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Abstract The author establishes operator-valued Fourier multiplier theorems on multi-
dimensional Hardy spaces H?(T%; X), where 1 < p < 0o, d € N, and X is an AUMD Banach
space having the property («). The sufficient condition on the multiplier is a Marcinkiewicz
type condition of order 2 using Rademacher boundedness of sets of bounded linear opera-
tors. It is also shown that the assumption that X has the property («) is necessary when
d > 2 even for scalar-valued multipliers. When the underlying Banach space does not have
the property («), a sufficient condition on the multiplier of Marcinkiewicz type of order 2
using a notion of d-Rademacher boundedness is also given.
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1 Introduction

The aim of this paper is to establish operator-valued Fourier multiplier theorems on the
multi-dimensional Hardy spaces HP(T%; X), where 1 < p < 0o, d € N, T = [0,27] and X is
a complex Banach space. Recall that the Hardy space HP(T¢; X) is the space of all functions
f € LP(T% X) such that f(n) =0 for all n = (nq,n9, -+ ,ng) € 2%\ N&, where f(n) is the
Fourier coefficient of f given by
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and Ny := NU {0}. For n > 0, we denote the function t+ — €™ on T by e,. HP(T%; X)
is equipped with the induced norm || - ||, by LP(T%; X) so that it becomes a Banach space.
A sequence (M(n)),ene C L(X) is said to be a Fourier multiplier on HP(T%; X), if for all

f € HP(T% X), there exists a unique g € H?(T%; X) such that §(n) = M(n)f(n) for all n € Ng,
where £(X) is the space of all bounded linear operators on X. In this case we can find a
constant C' > 0 independent of f such that ||g||, < C||f|l, by the closed graph theorem.
When X is an AUMD space (see [2]) and d = 1, an operator-valued Fourier multiplier
theorem on HP(T; X) has been given in [4]: let X be an AUMD space and 1 < p < oo, let
(My)n>0 C L(X) be such that the sets {M,, : n > 0}, {nA'M,, : n > 0} and {n?A%M,, : n >
0} are Rademacher bounded, then (M,),>o defines a Fourier multiplier on HP(T; X'), where
A'M,, == M1 — M,, and A?M,, := M, .5 — 2M, 1 + M, are the first derivative and the
second derivative of M, respectively. This is the operator-valued analogue of a remarkable
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result of Blower giving a characterization of the AUMD space in term of scalar-valued Fourier
multipliers on H(T; X) (see [2]).

The aim of this paper is to extend the result in [4] to multi-dimensional Hardy spaces
HP(T?; X). When the Banach space X has the property (), the sufficient condition we give
is similar to that for LP(T%; X) (see [3]): one requires that the partial derivatives of the multi-
plier satisfy a Macinkiewicz type condition of order 2 using the Rademacher boundedness (see
Theorem 2.2). We also show that the set of bounded operators on HP(T%; X) obtained in this
way is Rademacher bounded in £(H%(T¢; X)) when the Rademacher boundedness assumption
on the multipliers is related to a fixed Rademacher bounded subset of £(X) (see Theorem 2.2).
This strengthens the result in the one dimensional case proved in [4] when X has the property
(o). We show that the property («) is also necessary when considering such type of conditions
even for scalar-valued multipliers (see Theorem 2.3).

We also give a sufficient condition for multipliers on H?(T%; X) without assuming that X
has the property («). In this case, the sufficient condition we give involves a new notion of
boundedness concerning sequences of operators, we call it the d-Rademacher boundedness. We
see that when (M(n)),cne C L£(X) is d-Rademacher bounded, then it is also Rademacher
bounded, the converse imp[iication is true when the underlying Banach space has the property
(o). In particular, we see that part of results obtained when X has the property («) follow
from the general case.

The basic idea to study operator-valued Fourier multipliers on multi-dimensional Hardy
spaces HP(T¢; X) is the following observation. Let d > 1 and let M = M(n)pene C L(X)
be fixed. For fixed n1 € Ng, we let Ny, (ng,ns, - ,nqg) = M(ni,ne, - ,nq) for n; € Ny
(2 < j < n). Then by the Fubini’s theorem, M defines a Fourier multiplier on H?(T%; X) if and
only if the sequence (N, )n, >0 defines a Fourier multiplier on HP(T; H?(T¢~!; X)). Thus the
result for multi-dimensional Hardy spaces follows from an easy induction argument on d € N
and the result when d = 1 proved in [4]. We notice that our result is even stronger than that
proved in [4].

The paper is organized as follows. In Section 2, we study the Fourier multipliers on
HP(T%; X) when X has the property (a). In Section 3, we treat the case when X has not
necessarily the property («).

2 Multipliers on HP(T%; X) When X Has the Property («)

The notion of Rademacher boundedness is fundamental in the study of operator-valued
Fourier multipliers on LP spaces or HP spaces (see [1, 4, 7, 11]). Let X be a Banach space.
A subset M of £(X) is said to be Rademacher bounded (see [1, 3-5, 7, 11]), if there exists

n
a constant C' > 0, such that for all n € N, T; € M and z; € X, we have ‘ > 6jzjjH <
j=1 P

n
C’H > eja:jH for some 1 < p < oo, where (g;);>1 are Rademacher functions on [0, 1] given by
j=1 p

g;(t) = sign(sin(27~nt)).

We let Rad be the linear span of £;. Then Rad ® X is the space of all finite sums ) ;x;,

i>1
with z; € X. For any 1 < p < oo, we let Rad, (X)) be the closed subspace of L?(€; X) spanned
by Rad® X, that we equip with the induced norm. We recall that for any 1 < p, ¢ < oo, the two
norms || - |Rad,(x) and || - |rad,(x) are equivalent on Rad ® X (see, e.g., [9, Theorem 1.e.13]).
Therefore we will simply denote Rad,(X) by Rad(X). One immediate consequence of this fact
is that the Rademacher boundedness does not depend on the parameter 1 < p < oo involved
in the definition. A sequence M = (M,,),>1 C L£(X) is Rademacher bounded if and only if the
linear operator T defined by TM< > ijj) = Y &jMjz; on Rad(X) is bounded.
i>1 i>1
Next, we say that an X-valued martingale (g;);>1 is analytic if for any j > 1, g; € L*(T7; X)
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and there exist measurable functions @;: T7—! — X such that
dgj(T):q)j(tl,'-' ,tj_l)eitj, Tz(tl,'-' ,tj)ETj. (2.1)

By definition, X is an AUMD Banach space if for some 1 < p < oo, there is a constant K, > 0
such that for any X-valued analytic martingale (g;);>1, for any bounded sequence (¢;);>1 of
complex numbers and for any integer n > 1, we have

1> asdas|| < 5 suplagl|| D dgs| (2.2)
=1 Ly i>1 = Lp

This property does not depend on 1 < p < 0o, and any UMD Banach space is AUMD. Indeed,
by definition, for any 1 < p < oo, X is a UMD Banach space if and only if there is constant
K, > 0 such that (2.2) holds for any X-valued martingale with respect to the filtration (F;),;>1,
where (F;)j>1 is the o-algebra of Lebesgue measurable subsets of T7. Any closed subspace of
an AUMD Banach space is AUMD, and the class of AUMD spaces includes L!-spaces. Indeed,
for any measure space X and for any 1 < g < oo, the space L1(X; X) is AUMD provided that
X is AUMD.

A Banach space X is said to have the property («), if there exists a constant C' > 0 such
that for all n € N, z; ; € X and o;,; € C, we have

H E :5 g O‘mxm

3,7=1

<C sup |oz”|HZE ij

’L 1<i,j<
<i,j<n ij=1

where (5§-1)) j>1 and (5§-2)) j>1 are two independent sequences of Rademacher functions (see [10]).
We notice that the Ly-norm used in the definition may be replaced by any L,-norm whenever
1 < p < co. Indeed, by the Kahane’s inequality (see [9, Theorem 1.e.13]), there exists a constant
C) depending only on 1 < p < oo, such that

1 1) (1)
on DIG R S DOE RS
P> J>1

for all z; € X, which implies that

(1) (2) 1) (2)
C2H > e, < | E e,
i,j=1

i,j=1

It was shown by Pisier [10] that when X has the property (), then the sequence (g; (1) (2 )) i >1
has the same behavior as a sequence of independent Rademacher functions (g;;)i,j>1, 1 e., for
all 1 < p < oo, there exists a constant C' > 0, such that

S 0y, |
CH 7 Lr

i,j=1 1,)= 1,]=

< S
LP_CPHZ(?] x] L2
J=1

< 35 e .

1,j=1

’ Lr L2

for all n € N and z; ; € X. This implies in particular that when X has the property («), and
(T;,5)i5>1 C L(X) is Rademacher bounded, then for every 1 < p < oo, there exists a constant
C > 0 depending only on p and the sequence (T} ;)i j>1, such that

|5 0, <0 3 e, o

i,j=1 ,j=1
for all z; ; € X and n € N. This observation is crucial in the proof of our main result in this
section.
We first recall the following known result proved in [4]. Our general result will follow from
it and an application of the Fubini’s theorem.
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Theorem 2.1 (see [4]) Let X be an AUMD space and let M = (My)n>0 C L(X) be such
that the sets

{M, :n>0}, {nA'M,:n>0} and {n*A*M, :n >0}
are Rademacher bounded subsets. Then M defines a Fourier multiplier on HP(T; X) whenever
1<p<oo.
To state our main result of this section, we need to introduce some notations. Let M =

(M(n))pena C L(X). For 1< j<dandn € N¢, we let

(DF)M(n) :== M(n), (Dj)M(n) = M(n+ f;) = M(n)

be the partial derivative of M with respect to the j-th coordinate, where f; := (6;,n)1<n<a. We
define the second partial derivative of M with respect to the j-th coordinate by (DF)M (n) =

(Dj)M(n + f;) = (Dj)M(n). Tt is easy to verify that when 1 < k,j < d and oy, a; € {0, 1,2},
we have (D,f’“)(D;lJ M)(n) = (D;‘J)(Dg’“M)(n) Thus we can define the expression

[1 D7) M(n) = (Dg*DG -+ D )M (n)

1<j<d
without any confusion whenever «; € {0,1,2} (1 < j < d). For n = (nq,n2,-- ,nq) € N& and
a= (a1, 00, ,aq) € {0,1}%, we let n® :=n{" ---ne.

Now we are ready to state the operator-valued Fourier multiplier theorem on HP?(T%; X)
when X has the property ().

Theorem 2.2 Let X be an AUMD space having the property (), 1 < p < oo and let
M C L(X) be a Rademacher bounded subset. Then every sequence M = (M(n)),ena C L£(X)
satisfying

n((TI D) Mn) e M (2.4)

1<j<d

fora; €{0,1,2} (1 < j <d) andn € N¢, defines a Fourier multiplier on HP(T%; X). Moreover,
if we denote by Ty the corresponding bounded linear operator on HP(T?; X), then the set
{Tns : M = (M(n)),eng satisfies (2.4)} is Rademacher bounded in L(HP(TY; X)).

We need the following lemma which is exactly Theorem 2.2 when d = 1. Theorem 2.2 will
follow from this lemma and an easy induction argument on d € N. We notice that it strengthens
Theorem 2.1 when X has the property («).

Lemma 2.1 Let X be an AUMD space having the property (o), 1 < p < oo and let
M C L(X) be a Rademacher bounded subset. If we denote by Ths the corresponding bounded
linear operator on HP(T; X) given by Theorem 2.1 for M = (M,)n>0 C L(X) satisfying

M, € M, nA'M, e M, n?A*M, € M, (2.5)

whenever n > 0, then the set {Ta : M = (My,)n>0 satisfies (2.5)} is Rademacher bounded in
L(HP(T; X)).

Proof For j € N, let MW = (MU (k))r>0 be a sequence in £(X) satisfying the condition
(2.5). We need to show that there exists a constant C' > 0 depending only on M such that for
all f; € HP(T; X), we have

HZEJTM(J)f]HLP SCHZE‘]']ZHLP7 (26)
j=>1 §>1
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where T4 is the bounded linear operator on HP(T; X) given by Theorem 2.1. By the Fubini’s
theorem, we have

e’

|5 ems],, = |5 (S

k>0 j>1

|2, = 12 [ eshiw]ed .

k>0 j>1

Hence to show (2.6), it will suffice to show that the sequence (Si)r>0 € L(Rad(X)) defined by

S ( > 61’%‘) =Y M,

Jj=1 Jj=1

defines a Fourier multiplier on H?(T;Rad(X)). We notice that Rad(X) is an AUMD space
having the property («) as X is an AUMD space having the property («). Therefore, it will
suffice to verify that the sequences (Sk)r>0, (kA'Sk)k>0 and (k2A2Sk)k>0 are Rademacher
bounded in £(Rad(X)) by Theorem 2.1. For the Rademacher boundedness of (Sk)x>1, we need
to show that there exists a constant C' > 0 such that for > ;1 ; € Rad(X),

Jj=>1

> eise( o), <A T4 T,
L L

E>0 k>0 j>1

or equivalently

HZZ%&M xk]HL < CHZZ%Q‘%’WH (2.7)

k>05>1 k>05>1

where (g} )r>0 is another Rademacher function sequence independent of (¢;);>1. (2.7) follows

from the Rademacher boundedness assumption of the set {M ,ij ); j >1, k> 0} and inequality
(2.3). We have shown that (Sk)x>0 is Rademacher bounded. Similar arguments show that the
sequences (kA'Sy)>0 and (k2A%S)>0 are also Rademacher bounded. This finishes the proof.

Proof of Theorem 2.2 When d = 1, the claim is just Lemma 2.1. Now assuming that
the statement is true for some d € N, we are going to show that it remains true for d + 1.
To this end, we let M C L(X) be Rademacher bounded. By the induction hypothesis, each
N = (N(n))pena C L£(X) such that

{ ( 11 D%) ):n €Nj, a; €{0,1,2}, 1<J<d}CM (2.8)
1<j<d

defines a Fourier multiplier on HP(T%; X). Moreover, if we denote by T the corresponding
bounded linear operator on HP(T¢; X), the set

M :={Tn : N satisfies (2.8)}
is Rademacher bounded in £(H?(T%; X)). Now let M = (M(n))neNgﬂ C L(X) satisfy
{ ( 11 Da’) ):n e NG+ a]€{0,1,2},1<j<d+1}CM (2.9)
1<j<d+1
For fixed o € {0,1,2} and n1 € No, we consider the sequence N**"t = (N®"1 (n)),,cna given

by
NV (ng, - ngy1) = n* DI M(ni,ng, -+ ,nav1), nj €No, 2<j<d+1
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It is clear that N1 gsatisfies condition (2.8) by assumption (2.9), and thus N®™ defines
a Fourier multiplier on H?(T%; X) and Te:1»1 € M’. This implies that M defines a Fourier
multiplier on H?(T; HP(T¢; X)) (which is the same as HP(T*!; X) by the Fubini’s theorem) by
the known result in the one dimensional case (see Theorem 2.2). Here we have used the fact that
the set M’ is Rademacher bounded. Let Sy, be the corresponding bounded linear operator on
HP(T?*L; X). Tt remains to show that the set {Sys : M satisfies (2.9)} is Rademacher bounded
in L(HP(T4*Y; X)). This follows from the fact that for M = (Mn)neNg+1 satisfying (2.9) and

a; € {0,1,2}, n; € Ny, the corresponding bounded linear operator Thyai.n; on HP(T%; X)
belongs to M’, and M’ is Rademacher bounded. Therefore, we can apply Lemma 2.1 on
HP(T; Z) when Z is an AUMD space having the property (a) (we take Z = HP(T%; X)). We
notice that when X is an AUMD space having the property (a), HP(T¢; X) is also an AUMD
space having the property («). This completes the proof.

The next result shows that the assumption that X has the property («) is necessary in
Theorem 2.2 when d > 2 even for scalar-valued Fourier multipliers.

Theorem 2.3 Let X be a Banach space and 1 < p < co. We assume that each sequence
M(m,n)mn>0 C C such that

sup  |menPAYALM(m,n)| < oo (2.10)
m,n>0
a,8€{0,1,2}

defines a Fourier multiplier on HP(T?; X). Then X has the property (o).
Proof Let M = M(m,n)m >0 C C, and

n(M):= sup |m®n?ALALM(m,n)l.
m,n>0
a,3€{0,1,2}

If we denote by Ths the bounded linear operator on H?(T%; X) defined by M, then by the closed
graph theorem, there exists a constant C; > 0 independent of M, such that HTM“ < Cin(M).
Let ¢ € C°(IR?) be fixed such that ¢(1,1) =1, 0 < ¢ < 1 and supp(¢) C [4, 4] For k,j > 0,
we let ¢ j(s,t) := ¢(27%s,279¢) for s,t € R. It is clear that ¢y ; € C>°(R?) and the supports
of ¢ ;’s are pairwisely disjoint. For any fixed choice of signs e ; = %1, we let ¢(s,t) =

> ek,i0r,(s,t). It is easy to see that ¢ is C° and the sequence M = (p(k,j))k,j>0 verifies
k,j=>0

condition (2.10). By assumption, (o(k,j))k j>0 defines a Fourier multiplier on H?(T?; X).
Hence, there exists a constant Cy > 0 such that for every f € HP(T?; X), one has

| > etk Fkenes| < Calfller, (2.11)
k,7>0 L

where ej.(s) = e** and €/(t) = V" for (s,t) € T?. Here we use the fact that there exists a
constant C' > 0 independent of the ey ;’s, such that n(A) < C. For z; € X, substituting
[ = Y esrenap; in (2.11), we deduce that

k,j=20
H g Ek,jThk,j €2k Ehj . <C’2H g Tk, j€onEh; .
k,j>0 k,j>0

as it is clear that ¢(2%,27) = ¢, ;. This is equivalent to say that
| ¥ ovsmesns], <l 3 aas],,
k,j>0 k,j>0

for any |ag, ;| < 1 by the Pisier’s result (see [10]). Thus X has the property («).
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Remark 2.1 In [12, Proposition 2], Zimmermann gave a Marcinkiewicz type condition of
order 1 for a scalar sequence to be a Fourier multiplier on LP(T%; X) when X is a UMD space
with Lu.st. and 1 < p < co. It is not hard to verify that the Zimmermann’s result remains
true if we replace the assumption that X has l.u.st. by the weaker assumption that X has the
property (a). The same argument used in the proof of Theorem 2.3 shows that when d > 2, the
assumption that X has the property («) is also necessary in the corresponding Zimmermann’s
result.

In the last part of this section, we give an operator-valued Fourier multiplier theorem on
HP(R?; X). Let X be a Banach space. Given f € L'(R% X), the Fourier transform Ff of
f is given by Ff(t) = fR f(&)e ¢td¢ (t € RY). The inverse Fourier transform is denoted by
F~lf for f € L}Y(R% X). By definition, the Hardy space H'(R%; X) is the closed subspace of
L'(R% X) consisting of all f such that Ff(t) = 0 for t € R\ R%. If 1 < p < oo, then we
denote by HP(R%; X) the closure of H'(R%; X) N LP(R%; X) in LP(R; X).

Let Sy = S(RY) N HP(RY), where S(R?) is the Schwartz class of rapidly decreasing smooth
functions on R?. Then an approximating argument shows that S, is dense in HP(R?) (see
[8] for a similar argument). This implies that the tensor product S; ® X is a dense subspace
of HP(R% X). Now let m : R — £(X) be a bounded measurable function, m is said to
be a Fourier multiplier on HP(R%; X), if there exists a constant C' > 0 such that for all f =
n

i ®@x; € Sy ® X, we have ||F~1(mF[)|l, < C|f|l, (note that each term F~!(mF f;x;)
=1

j
makes sense as f; € S;). In this case there exists a unique bounded linear operator T,, on

HP(R%; X) such that for all f € Sy ® X, we have T, f = F~Y(mFf).

In [8, Proposition 4.3], Le Merdy has shown that if 1 < p < co and m : Ry — Cis a
bounded continuous function, then m defines a Fourier multiplier on H?(R; X) if and only if for
each € > 0, the sequence (m(je));>0 is a Fourier multiplier on H?(T; X)) and the corresponding
bounded linear operators on HP(T; X) are uniformly bounded for ¢ > 0. It is easy to verify
that the corresponding result for multi-dimensional Hardy spaces is still valid. This remark
together with Theorem 2.2 gives the following Fourier multiplier theorem on H?(T¢; X).

Theorem 2.4 Let X be an AUMD space having the property (o) and let 1 < p < co. Then
each C**-function m : R — L(X) such that the set

{(ﬁx?’)(ﬁ%)m(m, ,xq) x>0, o €{0,1,2}, 1 <j Sd}
, : :

is Rademacher bounded, defines a Fourier multiplier on HP(R%; X).

3 The General Case

In this section, the Banach space X has not necessarily the property () when studying
Fourier multipliers on H?(T%; X). Therefore, we need a stronger notion of Rademacher bound-
edness. A sequence (M(n)),eng C L£(X) is said to be d-Rademacher bounded, if for some
1 < p < oo, there exists a constant C' > 0 such that for all x,, € X, we have

H 3 EOECR "€§Z,)M(n)$n‘ < CH 3 )2 . ggi)xn‘

ny “n2
n=(ni,,nq)ENd n=(ni, - ,nq)ENZ
where (5%] ))nZO (1 < j < d) are d sequences of Rademacher functions pairwisely independent.
It turns out that this notion is still independent of the choice of 1 < p < oo by the Kahane’s
inequality (see [9, Theorem 1.e.13]).
We begin with a result concerning the relations between the Rademacher boundedness and
the d-Rademacher boundedness.

e’
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Lemma 3.1 Let X be a Banach space, (M(n)),ena C L£(X) and let d > 2. Then
(1) If (M(n))nena is d-Rademacher bounded, then it is Rademacher bounded.

(2) If X has the property (o) and (M(n)),ena is Rademacher bounded, then it is d-Rade-
macher bounded.

Proof We only give the proof for the case d = 2, and the proof for the general case is similar.
Suppose that (M (m,n))m n>o is 2-Rademacher bounded. Let (5%))7”20 and (5%2))720 are two
independent sequences of Rademacher functions, and let (g1 )m,n>0 be another sequence of
Rademacher functions independent of (5%))m20 and (5%2)),120. By the Kahane’s contraction
principle, for all s,t € [0,1] and zy,, € X,

2
<4H S e ()@ (1) M(m, 0)

2
H Z 5m,nM(m7n)xm,n [z =

m,n>0 m,n>0

L2
Integrating both sides on [0, 1]?, we deduce by the Fubini’s theorem that

H Z 5m,nM(m7n)xm7"

m,n>0

<4 / / / | 3 D)2 O @) M (m, 1)z :

m,n>0

1 [ [ ] X 02 Oematintim mem]|

m,n>0

<ac ['['[] T Aot
=i [ [ [ X et

2

2

L2

dudtds

dtdsdu

dtdsdu

dudtds

<16¢| 3 cnntmn

m,n>0

L2

for some constant C' > 0 depending only on (M (m,n))m n>o0 by the assumption. This shows
that (M (m, n))m n>o is Rademacher bounded.

Conversely, assume that X has the property («). It was shown by Pisier [10] that in this case,

the sequence (asn)asl ))m,nZO has the same behavior as a sequence of independent Rademacher

functions (£,m.n)m n>0, i-e., for all 1 < p < oo, there exists a constant C' > 0, such that

1 N
EH Z 8%)8%2)$m,n‘ll

m,n=1

N
SH § Em,nTm,n
Lr

m,n=1

<0 3 cbelton|
’ m,n=1 Lr

for all N € N and z,,,, € X, where esn), 6%2) and €, are as in the first part of the proof.
This implies in particular that when X has the property (a), and (T n)mn>0 C £(X) is a
Rademacher bounded sequence, then it is also 2-Rademacher bounded. The proof is completed.

In [3], the authors have shown that the Rademacher boundedness is necessary for a sequence
to be a Fourier multiplier on LP(T%; X). In the next result we show that the stronger condition
of d-Rademacher boundedness is also necessary for a sequence to be a Fourier multiplier on

HP (T4 X).
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Proposition 3.1 Let X be a Banach space and let 1 < p < oco. Assume that the se-
quence (M(n)),ena C L(X) defines a Fourier multiplier on HP(T?; X). Then (M(n))peng is
d-Rademacher bounded.

Proof For t; € [0,27] (1 < j <d), we have by the Kahane’s inequality that

p
H Z 5%11) o '6%)M(n17 e 7nd)xn1,"' Nd
TLJ‘ZO Lp
p
< 2P Z 6%11) . -e%‘?enh... g1, ta)M(na, - na)Tng e g
n; >0 Ly

where /) (1 < j < d) are d sequences of independent Rademacher functions. Integrating on
both sides on [0, 27]¢, using the Fubini’s theorem and the assumption that (M(n))nene C L(X)

defines a Fourier multiplier on H?(T%; X), we deduce that

P
H E 55111)"'651?]\4(”17"' ’nd)xnla"'7nd I < CH E : 55111)"'52?33”1,“'7%(1
n; >0 P n; >0

p

Lp

for some constant C' > 0 depending only on (M (n)),eng. The proof is completed.

Now we are ready to state the operator-valued Fourier multiplier theorem on HP?(T%; X)
when X has not necessarily the property («).

Theorem 3.1 Let X be an AUMD space, 1 < p < oo and let (M(n)),eng C L(X) be such

d
that the sequences (n("l"" ’“d)( 11 A?’)M(n)) o 9T d-Rademacher bounded for a;; = 0,1,2
j=1 nelg
(1<j<d). Then (M(n)),ena defines a Fourier multiplier on HP(TY; X).

Proof We only give the proof for the case d = 2, and the proof for the general case is similar.
Let (M(m,n))mn>0 C L(X) be such that when «, 5 = 0,1,2, (manﬁ(A‘f‘A’g)M(m,n))m,nzo
are 2-Rademacher bounded sequences.

By the Fubini’s theorem, the space HP(T?; X) and the space HP(T; HP(T; X)) may be
naturally identified. To show that (M (m,n))m >0 defines a Fourier multiplier on HP(T?; X),
it will suffice to show that the sequence M, € L(HP(T; X)) defines a Fourier multiplier on
HP(T; H?(T; X)), where M,, is defined by

M,, ( Z a:nen) = Z My nTnenp.

n>0 n>0

We notice that for fixed m > 0, the sequence (M, n)n>0 C L(X) verifies the sufficient condi-
tion of Theorem 2.1 by the assumptions and Lemma 3.1, thus defines a Fourier multiplier on
HP(T; X). The space HP(T; X) is still an AUMD space as X is an AUMD space. To show
that (M,)m>o0 defines a Fourier multiplier on H?(T; H?(T; X)), it suffice to show that the sets
{M,, - m >0}, {mAM,, : m > 0} and {m2A2M,, : m > 0} are Rademacher bounded by
Theorem 2.1. In other words, we have to show that there exists a constant C' > 0, such that

for Y @ pen € HP(T; X),
n>0

?

Lr

H § 5m§ Wm,nxm,nen o SCH § 5m§ Tm,nCn
m>0

n>0 m>0 n>0

where (W5 )m,n>0 is one of the sequences (M (m, 1))m. n>0, (M(M(m+1,n)—M(m,n)))m.n>0
and (m?(M (m+2,n)—2M (m+1,n)+M,.n))m.n>0- By the Fubini’s theorem, this is equivalent
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to show that there exists C' > 0, such that for all z,,, € X,

|5 (5 euttnt e, =€ (5 entnn)e

n>0 m>0 m>0

e

Hence, we have to show that the sequence (V,,),>0 C £L(Rad (X)) verifies the sufficient condition

in Theorem 2.1, where Vn( > Em:cm) = 3 Wi nm. This is precisely the 2-Rademacher
m>0 m>0

boundedness of the sequence (M (m,n))m n>0. This completes the proof.

Remark 3.1 (1) When the underlying Banach space X has the property («), a sequence
(M (n))pene is d-Rademacher bounded if and only if it is Rademacher bounded by Lemma 3.1.
This implies that the first claim of Theorem 2.2 is a consequence of Theorem 3.1.

(2) When X is a UMD space and 1 < p < 00, a sequence (M (n)), cza is a Fourier multiplier
on LP(T%; X) if the sequences

(o e o)

J=1

are Rademacher bounded for a; = 0,1 (1 < j < d) (see [3, 11]). Almost the same argument

nezd
are d-Rademacher bounded for o; = 0,1 (1 < j < d), then (M(n)),cze defines a Fourier
multiplier on LP(T%; X). We do not know whether this sufficient condition is weaker than that
given in [3, 11].

d
used in the proof of Theorem 3.1 shows that if the sequences (n(al’”' ’ad)< II A?’)M(n))
j=1
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