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The Sharp Estimates of all Homogeneous Expansions for
a Class of Quasi-convex Mappings on

the Unit Polydisk in C™*

Xiaosong LIU! Taishun LIU?

Abstract In this paper, the sharp estimates of all homogeneous expansions for f are
established, where f(z) = (fi(2), f2(2), -, fn(2))" is a k-fold symmetric quasi-convex
mapping defined on the unit polydisk in C™ and

Dthrlfp(O)(zthrl) _ i |a . l |e19pll +9pl,2t:+«;+9pl,tk+1 e
(tk+ 1)| plrt2-lep4 1702 tk+17

lyyla, sl =1
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Here i = /1, Oy, € (—m,7] (¢ = 1,2,--- ,tk+1), li,l2, ++ Jlwp1 = 1,2,-+ ,n, t =
1,2,---. Moreover, as corollaries, the sharp upper bounds of growth theorem and distortion
theorem for a k-fold symmetric quasi-convex mapping are established as well. These results
show that in the case of quasi-convex mappings, Bieberbach conjecture in several complex
variables is partly proved, and many known results are generalized.
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1 Introduction

In the case of one complex variable, the following Bieberbach conjecture (i.e., de Branges

theorem) is well-known.
Theorem A (see [1]) If f(z) =2+ Y. anz™ is a biholomorphic function on the unit disk
n=2
U, then

lan| <n, n=2,3,---.

However, in the case of several complex variables, Cartan [2] pointed out that the above
theorem does not hold. So people mainly investigated the case of the subclasses of biholomor-

phic mappings Bieberbach conjecture in several complex variables. In 1992, Zhang, Dong and
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Wang [3] first established the sharp estimates of all homogeneous expansions for normalized
biholomorphic convex mappings on the unit ball in a complex Banach space with a brief proof.
But with respect to the estimates of all homogeneous expansions for normalized biholomor-
phic starlike mappings, quasi-convex mappings of type A and quasi-convex mappings of type
B on the Euclidean unit ball B™ in C", Roper and Suffridge [4] stated that the corresponding
Bieberbach conjecture does not hold about the second homogeneous expansions with concrete
counterexamples. Taking into account the above reason, people chiefly show interest in study-
ing the estimates of homogeneous expansions for the subclasses of biholomorphic mappings on

the unit polydisk U™ in C™. In 1999, Gong [1] posed the following conjecture.

Conjecture A If f: U™ — C" is a normalized biholomorphic starlike mapping on the unit
polydisk U™ in C™, then
D™ f(0) (=)l

- <m|z||™, z2eU™ m=2,3,---.
It is obvious that the above conjecture is quite similar to the famous Bieberbach conjecture in
one complex variable. Recently, Liu [5] investigated the estimates of all homogeneous expansions
for a class of quasi-convex mappings (including quasi-convex mappings of type A and quasi-
convex mappings of type B), Liu and Liu [6] established the estimates of all homogeneous
expansions for a class of k-fold symmetric quasi-convex mappings of type B and order a.

On the other hand, at present, the sharp growth, covering and distortion theorem for quasi-
convex mappings of type B on U™ is not given, the sharp distortion theorem for quasi-convex
mappings (including quasi-convex mappings of type A) on U™ is not given as well (see [7]).

In view of the additional condition for the above mappings (see [5—6]) are somewhat special,
a natural question arises to how to weaken the additional condition in order to obtain the
generalization of known results. Our paper is to answer this question.

Let X be a complex Banach space with norm || - ||, X* be the dual space of X and let
T(x) ={T, € X* : |T|| = 1,T,(x) = ||z||}. Let E be the unit ball in X, let dE be the
boundary of E and let E be the closure of E. Let U stand for the Euclidean unit disk in C,
let U™ be the unit polydisk in C", and let 9yU™ denote the characteristic boundary (i.e., the
boundary on which the maxium modulus of the holomorphic function can be attained) of U™.
Let the symbol  mean transpose. Let N be the set of all positive integers.

‘We now recall some definitions and notations as follows.

Definition 1.1 (see [8]) Suppose that f : E — X is a normalized locally biholomorphic

mapping. Denote

- 20, ot B
D) = T D) ew — 7B0)]  a—5

If
ReG¢(a,B) 20, uwe€dE, a,feU,

then f is said to be a quasi-convex mapping of type A on E.
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Definition 1.2 (see [8]) Suppose that f : E — X is a normalized locally biholomorphic
mapping. If

Re {T:((Df(2))"'(D*f(x)(2®) + Df(2)2)]} 2 0, =€ E,
then f is said to be a quasi-convex mapping of type B on E.

When X = C", Definitions 1.1 and 1.2 were originally introduced by Roper and Suffridge
[4].

Definition 1.3 (see [9]) Suppose that f : E — X is a normalized locally biholomorphic
mapping. If
Re {T.[(Df(x))""(f(z) — f(€x))]} 20, z€E, (€U,
then f is said to be a quasi-convex mapping on E.

When X = C, Definitions 1.1-1.3 are the same; this implies that a quasi-convex function is
equivalent to a normalized biholomorphic convex function in one complex variable.

Definition 1.4 (see [10]) Suppose f € H(E). It is said that [ is k-fold symmetric if

2mi

e_ZIT«rif(e k x) = f(z) for all x € E, where k € N and i =+/—1.

Definition 1.5 (see [11]) Suppose that 2 is a domain (connected open set) in X which
contains 0. It is said that x = 0 is a zero of order k of f(z) if f(0) =0,--- , D*=1£(0) = 0, but
D*£(0) # 0, where k € N.

Definition 1.6 (see [6]) Suppose that o € [0,1) and f : E — X is a normalized locally
biholomorphic mapping. If
Re {T,[(Df(x))" (D f(2)(2*) + Df(2)2)]} > allz], =€ B,
then f is said to be quasi-convex of type B and order o on E.

Let K(FE) denote the set of all normalized biholomorphic convex mappings on E. Let Q 4(E)
(resp. Q@p(E)) be the set of all quasi-convex mappings of type A (resp. type B) on E and let
Q(F) be the set of all quasi-convex mappings on E.

2 The Sharp Estimates of all Homogeneous Expansions
for a Class of Quasi-convex Mappings

In order to establish our main results in this section, we shall first give the following lemmas.

It is easy to prove the following results.

Lemma 2.1 Suppose that f is a normalized locally biholomorphic mapping on U™. Then
f€Qp(U™) if and only if

Re %(2)
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where g(2) = (g1(2), -+ ,gn(2)) = (Df(2))"H(D?*f(2)(2%) + Df(2)2) is a column vector in C",

j satisfies 2| = |}z = max {|au}.

Lemma 2.2 (see [12]) Suppose g(z) = (91(2),92(2), - ,gn(2)) € H(U™), g(0) = 0,

Dg(0)=1. If Regjz—(f) >0 (z € U"), where |z;| = ||z|| = max {lzx|}, then

D™ g(0)(z™
PO < o, e v, m=23,--
m:

Lemma 2.3 (see [5]) If f(z) is a normalized locally biholomorphic mapping on U™, and
9(2) = (Df(2))"H(D*f(2)(z%) + Df(2)z) € H(U"), then
D2f(0)(*) _ 1 D?g(0)(z)

2! S 2 2! ’
m—1 (0)(2’” 1)
D F0)(=™) Dm0y (=) 2D*F(0)(z, P—52—)
m(m — 1) f ')(z ) _ Dmy( 3(z ). (m—1)! .
m/! m! 2!
(m — )DL f(0) (22, L2

zeU", m=3,4, .

(m—1)! ’

Lemma 2.4 (see [8]) K(FE) C Q(F) = Qa(E) C Qp(E). In some concrete complex
Banach spaces, we even have K(E) C Q(E).

Lemma 2.5 Suppose f(z) € H({U™), and

D™ f,(0)(z™) Z"
p
l = Aplyly-lm Rl Rly """ Rl P = 1725"' , 1,
m!
Iida, e lm=1
_ 1 9™ f»(0) _ _
where Aplyly-ly = mW, ll,lQ, cee ,Zm, = 1, 27 eemy, M o= 2,37 ... Then
n
1 Dm m—1 _ 1
P (0" w) = — Ap ol Wiy 2Ly " 2Ly
Iida, e lm=1
n
+ E Aplyly- b 2l Win 2+ 2y T 00
lila, el =1
n
+ E Aplyly- -l Bl Ay """ iy lm)v
lila, e =1

ZEU”, p:1725 7nam:2537"'7
where w = (w1, wa, -+ ,wy) € C™ which satisfies ||w] = max {|w,|} < 2.

Proof VA e C with |A] < %, by a straightforward computation, it yields that

m z4+Aw z4+ Aw Z 4+ Aw
D" £,(0)( 5 T )

m

_ D7 f0)E™)  mD™ f(0) (" w)
= me + p om A4+ T

(2.1)
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D’Illf (O)(Z’IIL) n

Note that —=2-—— = > Qplylo- Iy 21y Zlo * * * 21, - Therefore,
L, I =1

z+Aw z+ A w zZ 4+ Aw

S R .

m

- §;i( > ptitstn (i + Ay (2, +—AUH2)"'(QWL+-AUHM))

D" ,(0)(

n

m! m)
~ om E Uplily-ln Pz " 2l | + oo E Aplyly by Wiy Zly ** By,
l1,l2,- ;=1 l1,l2,-  ln=1
n n
+ § Ap il 2 Wi 2Ly " * " 2y, T E aphlr~hnzhzb"'Zhnffwhn)A
I, ;=1 l1,l2, -l =1
m! = m
+ -+ _2m ( E Aplily---l,, W Wiy * - 'wlm))\ . (22)

I daye e =1
Comparing with the coefficient of the right-hand sides of (2.1) and (2.2) with respect to A, we

obtain

D" 0" w)

1 n n

Z;g( E Ap Lyl Wiy 2l " Bl T E Ap Lyl el 2L Wi Ry * " " Rl 70
lila, =1 lisla,lm=1
n
+ E apl112~~~lm2’llzlg"'Zlm_lwlm); zeU", p=1,2,---.,n, m=2,3,---,
lyla, b =1
where w = (w1, ws, -+ ,w,)" € C" which satisfies ||w| = max {Jwp|} < 2. This completes the
PN

proof.

Lemma 2.6 Let

n
> ey,

01 FOu, Oy,

e ™ 2,20, Ay
Iyl L =1
n L0201y TO21, + 0oy, 21
(0210 T0215 T 001,
> lasnsea,le E 2,2y A 2
I1,d2, I =1 < Cm/Hsz” z = . c Un,
n Ony Honty A 0niy, “n
> lannigei,le ™ 22 Ry
li,la, =1
where m = 2,3, -+, each api i1, (D, 11,02, - ,lm = 1,2, n) is a complex number which is
independent of z, (p=1,2,---,n),i=+/—1, each Oy, € (-7, 7| (¢ =1,2,--- ,m;p,l1,l2,---,
I = 1,2,--- ,n) which is independent of z, (p = 1,2,---,n), ||z|| = max {|zp|}, and each
n

Cm (m=2,3,--+) is a nonnegative real constant which is only dependent on m. Then

n
A, = max { E lap 11151, } <Chp, m=23,---.
1<p<n

1l lm=1
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Proof Vz € U™\ {0}, according to the hypothesis of Lemma 2.6, we have

n

PSP IR S ) L
Z lap sty o P T e, 2y 2ty P <Cpn, p=1,2,-,n.
iz, =1 ==l =
i : _i%rla
In particular, taking z;, =e™'"m |[|z]|, ¢ =1,2,--- ,m, we conclude that
n
Z |a;01112"'lm <Cp, p=12,---,n
lila, b =1

That is

n

A, = max { E Aplqly---1
m 1<p<n |;012 m

lisla, s lm=1

This completes the proof.
Now we shall prove the following theorem.

Theorem 2.1 If f € Qp(U™) (Qa(U™) or Q(U™)), and

Dsfp(o)(zs) _ zn: (e FOplptHOpi

sl |apiyi,-1, e : 2y, p=1,2,-.n,
. Loy ls=1

Opig Hopin T O,

Op1y Tyt O 9% £,(0 .
e : = 3ot i = VT, O, € (-] (g= 1,2, ,9),
lilo, -, ls=1,2,---,n,s=2,3,---,m—1, then

where |apiy1y.-1

Ju

m—
(1—|— Z sAS)Hsz, zeU™ m=3,4,--,

Ss=

(A OICED] I

2
m! S m(m—1)

n
where As = max { > |ap 111,-1, }, §s=2,3,---,m—1.

Ispsn Ly, o =1

Proof Assume f € Qp(U™), Vz € U™\ {0}. Denote zy = Ty Let g(z) = (Df(2))!
(D*f(2)(2%) + Df(2)2), w = 2 el QG20 s = 9.3, im— 1, and j satisfies || =
Izl = max {l]zx|}. In view of the hypothesis of Theorem 2.1, Lemmas 2.1, 2.2 and 2.5, we

conclude that

Loy (s, 220G Ty

(m—s+1)!
LS e DY O
Sl (m—s+DU  Jzl Tzl
+ Z g o2 ez DM g, ) ) Ay
wn T I m—s+Dt [ 2l
n zn: |a‘ll l eie‘ﬂl+9‘”2§+m+9”5 21 21, Dm—s+1gls(0)(z6nfs+1)
Jlit2---ls -

0T ms 1)t
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Y ST NOTC il
S g =1 (m—s+1)! izl =]l
n 041 05,05 Dmferl 0 m—s+1
+ ‘ Z |a’jl1lz---l5 el_Jl1 7125 jl ' le 912( )(20' ) Zlg o le .
li,lg, -, ls=1 ”ZH (m_5+1)' HZH HZ|
FY o A s DY O )
il1l-1s s L
e T Iz =l (m—s+1)!
A 2O
~ trbs
ST (m—s+ DU [zl
. z": s P D™ s, (00 D g Joul
e e =] I R VT P ]
b Y e Bl B DT O )
lida, le=1 T =]l (m—s+1)!
1
< ;(2As +2A,+ -+ 24,) = 24,.
S
This implies that
1 s s—1 Dm—s—i—lg(o)(z(r)nferl) n
Eﬁ)ﬁ«n@o R Ty )‘<2A& 2 € OU™ . (2.3)
In particular, when zg € U™, by (2.3), we deduce that
! (1 D) ()
EDSfp(O)(zg N CErirny )‘<2A5, p=1,2,-,n. (2.4)

Taking into account

m—s+1 m—s+1 _
Dsfp(())(zs_l, D o g((s))j—zl)' )) c H(U"), p=1,2,--,n,

by the maximum modulus theorem of holomorphic functions on the unit polydisk and (2.4), it
yields that

1, s1 D™ Hg(0 Zms Tl
SEIROIES Oz )

)‘<2A5, €U, p=1,2,-- ,n.

(m—s+1)!
We have
1 D= g (0) (")
- Ds s—1 0 H < ..
S!H f(O)(ZO ’ (m—s+1)! ) 24
That is,
1 . Dm75+lg(0)(zm75+1)
= s s < m n — e —
SNDfmmz R (T )H\bmw\,zeU,s 2,3,---,m—1. (2.5)



248 X. S. Livw and T. S. Liu

By Lemma 2.3 and (2.5), we obtain

m(m = DID™FOE] _ 107G | AP O g5

" ) m! 2!
— _ D2 2
O G L O I s
(m —1)!
m—1
<2143 syl
s=2
This implies that

D™ f(0)(z™ 92 m—1

IO ¢ 2 (1S sl v m=sa
! 2

n
where A; = max { > lapiy1y-1, }, s = 2,3,---,m — 1. Consequently, the desired
ISPSn Sy sl =1

result holds. By Lemma 2.4, the desired result for f € Qa(U™) or Q(U™) also holds. This

completes the proof.

s s n
Remark 2.1 In general, if f € H(U"), then % = > Aplylal B Bl AL
Lz, ls=1
(p=1,2,---,n), therefore ap,1,...., in Theorem 2.1 except a, Loly--, (¢g=1,2,---,5s) satisfy a

s

certain condition.

Corollary 2.1 Suppose k € N. If f € Qp(U™) (Qa(U™) or Q(U™)), and z =0 is a zero of
order k + 1 of f(z) — z, then

[DEHLFO) ) 2
(k+1)! S (k+ 1)k

The above estimate is sharp.

l21+, e,

Proof When k = 1, in view of the hypothesis of Corollary 2.1 and Lemma 2.3 (the case of
m = 2), the result follows. When k > 2, m = k + 1, according to the hypothesis of Corollary
2.1, it is known that A; =0, s=2,3,--- , k. From Theorem 2.1, we deduce that
IDMLFO)DI 2
(k+1)! S (k+1)

kHszH, zeU".
This completes the proof.

It is not difficult to verify that

z1 Z1 Z1 /
WP4/_;£?2/__ﬂTwW@ XY e
0 (1 —tk)i z1 Jo (1 —tk)i 21 Jo (1 —tk)F

satisfies the hypothesis of Corollary 2.1. Taking z = (r,0,---,0)" (0 < r < 1), we have
[DMLF0)(F D]l 2 e

(k+1)! k+ 1k

Hence, the estimate of Corollary 2.1 is sharp.
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Corollary 2.2 Suppose k € N. If f is a k-fold symmetric quasi-convexr mapping of type B

(quasi-convex mapping of type A or quasi-convex mapping) defined on U™, and

thk+1 th+1
D fp(0) (2
(th + 1)!
n ol Oty Oty
- E |a‘plll2~~~ltk+1 € tht1 2l Rly '”thk+17 P = 1725"' , 1y
L2, ligp1=1
.9p11+9p12+'”+9plfk+1 1k+1
i - - _ a (O) _ _
where [ap1,15-1,4, 1€ TRTT — (tk+1)| P 8Zlm+1 , Op, € (—m,7] (¢ = 1,2,
Sk + 1), Iyle, o Jliger = 1,2, n, t=1,2,--+ then

HDtk"'lf(O)(ztk"‘l)H _ rl;ll((r -1k +2)
(tk+1)! S (tk+1) -tk

|z, zeU", t=1,2,---. (2.6)

The above estimates are sharp.

Proof It is known that z = 0 is a zero of order k + 1 (k € N) of f(2) — z if f is a k-fold
symmetric normalized holomorphic mapping f(z) (f(z) # z) defined on U™. In view of the
hypothesis of Corollaries 2.2 and 2.1, we conclude that

k+1 k+1
”D f(O)(Z )H < 2 HZHk-i-l

n
S R CE) , #e U

That is, (2.6) holds for ¢ = 1. Assume now that (2.6) holds for ¢t = 1,2,--- , j for some integer
j = 2. This implies

||Dtk+1f(0)(ztk+1)|| H ((7“ - 1)k + 2)

r=1 tk+1 n _ .
In view of (2.7), we take
13
H((r—l)k+2)
C r=1 t=1,2,---,7.
thk4+1 — (tk+1) HEt 5 s 4y yJ

Notice that A,, =0, 2<m #tk+1 (t=1,2,---) from the hypothesis of Corollary 2.2. Again
according to Lemma 2.6 and Theorem 2.1, we deduce that
||D(j+1)k+1f(0) (Z(j+1)k+1)||
[+ Dk +1]!

2 J
SGTDEL G+ Dk [ Z th+1) A”““} 2O

ﬁ (r=Dk+2)

2 ] _
tk 1 (F+1)k+1
SIGFDE+1G + Dk [ g * tk+1) ! }”z”
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ﬁ (r—=1k+2)

2 L ,
_ 1 r= (j+1)k+1
[(j+1)k+1](j+1)k[ +; 1kt “ZH
Jj+1
) [ ((r =1k +2) .
_ = JHL) k41
[(j+ Dk + 13 + 1k kI I=I
j+1
IT{(r—=1Dk+2)
— r=1 |Z|‘(j+1)k+1 .

G Dk D) G+ DT
That is, (2.6) holds for ¢ = j + 1. This completes the proof.

It is easy to verify that

21 z1 21 ,
o= ([ 2 o 2 Y e
o I—=thr 21 Jo (1-th)* 21 o (1—th)i

satisfies the hypothesis of Corollary 2.2. Taking z = (r,0,---,0)" (0 <r < 1), we have

HDtk-’,—lf(O)(Ztk-i-l)” [T((r—=1k+2)

r=1 th+1 _
< L t=1,2,--.
(tk+ 1)! (tk+1) -tk
Hence, the estimate of Corollary 2.2 is sharp.

When ly =p, lo=---=lyy1 =1 (1 =1,2,--- ,n), we notice that

0 tko

argay, ., = 220
~— tk+1

tk

for app ;..; # 0. It is obvious that Corollary 2.2 (the case of f € Qp(U™)) is the corresponding

tk

result of [6] (the case of & = 0), and the methods of their proofs are different.
Setting k = 1 in Corollary 2.2, we can deduce the following result.

Corollary 2.3 If f € Q(U™) (Qa(U™) or Q(U™)), and

n

Dmfp(o)(zm) Z igpl1+9plz+'”+9plm

m) = |aplll2~..lm e m Rl Rl Rl p= 172,... N,
' R

Opiy Hopipt 01,

soply TUplo T T plm 677L’ O .
e' = %W’%%, i=+v-1 0u, € (-m7] (¢ = 1,2,
'7m)7 Z17l2;"'7lm:1725"'5n7 m:2735"'7th6n

D™ f(0) (=)l

m/!

where |apiy 1,1

m

<z, zeU™, m=2,3,---.

The above estimates are sharp.

Proof Take k =1 in Corollary 2.2. Denote m = t+ 1. It follows the result. This completes
the proof. The example which shows that the estimates of Corollary 2.3 are sharp is the same

as the example in [5].
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Opp+(m—1)0)
m

When Iy =p, o = =1ln =1 (=1,2,---,n), note that arga,, ,., = L for
-~

m—1

app 1..; 7 0. It is clear that Corollary 2.3 is Theorem 3.1 of [5].

m—1

3 The Sharp Upper Bounds of Growth Theorem and Distortion
Theorem for a k-fold Symmetric Quasi-convex Mapping

Corollary 3.1 With the same assumptions of Corollary 2.2, we have

=l g
O A L

The above estimate is sharp.

Proof By Corollary 2.2, applying a method similar to that in [5], Corollary 3.1 can be
proved (the details of the proof are omitted here).

Corollary 3.2 With the same assumptions of Corollary 2.2, then we have
, zeU".

The above estimate is sharp.

Proof According to Corollary 2.2, with an analogous method in [5], Corollary 3.2 can be
proved (the details of the proof are omitted here).
It is easy to verify that

“1 dt 29 [ dt zn [ dt ! n
f(Z)Z(/ 7kg;_/ ZREDTS AR o ﬁ)v zeU
0 (1—75)7« 21 Jo (1—75)7« 21 Jo (1—t)k

satisfies the condition of Corollaries 3.1 and 3.2.
Taking z = (r,0,---,0)" (0 < r < 1), we have

r

= [ g md 1P =

Therefore the estimates of Corollaries 3.1 and 3.2 are both sharp.
When &k =1, 1; =p,lo = - =1y =1 =1,2,---,n), Corollaries 3.2 and 3.3 are
Corollaries 3.1 and 3.2 in [5], respectively.
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