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Chen’s Theorem with Small Primes*

Yingjie LI! Yingchun CAI®

Abstract Let N be a sufficiently large even integer. Let p denote a prime and P> denote
an almost prime with at most two prime factors. In this paper, it is proved that the
equation N = p + P> (p < N°99) is solvable.
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1 Introduction

In 1966, Jingrun Chen [4] made great progress in the research of the binary Goldbach
conjecture. In 1973, Jingrun Chen [5] proved what is now called the Chen’s theorem: Let N
be a sufficiently large even integer. Let p denote a prime and P, denote an almost prime with
at most two prime factors. Then the equation

N=p+ P (1.1)

is solvable. In fact, Chen’s theorem can be expressed in a more precise form: Let S(N) be the
number of solutions to the equation (1.1). Then

S(N) > 0.67C'Q(N)N,
log® N
where ) 1
p—
c(N) =] (1- ) 11 .
p>2( (p—l))ple—Z
p>2

Chen’s constant 0.67 was improved by many authors. The historical record is as follows: 0.689
by Halberstam and Richert [9], 0.754, 0.81 by Chen [7, 8], 0.828 by Cai and Lu [2], 0.836 by
Wu [14], and 0.867 by Cai [3].

Chen’s theorem with a small prime p was studied in [1]: Let S(V,6) be the number of
solutions of the equation

N=p+P, p<N’ (1.2)

For § = 0.95, we have S(N,6) > %72]\]]\;]\79

The aim of this paper is to propose a better result.

Theorem 1.1 For 6 = 0.945, we have S(N,6) > %
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2 Some Lemmas

Let o7 denote a finite integral set and &2 denote an infinite set of primes. &2 denotes the
set of primes that do not belong to &2. Let z > 2, and put

Piz)= [ » S&2,20= > 1,

p<z,pEP a€dl (a,P(z))=1
dy={ala€ d,a=0 (mod d)}, P(q)={p|pe P (p,q) =1}

Lemma 2.1 (see [10]) If
(A1) || = “PX +ra, pld) #0, (. P) = 1;
(A2) > ( ) — Jog logz2 +O0(1553): 2521 <2,

log z1
21<p<z2
where w(d) is multiplicative with 0 < w(p) < p. X > 1 is independent of d. Then

S(32,2) 2 XV(){1(5) +0(—1=) } - Bo,

where

DTS00 o= 3

d<D
= 1 log D

_ e _log
V(Z)7C(w)1ogz<1+0(logz))’ 5T logz

Here v denotes Euler constant. f(s) and F(s) are determined by the following differential-
difference equations:

F(s):?, f(s)=0, 0<s<2,

(F) = f(s—1), (sf(s)) = F(s—1), s22.
Lemma 2.2 (see [11]) We have

27
F(s)= =, 0<s<3,
S

2e7 ST og(t —1
F(S)Z%(l—l—/Q %dt), 3< s <5,

2e7 1 —1
Jls) = 208l =) -y ooy
S

2e7 sl 71 log(u — 1)
_ _ a e\ <s<6.
f(s) . (log(s 1) +/3 . /2 " du), 4<s5<6

Lemma 2.3 (see [11]) For any given constant A > 0, there exists a constant B = B(A) > 0,

such that L
iy ‘ x
max max l——F << —5—
= =1 vse ng; ©(d) loghz’
p=l (modd)
where Liz = [T 4L D = 3 1og_B x.

2 logt’



Chen’s Theorem 389

Lemma 2.4 (see [13]) Let g(n) be a number-theoretic function such that @ < log®z,

n<x

where ¢ > 0. For (al,q) = 1, define

1 h
Hizhagl)= S 1- —(Li(z”; ) - Ll(g))
z<ap<z+h
ap=l (modq)

Then for any constant A > 0, there exists a constant B = B(A,c¢) > 0, such that

Yy
max max max g(a)H(z,h,a,d l)‘ <
ng(lvd)zl h<y §<z<z agﬁ P 1OgAx
(a,d)=1

fori<o<1,y=2% 0<B<®3 A=0-1 D=2 log "a.

Lemma 2.5 (see [12]) Suppose that w(u) is the solution to the following equations:

Then we have w(u) < T, u > 2.

Lemma 2.6 Let w(u) be defined in Lemma 2.5. Let z > 1, rate < y < 2,z =

logz?

T, Py(z) = [] p. Then for any u > 1, we have

3 1:w(u)10‘zz—|—0( Y ) (2.1)

r—y<n<z 1Og2 <
(n,P1(2))=1

Proof We will prove it by mathematical induction.
Firstly, when 1 < u < 2, by Huxley’s prime number theorem in shorter intervals and the
definition of w(u) in Lemma 2.5, we have

Y= Y 1= 4 0() mw 0y ).
z—y<n<z w—y<p<z log x log” log z log® =
(n,Py(2))=1

So (2.1) holds for 1 < u < 2.
Next, we assume that (2.1) is true for £ < u < k + 1 (k being a natural number). When
E+1<u<k+2, let & be the set of all prime numbers and A = {n: 2z —y <n < z}. Then

we have
Z 1=8(AN; P, 2).
rz—y<n<z
(n,P1(2))=1

Ifk+1<u<k+ 2, we have

S(N; Py av) = S(N; Prav )+ > S( M Prp)

1 1
zu <p<zk+l

= > 1+ Y oL (2.2)

— 1 1 xT—1 x
z—y<n<z U <p<zFHI < <2

(n, Py (4T )) =1 (n1,Py (p))=1
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1
. log L 1 x 7 1
Sinco p = (2) ek and k < 5 Zlmr 1< pp1 25 (2)F forad < p o< avh by

assumption, (2.1)—(2.2), the prime number theorem and the definition of w(u), we get

1
o FFT
N y logx Y
. 1y _ 1 1 -1
o y
+O/ ———dt) + O ——F—
(I% tlog® t ) <(logxkil)2)

Y

Yy
= -+ 0 . )
w(wlogxﬂ ((logxﬂ)2>

Hence, (2.1) holds when k£ +1 < u < k + 2.

By the principle of mathematical induction, (2.1) is true for all w > 1. Thus the proof of
Lemma 2.6 is completed.

3 Weighted Sieve Method

In the following two sections, we suppose that N is a sufficiently large even integer and
P, P1, P2, P3, P4 denote primes. Put

o ={ala=N-p, p< N, 0=0945 P ={p|(p,N)=1}.

Then
X = LiN? N’ d,N)=1, D N* B=DB(5)>0
— ~N — e = — — >
' log N9’ (d,N) =1, log? N’ (5)>10,
LiN? d
ra=m(N%d,N) = =, w(d) = —, p(d)#0, (dN)=1.

o(d)’

Lemma 3.1 (see [5]) We have

o(d)’

1 1 .95
S(N,0) > S = 551 = 55> — S + O(N165),

where
S= > 1, S = > S(Hp; P, NTO% ),
a€d (a,N)=1 Nﬁ§p<N3_g
(a,P(N 1095 ))=1 (p,N)=1
Sy = > p2(a), Ss= > p3(a),
acdl (a,N)=1 acd (a,N)=1
(a,P(NT095 ))=1 (a,P(NT0.95 ))=1

17 a = p1p2p3, Nlo%gg, Spl<Nﬁ§p2 < p3, (a‘)N):la
p2(a) = :
0, otherwise,

1, a=pipeps, N33 <p; <pa<ps, (a,N) =1,
p3(a) = .
0, otherwise.
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Lemma 3.2 For Sy, we have

D\ =5
S < 3 S(y; P, NT055) + 3 (2. (<))
_1__ 0 __25 0 __25 A p
N 10.95 Sp<N2 10.95 N2 10.95 Sp<N 3.3
(p,N)=1 (p,N)=1
=S4+ Ss.
Proof
Sy = > S(ehp; P, NT055) + > S(etp; P, NT095)
N oS <pen IS N8t <pens
(p,N)=1 (p,N)=1
<S4+ Ss.

Lemma 3.3 (see [6]) We have
1 1 0.9
55 §56—§S7+§SS+O(N ’ )7 (31)

where

e % sera())

6 _ 2.5 1
N2 10.95 Sp<N 3.3
(p,N)=1

D\ 567
s- ¥ S s (D))
NE- 1505 <paN s (2)T67 <pi<(2)75
(p,N)=1 (p1,N)=1

Ss = Z Z S(Appipapss P(P2),03)-
2] 2.5 1 1 1
N2 10995 <p<N33 (2)T6 <pa<ps<pr<(2)T5

(p,N)=1 (p1p2ps3,N)=1

Proof By Buchstab’s identity, we have

S(Ap;(@7 <§)ﬁ) - S<Ap;@’ (%)ﬁ) B Z S<App15‘@’ (%)m)

1

(£)367 <p1<(2)25

(p1,N)=1
. Z S(Appipss P, p2), (3.2)
(%)3-7167§p2<p1<(%)fls
(p1p2,N)=1
S(A,,;p}), (g) 245) = S(A”;‘@’ (%yﬁ?) . (2)W§<(2)ﬁ S(Apm;g”(pl)? (%yls)
’ (p:J\;)=1p
- > S(Appips; Z(p1),p2) (3.3)

1 1
(2)367 <p1<pa<(2)25
(p1p2,N)=1
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and
Z S(Applpz;gzvzb) - Z S(Applpz;gz(pl)aPQ)
(%)ﬁ§p2<p1<(%)% (%)ﬁgpqu(%)ﬁ
(p1p2,N)=1 (p1p2,N)=1
- > S(Appipapss P (p2),p3)

(g)ﬁ§p2<p3<p1<(%)ﬁ
(p1p2p3,N)=1
+ Z S(App,p2: P, p2)- (3.4)
(2)367 <pa<pr <(2) 25

(p1p2,N)=1

6 2.5

Now adding (3.2) and (3.3), suming over p in the interval [N 2~ 1695, N33 ) and by (3.4), we get
Lemma 3.3, where the trivial inequality

> > S(Apprpz: P, p2)

6_ 2.5 1 L :
N27T0905 <p<N33 (2)3.67 <pa<p1<(§)25

(p,N)=1 (p1p2,N)=1
N9
< > > ( s + 1) < N
6__25 1 1 1 pp1p3
N27 1095 <p<N33 (2)367 <pa<pr<(L)25
(p,N)=1 (p1ip2,N)=1
is used.
Hence, combining Lemmas 3.1-3.3, we get
1 1 1 1 1 .95
S(N,0) > 8= 58— 586+ 757 — 7S5 — 55— S5 + O(NT555). (3.5)

4 Proof of the Theorem

4.1 Estimation of the lower bound of S

6
Suppose D = IOJgV;N with B = B(5) > 0. By Lemma 2.3, we have

N9
log® N

Liy
e(d)

LiN?
RD:Z‘w(Na;d,N)— ! ‘

<
= o(d) ‘

max max |7w(y;d, 1) —
- yswe(l,d>=1‘ w:d,1)
d<D

Since

Ow) =2 (1~ @_%)2) 11 (%) — 20(N), (4.2)

p>2 p|N,p>2

by Lemmas 2.1-2.2, (4.1) and (4.2), we get

10.9560 _

C(N)N? 10.950 2
S >8(1+ 0(1))92(10;2 5 (10g ( = - 1) +/2

C(N)N?
log2N '

2 10.9560
I -1 =220 ]
o8(s ) lo 2 ds)
s+ 1

> 12.9972 (4.3)
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4.2 Estimation of the upper bounds of S, and Sg

Let Rp(p) = > |rap|. By Lemma 2.3, we get
d<L d|P(NTO'55 )
3 Rp(p) < (yid,1) — Y| « N (4.4)
p(p) < max max |7w(y;d,t) — — - .
) s s = usNO (Ld)=1 o(d)| "~ log® N
NT0.95 <p< N5~ 1005 <
(p,N)=1

By Lemmas 2.1-2.2, (4.2), (4.4), the prime number theorem and partial integration, we have

__C(N)N* 1 _/10.95 logp
Sy <21.9(1+o(1 T —F(——0—-10.95
4> ( 0( ))e 610g2N : Ze L. P ( ) logN)
NT0.95 <p< N2 10.95
(p,N)=1
C(N)N? NETTE 10.95 log u
< 21.9(1 1)e”’ ——5— F(—/=—6—10.
< 21.9(1 + o(1))e Tl N Juwte  ilonn ( o 09510gN)du
C(N)N? (10.956 — 2)(10.9560 — 5)
< §(1 1 1
< 801+ 0(1) g1 (los - )
10.95¢9_o _ 10959  1y(10.959 1 _
+/ 3 log(s —1) 10g(—2 ) (752 S)ds)
9 S s+1
0
< 14.1914%. (4.5)
log® N
Similarly, we have
C(N)N°* 10 26T Jog(z — 1)
<8(1 1) ——=—|(1 1 ——d
56 < 8(1 -+ of ))92log2N(°g((3.39—2)(10.959—5)))( +/2 z x)
N)N?
< 4.95770( 2) (4.6)
log® N

4.3 Estimation of the upper bounds of S5 and S35

Let D; = N*log"? N. Here X and B = B(5) > 0 are determined by Lemma 2.4. By the
method in [5] and Huxley’s prime number theorem in shorter intervals, we get

Sy < 4(1+ 0(1))5;1\;)1 3 S

1 1
NT095 <p < N33 §p2<(%)§ N—NO<p1paps<N

C(N)N? 9.95 Jog (2.3— a—i)
(260 — 1)1og® N Ja.3 t
N)N?
< 6.9078%. (4.7)
log® N

dt

< 8(1+o(1))

Similarly, we have

0 2.3 B 0
S5 < 8(1 + o(1))—Z DN - / log(t = 1) 4 0.1682w. (4.8)
(20 — 1)log™ N J3 t log® N



394 Y. J. Liand Y. C. Cai

4.4 Estimation of the lower bound of S>

Let Rp(pp1) = > |”dpp, |- By Lemma 2.3, we have

d< 2 d|P((2)567)

Liy

Rp(pp1) < max max ‘77 y;d, 1) —
2 2 Rolbe) S ) ma e [rGad D) - oo
N27 1095 <p<NB3 (2)367 <p1<(2)25 =
(p,N)=1 (p1,N)=1
Nt9
< ——. (4.9)
log® N

By Lemmas 2.1-2.2, (4.2), (4.9), the prime number theorem and partial integration, we
obtain

C(N)N*
S7 > 7.34(1 1))e ™ " ———
72 7.34(1 +o(1))e flog N
1
X Z Z ﬁf(?ﬂﬁ? - 3.6710ng1)
9.5 1 og — 0o =
NS T <p<NFT (2)T67 <py<(2)75 P08 % &
(p,N)=1 (p1,N)=1
N)N? 1 2:67 Jog (2.67 — 251
>8(1+ 0(1))% <1og ( 0 )) / udx
62log“ N (3.30 — 2)(10.950 — 5) 15 T
C(N)N?
> 0.9625%. (4.10)
log” N
4.5 Estimation of the upper bound of Sg
We set
N-N? D 5 N D
Elzmax(i,w,]\fgflg%), Egzmin<—,ﬂ,]\7ﬁ),
0 p2' ¢ pl' 1 1
N-—-N N D \s67 D 35
By=———e, Fi=———g—s, [I5= ( ;)367a Es = (ﬁ)“
p1p2p3 N33 p1p2apsN 2~ 1095 N33 Nz 1095
Then

Sy = S 3 S 1+0(NT)

6 . 1 1 .
N% 1505 §p<Nﬁ (£)5:67 <po<pz<pi<(£)25 aeﬂ&pmmm\a
(p.N)=1 (p1p2ps,N)=1 (@55 P(pa))=1

- > 3 3 14+O0(N70)

6_ 2.5 1 1 1 —N— 0]
N2 10.05 <p<N3.3 (%)3,67 §p2<p3<p1<(%)2.5 P4 NN pp1p2p3n
(p,N)=1 (n, 55 P(p3))=1

=S4+ O(N#),

(p1p2p3,N)=1

where

D D SHED SE

E5<p2<ps<p1<Es E3<n<Es ps=N-—p(p1p2psn)
(p1p2ps3,N)=1 (n,%P(ps))=1 E1<p<E>
(p,N)=1
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Now we consider
& = {6 e = p1papan, Bs < pp < p3 <p1 < Es, (p1p2p3, N) =1,
N
By <n< By (n,—P(ps)) =1},
P2
ZL={l:1=N—-ep,ec & E <p< Es}.

Obviously, (&, N) = 1. Since

1
Ni<e<N™ ces; |6l< ) e <N,
Es<p2<p3<p1<Esg p1p2p3N 2~ 10.95

the number of elements not exceeding N2 in % < N°7. S, does not exceed the number of
primes in £, hence

[
Wl

Ss < S(L; P, z) + O(NT

ol

), z< Nz, (4.11)

Thus we can choose

MDD )3 >

0_ 25 1 1 1 _NO
e€& B1<p<Ey N2 1005 <p<N33 (%)3-67 Sp2§p3<p1<(%)2-5 p]';\zllp];]pgf 7;,,,11;\,{2,,3
(p1p2ps3,N)=1 (n,%P(PS)):l
9
<X+, (112)

where

> > >

0_ 2.5 1 1 1 0
o _ L D Dyzs N-N N
N2 10.95 <p<N3.3 (?)3.67 §p2§p3<p1<(;)2,5 pp1p203 <" Tp1par3

(n,NP(ps))=1

Let 22 = D; = N*log" ® N. Here A and B = B(5) > 0 are determined by Lemma 2.4. Set
g(a) = > 1. By Lemma 2.4, we have

o=
ecé

- ¥ [S( T gy ¥ )

d<D; e€& E1<p<Es E1<p<E2
d|P(DY-®) ep=N(d)
> gl )| < == (413)
< max max max ‘ g(a)H(z,h,a,d,l ‘ L ——. 4.13
i<D, (1,d)=1 h<NO K<z<N foge log5 N
(a,d)=1
Hence, by (4.13) and Lemmas 2.1-2.2, we get
X4 N?
; DV-°) < 8(1 1 N)——— — . 4.14
S(#;2, DY) <801+ o(WNCIN) s + O (157 (4.14)
Combining (4.11)—(4.12) and (4.14), we obtain
X NY?
Ss < 8(1 1)C(N O . 4.15
s <801+ o)) e + 05y (4.15)
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Since N
1Og ppi1p2p3 >4 ( N )£+6 < Ne < N ;
log p3 PP1P2Dps3 DPP1P2P3  PP1P2P3
by Lemma 2.6, Lemma 2.5, the prime number theorem and partial integration, we get
N N®
X < (1 + 0(1)) Z Z w(log PP1P2P3 ) PP1P2P3
B 0_ 25 1 1 1 1ng3 1ng3
N3 T835 <p<NT3 (2)367 <pa<ps<pr<(2) 75
N RGO LE (2)7s g 275 g
< (1 + o(1)) 3 —/ e / —82/
1.763 - . PJ2yser ulogu /, slog”s Js tlogt
N2 1095 <p<N33 P
2 NY 10
=—(1 1))——(6.171og 1.468 — 2.34) 1 .
1763 L T o) grogy (6:1710e o8 B 0956 =5)
This, together with (4.15), gives
C(N)N*
Sg < 0.159%. (4.16)
log® N
4.6 Proof of Theorem 1.1
By (3.5), (4.3), (4.5)—(4.8), (4.10) and (4.16), we obtain
14.1914  4.9577 0.9625 0.159 6.9078 C(N)N?
S(N,0) > (12.9972 - - + - - - 0.1682) %
2 2 4 4 2 log> N
C(N)N
— 0.001425 SN
log® N

This completes the proof of Theorem 1.1.

References

(10]

(11]
(12]
(13]

(14]

Cai, Y. C., Chen’s theorem with small primes, Acta Math. Sin. (English Series), 18(3), 2002, 597-604.

Cai, Y. C. and Lu, M. G., On Chen’s Theorem, Analytic Number Theory, Beijing/Kyoto, 1999, 99-119,
Dev. Math., Vol. 6, Kluwer Acad. Publ., Dordrecht, 2002.

Cai, Y. C., On Chen’s theorem (II), J. Number Theory, 128(5), 2008, 1336-1357.

Chen, J. R., On the representation of a large even integer as the sum of a prime and the product of at
most two primes, Kexue Tongbao, 17, 1966, 385—386.

Chen, J. R., On the representation of a large even integer as the sum of a prime and the product of at
most two primes, Sci. Sin., 16, 1973, 157-176.

Chen, J. R., On the Goldback’s problem and the sieve methods, Sci. Sin., 21, 1978, 701-739.

Chen, J. R., On the representation of a large even integer as the sum of a prime and the product of at
most two primes (II), Sei. Sin., 21, 1978, 421-430.

Chen, J. R., On the representation of a large even integer as the sum of a prime and the product of at
most two primes (II) (in Chinese), Sci. Sin., 21, 1978, 477-494.

Halberstam, H. and Richert, H. E., Sieve Methods, Academic Press, London, 1974.

Iwaniec, H., Rosser’s Sieve, Recent Progress in Analytic Number Theory II, Academic Press, London,
1981, 203-230.

Pan, C. D. and Pan, C. B., Goldbach Conjecture, Science Press, Beijing, 1992, 175-176.

Pan, C. D. and Pan, C. B., Goldbach Conjecture (in Chinese), Science Press, Beijing, 1981, 239-251.
Wu, J., Theoremes generalises de Bombieri-Vinogradov dans les petits applications, intervalles, Quart. J.
Math. (Ozford), 44, 1993, 109-128.

Wau, J., Chen’s double sieve, Goldbach’s conjecture and the twin prime problem, Acta Arith., 114, 2004,
215-273.



