A1) (wo) = A1(H)w, A@)(w) = A(t)(wo) = A(t)w,

b1 (t)(w) = b1(t)(wo) =b1(t)w,  b(t)(w) =b(t)(wo) = b()w,
c(t)(w) = c(t)(wo) = c(t)w, d(t)(w) = d(t)(wo) = d(t)w,
e(t)(w) = e(t)(wo) = e(t)w

Here
Ai(Dw, A)w, bi()w, bt)w, ct)w, dt)w, elt)w

can be obtained based on Note 2.1. Thus we get

azjse(t,w) = agjse (B, wo) = ajj(w, by (1, w) = b0, wo) = b ()w,
cij(t,w) = ¢t wo) = ¢z (Dw, rist (B, w) = dig (8, wo) = dig o (H)w,
en(t,w) = g (t, wo) = e (Hw

If
AN (t) = ANg(to), AN;(t) = ANy(tp), ANa(t) = ANa(to), to <t <tq,

then according to Note 2.1, V(k,1) € ANy (to), if to <t < t; + 1, we have

@) = Y pur)wA (Y @t wu(0)w)

(4,5)€EAN1 (to) (s,t)EAN

£ Balto)wsa +ac(to)w )
(s,t)EAN

+ Z dly;lst(tO)Wsst + eltl(tO)W-
(s,t)EAN

This means that on

W(0<t<t))= () W(ANy, ANy, ANg)(1),
0<t<to

though u(0)(w) is random, the coefficients are constants.

Lemma 2.1 The simple lateral inhibitory network is given by difference equations (2.1).
The following conditions are satisfied:
(C1) The neighborhoods satisfy (s,t) € N(i,j) = (i,5) € N(s,1).
0, u <0,

(C2) g(u) = %u 0<u<h,

1, u > h.

—~

h
C3) we > h, 0<a<m-

—~

C4) Initial value u(0)(w) s a continuous random vector on a complete probability space
, P).
(C5) Input is a constant vector s = {s;j, (¢, j) € AN} satisfying s;; < h, (i,7) € AN.

(€,

<
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Suppose AN (to) # 0. Then
P(ANL () = ANy (to), £ > to) = 0.
Furthermore, 3(k1,11) € ANy (to), if we suppose
AN () = ANy (to) £ 0, £ > to,

then it will lead tlim g, 1, (1) (w)| = oo.

Note 2.3 From Lemma 2.1, we know that as long as ANy (tg) # ), the neurons in AN (o)
will leave AN (to) with the time. That is 3(k1,11) € ANy (to) and Jt1 > to, such that ug,, (1 —
1) < hy gy, (01) > hoor ugyg, (1 — 1) >0, wg,, (¢1) < 0.

Lemma 2.2 The simple lateral inhibitory neural array is given by difference equations (2.1),
and conditions (C1), (C2), (C4) and (C5) are satisfied. Furthermore, the following condition
1s satisfied too:

(C6) w; > (1+8)we, w; > (14+0)h, we>h, h<1, a< WM
Then if w;j(to) — wij(to — 1) > 0, w;(to — 1) > (1i5), 3ty > to, when t > t1, u;;(t) > h,
wsi(t) < —adh, (s,1) € N(i.5) ~ {(i.5)}, Jim uyy(t) =

We + Wy > h.

Note 2.4 From Lemmas 2.1 and 2.2, we have a perceived understanding about dynamics
of the simple lateral inhibitory neural array. At first, some of the neurons in ANy (0) enter into
ANj(tg). Then the neurons in the neighborhoods of these neurons enter into ANg(¢1) due to
the inhibitory reaction. In this way, at last ANy (¢,) = 0, and

z(t)(w) =Z(w), u(t)(w)—ud(w), t— .

Theorem 2.1  The simple lateral inhibitory neural array is given by difference
equations (2.1), and conditions (C1), (C2), (C4)—(C6) are satisfied. Then IN € &, P(N) =0,
for arbitrary input s = {s;;, (i,7) € AN}, as long as w € Q — N, there exists T'(s,w) > 0, such
that

z(t)(w) =Z(w) € Z, t>T(s,w), ul)(w)—u(w)eU., t— .

Note 2.5 The output z(w) = {Zi;; (i,j) € AN} has the following properties:

(1) 2y =127 =0, (s,8) € N(i,j) — {G.9)},

(2) Zij =0=s;5 <0or 3(s,t) € N(i,j) — {(4,5)}, Zot = L.

The output Z(w) is called spatial sparse pattern if it has these two properties. The set of
all the spatial sparse patterns is denoted by Z, and the set of the corresponding equilibrium

points is denoted by U.,.

Theorem 2.2 The simple lateral inhibitory neural array is given by difference equations
(2.1). Conditions (C1), (C2), (C5) and (C6) are satisfied. Then 3B € B(RIAN) \(B) =
0 (X(-) is Lebesgue measure), Vs, as long as u(0) ¢ B, there exists T(u(0),s) > 0, such that

z(t)=z€Z, t>T(u(0),s), ult)—ueclU, t— oo
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Corollary 2.1 The simple lateral inhibitory neural array is given by difference equations
(2.1). Conditions (C1), (C2), (C5) and (C6) are satisfied. Then for arbitrary input s, the

equilibrium point

u, € U Ue(s)(ANg, ANy, ANy)

(ANg,AN,ANy)ED(AN)
ANy #£0

1s unstable, and the Lebesque measure of the set of the initial points that make the neural array

tend to these unstable equilibrium points is zero.

Proposition 2.3 The simple lateral inhibitory neural array is given by difference equations
(2.1). Conditions (C1), (C2), (C5) and (C6) are satisfied. Further more, the following condition
18 satisfied too.

(C7) Input is a constant vector s satisfying
—(1—a)(we —h) <s;5<h, 0<a<l.
Denote

Nn = maX{|N(ZaJ)|7 (Za]) € AN})

o= (we—h)ha - :wi—(1+§)hh - w; —h

li(Nn—l)w,L ’ 2= we—h ’ 37(w;;h)+%7
—(1+6)h

€4 = we = (1 +9) ah, €=min{ey,eg,€3,84}.

we — h 4+ (N, — Dw;
For @ = {u;;} € Ue, let
[ = {6, j); @ > b, (i,5) € AN}, [@° = {(,4); N(j) 0 [@]* =0, (i, j) € AN}
We define a neighborhood of 1 as follows
N e) = {u; uij > h—c, uy <&,(,5) € [@7, (s,) € NG, 5) = {(,5)}, wij <0,(0,5) € [@°}.
Then Vu(0) € N(u,¢e), 3T (u(0),s), when ¢ > T'(u(0),s), we have
z(t) = 7, tlirglo u(t) =u.

Note 2.6 From Proposition 2.3, we know that the spatial sparse patterns are local stable.

3 Conclusion

In this paper, we have given the sufficient conditions that ensure the neural array with
simple lateral inhibitory connections tending to spatial sparse patterns. We have also given
the conclusions that characterize this dynamical process under these conditions. The Lebesgue
measure of the set of the initial states which lead the array to other equilibrium points is zero

and these points are unstable. We also prove that the spatial sparse patterns are locally stable.
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Appendix Proofs of Main Results
Proof of Proposition 2.1 Denote
u = {uij, (i,7) € AN}, Fj(u) = weg(uij) — w; Z g(ust) + sij,

(s,)EN(i,5)
(s,8)7#(4,5)

F ={F;;(u); (i,j) € AN}, f(u) =(1—a)u+ aF(u).
Let uy be a fixed point of f(e). Then
uy = (1 —a)uy +aF(uy), up=F(uy).
So the fixed point of f(e) is also the fixed point of F(e). If uy is the fixed point of F(e), then
ur =F(uy), uy=(1-a)us+aF(uy).
So the fixed point of F(e) is the fixed point of f(e) too. Let

F(u) =y = {yi; (i,5) € AN}, i = weg(usj) — w; E g(ust) + si.
RSP
s,t i,J

Since
|yij| < we +wi( [N J)[ = 1) + 5m = K,
we know Yu € [—K;, K¢]IAN F(u) € [-K;, K;]IAN Since F(e) is a continuous map from
[~ K, Kf|ANI to [~Kp, Kf]ANl| F(e) and f(e) have fixed points on [—K, K;]/ANl. Hence
Ue(s) # 0.
Now we prove U (s) C [~K, K¢]ANl. Since |u;;(t+1)] < (1 —a)|u;j(t)| +aK s, we consider
the difference equation
{J)ij (t + 1) = (1 — a)xij (t) +aKy,
ij(to) = |uaz(to)-
Thus we know
luig ()] < ij(t) — Ky, ¢ — oo
Therefore U € [~ K, K ;]IANI.

Proof of Proposition 2.2 First, we prove (1). Consider A (t). Suppose (s,t) # (i,7).
Then

. {_agi’ (5,6) € AN1 () 1 N (i) — {(6,)),
Tl 0 g AN N NG - {6.),

V(i,j), (8’ t) € ANl (t)7
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Thus we know
1 aw; 1 aw; 1

— &a =—, a =0sal,..=0.

Aijst = — stij ) ijst stij
J h J h

So A (t) is symmetry. In the same way, we can prove that A(t) is symmetry too.

Next, let us prove (2). Take (i1, j1) € AN;(¢) and let the vector x; be
X = {leﬁ (i,7) € AN1(t)},

where

Since for (x1,x1) =1,

. 1
(A1(t)x1,%x1) = ( - Z azljiljla:%j; (i,7) € ANl(t)) = a/'}ljliljl =1 —I—a(Ewe — 1),
(4,5) EAN1 (1)
we know (A (1) >
1(H)x,x 1
= 1+a<—we — 1).
<X1,X1> h

AL = sup >

e |z|#£0 <X7 X>

On the other hand,

Amin € U {A; N —ajij| < Z |aijst|}~

(1,5)€AN1(t) (s,t)€ANL () —{(4,5)}

Since aji; = 1 + a(%we —1) or aij;; = 1 — a, we have

w;
Z |aijst| < a;(Nn -1).
(s,t)EAN1 (t)—{(4,5)}
We know N
-1
Amin > 1 —a — awiw.
h
Finally, we prove (3). Since a < m, we have

(Nn —1)

0 At 0.
— >0, |A(t)] >

Amin > 1 —a — aw;

Hence |[A(0 <t/ <t)] = > 0.

[T A(t)
t'=0

Proof of Lemma 2.1 We take

(ANg, ANy, ANy) € D(AN), AN, # 0,
W(0<t<tg)= () W(ANy, ANy, ANg)(t) € W(0 < t <tp).

0<t<tg

Here (ANOtw ANUO, ANQtO) = (AN(), ANl, ANQ)
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Furthermore, suppose ANy (t) = ANy (¢ > tp). According to Note 2.1, Vw € W(0 <t < ty),
u; (t) = PTALTO[A* (to)u(0)(w) + aB*(to)s + ac* (to)] + aD*(t)s + ae*(to).
Since u(0)(w) is continuous, |A*(tg)| # 0, we know that
A”(to)u(0)(w) + aB*(to)s + ac*(to)
is also continuous. Therefore

P( Y @ t0)us ()W) + Y bl te)sa + ac(to) = 0| W(0 < t < to))
(s,t)EAN (s,t)EAN

=0, (i,j) € ANy.

Let
Nwosiso = U (9 X ahulto)ua(0)w)
(4,7)EAN11, (s,t)EAN
+ Y bulte)ss +acl(t) =0AW(0 < t < t0>).
(s,t)EAN
Then
P(Nwosisi) = > Plwi Y afulto)ua(0)w)
(4,7)EAN14, (s,t)EAN
+ Y0 bhulto)sa +aci(to) = OW(0 <t < to))
(s,t)EAN
x P(W(0 <t <t))=0.
Define

QW(OStSto) = {w; Atho(t)(w) = ANkv k= Oa 172a t>1y, we W(O <t< to)}
Suppose Qyy(o<i<to) — Nwo<i<ty) 7 0. Then, Vw € Qu o<i<ty) — Nw(o<t<to)

AN1 (t)(w) = ANltO; t Z to,
Z z]st (to)ust(O)(w) + Z brjst (to)sst + acrj (to) # 0, (Za]) € ANy.

(s,t)EAN (s,t)EAN

Denote the maximum eigenvalue of A1 (o) by A, j,. Since w. > h, according to Proposition
2.2, A\i,j, > 1. For this (i1, j1), we know from Note 2.1,

3(k1,11) € ANy (to), s.b. pi gk, (fo) 0, I(s1,t1) € AN, st af .y, (to) # 0,

the component of the state variable ug,, (t)(w) corresponding to A;, j, is

Uklzl(t)(w)(/\iljl)=pi1j1k111(t0)/\§1]i°( > af s (to)us(0)(w)
(s,t)EAN

Y bigalto)sa +ac, (o).

(s,t)EAN
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Obviously,

lm [ug, g, (8)(w)(Niyji )| =00, Um |ug,, () (w)] = oo.

t—o0 t—o0

This contracts the definition of Qu (g<¢<¢,). So

Qw (o<t<to) = Nw(ost<to) = 0, Qw (o<t<to) C© Nw(o<t<t)-
Let
Ql = {w; ANl(t)(w) = ANltoa t> t(), w € Q}
Then
W = U Qw (0<t<ty) C Nw(o<i<t),  P(1) = 0.
W (0<t<t0) €W (0<t<to) W (0<t<to) eW (0<t<to)
Now, we give some lemmas which will be used in the proof of Lemma 2.2.

Lemma A.1 The simple lateral inhibitory neural array is given by difference equations

(2.1). The following conditions are satisfied:
w; > we >h, s;; <h, (i,j)€ AN.

If
Auij(t) = ’U,ij(t) — ’U,ij(t — 1) > 0, ’U,ij(t — 1) >0,

then

() Y zalt-1) <2<,

(s, EN (i.7) Wi

(s,0)7#(4,9) . .
(b) us(t—1) <h, (s,t) € N(i,5) — {(4,5)}

Proof We first consider the case 0 < u;;(t — 1) < h. Since

w,
’U,ij(t) = |:1 + a(f — 1):|’U,ij(t — 1) — awi( t)ez]\;( ! Zst(t — 1) + as;;.
(1))

‘We have

w,
A’U,ij(t) = ’U,ij(t) - ’U,ij(t - 1) = a(f - 1>’U,ij(t — 1) — aw; Z Zst(t — 1) +as;; > 0,
(s,t)EN(4,5)
(s,8)#(1,5)

1 1 1 1 We

Z B Zst(t — 1) < E((Ewe — ].)U”(t — 1) + Sz]) < E((ﬁﬂ)e - 1)h+ h) = E
(s,t)EN (4,5)
(5 £(1.7)

Now we consider the case u;;(t — 1) > h. Since
uij(t) = (1 — a)uij(t — 1) + awe — aw; Z zst(t — 1) + asiy,

(5,t)EN(7,5)
(s,)#(4,9)
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we have
A (t) = wij(t) — ui(t — 1) = —auj(t — 1) + awe — aw; Z zst(t — 1) + asi; > 0,
(s,t)EN (i,5)
(s,6)#(4,5)
w,
> zalt—1) < =<1,

o wj
(s,t)EN (i,4)
(s,t)7#(2,5)

Zst(t_]-) < ]-a ust(t_1)<ha (Svt) GN(Za])_{(Zvj)}

Lemma A.2 The simple lateral inhibitory neural array is given by difference equations
(2.1). Its neighborhoods satisfy (s,t) € N(i,7) = (i,7) € N(s,t). And the following conditions

are satisfied:
w; > (L+0)h, s;; <h, (i,5) € AN.
If uij(t) > gy, then ANo(t +1) N N (i, 5) D ANo(t) N N (i, 5).
Proof Let (s,t) € ANg(t) N N(4,7). Since
(s,t) € N(i,j) = (i,7) € N(s,1),

and w;;(t) > ﬁ, we have ﬁ < z;(t) <1,

ust(t+1) = (1 — a)ug(t) — aw; E zii(t) + asst
(k,1)EN (s,t)
(k. )#(s,1)

h
< —aw;zi;(t) + ass < —a(l+ 5)m +ah = 0.
Therefore
(s,t) € ANo(t+1)NN(i,5), ANo(t+1)NN(,5) D ANgNN(i, j).

Lemma A.3 The simple lateral inhibitory neural array is given by difference equations
(2.1). Its neighborhoods satisfy (s,t) € N(i,7) = (i,7) € N(s,t). And the following conditions

are satisfied:
w; > (1+0)we, w; >(1+35)h, we>h, s;;<h, (i,j)€AN.
If wij(t) > Fhé, ust(t) < h, (s,t) € N(i,7) —{(4,5)}, then use(t + 1) < h.

Proof The case that us(t) < 0 has been discussed in the proof of Lemma A.2. So we just

consider the case 0 < ug < h. Since

uij(t) 1 h
iy <
=3 h T ave) iy sk
1, ’U,ij(t) > h,

(s,t) € N(i,7) = (i,j) € N(s,1),
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we have

ust(t+1) = {1 + a( We )}ust(t) — aw; Z Zpg(t) + ass

el (P.)EN(s,1)
(P,)#(s:1)
w
< {1 + a(h jl)}ust(t) — aw;z;; (t) + ass
We We B
< {1+a(h_1)}h—a(1+5)(1+5> +ah = h.

Lemma A.4 The simple lateral inhibitory neural array is given by difference equations
(2.1). Its neighborhoods satisfy

(s,t) € N(i,7) = (i, ) € N(s,1).
And the following conditions are satisfied:
w; > (14 Owe, wi > (1+00)h, we > h, s <h<1, (i,j) € AN.
[f Auij(t) = ’U,ij(t) — ’U,ij(t — 1) > 0, ’U,ij(t — 1) > ﬁ, then
1 .
S e {< () M- 1) £

0
(s,)EN(4,5) =0, Ni(i, j)(t —1) =10,
(s,t)#(4,9)

where
Nl(iaj)(t_l):{(svt); (Sat)eN(iaj)a (S,t)#(i,j), 0<u8t(t_1)<h}'

Proof Denote

No(i,j)(t) = {(s,1); (s,t) € N(i,5), (s,t) # (i), ua(t) <0},
(s,8); (s,1) € N(i,4), (s,t) # (i,5), 0 <ws(t) <h},
Na(i, j)(t) ={(s,1); (s,1) € N(i,7), (s,t) # (i,), use(t) = h}.
Obviously,
N(Zaj) = NO(ivj)(t) U Nl(ivj)(t) U NQ(iaj)(t) U {(Zaj)}

For (s,t) € N(i,7) — {(i,7)},

07 (Svt) € NO(Zvj)(t)v
)= 4240 (0 € NG )
1, (s,t) € Na(i,5)(t)

Therefore,

DOIEMUEE S SRR ORI

(Srt)EN(irj) (Svt)eNl(ivj)(t)
(s,)#(4,7) (s,8)7#(%,5)
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Since

w; > we >h, Spg < h, (p,g) €AN, Au;(t) >0, wuy(t—1)>0,
according to Lemma A.1, we have
use(t —1) <h, (s,t) € N(i,5) = {(i,4)}, Na(i,5)(t - 1) =90.
Again since
w; > (1+0)we, w;>1+0)h, we>h, sp,<h, (p,q) € AN,
wilt=1)> o walt=1) <k (5.0)€ M)~ ()}
according to Lemma A.3, we have

ust(t) <h, (s,t) € N(i,j) —{(i,4)}, Na(i,j)(t) = 0.

Since

w; > (L4+0)h, spq<h, (p,g)€AN, wu;(t—1)>

(1+4)

from Lemma A.2, we have No(4,7)(t) D No(i,7)(t — 1), so N1(i,5)(t) C N1(4,7)(t — 1). Hence,

we know

> zst(t):% S ual), (A.1)

(s,t)EN (,4) (s,t)€N1(i,5)(t)
(s,)#(4,7) (s,8)7#(2,5)

Z ugt(t —1) = Z ugt(t—1) — Z ugt(t —1)

(s,t)EN1(i,5)(2) (s,t)EN1(4,5) (t=1) (s,t)EN1(4,5)(t—1)
(s,0)#(4,4) (s,)#(4,9) (s,6) N1 (4,5)(t)
(s,0)#(4,4)

< Z use(t —1). (A.2)

(s,t)EN1(3,5)(t—1)
(Svt)i(irj)

Suppose N1(i,7)(t — 1) # 0. If (s, t) € N1(4,5)(¢), then (i,7) € N(s,t). So we have
ust(t) = {1 + a(% - 1)]u5t(t —1) — aw; Z Zpg(t — 1) + ass

(p,@)EN (s,t)
(p,@)#(s,t)

< {1 + a(% — 1>}u5t(t —1) —aw;z;;(t — 1) + ah. (A.3)

From (A.2) and (A.3), we get

3> ust(t)§[1+a(%—1)} Y ualt-1)

(s)EN (3.3)(1) (s)EN (3.3)(1)
— lawizi(t = 1) = ah]|N1 (i, 7)(1)]-
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From equation (A.1) and (A.3), we get

(> - Y alt-1)

(5,t)EN(3,5) (5,t)EN(3,5)
(s,1)#(4,9) (s,0)#(4,4)

< a(% - 1)h > zalt—1)) — [awizi(t — 1) — ahl,
(s,t)EN(4,5)

(s )#(i)
S Azl <a(%_1) 3 st — 1) — Lawszs; (t— 1) — ahl].
. —\h . h !
(s,t)EN(i,5) (s,t)EN(i,5)
(s,8)#(1,5) (s,t)#(4,7)

Since
w; > We >h,  Spg < h, (p,q) €AN, Au(t) >0, wu(t—1)>0,
according to Lemma A.1, we have

Wwe
Z Za(t—1) < == < 1.
(s,t)EN(3,5)
(s,1)#(%,5)

Since
;i > (14+9) h<1 z~(t—1)>—1 L = !
i e ’ " h (1+0) (1+490)’

we get
Z Azg(t) < a(ﬁ - 1) I [a(l +5)weL —ahl <=2 4a< —a(l - 1) < 0.
. ~ \h h 1494 h - h
(s,t)EN (i,4)
(s,1)#(4,9)
In the case of N1(i,7)(t — 1) =0, we have N1(4,5)(t) =0,s0 > Azgu(t) =0.

(5,t)EN(3,5)
(s,t)#(4,7)

Proof of Lemma 2.2 If u;;(tg) > h, then 3t1 > to, wi;(t1) < h, or w;;(t) > h, t > 0. If
u;;(to) <0, then 31 > o, 0 < wy;(t1) < h, or u;;(t) <0, t>ty. So we just consider the case
that 0 < u;j(to) < h.

Step 1 We proof that 3¢; > to, u;;(t1) > h. In fact, if

0 <wuy;(t) <h, 0<u(t—1)<h,
then

w
u(t+1) = [1 + a(f — 1)}uij(t) — awi( t)ez]\;( ‘) zst(t) + asij,
S, (2¥]
(s,t)#(4,9)
wi;(t) = [1—1—@(%—1)}%]»(15—1)—@% Z zat(t — 1) + asij,
(s,t)EN(4,5)
(s,)#(4,5)
w
Auj(t+1) = [1 + a(f - 1)} Augji(t) — awi( t)ez]\;( ) Azg(t). (A.4)
S, (2¥]
(s,t)#(4,7)



Dynamics about Neural Array with Simple Lateral Inhibitory Connections 179

Since

h
A’U,ij (to) > O7 m < Wi (to — 1) < h,

from Lemma A.4, we have

Z Azst(to) < 0.
(s,t)EN(4,5)
(s:t)#(1,5)

So Au;j(to+ 1) > 0, therefore u;;(to +1) > ﬁ. If u;;(to + 1) < h, according to Lemma A.4,

we have

> Azglto+2) <0.
(5,)EN (i,5)
(5,6)(i.7)

By mathematical induction, we know that as long as w;;(¢) < h, it holds that
A’U,ij (t) > 0, Z Azst(t) < 0.
(s,t)EN(3,5)

(s,0)#(4,4)

From (A.4), we know
Aui;(t+1) > [1 + a(% - 1)}Auij(t).

Since 1+ a(%s — 1) > 1, we know that Awu;(t) 7. Therefore 3¢, > to,

uij(t1) = h, < uij(ty —1) < h.

(1+9)

Step 2 We prove that when ¢ > ¢, it holds that
uij(t) > h, Auij(t) >0, ust(t) < h, (Svt) € N(Zvj) - {(17‘7)}

In fact, u;j(t1) > h, ﬁ < ui;(ti —1) < h. According to Lemma A.4, we have

> Azg(t) <0.
(s;)EN(3,7)
(5,1)7(1:9)

So

> Azg(ti+1) <0,
(s:)EN(i.j)
(s:)7(i.3)

Auij(h + 1) > (]. — a)Auij(tl) — aw; E Azst(tl) >0, uij(tl + 1) > h.
(s,t)EN(i,5)
(s,t)#(4,7)

By mathematical induction, we know that when ¢ > ¢,
A’U,ij (t) > 0, Ujj (t) > h.

Since Au;j(t1) > 0, wi(ti —1) > ﬁ, according to Lemma A.1, we know ug(t1 — 1) <
h, (s,t) € N(i,7) — {(4,7)}; according to Lemma A.3, we know ug(t1) < h, (s,t) € N(i,7) —
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{(4,7)}. By mathematical induction, we know that when ¢ > 1, ug(t) < h, (s,t) € N(i,j) —

{(,5)}

Step 3 We show that Ity > t1, t > to,
ust(t) < —adh, (s,t) € N(i,7) —{(i,7)}, tlim u;5(t) = we + 835 > h.

For simplicity, we only consider the case of 0 < ug (1) < h. By mathematical induction, we

can show that as long as 0 < ug(t) < h,

ugt(t+1) = <1+a<% - 1))u5t(t) — aw; Z Zpq(t) + ass
(p,g)EN(s,)
(p,@)#(s,t)

< |1+ a(% — 1)}ust(t) — aw;zi;(t) + ass
)

:|'U'st(t) — aw; + ah,

Hence Jta(s,t) > t1, when ¢ = ta(s,t), ust < 0, we have ug(t — 1) > 0; when t = to(s,t) + 1,

we have

ust(t+1) = (1 — a)ug(t) — aw; Z Zpg(t) + ass

(p,@)EN (s,t)
(p,@)#(s,t)

< —aw; + asg < —a(l 4 0)h + ah < —adh.
According to mathematical induction, we have
ust(t) < —adh, (s,t) € N(i,7) —{(3,7)}, t>ta =max{ta(s,t);(s,t) € N(i,7) — {(,5)}}.
Therefore,
ui(t+1) = (1 — a)uy(t) + awe + as;j, t > to, tlirgo u;(t) = we + 845 > h.
Next, we give some lemmas which will be used in the proof of Theorem 2.1.

Lemma A.5 The simple lateral inhibitory neural array is given by difference equations
(2.1). The conditions (C1), (C2), (C4)—(C6) are satisfied. Then for inputs,3Ns € §, P(Ns) =
0, when w € Q — Ny, 3T (s,w) >0, s.t.

z(t)(w) =Z(w) € Z, t>T(s,w), ut)(w)—u(w)e U, t— oo.

Proof If u;;(0)(w) > h, then w;(t)(w) > h, t > 0, or It > 0, uy;(t1 — 1)(w)
u;i(t1)(w) < h. If u;5(0)(w) < 0, then w;;(t)(w) < 0,t >0, or It1 > 0, uj(t1 — 1
u;;(t1)(w) > 0. For simplicity, suppose

0 <u;;(0)(w) < h, (i,5) € AN.
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Therefore AN;(0) = AN. According to Lemma 2.1, 3(ky,l1) € AN, 3Ny, P(N;) = 0, if
w € Q — Ny, then when ¢t > 0, ug,, (t)(w) T h, or ug,, (t)(w) | 0. For simplicity, suppose
Upy1, (£)(w) T h. Then 3¢5 > 0, such that

uij (t)(w) —uij(tr = 1)(w) >0, wi;(ts —1)(w) > (1+4)

According to Lemma 2.2, 3t > t1, when ¢ > {5,

Uk gy (D) (W) >k, us(t)(w) < —adh, (s,t) € N(ki,li) — {(k1,11)},

tlirgo Uk, j, (0)(w) = we + w; > h.
If AN, (tg) 7é @, then 3 (k?g, lg) S ANl(tQ), dAN,, P(NQ) =0, whenw € Q—(NlUNQ), Ukoly (t)(w) T
h or up,, (t)(w) | h. For simplicity, suppose uy,i, (t)(w) T h. Then 5 > to, when ¢ > t3,

Ukyjn (D) (W) > h,  us(t)(w) < —adh, (s,t) € N(ka,lo) — {(ke,12)},

lm wp,, (t)(w) = we + w; > h.

t—oo
At last 3N, P(N,) =0, Jt,41, as long as

weQ—(NfUNU---UN,),

ANy () =0, ¢ > tyy1. It is easy to show ANy(t) = ANa(t, + 1), t > tp41. Therefore

tlg)élo u; (1) (w) = we — wi(JANo (t1) " N(4,5)| — 1) + 535 =Wij(w) > h, (i,7) € ANa(t, + 1),
tligolo ugt(t)(w) = —w;|ANa(tn 1) NN (s, )| + st = Ust(w) <0, (s,t) € ANg(tn, + 1),
z(t)(w) =Z(w) € Z, t>t,+1.
Lemma A.6 The simple lateral inhibitory neural array is given by difference equations
(2.1). The neighborhoods satisfy

(s,t) € N(i,j) = (i,7) € N(s,t).

And it also satisfies
h
[h 4+ w;(N, —1)]

Then u(t)(w) (t > 0) is continuous as long as u(0)(w) is continuous.

O0<a<

Proof According to Note 2.2 and Note 2.5, on

WO <t <t)= (] W(AN, ANy, ANy (),

0<t/<t

we have
u(t+1)(w) = A0 < t' < t)wu(0)(w) +aB(0 <t < t)ws +ad(0 < t' < t)w,

where A(0 < ¢ < t)w, B(0 < ¢ <) and d(0 < ¢/ < t)w are defined by equations (2.4),
(2.5) and (2.6) respectively. According to Proposition 2.2, |A(0 <t < t)y| > 0, hence because
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c

(0)(w) is continuous, u(t + 1)(w) is continuous too. So u(t)(w), ¢ > 0 is continuous on

) (w
WO <t <t)= () W(ANy:, ANys, ANg)(t'). Therefore, u(t)(w) (¢ > 0) is continuous on
0<t'<t

=2

Lemma A.7 The simple lateral inhibitory neural array is given by difference equations
(2.1). Conditions (C1), (C2), (C4)—(C6) are satisfied. Then for constant input s, INs; € 3,
s.t. P(Ns) =0 and

F0(s, 6(s,u(0)(w))) = {s’; [s" —s| < d(s,u(0)(w))},

if 8" € O(s,d(s,u(0)(w))) and w € Q — Ny, then

z2(t)|s' m)w) = 2(w), t>T(s,w), u(t)ls uo)w) — (w) €Ue, t— o0,

where z(t)|s w(0)(w) and u(t)|s w(o)w) are the output and the state vector when the input is s’

and the initial state is u(0)(w) respectively.

Proof From Lemma A.5, we know that for the input s, 3N, € J, P(Ns) = 0, when
weQ—Ng, 3T'(s,w) >0, s.t.

z(t)(w) =zWw) € Z, t>T(s,w), ult)(w)—u(w)eU,, t— oc.

According to Lemma A.6, u(t)(w) (t > 0) is continuous. Thus IN!, s.t. P(N!) =0, if w € Q—

NZ, then u;;(t)(w) # 0,u5(t)(w) # h. Let N = |J N, Ng = N.UN/. For w € Q— Ng, denote
>0

IT"(s,w) > 0, when ¢t > T"(s,w),

uij(t)(w) > h, uSt(t)(w) <0, (Sat) € N(Za.j) - (iaj)a (27.7) € [E(w)]lv

'U/ij(t)(w) <0, (17]) € [Z(w)]o.
Let
e1 = min{ug; (T (s,w)) (W) — b, —uat(T"(s,w))(w); (s,t) € N(i,§) —{(i, 1)}, (i,5) € [Z(w)]1},
1 &2

£2 = min{—uy; (T"(s,))(@); (i-j) € Ew)o}, &=min{,

Since difference equations (2.1) satisfy the Lipschitz condition, u(t)(w) is dependent continu-
ously on s. Corresponding to this e, 3(s,u(0)(w)) >0, if s’ € O(s, 4(s,u(0)(w))), then
uig (T"(s,w)) (W) > b, use(T"(s,w))(w) <0, (s,t) € N(,j) —{(5,5)}, (i,4) € E(w)h,
uii (T"(s,w))(w) <0, (i,7) € [E(w)]o-
For (i,7) € [Z(w)]1, it is easy to show that when ¢ > T"(s,w),
uij ()W) > h,use()(w) <0, (s,8) € N(i,j) ={(,9)},  (,7) € [Z(w)]1,
uij(t)(w) <0, (i,4) € [2(w)]o.
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Let T(s,w) = max{T"(s,w), T"(s,w)}. Then

z(t)(w) =z(w), t>T(s,w), u(t)(w)—u'(w)elU, t— oo.
Proof of Theorem 2.1 Let

Sq = {s; s;j is rational, (i,j) € AN}, N = U Ns.
s€Sq

Here Ns is defined by Lemma A.5, so P(N,) = 0. From Lemma A.7, we know that for s € Sg,
as long as w € Q — Ny, 3T (s,w) > 0, s.t.

Z(t)|s,u(0)(w) = Z(w) S 7, t> T(s,w), u(t)|s7u(0)(w) — ﬁ(w) S UE, t — 00.

Furthermore, for this s, 30(s,d(s,u(0)(w))) = {s’; |’ —s| < é(s,u(0)(w))}, if 8" € O(s, d(s,
u(0)(w))), then

Z(t)|s/’u(0)(w) = Z(w) S 7, t> T(S, w), u(t)|szyu(0)(w) —u e U57 t — oo.

Since

U O(s,é(s, u(O))) o {sasij < hv (Za]) € AN};

sESq
Vs € {s,s;; < h,(i,j) € AN} and Vw € Q — N;, Is € Sg, s.t. s’ € O(s,d(s,u(0)(w))), such
that
Z(t)|s/7u(0)(w) = Z(w) S 7, t> T(s,w),

u(t)|s/’u(0)(w) — ﬁ(w) S Ue, t — o0.

Let N= |J Ns. Then P(N)=0. Vs, if w ¢ N°, we have
s€Sq

z(t)|s’,u(0)(w) = Z(w) S 7, t> T(s,w), u(t)|sl7u(0)(w) — ﬁ(w) S Ue, t — 00.

Proof of Theorem 2.2 Denote
Qo = {w; JuelU,, 3Is, tlirglo u(t)|suw) =1, w e Q}
Corresponding to this set, there exists
Ty = {u(O); Juel., Is, lim ult)lsuo) = ﬁ}.

Denote N = Q — Qg, U = RIANI —T;. According to Theorem 2.1, P(N) = 0.
Let
Ok:{X;HX”ékv XGR‘AN‘}v k:172a37""

Then
U= lim UnNOy.
k—o0
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Let u(0)(w) be random variable with uniform probability distribution on Oy, (k > 1). It is easy

to prove
P(N)=0=XNUnNOy)=0.
Therefore A(U) = klim AU NOy) =0. Here A(-) is Lebesgue measure.

Proof of Proposition 2.3 Let u(0) € N(u,e). We first consider the neuron (i, j) € [u]?.

From the definition of N (W, ¢), we know

uSt(0)<€v (S,t)GN(i,j)—{(i,j)}.
There are two cases.

Case 1 In this case, u;;(0) > h, so

u;(1) = (1 — a)ui;(0) + awe — aw; Z 2(0) + asi;
(s,t)EN (i,5)

(s,t)#(4,5)
1
> (1 —a)h + aw, — aw;(N,, — 1)EE —a(l —a)(we —h)
N, —1
=h+a|a(we —h) —Ewi¥}.

Since e < &1 = a%, we know wu;;(1) > h.

If ug (0) <0, V(s,t) € N(i,5) — {(4,7)}, then

ust(1) = (1 — a)ust (0) — aw; Z 2pq(0) + assy < —aw; + ah < 0.

(p,g)EN(s,t)
(p,@)#(s:t)

If ust (0) < g, Y(s,t) € N(4,7) — {(i,7)}, then

w
ugt(1) = {1 + a(f - 1)}ust(0) — aw; E Zpq(0) + asst,
(p,g)EN (s,t)
(P,q)#(s,t)
We

Aug (1) = a(— — 1)ust(0) — aw; Z Zpg(0) + ass

h
(p,q)EN (s,t)
(p,q)#(s,t)
We €
< a(r - 1)5—: —aw; + ah = a(w, — h)E —a(w; — h).
: _ wih—(146)h? : C o1 .
Since € < g9 = R s We have Aug (1) < —adh. Using mathematical induction, we know

that when t > 1, we have
(a) ug;(t) > h,
(b) ust(t — 1) < 0= ug(t) <0,
() 0 < ug(t—1) <e= Aug(t) < —adh.
Hence 3t;; > 0, when ¢ > t;;, u;;(t) > h, us(0) <0, (s,t) € N(i,7) — {(4,5)}.
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Case 2 In this case, h — e < u;;(0) < h, so

uij(1) = [1 +a (T - 1)}%‘3‘(0) —aw; Y z(0) + asij,
(5,t)EN(7,5)
(5,8)#(4,5)
We

Aui;(1) = a(w — 1)uij(0) — aw; . t)g(i ) 25t(0) + as;;

(s,0)#(4,5)
We €
> a(T - 1)(h — &) —awi(N, = 1)5 — aa(w, — h)
=a(a—a)(we —h) + %[we —h—w;(N, —1)]e.
Since Sih
—(1
e< ey = (L+9) .h,

we —h + (N, — Dw;
we have Au;;(1) > acoh. V(s,t) € N(i,5) — {(¢,7)}, if us(0) <0, then

ust(1) = (1 — a)ug (0) — aw; Z Zpq(0) + ass
(P,@)EN (s,1)

(p,q)#(s,t)
< hoE L an (wi — h) + a2
—aw;——— + ah = —a(w; — a—°¢.
h h
Since
w; — h w; — h
e<ez = (w.—h) Wi < w; ’
T T h

we have ug (1) < 0. If 0 < ug(0) < g, then

uij(1) = [1 +a (7 - 1)}“@'3‘(0) —aw; E 25t(0) 4 asgj,
(s,t)EN(3,5)
(s,t)#(%,5)

Auii(1) = CL(T - 1)7“‘”(0) —awi Y Za(0) +asi

(s,t)EN (i,5)
(s,8)7#(%,5)

< a(% - 1)%6—@1&% +ah = a(wehg h + %)E—a(wi —h).

Since
w; — h w; — h

e<ez= Aug (1) <0, ux(l) <e,

Wi ?

- <
We—h | wi Wi
h2 h h

using mathematical induction, we know that when t > 1,

(a) ui(t — 1) < h = Au;j(t) > aaoh,

(b) walt) < 2, (5,) € N(i,J) — {6 )}
Hence 3t}; > 0, such that w;;(t;; — 1) < h, w;;(t;;) > h. This is just the same as Case 1.
Therefore, 3¢;; > 0, when ¢ > ¢, u”(t) > h, ust(0) <0, (s,t) € N(i,j5) —{(,7)}

Then we consider the neuron (4, j) € [a]’. Since s;; <0, u;;(0) <0,

uij(l) <(1- a)uij(O) +as;; < 0.
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By mathematical induction, we know that when t > 1,
uij(t) < (1 — a)uij(t — 1) +as;; < 0.
So when t > T = max{t;;; (i,7) € [u]?},

’U,ij(t + 1) = (1 — a)uij(t) + awe + as;; > h, (Z,]) S [ﬁ]2,
ust(t+1) (1_a)ust(t)_awi|[ﬁ]sz(iaj)|+aSst <Oa (Svt) GN(iaj)a (Za]) € [ﬁ]2'

Therefore when ¢t > T,
z(t) =z € Z(s), lim u(t)=uec U(s).

t—o0
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