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Gorenstein-Projective Modules over T, ,,(A)*
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Abstract A new class of Gorenstein algebras Ty, »(A) is introduced, their module cat-
egories are described, and all the Gorenstein-projective T, n(A)-modules are explicitly
determined.
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1 Introduction

Throughout all algebras A are Artinian, and all modules are finitely generated. Let A-mod
be the category of left A-modules. An A-module M is Gorenstein-projective, if there is an exact
sequence --- — P 1 — Py o, Py — -+ of projective modules, which stays exact under
Homa(—, A), and such that M = Kerdy. This kind of modules is an important ingredient in
the Gorenstein homological algebras and in the representation theory of algebras (see, e.g., [1,
5, 7-9]); it plays a central role in the Tate cohomology of algebras (see e.g. [3]), and is widely
used such as in derived categories and singularity theory (see e.g. [4, 6, 7]).

Gorenstein-projective modules are especially important to the Gorenstein algebras (see e.g.
[5]). An algebra A is Gorenstein if inj.dim 4A < oo and inj.dim A4 < co. Many important
classes of algebras, such as group algebras of finite groups, finite-dimensional Hopf algebras, self-
injective algebras, algebras of finite global dimension, the cluster tilted algebras, are Gorenstein.
It is then fundamental to construct all the Gorenstein-projective modules of a given algebra (see
e.g. [10, 11]). In this note, we introduce a new class of Gorenstein algebras T}, »(A), describe
the category T, ,(A)-mod, and explicitly determine all the Gorenstein-projective T, n(A)-
modules.

Many constructions are inductive. Here we use the upper triangular matrix extensions of
algebras via bimodules, i.e., the algebra A = (6‘ M) with multiplication given by the one of
matrices, where M is an A-B-bimodule. An advantage of such an extension is that a A-module
is identified with a tripe (5%),, or (§) if ¢ is clear, where X € A-mod, Y € B-mod, and
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¢: M®pY — X is an A-map, and that a A-map (¥ )4) — (})f,/ )¢>’ is identified with a pair

(_{;), where f € Homa (X, X'), g € Homg(Y,Y”), such that ¢'(Id ® g) = f¢ (see [3, p. 73]).

2 Module Category of T, ,(A)

This section is to describe the category T, ,(A)-mod.
Let A be an algebra. For an integer m > 1, denote by T,,(A) the upper triangular ma-

AA- A
0A- A
trix algebra - : . For integers m and n with 1 < m < n, let T), ,(A4) be the
66 i)
algebra given by the block matrix (T*"O(A) f]\VE)’ where N = : : and AE =
A A mx(n—m)
AA-r AA- A
0A- AA... A
AOQ - 0O . . .
0A--0 : : :
o . Then T, n(A) =100 AA.. A and Ty, m(A) = T (A).
00« 0A- 0 ’

00 A (n—m)x(n—m) : :
0000 A nxn

In order to describe T}, ,(A)-mod, we first recall a description of T, (A)-mod from [11].

Xm

Define a category T,,(A)-rep as follows. An object is ( :

) , where X; € A-mod for all 4
X1/ (¢4)

Xom Ym
and ¢; : X; — X;41 are A-maps for 1 <4 < m — 1. A morphism < : ) — ( : )
X/ () Y1/ (6,

fm
is < : ), where f; : X; — Y; are A-maps for all 7, such that the following diagram commutes

f
X, 031 X, b2 Pm—1 X,,
fll/ le fml
6 6 O —
Vi ——=Y,—> - ——> Y,

Lemma 2.1 (see [11]) (i) Tm(A) is Gorenstein if and only if A is Gorenstein.

(ii) There is an equivalence of categories Ty, (A)-mod =2 T, (A)-rep.

(i) If A is Gorenstein, then | is a Gorenstein-projective Ty, (A)-module if and

X/ ()
only if X; are Gorenstin-projective A-modules for all i, ¢; : X; — X;+1 are monomorphisms

and Coker ¢; are Gorenstin-projective A-modules for 1 <i<m — 1.
(iv) Let A and B be algebras, M an A-B-bimodule with proj.dim aM < oco. Then A =
(4 M) is Gorenstein if and only if A and B are Gorenstein and proj.dim Mp < oo.
Xn

Now we define a category Ty, ,(A)-rep as follows. An object is | Xn-mi1 , where

X1/ (s
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X; € Amod for all i, ¢ + Xi — Xpmp1 (1 < i <n—-—m), and ¢; : X; — X1
Xn Y

(n—m+1 < j <n-—1) are A-maps. A morphism | X, mi1 — | Yo

X/ () i /(o)
fu

is | fo—m+1 |, where f; : X; — Y; are A-maps for all 4, such that the following diagram
fi
commutes for 1 <i<n—m

oi Dn—m+1 Dn—1

LT

fa‘l fn—m+1l fﬂl
6; On—m41 0n_1

Y;—>Ynfm+1 — - ——Y,

The main result of this section is as follows.
Theorem 2.1 (i) Ty, n(A) is a Gorenstein algebra if and only if A is a Gorenstein algebra.
(ii) There is an equivalence of categories T, n(A)-mod = T, ,,(A)-rep.

Proof (i) Use induction on n. If n = m, then the assertion follows from Lemma 2.1(3).

Assume that the assertion is true for n = m +t with ¢ > 0. We prove that the assertion is true
A

forn=m+t+1. Put P = é‘ . Then P has a natural T, ,,—1(A)-A-bimodule structure such
o
Tmn-1(A) P

that T, (A) = ( 0 A) . Since P is projective as a left T}, ,,—1(A)-module and as a right

A-module, the assertion follows directly from Lemma 2.1(iv) and the inductive hypothesis.
(ii) Use induction on n. The assertion for n = m follows from Lemma 2.1(ii). Assume that
the assertion holds for n = m-+t with ¢ > 0. We prove that the assertion holds for n = m+¢+1.

Let Tpy.n(A) = (Tm,,,t(;l(A) Z) . Then a T}, »,(A)-module X is identified with ())g) where

¢)
X" € Tpypo1-mod, X; € Amod, and ¢ : P ®4 X1 — X' is a Ty, n—1(A)-map. Using the
Xn
inductive hypothesis on T}, ,—1-mod, we have X' = | Xn-mi1 , where ¢; : X; —
Xoo /(40 i>2)

Xn-mt1 (i=2,---,n—m) and ¢; : X; — X,;11 (j=n—-m+1,---,n—1) are A-maps.
Since P is a projective Ty, n—1(A)-module, all A-maps attached to P between A are identities.
X1

It follows that all maps attached to P ®4 X7 = )gl between X, are also identities. Thus

0
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hn

¢ = h"—omﬂ , where h; : X1 — X, are A-maps for n — m + 1 < i < n, such that the

0
following diagram

Idx, Idx,
X, . X,
h7L7n+ll hﬂl
On—m+1 bn—1
Xyt 2 2

commutes. Put ¢1 = hy,—pmy1. Then we get

hn—m—i—l = ¢17 hn—m+2 = ¢n—m+1¢1; Tty hn = (bn—l e ¢n—m+1¢1- (2-1)
Thus ¢ is uniquely determined by ¢; (1 <i <mn—1). And hence all h; (n—m+2 <i<n)
Xn
can be omitted. So X is expressed as | Xn_mi1 . This completes the proof.
X /e

3 Gorenstein-Projective T, ,(A)-Modules

In this section, we explicitly describe Gorenstein-projective Ty, (A)-modules.

Lemma 3.1 (see [11]) Let A = (4 M) be a Gorenstein algebra. If 4M and Mp are
projective, then (5 )¢ 1s a Gorenstein-projective A-module if and only if ¢ : M®@pY — X isa
monomorphism, X and Coker ¢ are Gorenstein-projective A-modules, and gY is a Gorenstein-

projective B-module.

In what follows, we identify a T,, ,,(A)-module with an object in T, , (A)-rep. So, a Ty, n(A)-

Xn
module is written as | Xn—mi1 , where ¢; : X; — X1 (1 <4 < n-—m) and
Xo /(40
¢j  X; — Xjr1 (m—m+1<j <n-—1)are A-maps. The main result of this section is as
follows.
Xn
Theorem 3.1 Let A be a Gorenstein algebra. Then X = | Xn_mia is a Gorenstein-
X /e

projective Ty, ,,(A)-module if and only if the following conditions are satisfied:
(1) All ¢; (1 <i<n—1) are monomorphisms;
(2) All X; (1 <i<mn)andall Coker¢; (1 <i <n—1) are Gorenstein-projective A-modules;

(3) For1l <k < n—m, we have Im¢y, + -+ + Ime,—p, = Imepy @ -+ ® Imepy,_,, and
Xn—mt1/(Imog + - - - + Ime,,_,,) are Gorenstein-projective A-modules.
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Proof Use induction on n. If n = m, then T,, ,(A) = T,,(A) and the assertion follows
from Lemma 2.1(iii) (in this case condition (3) vanishes). Assume that the assertion holds for
n =m +t with ¢ > 0. We will prove that the assertion holds for n = m + ¢ + 1.

Write Ty, (A) as Thy pn(A) = (T’"v”gl(A) i), where P is given as in the proof of Theorem
2.1(i). Then P is a projective right A-module and projective left T}, ,,—1(A)-module. In order

Xn
to apply Lemma 3.1, we write X = ())g )d) , where X/ = | Xu_ i € Trm—1(A)-mod,
Xoo /) (41, 022)
hn X1 X"
and ¢ = h"—(;"“ PRy X1 = )((')1 — X)’}‘:"“ is & Tpy n—1(A)-map given
0 0 X2/ (g, i22)
by (2.1).
Note that if n = m+1 then X5, .-, X,,_,, vanish. However, the following proof also works
Coker h,,
in this case. Thus Coker ¢ = co}“;ff;’”“ , where f; : X; — Coker h,,_,,+1 is the
X (f1,i>2)

composition of ¢; : X; — X, 41 and the canonical A-map 7 : X,,_,,,+1 — Coker ¢; for each
2<i<n—m, fj: Cokerh; — Cokerhjii are A-maps induced by the following commutative

diagrams forn —m+1<j<n-—1

Xl_:>X1

R .

X;—1 X4

By Lemma 3.1, X is a Gorenstein-projective Ty, ,(A)-module if and only if ¢ is a T}, 5,—1(A)-
monomorphism, X; is a Gorenstein-projective A-module, X’ and Coker ¢ are Gorenstein-
projective Ty, n—1(A)-modules. Thus by the inductive hypothesis on X’ we know that X is
a Gorenstein-projective Ty, »(A)-module if and only if the following conditions are satisfied:

(i) ¢isa Ty pn_1(A)-monomorphism;

(ii) All ¢;’s are monomorphisms for i > 2;

(iii) All X;’s are Gorenstein-projective A-modules;

(iv) All Coker ¢;’s are Gorenstein-projective A-modules for i > 2;

(v) For 2 < k < n—m, we have Im¢y + -+ + Im¢,,_,, = Im¢y. @ --- ® Ime,,—p,, and
Xn—m+1/(Imey + - - - + Ime,,_.,) are Gorenstein-projective A-modules;

(vi) Coker¢ is a Gorenstein-projective Tp, ,—1(A)-module.

So, what we need to do now is to prove that the conditions (i)—(vi) are equivalent to the
conditions (1)—(3).
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First, we prove that conditions (i)—(vi) imply conditions (1)—(3). By (2.1) we see that (i) and
(ii) imply (1). Since Coker ¢ is a Gorenstein-projective T}y, ,,—1(A)-module, it follows from the
inductive hypothesis on Coker ¢ that Coker ¢; is a Gorenstein-projective A-module, and hence
(2) holds by (iii) and (iv). It remains to prove (3). Since Coker ¢ is a Gorenstein-projective
Tinn—1(A)-module, by the inductive hypothesis on Coker¢ we know that f; are monic for
2<i<n—m,and Imfo+---+Imf,_, =Imfo @ --SImf,_,,. By construction the fact that
fi is monic means Im¢; N Im¢, = 0; while Imfo + - +Imf,_,, = Imfo @ --- B Imf,_,, means
that if o+ +xp_pm € Imgy with ; € Ime; (2 <i <n—m), then z; € Im¢; (2 <i<n—m).
Now assume that 1 + x2 + -+ + p—p, = 0 with z; € Im¢; (1 < i < n —m). This means
o+ + Tpom € Imgy. Then by the above argument we have z; € Im¢gy (2 < i < n—m).
Thus z; € Im¢; NImg; = 0 (2 < i < n—m). This proves Im¢py + - -+ + Im¢,,—r, = Imgpy &
-+ @ Imey,_pm,. Since Coker ¢ is a Gorenstein-projective T, ,—1(A)-module, it follows from the

inductive hypothesis on Coker ¢ that

Coker hy,—mi1/(Imfa + - -+ Imf,_p,) = Coker ¢ /(Imfa + - - - + Imfr, 1)
— (X /Tg1)/(Imgy + -+ T ) /Ty
= anerl/(ImQSl +-- Imqsnfm)

is a Gorenstein-projective A-module. Now (3) follows from (v).

Conversely, we need to prove that conditions (1)—(3) imply conditions (i)—(vi). From (2.1)
we see that (i) and (ii) follow from (1), and (iii)—(v) directly follow from (2) and (3). It remains
to prove (vi). By (3) we have Im¢; N Im¢; = 0 for 2 < i < n —m. Since ¢; is monic for
2 <1< mn—m, it follows from the construction that all f; are monic for 2 < i < n — m. From

(x) we get the following commutative diagram forn —m+1<j<n-—1

0 X4 Xy 0 0

N

OﬁX] %X]‘Jrl —>Coker¢j —(

Hence by the Snake’s Lemma we get an exact sequence

0 —— Coker h; i> Coker hj 1 —— Coker ¢; —— 0.

So f; is monic for n —m +1 < j < n —1. Since hp_mi1 = @1, it follows from the ex-
act sequence above and the Gorensteinness of Coker¢; that all Cokerh; and Coker f; are
Gorenstein-projective modules for n—m+1 < j < n—1. On the other hand, for 2 <i <n—m,

we have

Coker f; = Coker hy, 41 /Imf; = Coker ¢y /Tmf;
= (Xo_my1/Tmgn)/((Imes + Imey)/Tmeby)
= Xn—m+1/(Ime; + Imgy)
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and the exact sequence

0— ( D Imd)j)/(lmqﬁi + Iméy ) — Coker f; — Xn,m+1/( D Imqu) —0.

1<j<n—m 1<j<n—m

By (3) we know that Xn,mﬂ/( ) Im¢j) is a Gorenstein-projective A-module. While

1<j<n—m

P mo) /(mo+1mo) = (D Imey) [(méioIme) = P Imey

1<j<n—m 1<j<n—m 2<t<n—m,t#i

is a Gorenstein-projective A-module, so is Coker f; for 2 <i <n — m.

For 2 < k < n — m, we still need to prove that Imfy + --- + Imf,_, = Imfr & --- P
Imf,—m,, and that Coker ¢y /(Imf, + - - - +Imf,_,,) is a Gorenstein-projective A-module. Since
Imf, = (Im¢y + Ime1)/Im¢y (2 < k < n —m), it follows from the direct sum Ime¢; + - - - +
Im¢,—p, = Imdy @ -+ ® Ime,,_p, in (3) that Imfy + -+ + Imfp_p, = Imfi ® -+ ® Imfr_sm
for 2 < k < n —m. Note that Coker¢,/(Imfx + -+ + Imf,_,,) = Xn,mﬂ/(hnqﬁl &)

D Imqﬁi). Since ( @D Imqﬁi) / (Im¢1 s P Imqﬁi) = Imgy @ -~ ® Imep_y
k<i<n—m 1<i<n—m k<i<n—m

and X, 41 / ( ) Imqbi> are Gorenstein-projective A-modules, it follows from the exact

1<i<n—m
sequence
0—>( o Im@-)/(lmqﬁl@ o Im@-) — n_m+1/(lm¢1@ D Im@-)
1<i<n—m k<i<n—m k<i<n—m
_)anerl/( @ Im¢i)—>0
1<i<n—m

that Coker ¢y /(Imfy, + - -+ + Imf,—,,,) is a Gorenstein-projective A-module for 2 < k <n —m.
Hence Coker ¢ is a Gorenstein-projective T, ,—1(A)-module by the inductive hypothesis on

Coker ¢. This proves (vi) and the proof is completed.

Example 3.1 Let A be a Gorenstein algebra.
(i) By Theorem 3.1 a Tiy my1(A)-module X4, is Gorenstein-projective if and only if
¢; (1 < i < m) are monic, X; (1 < ¢ < m+ 1) and Coker¢; (1 < i < m) are Gorenstein-

projective A-modules.

A
(ii) Note that <ﬁ> is not a Gorenstein-projective Ts 4(A)-module (in fact, A + A #
A/ d
AoA (Id)
A@ A). But (AﬁA) is a Gorenstein-projective T 4(A)-module.
A7 ((6):(3)19)
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