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The Global Existence of Small Solutions to

the Oldroyd-B Model

Wenjing ZHAO1

Abstract The Cauchy problem to the Oldroyd-B model is studied. In particular, it
is shown that if the smooth solution (u, τ ) to this system blows up at a finite time T ∗,
then

∫ T∗
0

‖�u(t)‖L∞dt = ∞. Furthermore, the global existence of smooth solution to this
system is given with small initial data.
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1 Introduction

In this paper, we consider the blow up principle and the global existence of small solutions
to the following Oldroyd-B model:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Re
(∂u

∂t
+ u · �u

)
= −�p + (1 − ε) �u + div τ,

div u = 0,

∂τ

∂t
+ (u · �)τ = (�u)τ + τ(�Tu) − 1

We
τ +

ε

We
(�u + �Tu),

(1.1)

where u : (x, t) ∈ R
n × [0, T ) → u(x, t) ∈ R

n is the fluid velocity, p : (x, t) ∈ R
n × [0, T ) →

p(x, t) ∈ R represents the hydrodynamic pressure, and τ : (x, t) ∈ R
n × [0, T ) → τ(x, t) ∈ R

n×n

denotes the extra-stress tensor, n = 2, 3 is the space dimension. The following parameters are
dimensionless: the Reynolds number Re ∈ R+, the Weissenberg number We ∈ R+ and the
elastic viscosity fraction ε ∈ (0, 1). And the initial data satisfy

u(x, 0) = u0(x), τ(x, 0) = τ0(x). (1.2)

The Oldroyd-B model is a classical model for dilute solutions of polymers suspended in a
viscous incompressible solvent (see [2]). The system (1.1) describes the motion of the incom-
pressible fluid satisfying the Oldroyd constitutive law (see [17]). Viscoelastic material can be
viewed as the intermediate state between the fluid and solid. This kind of material exhibits
elastic behavior, such as memory effects as well as fluid properties. Many complicated hydro-
dynamical and rheological behaviors of complex fluids and the electro-magnetic behavior of the
materials (see [2, 5, 6, 10, 14, 18]) can be regarded as consequence of internal elastic properties.
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In 2001, Chemin and Masmoudi [3] established a criterion for the system involving both τ

and �u. [4, 11, 13, 15] dealt with the inertial Oldroyd-B model for the deformation tensor and
established global-in-time existence for small initial data.

In this paper, we will prove a similar result like the well-known Beale-Kato-Majda criterion
(see [1]) for the two and three dimensional Oldroyd-B model for the extra-stress tensor with
the relaxation term (finite Weissenberg number) and global existence with small initial data.
The main results of the paper are presented by the following two theorems:

Theorem 1.1 Let s > [n
2 ] + 1 for n = 2, 3 be an integer, u0 ∈ Hs(Rn), τ0 ∈ Hs(Rn)

with � · u0 = 0. Then there exists a positive time T , such that Cauchy problem (1.1) with
(1.2) has a unique solution on [0, T ], (u, τ) ∈ L∞([0, T ]; Hs(Rn)) with �u ∈ L2([0, T ]; Hs(Rn)).
Furthermore, if T ∗ is the maximal time for existence, then

∫ T∗

0

‖�u(t)‖L∞dt = ∞. (1.3)

Theorem 1.2 Let s > [n
2 ] + 1 for n = 2, 3 be an integer, u0 ∈ Hs(Rn), τ0 ∈ Hs(Rn) with

� · u0 = 0, and 0 < ε < 4
5 . Then Cauchy problem (1.1) with (1.2) has a unique global solution

(u, τ) ∈ L∞([0,∞); Hs(Rn)) with �u ∈ L2([0,∞); Hs(Rn)) provided that ‖u0‖H3 and ‖τ0‖H3

are small enough.

This paper is organized as follows. Some lemmas are given in Section 2, and Theorem 1.1
and Theorem 1.2 are proved respectively in Section 3 and Section 4.

2 Preliminaries

Before proving the main theorems, we first introduce three useful estimates.

Lemma 2.1 For u ∈ Hs(Rn), �u ∈ L∞(Rn) where n = 2 or 3, and for any positive integer
s > 1, set v = Dα

xu where α ∈ Zn
+ with |α| = s. Then we have∫

[Dα
x(u · �u) − u · �Dα

xu]v ≤ C(n)‖�u‖L∞‖u‖2
Hs , (2.1)

where C(n) is a constant depending only on n.

Proof First∫
[Dα

x (u · �u) − u · �Dα
xu]v ≤ ‖Dα

x(u · �u) − u · �Dα
xu‖L2‖v‖L2 ,

then we can easily get (2.1) by the Sobolev inequality

‖Dα
x(fg) − fDα

xg‖L2 ≤ C(n)(‖f‖Hs‖g‖L∞ + ‖�f‖L∞‖g‖Hs−1), (2.2)

where f = u and g = �u.

Lemma 2.2 For (�u, τ) ∈ Hs(Rn)∩L∞(Rn) where n = 2 or 3, and for any positive integer
s > 1, set v = Dα

xu, η = Dα
xτ where α ∈ Zn

+ with |α| = s. Then we have∫
[Dα

x (u · �τ) − u · �Dα
xτ ]η

≤ δ‖�u‖2
Hs +

C(n)
δ

‖τ‖2
Hs(‖�u‖L∞ + ‖τ‖2

L∞ + 1) + C(n)‖�u‖L∞‖τ‖2
Hs , (2.3)
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where δ > 0 and C(n) is a constant depending only on n.

Proof By the Cauchy inequality, we have
∫

[Dα
x(u · �τ) − u · �Dα

xτ ]η ≤ ‖Dα
x (u · �τ) − u · �Dα

xτ‖L2‖η‖L2

≤ C(n)
( s−1∑

i=1

‖Ds+1−i
x u‖L4‖Di

xτ‖L4 + ‖�u‖L∞‖τ‖Hs

)
‖η‖L2.

Then for any integer 1 ≤ j < s, using the Gagliardo-Nirenberg interpolation inequalities (see
[7, 9, 16]),

‖Dj
xf‖L4 ≤ C(n)‖Ds

xf‖
n−4j

2(n−2s)

L2 ‖f‖
n−4(s−j)
2(n−2s)

L∞ , (2.4)

we obtain

‖Ds+1−i
x u‖L4 ≤ C(n)‖�v‖

n−4(s−i)
2(n−2s)

L2 ‖�u‖
n−4i

2(n−2s)
L∞ , (2.5)

‖Di
xτ‖L4 ≤ C(n)‖η‖

n−4i
2(n−2s)

L2 ‖τ‖
n−4(s−i)
2(n−2s)

L∞ . (2.6)

So ∫
[Dα

x (u · �τ) − u · �Dα
xτ ]η

≤ C(n)
( s−1∑

i=1

‖�v‖
n−4(s−i)
2(n−2s)

L2 ‖�u‖
n−4i

2(n−2s)
L∞ ‖η‖

n−4i
2(n−2s)

L2 ‖τ‖
n−4(s−i)
2(n−2s)

L∞ + ‖�u‖L∞‖η‖L2

)
‖η‖L2

≤ C(n)
s−1∑
i=1

‖�u‖
n−4(s−i)
2(n−2s)

Hs ‖τ‖
3n−4(s+i)
2(n−2s)

Hs ‖�u‖
n−4i

2(n−2s)
L∞ ‖τ‖

n−4(s−i)
2(n−2s)

L∞ + C(n)‖�u‖L∞‖τ‖2
Hs .

Finally by means of the Young’s inequality we obtain (2.3).

Lemma 2.3 For (�u, τ) ∈ Hs(Rn)∩L∞(Rn) where n = 2 or 3, and for any positive integer
s > 1, set v = Dα

xu, η = Dα
xτ where α ∈ Zn

+ with |α| = s. Then we have
∫

Dα
x(�uτ)η +

∫
Dα

x(τ�Tu)η ≤ C(n)‖�u‖Hs‖τ‖L∞‖τ‖Hs + δ‖�u‖2
Hs

+
C(n)

δ
‖τ‖2

Hs(‖�u‖L∞ + ‖τ‖2
L∞ + 1)

+ C(n)‖�u‖L∞‖τ‖2
Hs , (2.7)

where δ > 0 and C(n) is a constant depending only on n.

Proof By the Cauchy inequality, we get
∫

Dα
x (�uτ)η +

∫
Dα

x (τ�Tu)η ≤ (‖Dα
x (�uτ)‖L2 + ‖Dα

x(τ�Tu)‖L2)‖η‖L2

≤ C(n)
(
‖�v‖L2‖τ‖L∞ +

s−1∑
i=1

‖Ds+1−i
x u‖L4‖Di

xτ‖L4

+ ‖�u‖L∞‖τ‖Hs

)
‖η‖L2 .
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By using (2.5) and (2.6), we obtain∫
Dα

x (�uτ)η +
∫

Dα
x (τ�Tu)η ≤ C(n)‖�u‖Hs‖τ‖L∞‖τ‖Hs

+ C(n)
s−1∑
i=1

‖�u‖
n−4(s−i)
2(n−2s)

Hs ‖τ‖
3n−4(s+i))

2(n−2s)
Hs ‖�u‖

n−4i
2(n−2s)
L∞ ‖τ‖

n−4(s−i)
2(n−2s)

L∞

+ C(n)‖�u‖L∞‖τ‖2
Hs .

Then by the Young’s inequality, we get (2.7).

3 Proof of Theorem 1.1

As the local existence of the Oldroyd-B model is well-known, here we only present the
Hs-estimates for the solution of (1.1)–(1.2), s > [n

2 ] + 1.

Proof of Theorem 1.1 Actually let (u, τ) be the unique local solution to (1.1)–(1.2). It
is sufficient to prove for any integer s > [n

2 ] + 1,

‖u‖Hs + ‖τ‖Hs ≤ C0, t ≤ T ∗ (3.1)

for some constant C0 provided that
∫ T∗

0

‖�u(t)‖L∞dt � M0 < +∞. (3.2)

In what follows, we are going to present the L2 estimate up to s order derivative of u and τ .
First, a standard energy estimate for system (1.1) gives

Re
2

d
dt

∫
|u|2 + (1 − ε)

∫
|�u|2 +

We
2ε

d
dt

∫
|τ |2 +

1
ε

∫
|τ |2

=
We
ε

∫
�juiτjlτil +

We
ε

∫
τij�julτil +

∫
�juiτij

≤ C(n)
(We

ε
‖�u‖L∞‖τ‖2

L2 + ‖�u‖L2‖τ‖L2

)
, (3.3)

where C(n) is a constant depending only on n. Thus by the Cauchy inequality, we have

Re
2

d
dt

‖u‖2
L2 +

1 − ε

2
‖�u‖2

L2 +
We
2ε

d
dt

‖τ‖2
L2

≤ C(n)
(
‖�u‖L∞ +

1
2(1 − ε)

ε

We

)(
Re‖u‖2

L2 +
We
ε

‖τ‖2
L2

)
. (3.4)

Then

Re‖u‖2
L2 +

We
ε

‖τ‖2
L2 ≤

(
Re‖u0‖2

L2 +
We
ε

‖τ0‖2
L2

)
eC(n)

(
M0+ 1

2(1−ε)
ε

WeT∗
)
. (3.5)

Next, by differentiating (1.1) we obtain

Re
(∂�u

∂t
+ u · �(�u)

)
= −��p + (1 − ε) �(�u) + div �τ − Re�u · �u,

∂(�τ)
∂t

+ u · �(�τ) + �u · �τ = �(�u)τ + (�u)(�τ) + �τ(�Tu)

+ τ�(�Tu) − 1
We

�τ +
ε

We
(��u + ��Tu).
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In view of � · u = 0, we get by the standard L2 estimate

Re
1
2

d
dt

∫
|�u|2 + (1 − ε)

∫
|�2u|2 +

We
ε

1
2

d
dt

∫
|�τ |2 +

1
ε

∫
|�τ |2

= −Re
∫

�iu · �uj�iuj − We
ε

∫
�iu · �τjl�iτjl +

We
ε

∫
�i�kujτkl�iτjl

+
We
ε

∫
�kuj�iτkl�iτjl +

We
ε

∫
�iτjk�kul�iτjl

+
We
ε

∫
τjk�i�kul�iτjl +

∫
�i�luj�iτjl

≤ Re‖�u‖L∞‖�u‖2
L2 +

We
ε

‖�u‖L∞‖�τ‖2
L2 +

We
ε

‖τ‖L∞‖�τ‖L2‖�2u‖L2

+
We
ε

‖�u‖L∞‖�τ‖2
L2 +

We
ε

‖�u‖L∞‖�τ‖2
L2

+
We
ε

‖τ‖L∞‖�2u‖L2‖�τ‖L2 + ‖�2u‖L2‖�τ‖L2 . (3.6)

By the Cauchy inequality, we have

Re
2

d
dt

‖�u‖2
L2 +

1 − ε

2
‖�2u‖2

L2 +
We
2ε

d
dt

‖�τ‖2
L2

≤ C(n)
(
‖�u‖L∞ +

1
2(1 − ε)

We
ε

‖τ‖2
∞ +

1
2(1 − ε)

)(
Re‖�u‖2

L2 +
We
ε

‖�τ‖2
L2

)
. (3.7)

Using the equation for τ

∂τ

∂t
+ (u · �)τ = (�u)τ + τ(�Tu) − 1

We
τ +

ε

We
(�u + �Tu),

by [12] one can get

‖τ‖L∞ ≤
(
‖τ0‖L∞ +

ε

We
M0

)
eM0 � M1. (3.8)

Hence we obtain

Re‖u‖2
H1 +

We
ε

‖τ‖2
H1 ≤

(
Re‖u0‖2

H1 +
We
ε

‖τ0‖2
H1

)
eC(n)

(
M0+ 1

2(1−ε)
We
ε M2

1 T∗+ 1
2(1−ε) T∗

)
. (3.9)

Finally, for any positive integer s > [n
2 ] + 1, we have the following equations for v = Dα

xu,
η = Dα

xτ where α ∈ Zn
+ with |α| = s:

Re
(∂v

∂t
+ u · �v

)
= −Re[Dα

x (u · �u) − u · Dα
xu] − �Dα

xp + (1 − ε) �v + div η, (3.10)

∂η

∂t
+ (u · �)η = −[Dα

x (u · �τ) − u · �Dα
xτ ] + Dα

x (�uτ) + Dα
x (τ�Tu)

− 1
We

η +
ε

We
(�v + �Tv), (3.11)

and div v = 0. After multiplying both sides of (3.10) and (3.11) by v and η respectively, and
integrating by parts, we obtain

Re
2

d
dt

∫
|v|2 + (1 − ε)

∫
|�v|2 =

∫
�iηijvj − Re

∫
[Dα

x (u · �u) − u · �Dα
xu]v, (3.12)

1
2

d
dt

∫
|η|2 +

1
We

∫
|η|2 = −

∫
[Dα

x (u · τ) − u · �Dα
xτ ]η +

∫
Dα

x (�uτ)η

+
∫

Dα
x(τ�Tu)η +

ε

We

∫
(�ivj + �jvi)ηij (3.13)
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with the help of div v = 0. Combining (3.12) and We
ε ·(3.13) yields

Re
2

d
dt

∫
|v|2 + (1 − ε)

∫
|�v|2 +

We
2ε

d
dt

∫
|η|2 +

1
ε

∫
|η|2

= −Re
∫

[Dα
x (u · �u) − u · �Dα

xu]v − We
ε

∫
[Dα

x(u · �τ) − u · �Dα
xτ ]η

+
We
ε

∫
Dα

x(�uτ)η +
We
ε

∫
Dα

x(τ�Tu)η +
∫

(�ivj)ηij . (3.14)

Using (2.1), (2.3) and (2.7), we obtain

Re
2

d
dt

‖u‖2
Hs + (1 − ε)‖�u‖2

Hs−1 +
We
2ε

d
dt

‖τ‖2
Hs +

1
ε
‖τ‖2

Hs

≤ C(n)Re‖�u‖L∞‖u‖2
Hs + C(n)

We
ε

‖�u‖Hs‖τ‖L∞‖τ‖Hs

+
We
ε

δ‖�u‖2
Hs +

C(n)
δ

We
ε

‖τ‖2
Hs(‖�u‖L∞ + ‖τ‖2

L∞ + 1)

+ C(n)
We
ε

‖�u‖L∞‖τ‖2
Hs + ‖�u‖Hs‖τ‖Hs . (3.15)

By the Cauchy inequality and choosing δ small enough, we have

1
2

d
dt

(
Re‖u‖2

Hs +
We
ε

‖τ‖2
Hs

)
+

1 − ε

2
‖�u‖2

Hs

≤ C(n)
[
‖�u‖L∞ +

We
ε

1
2(1 − ε)

‖τ‖2
L∞ +

1
2(1 − ε)

](
Re‖u‖2

Hs +
We
ε

‖τ‖2
Hs

)
. (3.16)

With the aid of the Gronwall’s inequality, we get that ‖u‖Hs and ‖τ‖Hs are bounded as t ≤ T ∗

if (3.2) is satisfied. This completes the proof of Theorem 1.1.

4 Proof of Theorem 1.2

Similarly to the proof of Theorem 1.1, we are going to present a global priori estimate of the
solutions constructed in Theorem 1.1. Let (u, τ) be the unique solution constructed in Theorem
1.1 with the initial data (u0, τ0) which satisfies all the requirements in Theorem 1.1.

Actually, combining (3.3), (3.6) and (3.14), we can get

Re
1
2

d
dt

‖u‖2
H2 +

We
ε

1
2

d
dt

‖τ‖2
H2 + (1 − ε)‖�u‖2

H2 +
1
ε
‖τ‖2

H2

=
We
ε

∫
�juiτjlτil +

We
ε

∫
τij�julτil +

∫
�juiτij

− Re
∫

�iu · �uj�iuj − We
ε

∫ (
�iu · �τjl − �i�kujτkl

− �kuj�iτkl − �iτjk�kul − τjk�i�kul

)
�iτjl +

∫
�i�luj�iτjl

− Re
∫ (

�2
iju · �uk + �iu · ��juk + �ju · ��iuk

)
�2

ijuk

− We
ε

∫ (
�iu · ��jτkl + �ju · ��iτkl + �2

iju · �τkl − �2
ij�rukτrl

− �i�ruk�jτrl − �j�ruk�iτkl − �ruk�2
ijτrl − �2

ijτkr�rul

− �iτkr�j�rul − �jτkr�i�rul − τkr�2
ij�rul

)
�2

ijτkl +
∫

�2
ij�luk�2

ijτkl,
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so

Re
1
2

d
dt

‖u‖2
H2 +

We
ε

1
2

d
dt

‖τ‖2
H2 + (1 − ε)‖�u‖2

H2 +
1
ε
‖τ‖2

H2

≤ C
(We

ε
‖�u‖L∞‖τ‖2

L2 + Re‖�u‖L∞‖�u‖2
L2 +

We
ε

‖�u‖L∞‖�τ‖2
L2

+
We
ε

‖�2u‖L2‖τ‖L∞‖�τ‖L2 + Re‖�u‖L∞‖�2u‖2
L2 +

We
ε

‖�u‖L∞‖�2τ‖2
L2

+
We
ε

‖�2u‖L4‖�τ‖L4‖�2τ‖L2 +
We
ε

‖�3u‖L2‖�2τ‖L2‖τ‖L∞
)

+ ‖�u‖L2‖τ‖L2 + ‖�2u‖L2‖�τ‖L2 + ‖�3u‖L2‖�2τ‖L2 .

Using the Gagliardo-Nirenberg interpolation inequalities, we have

‖�τ‖L4 ≤ C(n)‖τ‖H2 , ‖�2u‖L4 ≤ C(n)‖�u‖H2 .

Therefore, we get

1
2

d
dt

(
Re‖u‖2

H2 +
We
ε

‖τ‖2
H2

)
+ (1 − ε)‖�u‖2

H2 +
1
ε
‖τ‖2

H2

≤ C(n)
(
‖�u‖H2

We
ε

‖τ‖2
H2 + Re‖�u‖2

H2‖u‖H2

)
+ ‖�u‖H2‖τ‖H2 . (4.1)

Similarly, for gerneral positive integer s > [n
2 ] + 1, we can get the following estimate

1
2

d
dt

(
Re‖u‖2

Hs +
We
ε

‖τ‖2
Hs

)
+ (1 − ε)‖�u‖2

Hs +
1
ε
‖τ‖2

Hs

≤ C(n)
(
‖�u‖Hs

We
ε

‖τ‖2
Hs + Re‖�u‖2

Hs‖u‖Hs

)
+ ‖�u‖Hs‖τ‖Hs . (4.2)

When 0 < ε < 4
5 , we can choose k1, k2 > 0 satisfying k1 + k2 < 1 − ε and 1

4k2
< 1

ε such that

1
2

d
dt

(
Re‖u‖2

Hs +
We
ε

‖τ‖2
Hs

)
+ (1 − ε)‖�u‖2

Hs +
1
ε
‖τ‖2

Hs

≤ k1‖�u‖2
Hs +

1
4k1

(
C(n)

We
ε

‖τ‖2
Hs

)2

+ C(n)Re‖�u‖2
Hs‖u‖Hs + k2‖�u‖2

Hs +
1

4k2
‖τ‖2

Hs ,

which implies

1
2

d
dt

(
Re‖u‖2

Hs +
We
ε

‖τ‖2
Hs

)
≤ −[(1 − ε) − k1 − k2 − C(n)Re‖u‖Hs ]‖�u‖2

Hs

−
[1
ε
− 1

4k2
− 1

4k1
C(n)2

We2

ε2
‖τ‖2

Hs

]
‖τ‖2

Hs . (4.3)

Set
A0 = max

{
‖u0‖2

Hs +
We
Reε

‖τ0‖2
Hs ,

ε

We
Re‖u0‖2

Hs + ‖τ0‖2
Hs

}
.

If A0 is so small that

(1 − ε) − k1 − k2 − C(n)Re
√

A0 > 0 (4.4)

and

1
ε
− 1

4k2
− 1

4k1
C(n)2

We2

ε2
A0 > 0, (4.5)
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from (4.3) it turns out that

Re‖u‖2
Hs +

We
ε

‖τ‖2
Hs ≤ Re‖u0‖2

Hs +
We
ε

‖τ0‖2
Hs .

Hence ‖u‖2
Hs ≤ A0 and ‖τ‖2

Hs ≤ A0. In view of the choice of A0 in (4.4) and (4.5), (4.3) tells
us Re‖u‖2

Hs + We
ε ‖τ‖2

Hs is monotone-decreasing. Therefore, if the initial data are small enough,
then ‖u‖Hs and ‖τ‖Hs will be bounded for all t < ∞. Using the blow up principle in Theorem
1.1, we finish the proof of Theorem 1.2.
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