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Abstract The authors discuss one type of general forward-backward stochastic differential
equations (FBSDEs) with Itd’s stochastic delayed equations as the forward equations and
anticipated backward stochastic differential equations as the backward equations. The
existence and uniqueness results of the general FBSDEs are obtained. In the framework
of the general FBSDEs in this paper, the explicit form of the optimal control for linear-
quadratic stochastic optimal control problem with delay and the Nash equilibrium point
for nonzero sum differential games problem with delay are obtained.
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1 Introduction

1.1 Background of the problem

It is well-known that linear-quadratic (LQ) problem is one of the most important class of
optimal control and game problems. And the LQ problem was studied by linking to a linear
fully coupled forward-backward stochastic differential equation (FBSDE). The FBSDE can also
be encountered in the optimization problem when we apply stochastic maximum principle and
in mathematic finance when we consider large investor (see [2]).

Hu, Peng [3] and Peng, Wu [7] obtained the existence and uniqueness results for FBSDE
under some monotone conditions. Yong [11] let the method in [3, 7] be systematic and called
it the “continuation method”. Then Wu [9, 10] discussed the application of FBSDEs in LQ
problem and maximum principle for optimal control problem of FBSDE systems. Yu and Ji
[12] used the results of FBSDE to study one kind of LQ nonzero-sum stochastic differential
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game problem. In the previous results, the FBSDE is of the form

day = b(t, xe, ye, 2e)dt + o (L, 24, yr, 20)d By,
—dys = f(t, ¢, ys, 2¢)dt — z,dBy,
ro=a, yr=P(vr)

with the classical It6’s stochastic differential equation (SDE) as the state equation and backward
stochastic differential equation (BSDE) as a dual equation in the control system which is also
called Hamilton system in optimal control theory.

However, the study of various natural and social phenomena shows that the future devel-
opment of many processes depends not only on their present state but also on their previous
history. Such processes can be described mathematically by using the stochastic delayed differ-
ential equations (SDDESs), such as the following form:

dl‘t = b(t, Tt, J)t_g)dt + O'(t, T, J)t_g)dBt, t S [O, T],
Ty = Pt, t e [—(5,0],

where ¢ : [—§,0] — R"™ is the initial path of 2 and § > 0 is the time delay. This kind of SDDE
can be encountered in population growth problem, economics, biology, automatics and other
areas of human activity. More examples and applications in the related fields can be found in
[1, 4, 5].

A stochastic control system whose state function is described by the solution of SDDE is
called delayed system. Oksendal and Sulem [6] discussed a certain class of stochastic control
systems with delay and they gave the sufficient conditions for the stochastic maximum principle
of this kind of control system. However, to study the delayed optimal control system, it is
natural to introduce the adjoint equation which is a new type of BSDE as following:

—dy; = f(t,yt, 2, Ytrs, 2e45)dt — 2¢d By, t € [0,T7,
ye ==&, 2=y, te [T, T+4].

Here £(+),n(+) are two integral functions as the terminal conditions of y, z respectively. Re-
cently, Peng and Yang [8] discussed this kind of BSDE which is called anticipated BSDE. Under
some proper assumptions, they obtained the existence and uniqueness of solution for anticipated
BSDE.

So it is necessary to explore the following general FBSDE:

dzy = b(t, xe, yi, 2ty xp—s)dt + o (t, x4, Yt 2, ¢4—5)d By, t € (0,77,
—dys = f(t, 26, Ye, 26, Yeys, Zets)dt — zed By, t €10,7T],

Tt = pt, t € [—0,0],

Y =&, =1, te [T, T+ 9]

Here forward SDE is with delay, BSDE is anticipated, and they form a type of general fully
coupled FBSDE.

In the next section, we deal with this kind of general FBSDE and get the existence and
uniqueness results of the solution. And then, in Section 3, we study an LQ stochastic optimal
control problem with delay. Using the solution of the general FBSDE, we give the explicit
unique optimal control for this problem. In the last section, we continue to study the LQ
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nonzero sum stochastic differential game problem with delay which is more complicated than
the control problem. Using our general FBSDE, we get the Nash equilibrium point for the game
problem. Our paper is the first attempt to study this type of general FBSDE and apply it to
stochastic optimal control and game problem with delay to the authors’ knowledge.

1.2 Notations

Let {B;}+>0 be a d-dimensional Brownian motion on a probability space (£, F, P). And let
{Fi}+>0 be the natural filtration of {B;}, where Fy contains all P-null sets of F. 0 < T < 400
is the time horizon. If x belongs to R™, |z| denotes its Euclidean norm. We will denote by
(-, -) the inner product. And the following notations will be used throughout our paper:

Cl-06,0]" := {spt : [-4,0] — R™is continuous and sup || < —l—oo},
—5<1<0

L*(Fr;R™) := {¢ is R™-valued Fr-measurable random variable s.t. E[¢?] < 400},
LQ}-(O, T;R") := {gpt, 0<t<T,is an Fs-adapted stochastic process s.t.

T
E/ o 2dt < +oo}.
0

2 The General Forward-Backward Differential Equations
Assume that for all ¢t € [0, 7],

b:Qx[0,T] x R® x R™ x R™*?% x L?(Fy;R") — L*(Fy; R™),

0:Qx[0,T] x R" x R™ x R™*4 x L2(Fy; R™) — L2(Fy; R,

f:Qx[0,T] x R® x R™ x R™*4 x [2(F.;R™) x L*(Fr; R™*Y) — L2(F; R™),
where s € [—6,t] and r,7" € [t,T + 4].

Then we consider the following general forward-backward stochastic differential equation
(FBSDE) with forward equation being SDDE and backward equation being anticipated BSDE:

dzy = b(t, xe, yi, 2e, xp—s)dt + o (t, x4, Yt 21, v4—5)d By, t € [0,T],

—dy; = f(t, T4, Y, 205 Yet5, Ze46)dt — 2¢d By, te[0,T],

Ty = P, t € [-0,0], (2.1)
yr = ®(xr), Y =&, te (T,T+4),

2 =, t e [T, T+ ]

with @ : @ x R" — R™ and ¢; € C[—4,0]", & € L%(T, T + §;R™), ny € LL(T, T + §; R™*4).
Given an m x n full-rank matrix G, we will use the notations

T T.—s Qv —GTf(t,u,ﬂ,’y)
u=191, Y+s5 | = 6 ) A(tvuaaaﬁa’y) = Gb(t7uaa) )
z 245 y Go(t,u, a)

where Go = (Goy, - - -, Gog).

Definition 2.1 A triple of process (X,Y,Z) : Qx[=06,T]x [0, T+4d] x[0,T+0] — R™ x R™ x
R™*4 s called an adapted solution to FBSDE (2.1) if (X,Y,Z) € L%(=6,T;R") x L%(0,T +
§;R™) x L%(0,T + 6; R™*9) and satisfies FBSDE (2.1).
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We assume that

(i) There exists a constant C' > 0, s.t.

|A(t7 u, o, ﬁa ’Y) - A(t7 U'/7 0/7 Bl) ’Yl)|

(H2.1) < C(lu—v|+|a—o|+EF[|B =B+ |y —+]]) for all u, v, a,a’, 3, 8", 7,7';
(ii) for each u,a,B,v, A(-,u,,B,7) is in L%(0,T);

(iii) @(z) is in L*(Fr;R™) and it is uniformly Lipschitz with respect to x € R™.

T
/ (A(t, ue, o, B, ve) — At e, @, By, V), v — w)dt
0

2.2 T R R N
H22)0 / = B1 G — Ba(| TR + G722 at,
0

(®(z) — (7), Gz = 7)) = 1 |GZ?

for all u = (x,y,2), u= (%,9,2), T=2—T, Y=y —7Y, 2 = z — Z, where (31, 2 and p; are
given nonnegative constants with 31 + 82 > 0, (2 4+ 11 > 0. Moreover, we have 8; > 0, 1 >0
(resp. B2 > 0) when m > n (resp. n > m).

Theorem 2.1 Let (H2.1) and (H2.2) hold. Then there exists a unique adapted solution
(X,Y, Z) to the general FBSDE (2.1).

Proof Since the initial path of  in [—¢,0] and the terminal conditions and trajectories of
y,z in [T, T + 0] are given in advance, we only need to consider (¢, ys, 2¢), 0 <t < T.

Uniqueness First we prove the uniqueness. For 0 < ¢ < T, let uy = (z,y, 2¢) and

~ o~ o~

u; = (T, Yy, Z¢) be two solutions of (2.1). We set Uy = (2t — Tt, Yt — Uy, 2t — 2t) = (T, Uty 2t)-

Applying the It6’s formula to (GZ¢,y:), we have
E<(I)(£L'T) — (I)(fT), G{L'\T>

T
= IE’/ <A(t7ut7 at76t57t) - A(t7ﬂt7ata ﬁtait)a at>d.lf
0

IA

T T
_BE / (GF1, GF)dt — BoE / (G750, G5 + (G5, G751, )t
0 0

By (H2.2), we also have
T T
ﬂlE/ (Gzy, Gy )dt + b’gE/ (G Y, GTyp) + (G2, G" 2, ) )dt + i E(GZp, GZr) < 0.
0 0

We first treat the case where m > n. Then 3; > 0, puy > 0, (GZ¢, GZ¢) = 0. In this case, we
have Z; = 0. Thus x; = Z;. Then from the uniqueness of anticipated BSDE (see [8]), it follows
that y, = 7,, 21 = Zi.

Now we discuss the second case where m < n, then B > 0, (G"y, G"4) = 0. In this case,
we have y; = 7,. Applying the Itd’s formula to y; = 0, it follows that fOT |z¢|dt = 0 which
implies that z; = Z;. Finally, from the uniqueness of SDDE (see [4, 5]), it follows that x; = Z;.

Similarly to the above two cases, the result can be obtained easily in the case m = n.
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Remark 2.1 From the proof process of uniqueness, (H2.2) can be relaxed as

T
/ (A(t, ue, o, Beyve) — At e, @, By, 7)), v — w)dt
0

H2.2) T " N
( ) S/ [=B1|GZ > = B2|GTH|?]dt,
0

(®(x) — ®(Z),G(x —T)) >0,

where (31, f2 are given nonnegative constants with 51+ 82 > 0. Moreover, we require that 5; > 0
(resp. B2 > 0), when m > n (resp. n > m).

The proof of existence is more complicated. We will analyze different cases according to
different dimensions of z and y respectively.

First case If m > n, then 8; > 0, 3 > 0. We consider the following family of generalized
FBSDEs with parameter € € [0, 1]:

daf = [eb(t, u§, z5_5) + ¢e)dt + [eo(t, us, x5 _5) + 1)]d By, t e0,T],

—dys = [(1 — €)B1Gxf + ef (t,us, Y, 5, 26,5) + pedt — 2zfd By, t €[0,T],

x5 = o, t € [—0,0], (2.2)
Yo =e@(z5) + (1 —e)Gam + 0, yf =&, te(T,T + 9],

zf =1y, tell,T+d,

where ¢,1, p € L%(0,T) with values in R", R"*¢ and R™ respectively, and 6 € L?(Fp;R™).
Obviously, when € = 1 the existence of solution for equation (2.2) implies that for equation
(2.1). From the existence and uniqueness of solutions for SDDE and anticipated BSDE, when
e = 0, equation (2.2) has a uniqueness solution. In order to prove Theorem 2.1, we give the
following priori estimate for the existence interval of (2.2) with respect to € € [0, 1].

Lemma 2.1 We assume m > n, (H2.1) and (H2.2). If for some ey € [0,1) there exists a
solution (x,y,z%) to (2.2), then there exists a positive constant co > 0 independent of e,
such that for each c € [0,co] there exists a solution (z€0T¢ yote 2€0%¢) to generalized FBSDE
(2.2) for e =€+ c.

Proof Since for each ¢, € C[—4,0]", 6 € L*(Fr;R™) and (¢, v, p) € LL(0,T; R™ x R™*4 x
R™), €y € [0, 1), there exists a (unique) solution to (2.2), thus for each triple us = (x5, ys, 25) €
LZ(=6,T;R"™) x L%(0,T + §R™) x LZ(0,T + 6;R™*9), there exists a unique triple Uy =
(Xs,Ys,Zs) € L%(=6,T;R™) x L%(0,T + 6;R™) x LZ(0,T + §; R™*?) satisfying the following
FBSDE:
dXt = [Eob(t, Ut, Xt_(j) + Cb(t, U, J)t_g) + (bt]dt

+[600(t7 Ut; thé) + CO'(t, Ut, xt—&) + wt]dBt; te [Oa T]v
—dY; = [(1 — €0)1G Xt + €0 f(t, U, Yeys, Ziss)
+e(=P1Gre + f(t, ut, Yits, 25+6)) + pe]dt — Zd By, 0,77,

te]|
Xt:SOh te [_570]7
Yr = Eo@(XT) + C(I)(iL'T) + (1 — Eo)GXT — cGar + 9, Y, = ft, te (T,T + 5],

Zt = Mty te [T, T+ 4.
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We desire to prove that the mapping defined by

Igre(u) =U : L%(=6,T;R™) x L%(0,T + §;R™) x LZ(0,T + §; R™*%)
— LZ(=6,T;R™) x L%(0,T + §;R™) x L%(0,T + §; R™*4)

is a contraction.
Let u = (7,7,%) € L%(-0,T;R") x L%(0,T + §;R™) x L%(0,T + 6;R™*?) and

~

) =
(X,Y,Z) = I.,4.(@). Weset u = (2,9,2) = (x - T,y — 5,2 —2), U = (X,Y,Z) = (X —
X,Y —Y,Z — Z). Applying the It&’s formula to (GX;,Y;) yields

T T
[n1eo + (1 — €)|E|GX7|? +ﬂ1E/ |GX,|*ds + 5052E/ (|G7YL|* + |G™ Z,|?)ds
0 0
N T
< CveE|Rr[? + CreBlar ] + Clc[E/ (5 + [ + [3:[2)dt
0

T T R N N

B [ (esf? + Gerol? + Brrale] + Cock [ (R -+ [T + |2
0 0
~ T T+6
< C1eB|Kr[? + CroE[ar 2 +Clc[E/ |§t|2dt+E/ (15 + 5]
0 0
T o~ o~ o~
+ OB [P+ T + 2P (2.3)
0
For (Y, Z), in virtue of the estimate of anticipated BSDE, we can derive
T N . T T+6
B[ (TP + 2P < CuelE [ mPat+E [ (3 + B
0 0 0
T o~ o~
+ C1cE|zr)? + ClE/ | X, |2dt + CLE| X |2dt, (2.4)
0

where (' is a constant depending on G, 81, T and Lipschitz’s constant and can be changed line
by line. If p1 > 0, then pieo + (1 —€9) > p, g = min(1, 1) > 0. Combining the estimates (2.3)
and (2.4), we have

T =R T+6 . . .
B[ |RPdt+E [ (T 2P B
—4 0
T T+6
<Ke(B [ [@Pa+E [ (G + EP+ B,
—4 0

where constant K depends only on 1, u, C1,T. Now we choose ¢y = % It is clear that, for
each fixed ¢ € [0, ¢p], the mapping I, is a contraction in the sense that

T T+5 =R .
IE/ |Xt|2dt+E/ (IYe? + | Ze|*)dt + E[X7|?
-0 0
1 ’ =~ 12 o ~ 2 <12 =~ 12
<3(E[ [@mPa+E [ (5P +15Pdt +Er?).
—0 0

It follows immediately that this mapping has a unique fixed point, U¢t¢ = (Xcotec yeote
Z%¢) which is the solution to (2.2) for € = ¢y + ¢. The proof is completed.
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Second Case If m < n, then 2 > 0. We consider the following FBSDE:

dag = [(1 — €)B2(—GTy5) + eb(t, uf, x5_5) + ¢¢]dt
+(1 = €)Ba(—G7zf) + eo(t,uf, x5_5) +]dBy, t€[0,T],
—dyi = [ef (t,uf, Yiis, 21ys) + pe]dt — 2{dBy, t€[0,17, (2.5)
Ty = i, t€[=4,0],
Yo =€eD(z5)+0, yi =&, te (T, T+ 0],
%=, te[l,T+96).

When € = 0, we know that equation (2.5) has a unique solution. Our purpose is to derive that
there exists a solution to (2.5) when e = 1, and then we can get the existence of solution to
(2.1). Similarly to Lemma 2.1, we have the following lemma.

Lemma 2.2 Suppose that m < n, and (H2.1), (H2.2) hold. If there exists some € € [0, 1)
such that (2.5) has a solution (z0,y,z), then there is a positive constant ¢y independent of
€o such that for each c € [0, co], (z0T¢, yoTe 2°0%¢) qalso satisfies the equation (2.5).

Third Case m = n. By (H2.2), we only need to consider

(i) If By >0, B2 >0, 1 > 0, we can have the same result like Lemma 2.1;

(ii) If 1 >0, B2 >0, py > 0, the same result as Lemma 2.2 can be obtained.

Now we can proceed to give the proof of the existence for Theorem 2.1.

Existence We first treat the case where m > n. When € = 0, equation (2.2) has a unique
solution. It then follows from Lemma 2.1 that there exists a positive constant ¢y depending on
Lipschitz constants, 81, G and T, such that, for each ¢ € [0, ¢p], equation (2.2) has a unique
solution for € = ¢. We can repeat this process for N times with 1 < Nc¢g < 1 4 ¢p. It then
follows that FBSDE (2.2) has a unique solution for ¢ = 1.

In the case where m < n and m = n, our desired result can be obtained similarly. The proof
of Theorem 2.1 is complete.

Remark 2.2 If b and o in FBSDE (2.1) are independent of z; and 82 > 0 in (H2.2)', then,
similarly, we can prove that FBSDE (2.1) has a unique solution (z,y, 2;) under (H2.1) and
(H2.2)'.

Moreover, for the application in optimal control and game problem, we consider the following
kind of general FBSDE:

dzy = b(t, ¢, Byt, D2y, wp—s)dt + o(t, v, Bys, Dz, xe—5)d By, t € 10,71,

—dy: = f(t, 2, Y1, 2t, Yts, 2e45)dt — 2, d By, t€[0,TY],

Ty = P, te[-4,0], (2.6)
yr = @(zr), Y =&, te(T,T+4d],

Ze = M, te[T,T+4],

where B, D are k x n matrixes. For notational simplification, we assume the dimension of
Brownian motion d = 1. (z,y,2) € R* x R* x R", and b, f, 0 have appropriate dimensions. We
also use the notations

x T._§ « _f(tvuaﬂﬂ’)/)
U = Yyl Y.+s = 5 ) A(tau7a767 'Y) = b(tﬂuva) )
z 245 ~ o(t,u,a)
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and impose the following monotone conditions:

T
/ <A(t7utaat76ta’yt) _A(t7ﬂt7at76t57t)au_a>dt
0

H2.3 T N N N
( ) S / [—1/1|J,‘t|2 — V2|Byt + th|2]dt,
0

(®(x) — ®(T),G(x —T)) =20

for all u = (z,y,2), u=(Z,9,2), T=2o—T, Y=y —7Y, 2 =2 — Z, where 1 > 0, 1o > 0. We
also assume that
(i) There exists a constant C' > 0, s.t.
At u, . B,7) — At u', o, 5,7

<O(lu—u|+|a—=|+EX |8 = 6| + |y = |]) for all u,u’, o, 0/, 3,8, 7,7;
(H2.4) ¢ (ii) for each u,a, B,7, A(-,u,a, 3,7) is in L%(0,T);
(iii) ®(x) is in L?(Fr;R™) and it is uniformly Lipschitz with respect to x € R™;
(iv) Vz,a, |l(t,x, By, Dz,a) — I(t,z, By', Dz, a)| < K[|B(y — y') + D(z — 2')|],

l=b,0, K>0.

Theorem 2.2 Let (H2.3) and (H2.4) hold. Then there exists a unique solution (T, ys, 2t)
satisfying the general FBSDE (2.6).

The proof method of Theorem 2.2 is combined that of Theorem 2.1 with that of Theorem
3.1 in [7]. We omit it.

3 Linear Quadratic Stochastic Optimal Control Problem with Delay

In this section, we consider the following linear control system with delay:

{d.l?t = (Atxt —|— tht—é + Cﬂ}t)dt + (DtJ?t + Etl‘t_(j + Ft’Ut)dBt, t S [O, T], (3 1)

T = @4, te [—(5, 0],

where ¢ € C[—4,0]™ is deterministic function; v; (¢t € [0,7T]) is an Fi-adapted square-integrable
process taking values in U C R* (we call such v; admissible control and the set of admissible
control will be denoted by Uaq); At, Bt, Ct, Dy, Et, F; are bounded progressively measurable
matrix-valued processes with appropriate dimensions.

We introduce the classical quadratic optimal control cost function:

1 T

J(’U()) = §]E|:/ (<Rt$t,fl}t> + <Nt’l)t,’l}t>)dt+ <Q(ET,.’L'T>:|, (32)
0

where @ is the Fp-measurable nonnegative symmetric bounded matrix and R; is n X n non-

negative symmetric bounded progressively measurable matrix-valued process, N; is positive

symmetric bounded progressively measurable matrix-valued process with the dimension k x k

and the inverse N, ! is also bounded.

Problem 3.1 Our problem is to find admissible control u(-) such that

J(u(-)) = Jnf J(v(-))-
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For the above LQ optimal control problem with delay, we can get the explicit form of the
optimal control by virtue of the solution of the general FBSDE.

Theorem 3.1 The process
up = —N; ' (CTys + FT2), te€(0,T] (3.3)

is the unique optimal control of Problem 3.1, where (xy,y:, 2t) 18 the solution of the following
general FBSDE:
day = [Asas + Biwy—s — Oy Ny H(CT i + FT 2,)]dt
+[Dyxy + Bywys — Ny H(Cly + Ff z4)]dBy,  t € [0,T],
—dy; = [Alys + D] 2 + E ‘(Bt+5yt+5 + Bl 52t+6)

+Rix¢]dt — z,d By, € [0,T7, (3.4)
Ty = Pty € [-4,0],
yr = Qur, yr =0, € (T,T + 6],
2 =0, e[T,T+5].

Proof Tt is easy to verify that (3.4) satisfies assumptions (H2.3) and (H2.4). Then according
to Theorem 2.2, we know that the general FBSDE (3.4) has a unique solution (i, y, 2¢).
For each v( ) € Uag, we denote z} the corresponding trajectory of system (3.1). Then

J((+)) = J(u(-))
1 T
— §E / Rtxtaxt <Rt$t7xt> + <Nt’Ut,’l}t> — <Ntut,ut>)dt + <Q5E%,(E%> o <QxT,fET>i|
1 OT
= 5 / xy — ),y — x) + (Ne(ve — ug), ve — ug) + 2(Rpxe, xf — 4)
0
+ 2<Ntuhvt — ut))dt + <Q( _ xT) T _ $T> + 2<Q$T, x% B $T> .

Applying the It6’s formula to (x4 — 7, yr) and noticing the initial and terminal conditions,
we get

T
E(zy — 27, yr) = E/ (= Ry, xf — 24) + (Ce(ve — ue), ye) + (Fe(vr — ug), 2¢))dt.
0
In fact, the above result is due to the following virtue of the initial and terminal conditions:
T
B [ (Bulots — o)1) — (BT (BT guess). ot — o))l

0

T T+5
B [ (Bilai s o)t —E [ (Bulat g —ws) i)
0 )

) T+6
_E / (Bu(z!_s — 21 s),ye)dt — E / (Bu(a?_s — 70_s), y)dlt
0 T
=0.

Since R; and @) are nonnegative, N, is positive, we have

J((+)) = J(u(-)) > E/o ((Newg, ve — ug) + (Ce(ve — ug), ye) + (F(ve — ug), 2¢))dt = 0.
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So u; = —N; Y(CJy; + FJ z) is an optimal control.
The method to prove the uniqueness of the optimal control is classical, which can also be
seen in [10]. For completeness and convenience of the readers, we give the details as follows.
We assume that u'(-) and u?(-) are both optimal controls, and the corresponding trajec-
tories are x'(-) and x2(-). It is easy to know the trajectories corresponding to %
are ml()+z2() Since Ny is positive, R; and @ are nonnegative, we know that J(u'(-)) =
J(u?(+)) =X >0, and from the parallelogram rule, we have

23 = J(u'(+)) + J(u*(+))

ul()+u2() T xl_xQ $1—$2 ,ul_,u2 ,ul_,u2
=2y | [ (P S ¢ (S M
7 2 + 0 = 2 TN 2
1 2 1 2
Tp — T xT_xTﬂ
QT
T 1_,2 ,1_ .2
22A+E/ <Nt“t Ye Ut ut>dt.
0 2 2

Because of N; being positive, we have u'(-) = u?(-).

4 Linear Quadratic Nonzero Sum Stochastic Differential Games
with Delay

In this section, we study the linear-quadratic nonzero sum stochastic differential game prob-
lem with delay which is more complicated. For notational simplification, we assume the dimen-
sion of Brownian motion d = 1 and only consider the case of two players, which is similar to
that of n players.

The controlled system is

day = (A + Alay_s + Blof + Bivi + ¢¢)dt
+(Cray + Clay_s + Divf + Divi +4)dBy, € 0,71, (4.1)
Ty = Py, t € [-0,0],
where ¢ € C[—6,0]", ¢, € LZ(0,T;R"); v} and v7 are admissible control process; A, A}, Bf,

B?,C;, O}, D}, D? are F;-adapted matrix-valued bounded processes with appropriate dimen-
sions.

We denote J(v(-)), J2(v(+)), v(+) = (v'(-),v?(-)), which are the cost functionals corre-
sponding to the players 1 and 2:

T () = 38| / (Rt ) + (Vi o)t + Q1o o],

1

J2(0(-)) = —E[/T«R?xv %) + (N202, v2))dt + (Q%2h, 2 >}
2 o t vt Mt t Yt Yt T>*T/ |»

where Q° is Fr-measurable nonnegative symmetric bounded matrix; R is F;-adapted nonneg-
ative symmetric bounded matrix-valued process; N} is F;-adapted positive symmetric bounded
matrix-valued process and the inverse (N;)~! is also bounded (i = 1,2).

Problem 4.1 The problem is to look for admissible control (u'(-),u?(-)) which is called
the Nash equilibrium point of the delayed game, such that

THut (), u? (1)) < T ), u*(), TPt (),u() < TPt (), v ().



A Type of General FBSDEs and Applications 289

Theorem 4.1 (ul( ),u%(+)) is a Nash equilibrium point for the above game Problem 4.1,
if and only if (u'(-),u?(-)) has the form

(ug,uf) = (=(N) 7By + (D)2 ), —(NY) B w7 + (D)7 ¢1), ¢ €[0T,

with (x4, Yy}, y?, 2L, 22) being the solution of the following general FBSDE

det = {Atxt —+ A%xt,g — Bl(Ntl)il[ Bl) (Dl) ]
—B}(NZ)M(BE) yi + (D7) 27 ]+¢t}dt
+{Cras + Clwy—s — DEND) (B Tyt + (D)7 2]
—DF(N?)~(B?)7yi + (D7) 2] + 4 }d B, t € 0,77,
—dyt = [AJyi C7 2} + E]:t[(At+6)Ty s T (Clis) 2445
+R%$t]dt — Zt dBt7 te [0, T], (42)
—dy? = [ATy7CT 2} "‘E}—t[(AHé) y7:2+6 + (Ct2+6)th2+6]
+R§$t]dt — Zt dBt7 [0, ]
Tt = Pt, [ ]
yr = Q'ar, yp=Q%r, vyl =yi=0, € (T, T+,
2t =22 =0, tE[T,T—i—(S].

Proof From the definition of Nash equilibrium point and Theorem 3.1, we know that the
following three statements are equivalent:
(i) (u'(-),u?(-)) is a Nash equilibrium point for our game problem;
(ii) w'(-) is an optimal control for the following control problem with delay (i = 1,2)
dl‘t [Atxt + At Ti—g§ + Btvt + Bt ’LLt + ¢t]dt
+[Chay + Clay_s + Divi + DIul +,)dB,, te0,T], (4.3)
Tt = Pt, te [_650]5

with the cost functional
P 1 r S )
T () = 58] [ (Riwee) + (Viek, )t + (@ arar)].
0
where j = 1,2, but j # i.

(i) wf = —(NH)'U(BH)™yi + (D})7z]], t € [0,T], and (z¢,yi, 2}) satisfies the following
general FBSDE (i = 1, 2):

dl‘t = [Atl‘t + Alxt_(; + B’u% + Bj’U,j + (bt]dt
[Ctl‘t + C Ti_gs + Dtut + Dt ’I,Lt + wt]dBt; te [O, T],
—dy; = {Afy; + CT 2f + EP[(A}5)7yi s + (Ct+6)TZZ+6]
+Rizy}dt — 2id By, € (0,77, (4.4)
Ty = Pt, [ ]
=Q'zr, Y =0, e (T,T + 4],
Z=0, te[T,T+5].
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Combining cases for i = 1 and ¢ = 2, we can rewrite (4.4) as (4.2). Our desired result is
proved.

Remark 4.1 FBSDE (4.2) seems very complicated and it is not easy to get the existence
and uniqueness of its solution. However, if it has a unique solution, our game problem with
delay also has a unique Nash equilibrium point. For some particular cases, we can derive the
following results.

Theorem 4.2 (a) For the case that D} = D? = 0 in system (4.1) and for i = 1,2, the
matricial process Bi(N})~1(B})™ is independent of t satisfying
By(N{)"H(B))™S = SB(N;) " (By)", S =A],CT,(4)7,(C/)".
Then
(ui}v u%) = (_(Ntl)_l(Btl)Tytlv _(NtQ)_l(BtQ)Tth)v le [07 T]
18 the unique Nash equilibrium point for the game Problem 4.1.
(b) For the case that B} = B? =0 in system (4.1) and for i = 1,2, the matricial process
Di(N}))~HD)T is independent of t satisfying
Di(N{)™H(Dy)7S = SDy(Ny) (D)7, 8= A7,CT,(A)7,(C))".
Then
(ug,uf) = (=(N))"HD}) 2, =(NY)THDP)727), t€0,T)
1s the unique Nash equilibrium point for the game Problem 4.1.

Proof We only prove (a). (b) can be proved by the similar method. Under the assumption
of (a), FBSDE (4.2) becomes

day = [Aywy + Alzy5 — BN} (B} y!
—BZ(NZ)™' - (BE)Ty7 + di)dt + (Cry + Clay—5 +9y)dBy, te[0,77,

—dyt = {Afyt + Oz} +E (AL 5) yl s + (Clis) 2ty s) + Riz}dt

—ZtldBt, te [0, T]7
—dyf = {A7yf + C7 5} + E7 (A7 5)7v7 5 + (CFi5) 27 s) + Riwg }dt (4.5)

—ZthBt, te [0, T]7
Tt :@t, te [—(570],
y%‘ :leTv y%‘ :QQJ:T7 ytl :th :Oa te (T7T+5]a
ztlzth:O, te T, T+9].

We set
Xt = T¢,
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where (x4, y},y2, 2}, 22) satisfies (4.5). By the commutation relation between matrix, we get

dX; = [Ai Xy + AL X5 — Yy + ¢y]dt + [Cr Xy + CEX s + 14]d By, t 10,7,
—dY; = {A7Y, + CT Z, + B (A} 5) Yeus + (Clis)™ Ziys]
+[B/(N))"HBH)T R} + B (NZ)H(BY)"R7| X }dt — Z,dBy, t€[0,T],
(4.6)
Xt = ¥t, [ ]
Yr = [B}(N}) "' (B})"Q' + B (N?) M (B) Q| X1, Y;=0, € (T,T + ],
Z; =0, te[T,T+6].

On the other hand, if (Xt, Yt, Zy) is the solution of the above equations, we can let z; = X; in
(4.5). Then we get (yi,y?, 2}, 22) from the following anticipated BSDE:

_dyt ={4] yt + CtTZtl + E}}[(Ath) yt1+5 + (Ct1+6) Zt+6] + R xy pdt
—z}dBy, t 10,7,
—dy} = {A7y; + C7 2} + EX [(A?Jré) yt2+6 + (Ct2+6) Zt+6] + Riz }dt (4.7)
—22dBy, telo,T], '
y%“ :leTv y%“ :Q2xT7 ytl :th :Oa te (T7T+5]a
2t =22 =0, te [T, T+
If we can prove that (Y3, Z;) is in the form
Yi= B} (N))"H(B)) Ty + BE(ND) TN By
Zy =By (N})"H(B}) 2 + B{(N{) " (B)" 1,
then we can assert that (4.5) has a solution. In order to prove that, we let
Y= B (N) "N By + BY(N) ™ (BY) v,
Zy = By (N})"'(B}) % + B{(N) ™ (BY) "%
Hence, we obtain
—dY = {ATY + CTZe + B [(A}5) Y a6 + (Clis) Zise]
+[BHNYHYBHTRE + BZ(N2)~Y(B?)T™R2) X, }dt — Z,dB;, t€[0,T], (48)
Yo = [BHNHTH(BHTQ! + BE(NE) T (BE) Q% X, Y =0, te (0.T+4d),
Z, =0, t e [T,T + ).

As a result of the uniqueness of the solution of the anticipated BSDE (see [8]), we have
Yo=Y, =B (N))"'(B})y + BH(NY) (B,
Zy=Zy =B (N}) " (B)) % + B{(N}) "' (B}) %}
This implies that the existence and uniqueness of (4.5) is equivalent to the existence and
uniqueness of (4.6). It is easy to check that FBSDE (4.6) satisfies (H2.1) and (H2.2)". From

Remark 2.2 we know that the general FBSDE (4.6) has a unique solution. So the general
FBSDE (4.5) has a unique solution. Combining Theorem 4.1, we prove that (a) holds.
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